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Preface

The object of this textbook is to present the central principles of
the quantum theory of solids to theoretical physicists generally and to
those experimental solid state physicists who have had a one year
course in quantum mechanics. The book is intended for use in a one
year graduate course, to follow a year of general education in the facts
of solid state physics at the level at least of my earlier book Introduc-
tion to Solid State Physics, second edition. Much of the physical
background to the theory is developed there, and it is hoped in the
next edition to develop the physical interpretation up to the level
needed here.

As far as possible I have tried to emphasize unifying principles. The
first part of the book treats phonon, magnon, and electron fields and
their interactions, culminating in the theory of superconductivity.
The second part treats fermi surfaces and electron wavefunctions in
metals, alloys, semiconductors, and insulators; with considerable at-
tention to the theory of the important types of experiments which
bear on our understanding. The third part deals with correlation
functions and their application to time-dependent effects in solids,
with a brief introduction to Green’s functions. The order of the
chapters, particularly within the second part, is not rigorously linear
—1I attempted to avoid an accumulation of material which did not
challenge the imagination and participation of the reader. The first
part of the book forms by itself a short course which has been
observed to interest students of field theory and particle physics.

A number of important theoretical calculations in solid state physics
are too long, intricate, fearsome, or tedious to present in full in a
course; and a summary treatment often has no pedagogical value. To
give several examples, the full theory of Bloch electrons in a magnetic
field, by Blount, Roth, Wannier, Kohn, and others, has been omitted,
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although a less complete treatment is included. Equally, the work of
Soviet physicists and Luttinger on the Landau theory of the fermi gas
is clearly beyond the scope of the book, together with a number of
other many-body problems. The subject of the properties of para-
magnetic ions in various environments appears to me to be too
specialized for a general text. While writing it became abundantly
clear that there is no level at which a textbook like this could aim to
be a complete treatment of all major aspects of the theory of solids;
the field is simply too vast. It is natural not to report several detailed
subjects which are available in existing texts——thus the material on
standard transport theory in the books by A. H. Wilson and J. Ziman
is not repeated here; the discussion in Peierls of phonon interactions
and the book by Abragam on nuclear magnetism are treatments so
complete that it would be ridiculous to paraphrase them. I renounced
an attempt to do everything by the method of Green’s functions, for
then the contents would be almost entirely inaccessible to experi-
mentalists at the present time. Given an opportunity, many students
will choose to write a term paper on an application of Green’s
functions to a many-body problem. The quantum theory of transport
processes is not treated here. Fortunately, for many subjects excellent
monographs exist, particularly in the monumental series Solid State
Physics—Advances in Research and Applications, edited by F. Seitz.
and D. Turnbull, and in the Encyclopedia of Physics—Handbuch der
Physik series. Details far beyond the scope of this text can be found in
these and other specialized works.

This book contains problems and is a textbook; it is not a history of
the development of the subject. I have actively tried as a matter of
policy to avoid proper names, assignment of priority, and allocation
of credit. Detailed references and names are given only when it would
be positively clumsy to omit them, or when the work is too recent to
have been included in reviews. An adequate bibliography would be as
long as the text itself. Many lists of references are readily available in
the Advances and in the Handbuch series. It is increasingly clear that
many active research workers cannot find time both to write a text
and to give full historical credit to all their colleagues responsible for
the development of a large subject.

A number of very important results are developed in the problems
to be found at the end of most chapters. It is urgently recommended
that the problems be read over in conjunction with the text, and it
would be vastly better for the reader to solve the problems.

A note on notation: [, ] = commutator; {,} = anticommutator; the
symbols ¢, ¢* are usually reserved for fermion operators. The units
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h=1 are employed throughout, but & is sometimes restored to the
final result. A Bloch function of wavevector k is written as [k). When
convenient the volume Q of the specimen is set equal to unity; N
usually refers to the total number of particles and n to their con-
centration. The symbol ¥ usually denotes a field operator, and @
usually denotes a state vector.

It is a pleasant duty to acknowledge here in part the wide assis-
tance I have received. M. H. Cohen, W. A. Harrison, W. Kohn, H.
Suhl, J. Friedel, A. Blandin, P. Argyres, B. Cooper, S. Silverstein, B.
Dreyfus, J. W. Halley, G. Mahan, D. Mills, and F. Sheard have
helpfully suggested improved treatments of various demonstrations.
My colleague, J. Hopfield, alertly resolved innumerable apparent
paradoxes which appeared during the writing. At Stanford, M. S.
Sparks and his associates, including R. M. White, R. Adler, K.
Nordtvedt, K. Motozuki, and 1. Ortenberger, detected many lapses in
the early versions of the manuscript. R. Peierls graciously agreed to
share the title of his most useful book. The typing was done with
perfection by Mrs. Eleanor Thornhill, without whose help few physics
books would be written in Berkeley; Mrs. Sue Limoli kindly assisted
with the proofs.

C. KiTTEL
August 1963



Preface to the Second Revised Printing

The original preface suggested that “A number of very important
results are developed in the problems... .” Experience has shown that
the problem solutions can be really useful both for self-study and as a
supplement to lectures. Indeed, many of the results are too important
to be left to the chance that the reader will take time off to work
them out. It is fortunate that Professor C. Y. Fong offered to prepare
an appendix giving the solutions to selected problems. He also made a
number of typographic and algebraic corrections in the text itself.
Thus the revised edition is defined by the original text, the solutions,
and the corrections.

C. KiTTEL
November 1986
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]. Mathematical introduction

It is convenient to gather together here a number of definitions
and results which are utilized throughout the text.

RECIPROCAL LATTICE

We recall several important properties of the reciprocal lattice.
The basis vectors a*, b* c* of the reciprocal lattice are defined in
terms of the primitive basis vectors, a, b, ¢ of the direct lattice by
the equations

x_op PXC . .o CXa . ., _, 8Xb,
1) a = bxo P = bxe & " Tabxe
this definition includes a factor 2r which is not usually present in
the usual crystallographic definition followed by elementary texts.
In, treating the W&W&WWwe con-
Wents of wavevector, @Wn
aﬁlM;\@\%m}eraphw reciprocal lattice
veetor; thus we find it handy to_include i1 the definition Tere.
MMWMSWHQ super-
script in no way implies “complex conjugate.” All the basis vectors
are real. We note that a-a* = 2x; a-b* = 0; etc.
By simple vector analysis it follows from (1) that

(2m)®
@ K
where V7 is the volume of the primitive cell in the reciprocal lattice
and V,=a-b X ¢ is the volume of the primitive cell in the direct

lattice. We note that the conversion of wavevector sums to integrals
involves

(3) > (2‘:)3 / d%k = (N/V¥ f d°k,

k

where the direct volume Q contains N primitive cells.



2 QUANTUM THEORY OF SOLIDS

THEOREM. The vector r*(hkl) to the point hkl of the reciprocal lattice
is normal to the (hkl) plane of the direct lattice.
Proof: Note that

1 1
ﬁa-—'zb

is a vector in the (hkl) plane of the direct lattice, by definition of the

lattice indices. But

s (1
4) T (ha kb) b A

therefore r* is normal to one vector in the plane. By the same argu-
ment r* is normal to the second vector

1 1
ﬁa-— {b

in the plane, and thus r* is normal to the plane.

=ga%¥.a~b*.b=0;

THEOREM. The length of the vector r*(hkl) is equal to 27 times the

reciprocal of the spacing d(hkl) of the planes (hkl) of the direct lattice.
Proof: If n is the unit normal to the plane, then A 'a-n is the

interplanar spacing. Now

(5) n = r*/|r*|,

so that the spacing d(hkl) is

1 r*.a 2r¢
6 dhkl':— g = —— =
? (B = 28 = e~ o
We now go on to two important theorems about expansions of periodic
functions,

THEOREM. A function f(x) which is periodic with the period of the

lattice may be expanded in a fourier series in the reciprocal lattice
vectors G.

Proof: Consider the series
@) J@) = % age’®;

to show that this is periodic with the period of the lattice we increase x
by a lattice vector:

8) x— x + ma + nb 4 pc,

MATHE

where
9
but
(10)

which
(11)
and tk

THEOF

12)

unless
Pro

and is
(G =

(13)
and

(14)

* where

we al

FOUR
Co

(15)

We s
boun
satisf
give
take

@G
eikr 1
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MATHEMATICAL INTRODUCTION, CH. 1 3

where m, n, p are integers. Then

) f(x + ma + nb + pc) = T age'SeiC matnd+ro),

but

(10) G - (ma + nb + pc) = (ha* + kb* + Ic*) - (ma + nb + pc)
= 2r(hm + kn + lp),

which is just an integer times 2, so that

(11) f(x + ma 4 nb + pc) = f(x),

and the representation (7) has the required periodicity.

THEOREM. If f(x) has the periodicity of the lattice,

(12) f 4%z f(x)e"&* = 0,

unless K is a vector in the reciprocal lattice.

Proof: This result is a direct consequence of the preceding theorem
and is essentially a selection rule for interband (G # 0) and intraband
(G = 0) transitions. By (7)

(13) f(x) = g‘, age’®™,
and

(14) [ d’z f(x)e®* = gag [ d3z ¢ &FOIx = g acAK + G),

* where A is the kronecker symbol; and @ is the volume of the specimen;

we also write A(K 4 G) as 6g _g.

FOURIER LATTICE SERIES
Consider the series

(15) g = NRY Qu
k

We _shall usually determine the allowed values of k by the periodic
boundary condition ¢,4n = g,, whence e*¥ = 1; this condition is
satisfied by k = 2xn/N, where n is any integer. Only N values of n
give independent values of the N coordinates ¢,. It is convenient to
take N as even and to choose the values of n as 0, +1, +2, - - -,
i;(%N - 1), #N. We note that $N and —iN give identical values of
e for all r, so that we need take only {N. The value n = 0 or
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k = 0 is associated with what is called the uniform mode in which all
¢- are equal, independent of r.

THEOREM. Given (15), then

(16) Qe =N"HY ge s,

Proof: Substitute (16) in (15):
an ¢ = N1 E e,
ks

If s = r, then the sum over k gives Ng¢,, the desired result. Ifs — r =
a, some other integer,

iN iN -1
(18) }:eika — EeﬂrnalN = 2 ei‘Zrnle + 2 e’——i21rnolN
n n n=0 n=1
N-1 — pllwe
— girnalN 1*__8_.._ =
o 1~ ei21ro]N
n

0

for ¢ £ 0. Thus we have the orthogonality relation
(19) Y et = Nj,,.
)

This is the analog for discrete sums of the delta function representation
(20) f " e dk = 2n8(a).

Consider the series defined for —3L < z < iL:
21 g(z) = LT#Z Que™=,
where & is any integer times 2x/L.
THEOREM. Given (21), then
(22) Qu=L7% [ drqee

Proof: Substitute (21) in (22):
(23) Qx = L—IZ Qu [ d ¢ * Pt = 3 Qudre = Qx,

P ¥

because

/*L dE et 2 sin 3(k” — k)L =0
—iL WK — k) !

except for k = k',

MATH]

THEOI
(24)

where
Pro

(25)

On tal

SUMD
(26)

@7

(28)

(29)

(30)

(31)
For tl
(32)
(33)
(34)

Trans

(35)
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tHEOREM, The potential 1/ |x{ may be expanded in a fourier series as
) RRED

where @ is the volume of the crystal.
Proof: Following (22) consider, with r = |x|,

—ar,—iq"x 1
(25) f d?'x?————j-—-— = 2r [ rdr / du e~ Thgar
-1

o _21 dr (e—i(q‘—ia)r —_ ei(q’+io)r) = 4r .
zq ql2 + a2

On taking the limit & — 40 we obtain (24).

SUMMARY OF QUANTUM EQUATIONS (% = 1)

(26) W = Hy.

27 iF = |F H], for an operator F.

(8) Ve =imi®; p=—iged - A
3 8

(29) U@l = 2 L g, + .

o o= o) w-G o) - )
(31) A= o) =G o)

For the harmonic oscillator,

(32) (n‘x|n +1)= (QMw)_”(n + 1)3"3;
(nlpln + 1) = —i(mew/2)%(n + )%

(33) Tr{A[B,C]} = Tr{[4,B]C}; Tr{ABC} = Tr{CAB}.

(34) lim

1
= ® - F 7mid(z); @® = principal value.
40T T 18 z " @); prineip

Transition rate:

(35) Wn— m) = 2w|(mlH’ln)]26(em - €n).
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Density of states per unit energy range, free electrons:

(36) pr = 55 (2t

37 [ destwrates = ) = grstro).
(38) 3(g(z)) = }S Ve z)|6(x z.),
where the z; are the roots of g(z) = 0.

(39) [, dz e = 2x5(y).

For nondegenerate states,

’ 2
e = O + (m|H'|m) + Y [(m|H"|10)|*
k Em — &k

(41) [AB,C] = A[B,C] 4 [4,C]B.

GENERAL TIME-DEPENDENT PERTURBATION THEORY
We coqsider the hamiltonian

(42) H=Hy+7,

where V is called the perturbation. Even when Hy and V are inde-
pendent of time, important results of perturbation theory appear more
naturally from time-dependent theory than from the usual time-
independent perturbation theory. We assume that the lowest eigen-
state & of H can be derived from the unperturbed lowest eigenstate
®y of Hy by adiabatically switching on the interaction V in the time
interval — to 0. This assumption is not necessarily always true,
and in particular it fails if the perturbation causes one or more bound
states to appear below a continuum. The assumption is called the
adiabatic hypothesis. We shall use (only in this development) the
notation I) to denote an eigenstate of H and I) to denote an eigenstate
of Hy. The unperturbed ground state is IO) and the exact ground
state is [0) The same notation is used again at the end of Chapter 6
in the identical connection.

THEOREM. If E, is defined by
(43) Hol0) = E|0),

MATE

and .
(44)

then
batio

(45)

Pr
(46)
from
(47)
Ther
(48)

W
(49)
This
is sw
and

follo
Wi

(50)
so th
(51)
with
repre
(52)

wher
form

(53)
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MATHEMATICAL INTRODUCTION, CH. 1 . 7
and AE by
(44) (Ho + V)|0) = (Eo + AE)|0),

then the exact shift in the ground-state energy caused by the pertur-
bation ig

_{o|vio).

(45) AE W—

Proof: The result (45) follows on subtracting

(46) (0|Hol0) = Eq(0[0)
from
(47 O|Ho + V[0) = (Eo + AE)(0|0).
Then
(48) ©|v|o) = AE(0|0). Q.E.D.
We now undertake to calculate |0). We replace V by
(49) lim ¢V, s> 0.
8=+ 0

This defines the process of adiabatic switching, in which the interaction
is switched on slowly between t = — « and ¢t = 0. Between { = 0
and { = o the interaction is switched off slowly. We shall in the
following always understand that the limit s — +0 is to be carried out.
We work with the perturbation in the interaction representation:

(50) V(t) = etHotygiHotgaldl

so that the time-dependent Schrodinger equation has the form

0d
(51) i— =V,

with the boundary condition ®(— «) = ®;. In the interaction
representation

(62) B(t) = e*Holp (1),

where &, is in the Schrédinger representation. We confirm (51) by
forming

(53) id = —Hoe'Hoip, + jeiHotd, = VeiHogp,,
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Then
(54) id’s = (Ho + V)q’s;

as required in the Schraodinger representation.
We now define the operator

U r_zu an [t [t [taa
(55) (t’t) = n-o( 7') /‘, [t’ /;, dtl
dt, V) V(t2) - - - V (tﬂ))

which may be written as

(="

n!

(56) Uty =Y, Jooo [l an PV V@) - -

V)1,

where P is a time-ordering operator—the Dyson chronological operator
—which orders all quantities on its right in order of decreasing time
from left to right. Here V(f) is in the interaction representation.
We may also write

(57) Ue) =P {exp[ i [ a vy |}

THEOREM. With U(Lt') as defined above, the exact ground state
|0) is given in terms of the unperturbed ground state |0) by

U(0,— »)|0)

%) 9= olve,— =)oy

with all states in the interaction representation.
Proof: If (58) is to be true,
(59) d,(t) = e HtU (1, — ) By

should satisfy the time-dependent Schrédinger equation (54). We
form, from (59) and (57), and then (50),

60) = ;—: ®,(t) = Ho®,(t) + e HotV () Uy

= (Ho + Ve )e  HatU(t, — )8y = H&,(t),

MATI]

as re
(58)

(61)

and
matr

(62)

(63)

exac
ilarly

(64)

One
tion

(65)

tells
theo
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as required. Thus, at ¢t = 0, &, = U(0,— «)®g; the denominator in
(58) follows if we normalize to make the mixed product

(61) (©0lo) =

Equivalence to Time-Independent Perturbation Theory. From (50)
and (56) we see that the lowest order term in the construction of a
matrix element (f|U(0, — «)|0), using

(62) U(O -—CO) - E(—z)n f— . e

dty - - dta P{V(ty) - - - V(ta)},

is
0
(63) (f|UL0,—=)|0) = —i [ dty (f|V]0)ei Er-Eo—ioty

__uvle
E;—Ey—1

exactly as in ordinary time-independent perturbation theory. Sim-
ilarly, the second order term is

i

0
6 (00— =)o) = (=9* [*_an [ at

Y, |V pei ErEsmint(p| V|0)ei Bo—Eu—ints
»

0
==‘i/ dty

E (fl le)e"(El"‘E —u)h(pl Vl())

_y (V|pXp|V|0)
(Ef - Eo - 2’&8)(E -_— Eo 2'8)

t(E —Ey—is)¢,
Eo — 18

One advantage of the time-dependent formulation is that the prescrip-
tion

(65) lim 1

40T — 18

(P + ixd(x)

tells us how to handle the poles which arise in ordinary perturbation
theory; here ® denotes principal part. Interesting consequences
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follow from a graphical analysis of the contributions to the U operator,
as discussed in Chapter 6.

An important advantage of the time-dependent development makes
it possible to separate immediately parts of the problem which refer to
disconnected parts of the system. In ordinary perturbation theory
the factorization is seen only at the end of the calculation. Suppose
that @ and b refer to different regions of space @ and b with no physical
connection. Let

(66) H=H}+H)+ Va+ Vs
We form, noting that all commutators necessarily involve &g,
67) U@©,—) = P {exp [—i [ . ava]}
= P {exp [—i
f o GHSGEHO (T Vb)e—iy‘,oze—m,,w]}
P {exp [—i [_0@ dt ei"ﬂ"‘Vae‘i”a"‘]
exp [—i [ fw dt e"Hb"‘Vg,e'i"b“‘]}
= Ua(0,— @) Up(0, — ).

This is a very useful result, one which is difficult to obtain in ordinary
perturbation theory.

PROBLEMS

1. Show that

(68) [ d¥hetr = 47 (Sm ker “‘T";"’ cos ker )
where the integral is taken over the sphere 0 < k < kp.
2. Show that
3,pikx TK 4mi
(69) / dize 3 IKl;

where zx is the projection of x on K.
3. Show that

i @ e—s’zl
0 t) = lim -—
(70) o) ,Br.?o%/.mdxa: +is’

MATHI

where

(71)

(72)
(b) St
(73)
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where
1 t>0
@ W=y <o
4. (@) Show that the commutator
72) [e=iex p] = keikx,
(b) Show that
(73) [e—ik-x’pzl = ¢ 1(2k.p — k2).

11



2 Acoustic phonons

The duality of waves and particles is the dominant concept of
modern physics. In crystals there are many fields which combine
wave and particle aspects. Names have been given to the quantized
unit of energy in these fields. Exactly as the word photon describes
the particle aspect of the electromagnetic field in a vacuum, the words
phonon, magnon, plasmon, polaron, and exciton deseribe several of the
quantized fields in crystals. Phonons are associated with elastic
excitations—acoustic phonons correspond to ordinary elastic waves.
Magnons are the elementary excitations of the system of electron spins
coupled together by exchange interactions. Plasmons are the collec-
tive coulomb excitations of the electron gas in metals. Ixcitons are
neutral particles associated with the dielectric polarization field;
and polarons are charged particles associated with the polarization
field, usually in ionic crystals. Except for polarons, the particular
particles given above act as bosons. The Cooper pairs of electrons in
the Bardeen-Cooper-Schrieffer theory of superconductivity act to a
certain extent as bosons. The quasiparticle composed of an electron
and its interactions with the electron gas in a metal acts as a fermion.

Mueh of this book is concerned with these particles—their quantiza-
tion, their spectra, and their interactions. The most convenient
mathematical description of the particles uses the method of second
quantization—the quantization of wave-particle fields, The method
is quite easy to learn and to use: excellent introductions are given in
standard textbooks on quantum mechanies, particularly those by
Schiff (Chapter 13), Landau and Lifshitz, and Henley and Thirring.
The nonrelativistic field problems we treat are good pedagogical
illustrations of the more elementary content of quantum field theory.

The fields of interest to us can be developed for a lattice of discrete
atoms or for a homogeneous continuum, Much of the time the par-

ticular model employed is a matter of indifference to us, but for
12
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the discrete lattice the dispersion relations and selection rules are
more general than for the continuum. The lattice includes the
continuum as a limiting case.

DISCRETE ELASTIC LINE

The transverse motion of an elastic line under tension is a simple
example of a boson field. We exhibit the hamiltonian of a line com-
posed of discrete points of unit mass at unit spacing under unit tension.
The appropriate parameters will be restored later, after we have
settled the mathematical preliminaries. We shall Iater impose periodic
boundary conditions, with periodicity N. ILet p; denote the trans-
verse momentum and ¢; the transverse displacement of the mass at
the point 7; then for small displacements

(1) H = éz P + (i1 — %)

This form is derived from the lagrangian

(2) L = kinetic energy — potential energy
=426 - 3Z (g1 — ¢°

by forming the canonical momenta

3 pi = 0L/d¢; =4 __

and evaluating the hamiltonian

4 H = 2Z pi; — L.

The theory is quantized by the usual condition

(8) lgr,ps] = tbr,,

in units with # = 1.
We now find the eigenfrequencies and eigenvectors of (1). We
transform to phonon or wave coordinates Qy:

(6) g = N"2Y Que®;  Qu=N"%Y ge .
k 8

These transformations are consistent: it was shown in Chapter 1 that

Ze‘k“"’ = Né&,. The coordinates g, must be hermitian variables
&k

in quantum mechanics, so that g, must be equal to its hermitian
adjoint:

(7) g = q;j" o N”}ﬁ > lez'kr = N—-—% > Q;‘f"e—ikr‘
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This relation is satisfied if

(8) Qk = Q.tk;
with Q% the hermitian adjoint operator to Q; we may write
) 0 = V743 (@ + @fe™),

with the sum still taken over all allowed values of the wavevector %,
positive and negative.

The allowed values of &k are usually determined as in Chapter 1
by the periodic boundary condition

(10) riN = Gy,

whence

(11) ey =1,

which is satisfied by

(12) k=2m/N; n=0,+£1, 42 -+, +(3N —1), IN.

This is not the only possible choice for &, but it is the most useful choice.

It is a good practice to make the coordinate transformation (6)
in the lagrangian, because we can then determine the momentum com-
ponent Pj canonical to Q:. We need the relations

13 Z@ = NI 5T 00 = 3 0
Further,
(14) 2 (gr41 — ¢)2 = N7 g ;; QiOre™* (eF — 1)e™* (e — 1)

= 2; Q:Q_+(1 — cos k).

Thus

(15) L=34ZQ0Q « — 2 (1 — cos k)QuQ_s;

(16) Py = 0L/3Qx = Q_x = Py,

and

a7n H=4ZP P+ 2 — cosk)Qr@ .
In terms of the new coordinates,

(18) Pr=NH%Z goeikt = N-%3 pae’e;

(19) pr = NHZ Prei*r,
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The commutation relation becomes

(20) [Qr,Pr] = N1 [E gre ", E pseilc’s]
= N71Y [grple ¢+ = ioy.

Except for k = 0, the wavevector index & refers to internal coordi-
nates and it has no connection with the total momentum of the
system. The total momentum is Z p,, and by (18) we see that

(21) Py=N%Zp,

The total momentum involves only the £ = 0 mode, which is a uniform
translation of the system. Many interaction processes in crystals
proceed as if the total wavevector Z k were conserved for the interact-
ing particles, and for this reason k is often spoken of as the crystal
momentum or as the quasimomentum. If a system is invariant under
an infinitesimal translation, then the total wavevector is indeed
rigorously conserved. A crystal lattice is not invariant under an
infinitesimal translation, but under a translation by a multiple of the
basis vectors a, b, ¢ of the primitive cell. The conservation law
becomes, as we shall see in later chapters,

(22) Sk, =G,

where G is any reciprocal lattice vector, but this conservation law is
distinct from the conservation of momentum of the center-of-mass.
The hamiltonian (17) is not quite in the form of a set of harmonic
oscillators because of the mixture of terms in £ and —k. Our object
must be to get the hamiltonian into the harmonic oscillator form

(23) H = Z wk'ﬁk = Z wka;c"ak,

where 7, is the phonon population operator, and the a*, a are boson
creation and annihilation operators with the commutator

(24) lax,aff] = dpp.

Let us try the linear transformation

af = (ur) Hwr@_k — iP);

(25) _ X
ar = (2w1) (@ Qx + 1P_s),

using the conditions (8) and (16); here w; is defined as

(26) wr = [2(1 — cos k)]*.
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The wy are just the classical oscillation frequencies. For low k
we have w = k, so that there is no dispersion. Dispersion enters
when the wavelength 2x/k approaches the interatomic separation, so
that the waves see the discrete nature of the lattice. Note that o is
a periodic function of k. Now

27)  [aw0r+] = (2w}~ (—twr[Qr, Prr] + t0rlP_k,Q—s)) = Smar,

a8 required,
Let us form the sums over +% in the hamiltonian (17):

(28) F(PrP_x + P_tPi) + (1 — cos k) (QrQ_x + Q_xQ%)
= jup(afar + ara} + ety + a_zay).

Thus the hamiltonian may be written as

(29) H =Zoyafar +3); o= [2(1 — cos k)™

This contains the operator for the number of bosons in the state k:
(30) Ar = ajag.

If a state & is specified by the occupancy eigenvalues g, then the
Schraodinger equation is

(31) H® = E® = (2 nkwk)@.
An increase of ni by one is described as the excitation of one phonon
of energy wy.

The inverse transformation to (25) is
(32) Pi = i(we/2)ar —a); @ = Q) H(ar + aky).
We insert (32) for Q% into (9) to obtain, with # and M restored,

(33) gr = Z (B/2M Nop)(are™ + aje ).

The modes of oscillation which we have quantized are identical
with the classical modes of the system.

There are problems for which it is convenient to work only with
real coordinates in the phonon expansion—the Qi above are not real
because Q7 » Qr. Real Q; sre particularly advantageous if we desire
to exhibit the Schrodinger eigenfunctions |Qy) of the normal modes.
A simple set! of real coordinates is provided by standing waves:

(34) g = (2/N)* kZo {Q cos kr + Q) sin kr},
>

1 (3, Leibfried, in Handbuch der Physik, VII/1, 104 (1955} ; see especially pp. 160,
168, 260; for a discussion of the phonon polarization vector, see p. 174.
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where k assumes values (2x/N) times a positive integer up to N/2.
We note that the eigenvectors (2/N)* coskr and (2/N)"sin kr are
orthonormal. For example,

(35) Y, (2/N) cos kr cos k'
= (1/N) X, {cos (k + k')r + cos (k — k')r};

now

1 - ei?tﬂ
(36) E cosk £ k)yr=a& ’EO gitrnrlN G{W = 0,

unless » = 0, in which case the sum is equal to N. Thus
(37) E (2/N) cos kr cos k'r = 843}

and similarly

(38) 2 (2/N)sin krsin k'r = 8.

The cross-product terms cos k'r sin kr are always orthogonal.
The momentum is

(38a) pe = (/M) Y (P cos kr + P sin kr).
k>0
We wish to find the commutation relations of the Py, Qk:
(3) QF = @/N*Lgcoskr; QP = @/N)* L g sinkr;
r
(40) PP = 2/N)%Y pocoskr; PP = (2/N)A Y p, sin kr.

Then
(41) [QL,PH] = (2/N) Z [qr,Ps) cos kr cos k's
78

= (2/N) E i cos kr cos k'r = iy,

by (37). In general,
(42) [Q,(c“),P,(ff)] == $8,80kk".
The hamiltonian can be written as

(43) H=) [— P 4 ngﬁQ(")’}

where « runs over ¢ and s; we assume «{ = w{". This is just the
hamiltonian for a collection of harmonic oscillators of frequency ws.
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Now @y is the amplitude of the oscillator k.. The wavefunction
ens(@r) = |Qins) satisfies the Schrodinger equation

1 8

(44) {— M 30, + = ka’Qk |Qime) = (m + 3| Qana).

The wavefunction of the whole system may be written as the product
| Quna).
In terms of creation and annihilation operators,

(45) 0 = @2Mw) H(ar + af);
(46) P = i(Mwi/2)(ara — a).
Then

(47 H= kkaa + Do

QUANTUM THEORY OF THE CONTINUOUS ELASTIC LINE

We consider an elastic line of linear density p under tension 7.
The classical lagrangianis L = [ dx £;from standard classical mechan-
ics the lagrangian density

(48) € = bl — 4T ("‘”)
azx
where ¢(z,f) is the displacement of the string from the equilibrium
position. The result (48) follows directly from the lagrangian (2)
for the discrete line, on taking appropriate limits.
The classical derivation of the lagrangian equations of motion for
a field follow from the variational principle

(49) s [“Lat=o,

subjeet to d¢{z, il) = {; Syb(x t2) = 0. Thus [[ 82 dtdz = 0, where
_ o & N

(50) 88 ad/ &P-{- ¢ ‘L+a(a¢/ax) +

with 8 = — &,&, —1’—& = _«3_ 61{/ Then

& E’i”iw ERIRIACET

where the first term on the right is zero because of the conditions on
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the variational principle. Further,

of g d 9L
(52) / 3(ov/on) 9z ¥ = f (55 a<a¢/ax)) b dz.

The extremum condition becomes

oL  J oL 5 9L

(53) w alay  Gzo@yon)

This is the equation of motion for the lagrangian density, and for the
elastic line (48) leads to

0 _

5 v _ 0
(54) Pa? az?

?
a well-known wave equation.
The momentum density = is defined by
55) -
(l T = a&
by analogy with the definition p = dL/3¢ of the particle momentum.
The hamiltonian density 3¢ is defined by

= e 1 2 1 W ?
(56) JC-—-m//--£—2—p7r +5T(6—£)-
The definition (55) of momentum density is consistent with the limit
of the discrete result (Ar)r = p = 3L/3¢ = a(Ar)&/d4 for a cell of
volume Ar,

QUANTIZATION OF THE FIELD

The particle quantum condition is [g,,ps] = 76,,. If the continuum
is divided into cells of extension Ary, then the commutator becomes,
with ¥(r) written for g,

(57) W(r)x(s) Arg] = 48,4,
or, in three dimensions,
(58) W(x),r(x")] = i8(x,x),

where 8(x,x’) = 1/Arif x, X’ are in the same cell Ar and zero otherwise.
The function 8(x,x") has the property that | 7(x)6(x,x’) dr is equal to
the average value of f for the cell in which x’ is located; therefore
in the limit as Ar — 0,

(59) 5(x;xl) ¥ 6(x - x,):
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the delta function in three dimensions. In this limit the quantum
condition becomes

(60) W(xt),»& )] = i6(x — x'),

noting that our discussion has referred only to a common time .

1t is apparent that there are two ways of dealing further with the
haroiltonian of the elastic line. One method is to solve the quantum
equation of motion directly in the Heisenberg representation; in some
problems one gains physical insight by working with the equations of
motion. Often it is tedious to obtain these equations, and we may
wish simply to transform the quantum operators in the hamiltonian
to a form solvable on inspection.

In looking for suitable transformations of

I ?i)’

we may be guided by our experience with the discrete line. We apply
periodic boundary conditions over a length L. We set

(62) ¥(z) = L“”% Q™ Qu = QEy;
from Eq. (1.22),
(63) Q=L [ ar g,
where the integral is taken between —1L/2 and L/2. Then
(64) f (0y/02)* dz = —(1/L) g%: kk' Qi Qye j )T g
= Y k*QiQs.
%
We define P, = P*; such that
65)  Pe=L7" [n(pe*tdy;  x@) =L7" 2}; Pe~ite,
Then

(66) [ x*dz = Y PiP_y,
k

and the hamiltonian becomes

(67) H= [ s dz = ), (—21‘) PPy + %TI&Q,CQ_;C).
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The quantum condition is readily found:
(68) (@i Pr] = L7 / f [W(z),m(z)]e! ¥ =" k=) dg do’
= L7 [ BT ar = iy

The form (68) is similar to (20), so that the subsequent transformation
may be modeled after (25) and (32):

ap = —i(2pwi) Py + (T/201)¥kQ_4;

69

(© ar = 1(2pwr) P_i + (T/202)"%Qs,
where

(70) we = (T/p)¥|E].

LONG WAVELENGTH ACOUSTIC MODE
PHONONS IN ISOTROPIC CRYSTALS

We let R denote the vector displacement operator in a solid,? with
R = x’ — x, where x is the initial position of an atom or of a volume
element of the solid, and x’ is the position after deformation. We
assume the crystal is isotropic elastically, that is, that the elastic
energy associated with a given state of strain is independent of the
orientation of the crystalline axes. It turns out that the eigensolu-
tions may be classified rigorously as longitudinal or transverse when
the elastic energy density is isotropic. Cubic crystals with large
primitive cells, such as yttrium iron garnet, may tend to be isotropic
elastically.

First we find expressions quadratic in the strain components
9R,/dz, and invariant under arbitrary rotation of axes. There are
three such invariants: (div R)? |VR|? and |curl R|2. Thedeformation
associated with curl R is a rotation, not & strain, so that this term
will not appear in the elastic energy. The strain energy density U in
the quadratic approximation may then be written

R, R, , , OR,0R,
dz, oz, + b 9z, 9z,

(71) U = }a(divR)? + 38|VR|? = }« )
where a, 8 are constants related to elastic moduli. We are to sum over
repeated indices. 'The coordinate axes z, are assumed to be orthog-
onal. The term in « is the square of the trace of the strain tensor;
the term in B is the sum of the squares of the tensor components.

2 JSSP, Chapter 4. The vector R now plays the role of the scalar ¥ in the pre-
ceding section on the elastic line. In ISSP the symbol g was used.
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The hamiltonian density of the isotropic elastic continuum is

dB,0R, . R, 4R,

H s
(72) ol + 3 oz, oz, dz, oz,

where p is the density and II, are the components of the momentum
density. We assume cyclic boundary conditions over a unit cube and
define the transformation to phonon variables Qf, u = z, ¥, 2

(73) t= [ @2 RB@e™ R = T Q™
~—y - k
with the condition @} = (Q*,)*. We have
R, IR,

4 3 2 Y bk, QLQ
a4 [aaS - S bhaer,
We define momentum components P§ such that
(75) M, = 3, Pbe ™, P4 = (Pt

k
(76) Pi = [ d%z e
then
) [ @z, = 3 pepe,
k

and the hamiltonian becomes
1
(78)  H =3 % PiPry + ja Y bb.QIQ L + 36 %, b 00Q%
P E E

The hamiltonian was constructed to be invariant under rotation of
crystal axes, and we may choose the directions of the coordinate axes
as we wish. Because different k’s, outside the pair +k, are not mixed
in (78), we may choose different axes for each k. It is convenient to
choose one of the axes, z;, parallel to k. Then

1
(79 H =g % PiPr + 3 (3a0i0hs + 38 3 Q1Q%).
kg »
Now introduce the boson operators
aty = —i(2p00,) T PE + i (aby + B)KQRy;

Gxw = 1(2pwy,) Py + witXad,y + B)PRQL.

In (80) repeated indices are not summed; the index u has now the

(80)
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significance of a polarization index, relating the particle displacement
to the wavevector. We verify readily that the energy is

(81) E= kEﬂw,.(nk.. +8);  ow = [(ady + 8)/0%,

where [ denotes the longitudinal phonon (@, || k) and the other two
choices of 4 denote transverse phonons. The two transverse phonons
for a given k are degenerate in an isotropic solid, but for a general
direction in & cubic crystal there are three modes for each k, all non-
degenerate, and none exactly longitudinal or transverse. The
veloeities of sound given by (81) are

(82) Vs = dw,/dk = [(abu + B)/p]%
The lattice displacement operator R is found from (73) and (80):

(83) R{x) = gekn(zpwkp)'”(ak,,e“" + o),

where ey, is a unit vector in the direction of the polarization of the
phonon. The dilation operator is

(®4) A(x) = 0ROz, = ¢ 2 (2pwt) h(awie™™ — aihe™™™);
x

classically, A is the fractional volume change §V/V.

PHONONS IN A CONDENSBED BOSON GAS

We want to show by a method of Bogoliubov how phonons may arise
in a system of weakly interacting particles. We consider a system of
a large number of weskly interacting bosons described by the hamil-
tonian

(85) H = Ek: ekaﬁ“ak -+ ﬁ' 2 V(k] —_ k{)ai‘]aﬁ; ak,fah'a(kl + kz
- k' — ky'),

where the Kronecker delta symbol A assures conservation of wave-
vector. If V = 0, the ground state has all particles condensed because
of the bose statistics in the lowest one-particle state, normally k = 0.
With a weak and short-range interaction most of the particles will be
in the ground state, and a few (n << N) will be in excited states &k > 0.
It will make little difference in the calculation of macroscopic quantities
whether we use states with N or N 4- n particles, but the expectation
value of the total number of particles will be well defined. In liquid
He* the potential is not so very weak, and it is believed from the
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interpretation of neutron diffraction studies that in the ground state

less than 0.1 of the atoms are in the zero momentum state [see A.

Miller, D. Pines, and P. Noziéres, Phys. Rev. 127, 1452 (1962)]. The

model we treat probably bears only a qualitative relation to real He®.
Then {85) may be written, assuming V, = V_,,

(86) H = 3 eyaitay + $NoVo + NoVo 3, aiax + No ), Viadax
k k k
+ iNg Z' Vileyo_y + afaty) + terms of higher order.

Here Ny = ata, and the summations do not include k = 0. Reading
from left to right, the terms retained in the hamiltonian (86) are:

(a) Kinetic energy: &.afay.

(b) Interactions in the ground state: afataoao.

(¢) One particle not excited in the ground state: a}afa.a, and
afataoay.

(d) Exchange of one particle in the ground state: afafaia, and
afaitaony.

(e) Both initial or both final particles in the ground state: afafaa_y
and efat,aa,.

Terms with three ground-state operators are excluded by momentum
congervation.

We now take the expectation value of Ny + Z' aita, to be the num-
k

ber of particles ¥ in the system. We collect terms and rewrite (86)
as the reduced hamiltonian

(87) Hoo= 3NV, + g (& + NVaita
+ IV Y Voo + atad) + - -

This is a bilinear form in the boson operators and may be diagonalized
exactly. The reduced hamiltonian does not commute with the opera-
tor for the number of particles, but for a large system this introduces
no perceptible error (see Pines, p. 335). The Green’s function method
discussed in Chapter 21 allows us to introduce in a natural way matrix
elements connecting states with different numbers of particles.

But first let us consider a perturbation-theory approach, asdiscussed
in detail in Brueckner, pp. 205-241. It is natural to treat ¥ g.afa, as
the unperturbed energy and } 2 V,(2afay + ago_y + atyait) as the
perturbation. The perturbation may easily be shown to lead to
divergent terms in higher orders of the perturbation caleulation.
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Bogoliubov calls the divergent terms ‘‘dangerous diagrams.” It is
actually possible to sum the divergent terms to obtain a convergent
result, but it is best to avoid perturbation theory by diagonalizing
exactly the reduced hamiltonian (87), as we do now.

We carry out the diagonalization by a method using the equations of
motion. The method is a systematic way of finding transformations
such as (25), which was produced full-blown with no derivation. We
look for new boson operators aff, oy such that

(88) [ah,H] = —xeif; [, H] = hey; [, 0] = .

The first two relations are satisfied if the hamiltonian ean be written
in the diagonal form

(89) H = E Aoy, + constant.
K

Let us write (87) as

(90) H., —~3$N?Vy = Z Hy;

(91) Hy = wolaiay + atya_y) + wi(apa_y + atiad),
with

(92) wy = & + NVy; wy = NVy.

Note that 7d, = weax + wiaty couples oy and at,. We make the
transformation

+

(93) ag = Uply — vkaik; Qg = ukai:*“ - Ukl

where wu,, v, are real functions of k. The commutator
(94) lag,aif] = uw® — v,
and we can choose uy, v, to make this equal to one. With this choice

Ay = Uy + Ukaik.
Using (91) and (93),

(95)  [aif Hil = w(~worid — wia_y) — vlwoa— + wiaid),
which, aceording to (88), we want to equal

— A — vea_y).
Thus

Uy + w1t = Ay
(96) wolly + Wity k

Wity + Wolly = ‘—Rﬂk.
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These equations have a solution if

(97) LN B

or

(98) A=’ — w1’ = (& + NV? — (NV)*
Now & = k%/2M, so that

(99) ANE—0) = (NVo/M)*k;

this limit is the dispersion relation for a phonon with velocity

(100) v, = (NVo/M)*.

We have assumed Vy = V, for small k. Obviously, the result (99) is
applicable only for positive V, which corresponds to a repulsive
potential. For high %,

(101) )\(k--—) OO) = Ex + NVk,

which is a particle-like dispersion relation. The frequency in (98) is
a monotonically increasing function of the wavevector, as we see
immediately below. The quasiparticle excitation spectrum of liquid
helium has been determined directly by studies of inelastic neutron
scattering, with results shown in Fig. 1. The dip in the dispersion
relation near &k = 1.9 A™! agrees quite well with the calculations of
Feynman and Cohen;? see also Problem 6 in this chapter. On this
simplified model the dip can result from a k-dependence of V. The
portion of the excitation spectrum near the dip is known as the roton
spectrum.

Superfluidity.®* The elementary excitation described by the
operator ojf is a collective property of the system, particularly for low
k; this is shown most directly by an extension of the argument of
Problem 5 to a state with one elementary excitation. But there is an
important difference between the present phonons and those carried
by a crystal lattice. 1In a lattice, the phonons are referred to a relative
coordinate system and do not carry momentum, as we saw in the
discussion related to (21). In a gas, the phonon excitations do carry
momentum, and from this we can construct a criterion for superfluidity.

Suppose a body of mass M is moving with velocity v through a bath
of liquid helium at rest at 0°K. The body will be slowed down if it can

3See R. P. Feynman in Progress in Low Temperature Physics, 1, 17 (1955);

R. P. Feynman and M. Cohen, Phys. Rev. 102, 1189 (1956).
4 N. Bogoliubov, J. Phys. USSR 11, 23 (1947); also reprinted in Pines, p. 292.
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FIG. 1. Spectrum of elementary excitations in liquid helium at 1.12°K at normal
vapor pressure, as determined by Henshaw and Woods by inelastic neutron scatter-
ing. The broken curve through the origin corresponds to a velocity of sound of
2.37 X 10% em/sec; the parabolic curve through the origin is calculated for free
helium atoms. '

generate elementary excitations. In an event in which an elementary
excitation wy is created, we must have

(102) IMv? = IMv'? + wy;
(103) Mv = Mv +k,

from energy and momentum conservation. Combining these two
equations,

(104) 0=—v-k+ QM) % + w
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The lowest value of v for which this equation can be satisfied will
occur for v || k; this critical velocity is then

(105) v, = min (% + ‘%“)

When M — «, the critical velocity is determined by the minimum of
wy/k. If there is an energy gap, that is, all wy > 0, we will have
v. > 0. The situation portrayed in Fig. 1 also leads to a positive
minimum of w,/k. If the elementary excitations had a free particle
dispersion relation—w « k> —then the critical velocity would be zero.
What has been shown here is that for v < v, the body will move at 0°K
without loss of energy to the fluid; we say that the fluid acts as a super-
fluid. In actual liquid helium the critical velocities observed are often
two or three orders of magnitude lower than the calculated values,
probably because of the possibility of creating other low-lying excita-
tions of the form of vortex lines. At finite temperatures the moving
body does encounter resistance; one source of resistance comes from
Raman processes in which a thermal phonon is scattered inelastically
by the moving body.

SECOND SOUND IN CRYSTALS

We have treated acoustic phonons in crystals and in liquid helium.
The acoustic phonons couple at a crystal/gas or liquid/gas interface
with ordinary sound waves in the gas. We denote propagation by
acoustic phonons as ordinary or first sound. ’

The acoustic phonons themselves possess many of the attributes of
particles. These particles interact weakly with each other by virtue of
anharmonic terms in the lattice potential. At low temperatures, the
collision events among phonons conserve both energy and wavevector,
but not necessarily the number of phonons. At higher temperatures,
the total wavevector of the colliding particles may change by a
reciprocal lattice vector; our discussion does not apply if such umklapp
processes are frequent. The dispersion relation of the phonons at
sufficiently long wavelengths is w = ¢;k, where ¢; is the velocity of
first sound.

We are interested in the possibility that collective waves may
propagate in the phonon gas—modes in which the local excitation
density or phonon concentration is modulated in a wavelike way.
Such waves are known as second sound. They surely exist in liquid
helium II, but have not yet been reported in crystals. The problem of
second sound in liquid helium differs in important respects from the
problem of second sound in crystals, and we discuss only the latter.
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We assume that the phonon mean free path is much shorter than the
wavelength of second sound. In the case of ordinary conduction of
heat in a crystal there also exists a gradient in the phonon density, yet
no wavelike solution ordinarily results because wavevector conserva-
_tion is destroyed by umklapp processes.

We now derive an expression for the velocity of second sound in a
phonon gas in a crystal. For simplicity we consider only longitudinal
phonons. Let

f(k,x) d’k d%z

be the number of phonons of wavevector in d3k at k and of position in
d%z at x. According to the boltzmann transport equation?®

of of
(106) 3 v = Acl, |
where A.f denotes the rate of change of f from collisions. We have
omitted the acceleration term e« - (df/dv) from the equation because
the acceleration e« = 0 in the absence of external forces. For long
wavelength phonons the » component of velocity is v, = ¢;k,/k, so
that (106) becomes

of  k of
(107) T % o,

= A.f.
Now form the crystal momentum density P and energy density U:
(108) P= f dPkkf; U= [ 4% cikf.

Because we have assumed wavevector and energy are conserved in all
collisions,

(109) [akkas=0; [dkekas=o.
Thus on multiplying (107) by k, and integrating:
Py, 8 [ . ockk,,
(110) 3t+3,[dk . f=0;
and on multiplying by ¢k and integrating:
U  a s 9+ OU 2 0P
(111) Py + . [d ke ’k,f = P +¢; %, 0,

8 For a discussion of the boltzmann equation see, for example, C. Kittel, Ele-
mentary statistical physics, Wiley, New York, 1958, pp. 192-196.
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If f is only slightly perturbed from an isotropic distribution,

(112) [ @ttty v,
and (110) may be written

6 19U
(113) rn =+ ga—x" = 0.

On combining (111) with (113),

U ¢, W

(114) a* 3 9z, 0z, 0,

which is the equation of a wave having velocity ¢,/3*%. The ratio
c1/ca = 3" of the velocities of first and second sound is approximately
satisfied in liquid helium as T'— 0, but the attainable experimental
accuracy is poor because second sound becomes highly damped at very
low temperatures as the phonon mean free path increases relative to
the wavelength of the second sound.

The waves of second sound are periodic variations of excitation
energy associated with periodic variations of phonon concentration.
The above calculation is due to J. C. Ward and J. Wilks, Phil. Mag. 43,
48 (1952). Our result for c2* does not include their factor [1 — (p,/p)]
in the ratio of the effective mass density p, of the excitations to the
actual density p of the medium. This factor is present in liquid
helium, but it is not evident that it should be present in crystals. In
any event p,/p— 0 as T'— 0 for phonons in liquid helium and in erys-
tals. A discussion of second sound in liquid helium is given by
R. B. Dingle, Advances in Physics 1, 112-168 (1952).

FREQUENCY DISTRIBUTION FOR PHONONS

The phonon frequency distribution function g(w) of a crystal is
defined as the number of phonon frequencies per unit frequency range,
divided by the total number of frequencies. The frequency distribu-
tion determines an important part of the thermodynamic properties
of the crystal. The distribution may be calculated numerically from
the dispersion relation,® usually with considerable labor. An exact
solution for the two-dimensional square lattice has been obtained by
Montroll,” who found that the distribution function has a logarith-
mically infinite peak.

¢ For a review of this area, see J. de Launay, in Solid state physics 2, 268 (1956).
7 E. Montroll, J. Chem. Phys. 16, 575 (1947).
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Such singularities are of great importance for the thermodynamic
properties. A general investigation of the singularities in the dis-
tribution function has been given by Van Hove,® who utilizes a
topological theorem of M. Morse. The theorem states that any func-
tion of more than one independent variable which, as w(k), is periodic
in all its variables has at least a certain number of saddle points. This
number is determined by topological considerations and depends only
on the number of independent variables. A saddle point usually leads
to a singularity in the distribution function. In two dimensions the
singularity is logarithmic; in three dimensions g(w) is continuous, but
dg/dw has infinite discontinuities.

The fact that w(k) is periodic is shown in the chapter on Bloch
functions; we have seen an example of the periodicity in (26) above.
The density of states g(w) dw is directly proportional to | dk, where
the integral is over the volume in k space bounded by the constant-
energy surfaces at w and w + dw. The thickness of the shell in the
direction normal to a bounding surface is given by

(115) |Viw| dky, = dow,
so that

Vo as
116 (w) = —f —
( ) g - Zl S(w) |ka‘

where V is the volume of the primitive cell; Z denotes the number of
atoms per cell; and [ is the dimensionality of the space. The integra-
tion is over the surface S of constant w. We expect a singularity when

dw \ 2 dw\21%
o = [E) s ()T

written for two dimensions. It is apparent that the singularities
of g(w) originate from the critical points of w(k), where all the deriva-
tives in (117) vanish.

PROBLEMS

1. From the equation ‘'of motion for the field operator ¥ in the Heisenberg
representation, i?/ = [y,H], show for the elastic line (56) that ¢ = x/p, in
agreement with the classical equation. We note thaty and any function of ¢,

8L. Van Hove, Phys. Rev. 89, 1189 (1953); see also H. P. Rosenstock, Phys.
Rev. 97, 290 (1955).



32 QUANTUM THEORY OF SOLIDS

such as 8y/dz, commute, so the term in T does not contribute to . The
term

w18 W, [ 72 = [ @R & + [ 7@OWE ) dr,

which may be reduced, using (60).
2. Show that for the elastic line the quantum equation of motion gives

(119) #=To

which may be combined with ¥ = #/p to give the wave equation in the field
operator y:

. F:}
(120) o =13Y.
Note that
o 5 = it [Lae {[o00, 2] %D A0 0, %71
where
(122) [w(x), aﬁg )] = —i% oz — o) = ia% 3z — ).

For theorems on derivatives of delta functions, see Messiah, pp. 469-471.
3. Consider a continuous elastic line of length L with fixed ends, so that

¥(0) = (L) = 0. Develop ¥/(,t) = Y, Qu(t)ur(), where
k

(123) ur = (2/L)* sin kz,

with k =nw/L, n =1, 2, 3, - - - . (a) Diagonalize the hamiltonian for
this problem and indicate the form of the ground state Schrédinger wave-
function in the @ representation. (b) Calculate the mean square fluctuation
of ¢ in the ground state of the line, averaged over the length of the line.

4, Show that on the Debye model the low temperature (7 << ©) heat
capacity per unit volume of an isotropic monatomic solid containing n atoms
per unit volume is

(124) C = (12r*nks/5)(T/0)3;
here kg is the boltzmann constant and

3 1 2
(125) a = 9—13 + a?’

where kg0, = Fvy,(6m2n)%.
6. The normalization of the commutator (94) is assured if we write

(126) wx = cosh xi; vx = sinh xy.
(a) Show that Hy in (91) is diagonal if

NVy

(127) tanh 2Xk = — m"
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(b) Show that
(128) aiax = wlakox + v + vlotyo y + wo(okat + agoy).
(c) The ground state ®, has the property
(129) ay®Pe =0
for all oy, whence show that the mixture of excitations k in the ground state
is given by
(130) (axa)o = (Po|ayax|®o) = v® = (cosh 2xx — 1).
Make a rough plot of (afay)o versus |k|, assuming V} = constant. Note
that
ex + NV )
(e + NV — NV}

6. Return to this problem after studying Chapter 6 and particularly
Problems 6.9 and 6.10. Suppose that the interactions in our condensed
boson gas are such that at low k only quasiparticle excitations exist and have
the dispersion relation w(k). Then at low k we approximate the dynamic
structure factor §(wk) by

(132) S(wk) = Ng(k)d(w — w(k)),

where §(k) is the liquid structure factor used in Chapter 6. This equation
satisfies the sum rule of Problem 6.9. Show, using the sum rule of Problem
6.10, that the dispersion relation is related to the liquid structure factor by
the Feynman relation

(133) w(k) =

(131) cosh 2y =

k2
2M (k)

The liquid structure factor measured by neutron diffraction [D. G. Henshaw,
Phys. Rev. 119, 9 (1960), Fig. 2] has a strong peak near k¥ = 2.0 A, in good
agreement with the observed position of the minimum in the elementary
excitation dispersion relation.

7. Diagonalize H = wa*a + e(ab™ + bat), where the a, b are boson
operators.



3 Plasmons, optical phonons,
and polarization waves

In this chapter we study simple examples of several important
effects:

(a) The phonon excitation spectrum will contain 3s branches
if there are s atoms or ions in a primitive cell of a crystal. The
three branches whose frequency approaches zero as the wavevector
approaches zero are called the acoustical phonon branches. The
remaining 3s — 3 branches are called optical phonon branches, and
these have finite eigenfrequencies as k — 0.

(b) Consider a crystal having two ions per primitive cell, with
equal charges of opposite sign. The long range of the coulomb
interaction will increase considerably the frequency of the longi-
tudinal optical branch with respect to the two transverse optical
branches. The plasma frequency in an electron gas with a positive
background charge is a limiting case of this effect.

(¢) In certain circumstances the long wavelength transverse optical
modes will couple strongly and be mixed with the electromagnetic
radiation field. There are then strong effects on the dispersion
relations.

Thus we are concerned in the following with fields for which electric
charges of one sign are displaced relative to charges of the opposite
sign. Our first example is the electron gas in a metal; this problem will
be developed in much greater detail in Chapters 5 and 6. We also
discuss optical phonons in ionic crystals, both without and with
coupling to the electromagnetic field.

PLASMONS

We consider a continuum model of an electron gas with a rigid
fixed background of positive charge The contmuum mw
34 !



PLASMONS, OPTICAL PHONONS, AND POLARIZATION WAVES, CH. 3% 35

an approximation, but it allows us to see certain central features
of the eigenfrequency problem in the presence of the long-range
coulomb interaction. The electron gas is contained in unit volume,
with n electrons. The volume is also filled uniformly with a rigid
background of positive charge of density po = n|e|, equal and opposite
to the average charge density of the electrons. In our approximation
there is no restoring force on shear waves because such waves do not
change the local charge neutrality of the system. The transverse
mode eigenfrequencies are therefore zero. Longitudinal waves in the
plasma cause dilations and contractions in the electron gas, thereby
destroying neutrality and bringing into play the powerful coulomb
restoring forces. The longitudinal eigenfrequencies, called plasma
_frequencies, are relatively high frequencies. —
The hamiltonian density is given in analogy with (2.72), with
electrostatic terms included and shear terms omitted:

1 8R 6R
(1) ¥ = %H;ﬂ» + 3a e 55, — + 3(p — po)e(x),

where nm is the mass density of the gas; the dilation A is dR,/dz,;
a is the appropriate bulk modulus, as if the gas were uncharged; ¢ is
the electrostatic potential, derived from the poisson equation

) Vip = —4r(p — po).

The factor 3 in the last term on the right of (1) enters because the
electrostatic term is just the self-energy of the electron gas. The
positive background is exactly canceled by the uniform (k = 0)
component of the negative charge density, as is shown in detail in
Chapter 5.

For small local dilations of the electron gas, the charge density
fluctuation 8p = p — py is given by

(3) 6_” = - A(x):
p

where A is the dilation. Thus

oR,
oz,

(4) dp = —pA = —ne

Using (2.73) for longitudinal waves (Qy || k),
(5) R@) = ¥ @™,
k
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and
(6) dp = —ine Y kQue™™.
K
Let us write
) o =Y o™,
K
so that
(8) Vzip = -2 kZ(’okeik-x’
and the poisson equation becomes
9) o = dmineQy/k.

The electrostatic term in (1) is, after integration over the volume,

(10) / @’z 3(p — po)e = — k% [ d*z 2mno’e’ Qu Qe Xk /1)
= 2xn’e’ g Qxl—x

Then, with the momentum density components given by (2.75),

) # =3 (G PiPo + k0o + 700

In direet analogy to the solution (2.81) we have

(12) ol = wp? + (a/mm)k?; = 4wne/m.

This is the dispersion relation for plasmons; «, is usually referred
to as the plasma frequency. The excitation of one mode with energy
wy is described as the excitation of a plasmon. In the limit 2 — 0 the
electrostatic effects disappear and we have left the usual dispersion
relation @ = (a/nm)”k for phonons in a gas. For electrons in an
alkali metal n ~ 10?3 em™3; m ~ 10?79, whence w, ~ 10 6sec™, If
we substitute for (a/nm)* the velocity of sound in a solid and take
k near its probable maximum of 10% em™, the term (a/am)k? in (12)
is still negligible in comparison with the term ;.

The frequency wy of the uniform (k = 0) mode is derived easily by
a direct argument. Let the electron gas be displaced by z; the
dielectric polarization is P = ner. If the plasma is contained in a
flat slab with the displacement normal to the slab, the polarization P
will give rise to a depolarization field E; = —4xP = —4rnex. The
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equation of motion of an electron in the plasma is

(13) mi = eByg = —4mne’s, |
so that the resonance frequency is

4rne®
(14) w? = m = wyl

The resonance frequency of the uniform mode depends on the geo-
metrical form of the container. Once the wavelength of the plasmon
becomes small in comparison with the dimensions of the container
the shape effects disappear.

We now consider briefly the dielectric constant associated with the
uniform plasma mode. If the electric field E of frequency w is applied
parallel to the surface of the slab within which the plasma is contained,
there is no depolarization field. Then

E ’E
(15) mi=eB; z=— 2> P=— .
mow mw
and the dielectric constant is
P 4.’lr’fl62 w 4
16 =l+4r—=1- _1- .
(16) € + 7 o 2

When o = w,, we see that ¢ is positive and the refractive index n = ¢*

is real; thus the threshold for the transparency of metals in the ultra-
violet is given by @ = w,. This neglects ion core polarization, which is
not really a plasma effect. If the electric field E is applied normal
to the slab, with E;,; to denote the internal field, Ei,, = £ — 4rP =
FE — 4’”'X-Eint, and

17 mi = eFiny; Einy = E/(1 + 4xx) = E/e

from (13); then
el
18 P -
(1%) * m(w® — wy?)
The free oscillations of the system parallel (transverse) to the slab
are given by the poles of ¢; the free oscillations normal (longitudinal)
to the slab are given by the zeros of e.

LONG-WAVELENGTH OPTICAL PHONONS,
IN ISOTROPIC CRYSTALS!

There are three interesting points to be made in a discussion of
optical phonons.

! General reference: M. Born and K. Huang, Dyramical theory of crystal lattices,
Clarendon Press, Oxford, 1954,
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(a) A crystal with s nonequivalent ions per primitive cell will have
three branches (one mainly longitudinal, two mainly transverse)
of its vibrational spectrum whose frequencies approach zero as k — 0.
These branches are called acoustical modes. There will be in addition
3(s — 1) branches each having a finite limiting frequency as k — 0;
such branches are called opiical modes. The optical modes are sup-
pressed in the usual macroscopic analysis, such as we carried out in
Chapter 2 following (2.71). In an ionic crystal having two ions per
primitive cell, such as NaCl, the three optical branches at long wave-
lengths may be classified approximately into one longitudinal and two
transverse branches.

() The limiting frequency w; of the longitudinal branch as k— 0
is appreciably higher because of electrostatic effects than the limiting
frequency w; of the transverse branches: the approximate theoretical
connection is

(19) wi’ = (eo/e)wr’,

where ¢y is the static dielectric constant and e, is the square of the
optical refractive index.

(¢) The electromagnetic coupling between photons and phonons is
particularly marked for long-wavelength transverse optical phonons,
and there results a forbidden frequency gap between w; and w; in
which a thick crystal does not transmit energy. There is a strong
op/tical reflection band in the region of the frequency gap.

7/ We now consider these points, but we do not enter into the details
to be found in the book by Born and Huang and in the paper by Lyd-
dane and Herzfeld.2 The normal modes at k = 0 are simple in form:
the corresponding ions in every cell, by definition of k = 0, move with
identical amplitudes and phases. There are 3s equations of motion of
the s ions in a primitive cell. Three of the modes correspond to the
uniform undistorted translation of the cell as a whole, and thus have
zero frequency. This is the limiting frequency of the acoustic modes.
The other 3(s — 1) modes are the k = 0 optical modes; they represent
motions of the ions relative to one another in the same cell or rotations
of the group within a cell. None of these 3(s — 1) frequencies at
k = 0 will in general be zero.

The frequency difference of the long-wavelength transverse and
longitudinal optical modes in a cubic ionic crystal can be appreciated
by an elementary argument. A transverse optical phonon in a crystal

*R. H, Lyddane and K, F. Herzfeld, Phys. Rev. b4, 846 (1938).
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FIG. 1. Optical modes of oscillation: (a) transverse and () longitudinal. The
directions of the displacements of individual ions are shown.

with two ions per cell, such as NaCl or CsCl], is pictured in Fig. 1la. If
(20) U= Up — U

is the relative displacement of the positive and negative ion lattices,
the equation of motion for the transverse oscillation is

(21) Mi + Mo u = 0,

where M is the reduced mass and w,? is the transverse resonance fre-
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quency. We assume that the wavelength is much smaller than the
dimensions of the specimen, although long in comparison with atomic
dimensions.

A longitudinal optical mode is shown in Fig. 1b. The restoring force
on an ion is not —w;2Mu, but is

(22) —w;2Mu = —w;zMU + E;e,

where E; is the internal electric field developed in the deformation.
The field satisfies D = 0 = E; + 4rP, so that E; = —4xP. If we
neglect the induced polarization on the ions, treating them internally
as rigid, then P = neu, where n is the number of cells per unit volume.
Thus the restoring force will be —w,”’Mu — 4wn’eu, so that

(23) w2 = w? + 4nne/M.

Taking n = 1022 em™3, M = 107223, ¢* =~ 25 X 107 2%esu)? we have
(4mne?/M)* ~ 102 sec™), of the same order of magnitude as w;. The
effect on nonrigid ions is sometimes represented schematically by
writing an effective charge e* for ¢ in (23).

The macroscopic theory of the optical modes of diatomic crystals
which we now present was developed by Huang. For the optical
mode at k = 0 we introduce the coordinate

(24) w = (ut —u")/(Mn)%,

where ut — u™ is the relative displacement of the positive and nega-
tive ionic lattices; M = M M_/(M4 + M_) is the reduced mass;
and n is the number of cells per unit volume. Note that Mn is
effectively the reduced mass density. The kinetic energy density
associated with motion of one lattice against the other is 3w?. The
potential energy density may contain terms in w2, E% and w-E,
where E is the macroscopic internal electric field. We consider the
general case where the ions themselves are polarizable (nonrigid).
The lagrangian density is

(25) £ = 3w’ — (3yuw? — v1.w - E — }v2:E?),

where 711, 712, 722 are constants to be determined below. From (25)
and the lagrangian equations we have the equation of motion

(26) W+ yuw — y12E = 0.

The momentum density conjugate to w is II = 3£/dw = W, and the
hamiltonian density is

(27) 3 = 3% + Jy1w? — v12w - E — $v2,E%
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The polarization P is given by
(28) P = —03/0E = 712w + v22E.

We now solve for y11, v12, Y22 in terms of the accessible constants
€0, €=, and w;. The transverse optical mode does not generate a
depolarization field E, so that (26) becomes W; + y11w; = 0. This
must be identical with W 4+ w,>w = 0, whence

(29) Y11 = wl

Under static conditions w = 0; an applied static electric field creates
a value of w given by v11w — v12E = 0, according to (26). Substitut-
ing this value w = (v12/711)E in (28), we have

e — 1
4

(30) P = [(v12%/711) + v22E = E,
for static conditions, where ¢, is the static dielectric constant. At
very high frequencies w approaches zero and

1

(31) P=ypE="2_""FE,
4r

where we understand e, to include the electronic polarizability. Thus

-1
32 = — -
( ) Y22 4r
and
_ 1%
(33) Y12 = (eo 4r ea) wi.

The long-wavelength longitudinal optical modes are characterized
by D = E + 47P = 0, in the absence of external fields. Thus (28)
gives
(34) E -|- 47P = (1 + 47!'722)E + 41I"Y]2’U)l = O,

and the equation of motion (26) becomes

47!"Y122 )

35 ) —_— = O
( ) W + (711 + 1 + 4my9s w; y
or

dry1,? €0

36 Py = — L

( ) wy Y11 1+ drvgs ‘. w

This result was first derived by Lyddane, Sachs, and Teller; it is con-
sistent with (23) above as derived for ¢, = 1. For NaCl, using the
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observed w; = 3.09 X 10'3sec™), one calculates w; = 4.87 X 103 gec™,
with ¢ = 5.02 and ¢, = 2.25.

INTERACTION OF OPTICAL PHONONS WITH PHOTONS

The preceding treatment of the optical lattice mode problem at
k = 0 has neglected the interaction of the optical phonons with the
photons of the electromagnetic field. This interaction is particularly
important when the frequencies and wavevectors of the phonon and
photon fields coincide—near the crossover of the dispersion relations
even weak coupling of two fields can have drastic effects. We do not
discuss here the k-dependence of the uncoupled optical phonons, but
it is not usually very strong. The uncoupled solutions for a one-
dimensional problem are indicated in ISSP, Fig. 5.3, p. 111. The
dispersion relation for photons is w = ck, where ¢ is the velocity of
light; it is evident that this relation will cross at some point the dis-
persion relation for each optical phonon branch.

Our problem is to solve the maxwell equations simultaneously with
the lattice equations:

curIH=-‘1;(E+41rl5); curlE = —%H;

divH = 0;  div (E + 4P) = 0;
W+ yuw — 712E = 0; P = v12w + v2:E.

First we look for transverse solutions E | k as a photon field. We
try

E, = E;(0)e'“™*; P, = P,(0)e*“~*;
wy = wy(0)e’@*);  H, = H,(0)e*@ ),
Then the differential equations become
tkHy = (iw/c)(Ez + 4xP;);  —ikE; = —(iw/c)Hy;
(—0® + v12)wz = 712E:;  Po = vi0w: + v22E.

These equations have a nontrivial solution only if the determinant of
the coefficients of E,, H,, P;, w, vanishes:

w/c 4dxw/c —k 0
k 0 —w/c 0 _
(37) Y12 0 0 W=y 0

Y22 —1 0 Y12
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which may be written as
(38) wle, — wXwleq + ck?) + w2c?k? = 0,
where w2 now is to be viewed as a symbol defined by (29); ¢, and ¢ are
given by (32) and (33). The solutions are
1 1 2\ 1%
(39) w2 = 2—— (w¢260 + 62162) + |:4—_2 (wt2eo + 62k2)2 - w¢2k2 (—)] .
€ €x 0

For k — 0 the transverse solutions are

(40) w? = w(eo/en) = Wi,
and
(41) w? = (c*/eg)k?.

The twofold degeneracy in each of these solutions reflects the two
independent orientations of E in the plane normal to k. For high k
the solutions are '
(42) w? = c%?/en; w? = w’
We see in Fig. 2 that the lower branch is photon-like at low k and
phonon-like at high k with frequency w;. The upper branch is phonon-
like at low k with frequency w;, even though the phonon is transverse,
and becomes photon-like at high k.

There are no transverse solutions for frequencies between w; and

Phonon-like

k

FIG. 2. Coupled modes of photons and transverse optical phonons in an ionic
crystal. The broken lines show the spectra without interaction.
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w;y; further, there is no longitudinal mode solution in this region
because the photon field is purely transverse in isotropic media. There
is thus a forbidden band of frequencies between w; and w; in which
it is impossible to transmit energy through the crystal. This is found
experimentally, with appropriate correction for damping. The for-
bidden optical band appears as a frequency region of high reflectivity.
The longitudinal solutions are found by trying E,, P,, w, ~ ¢ @2,
Then E, + 4xP, =0, and H =0. We have just (35) and (36),
exactly as in the absence of retardation. Thus there is no effective
coupling between the photon and the longitudinal phonon fields.

QUANTUM THEORY OF A CLASSICAL DIELECTRIC?

We treat the same problem by the methods of quantum field theory
as an exercise in handling the quantization of coupled fields. No
specifically quantum effects are discussed in detail. Near the cross-
over of the dispersion relations (w versus k) of the uncoupled photon
and optical phonon fields we have seen that a weak coupling has
drastic effects in mixing together the mechanical and electromagnetic
fields. Such effects in isotropic or cubic crystals occur only for
transverse optical phonons, as only these couple with an electromag-
netic field, which is always transverse in isotropic media.

The lagrangian density for an electromagnetic field in an infinite
classical dielectric of rigid ions may be written

43) £ = ( A + grad ¢) (cur] A)? + ;x P? — wo?P?)
—P- (%A + grad go),

where x is a constant which in gaussian units has the dimensions of
(frequency)?. The lagrangian equations of motion for the field vari-
ables A, ¢, and P are equivalent to the maxwell equations plus the
constitutive equation

L d 9L 1

— _ 2
@) = op. T aap, Tox, aX a(aP,,/aX,,) X (P + woPu)
( A+ grad qo) =0,

1
or, withE = — ;A — grad ¢,
(45) Isa + wOZPa = XEa-

3J. J. Hopfield, Phys. Rev. 112, 1555 (1958); U. Fano, Phys. Rev. 108, 1202
(1950).
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The equation of motion for ¢ gives, in the coulomb gauge with div
A=0,

(46) — div (grad ¢ — 4xP) = div (E + 4xP) = 0.

The equation of motion for 4, is, in the coulomb gauge,

(a7) vid, — clA - é[wsa)a — 4P,

With the definition H = curl A, this completes the derivation from
the lagrangian of the maxwell equation and the constitutive equation.
The latter is equivalent to a dielectric dispersion law appropriate to a
rigid-ion model (that is, no electronic polarizability):
(48) e 14X
W’ — w

We have seen in the preceding section that the longitudinal modes
of the dielectric polarization field do not couple with photons and
therefore do not concern us here. We may drop ¢; the lagrangian
density now reduces to

1 a1 1 ope_  opy_p.l
(49) 3‘81“;2@‘) Bﬁ_(curIA)z—l-zx (®? — w’PY) — P cA.

The momentum M conjugate to A is defined by

oL 1 . 1
50 ) @ B = 5 Aa T — Lag
(50) d 94, 4wc? 4 c P
and similarly for IT:
L 1
51 I, = —— = - P,.
(51) P, %

The hamiltonian density is given by
(52) 3, = M Ao + P, — & = 2xcM? + % (curl A)? + gn“
2
+ (21r + ;—“—)W + 4mcM - P.
X

We now expand, with periodic boundary conditions over unit
volume,

) e
(53) A= ;(%”) o (Gae™™ + ghe™™7);

% P
60 2= X a] e st
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here & is a unit vector in the direction of the polarization of the
wave; \ is the polarization index. The @, a* and b, b have the
properties of boson operators. The details of the calculation are given
in reference 3. The hamiltonian becomes, with 8 = x/wo?,

(55) H =Y, {ck(aham + %) + wo(l + 4n6)*(biibir + $)
2N
+ dlmckBuo/(1 + 47B)*)(@hb — Gbh — o_pbu + b))

We have now set up the problem, but shall only sketch the solution.
The hamiltonian is diagonalized by the introduction of annihilation
operator

(56) o = way + zby + yaty + 2by,

where w, z, y, z are chosen to satisfy the relation

(57) [o, H] = wreone.

The solution of the eigenvalue problem (57) is the dispersion relation
(58) ot — w[(1 + 4nB)wo® + k%] + wo’ck? = 0,

identical with (38).

INTERACTION OF MAGNETIZATION AND THE ELECTROMAGNETIC FIELD

We solve the maxwell equations and the spin resonance equations
simultaneously in a infinite medium. This is an interesting and
striking example of coupling with the electromagnetic field. For
€ =1,

1 "
(59) curl H = %E; curl E = — p (H + 47M);

(60) M =M X H,

where v is the magnetomechanical ratio ge/2mc, and M is the magneti-
zation. The first two combine to give
(61) VH = ¢ 2(H + 4aM); —k2H' = —c %*H' + 420,

with H* = H, + ¢H,; M* = M, + i{M,. The linearized resonance
equation may be written, with wo = vHy and w, = yM, for a static
field Hy in the z direction:

(62) toMt = —i(weMt — wHY),
so that

+
(63) art = e

w+w0
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Using (63) in (61),

4rw
. 272 _ 2 s .
(64) ¢k’ = w (1 + " wo)’

this has a branch at k = 0 when
(65) —w = wo + 41w, = y(Ho + 47M,) = vB.

Thus the magnon branch (Fig. 3) comes in to the origin k = 0 at
w = B, rather than at w = yH. This result has nothing to do with
demagnetizing fields, but arises solely from the effect of displacement
currents. The result is the analog of the Lyddane-Sachs-Teller rela-
tion (36) in ionic crystals.

However, magnetic resonance is observed in flat plates (with H L
surface) at o = yH;, where H; is the internal field corrected for
surface demagnetization, and not at w = yB;. The point is that in
thin plates the displacement current term is not able to shift the solu-
tion from H; to B;. This effect is well known in ionic crystals and has
been demonstrated by P. Pincus [J. Appl. Phys. 33, 553 (1962)] for
the magnetic resonance problem by solving exactly for the surface
impedance of a plate as a function of the thickness. Roughly speak-
ing, the displacement current shift in the resonance frequency develops
when the plate contains a wavelength or more of the radiation.

YB /

HE——— ————— e — =
¥ /

FIG.3. Dispersion relation for coupled photon and magnetization fields, without
cxchange.
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PROBLEMS

1. Suppose that an electron gas has imbedded in it n, atoms per unit volume,
each of atomic polarizability x,. Show that in (15)

2
(66) Py = (—%'FX.;) E.

Calculate for metallic silver the effect of x, on the value of the frequency for
which e) = 0, using as a rough estimate for x, the polarizability of the Ag*
ion in silver halides, as found in the literature.

2. Show that the eigenfrequencies of a plasma enclosed in a sphere are
given by

(67) ws? L

—w?
“r oL ¥ 1

where w,? = 4wne?/m and L is the order of the legendre polynomial in the
exterior and interior potentials

(68) @, « rLADP m(cog G)eime; @ « rLP™(cos f)ei™.

We assume displacement current effects may be neglected.
Hzint: the intrinsic dielectric constant of a plasma is

(69) §=1—"Z.

This problem is the analog of the magnetostatic mode problem treated by
L. R. Walker, Phys. Rev. 106, 390 (1957).




4: Magnons

The low-lying energy states of spin systems coupled by exchange
interactions are wavelike, as shown originally by Bloch for ferromag-
nets. The waves are called spin waves; the energy of a spin wave is
quantized, and the unit of energy of a spin wave is called a magnon.
Spin waves have been studied for all types of ordered spin arrays,
including ferromagnetic, ferrimagnetic, antiferromagnetic, canted, and
spiral arrays. We shall study the ferromagnetic and antiferromag-
netic spin waves, first with an atomic hamiltonian and later with a
macroscopic hamiltonian.

FERROMAGNETIC MAGNONS

The simplest hamiltonian of interest is the sum of nearest-neighbor
exchange and zeeman contributions:

(1) H= -] E Sj‘ Sj_,,;. — 2;1.0Hosz,,
Fi3 j

where the vectors & connect atom j with its nearest neighbors on a
bravais lattice; J is the exchange integral and is assumed to be posi-
tive; wo = (¢9/2)up 1s the magnetic moment; S; is the spin arfgﬁlgr
momentum operator of the atom at j; H, is the intensity of a static
magnetic field directed along the z axis. We take Hy > 0 to make the
magnetic moments line up along the positive z axis when the system
is in the ground state.

The constants of the motion of the hamiltonian (1) include the total
spin g% = (E Sj)2 and the z component §, = E S;. of the total spin.

J )

The ground state |O) of a system of N identical atoms of spin S has
) $%0) = NS(NS + 1)|0);  §.|0) = NS5[0).
HOLSTEIN-PRIMAKOFF TRANSFORMATION

The hamiltonian involves the three components S;;, S;,, S;. of

each spin S;. The components are not independent, but are connected
49
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by the identity z;S?;”SﬁfM) It is more convenient to work
with two operatd¥s which are independent. The Holstein-Primakoff
transformation® to boson creation and annihilation operators a;-", a; is
defined by

(3) ST = 8jz + S = @9)%(1 — afa;/28)%a;;
) 87 = 8z — i8;, = 289)"af (1 — a}a,;/28)%;

here we require
(5) [aj,ai] = 85,

in order that the ST, S~ satisfy the correct commutation relations.
From (3), (4), and (5) we may calculate the transformation for S,.
Now, dropping the subscript 7,

(©) 8.2 = S(S+1) — 82— 8,2 = S(S + 1) — $(8TS~ + §~8%)
= 8(S + 1) — S[(1 — ata/28)*aat(1 — ata/28)%
+ at(1 — ata/29)a].
Using [ea,ata] = 0 and [ata,a] = —a, we develop (6) to find

(7) 8,2 =88+ 1) — S2ata(l — ata/28)
+ (1 — a*a/28) 4 ata/28]
= (S - a+a)27
whence
(8) S;z=8— aj-’aj.

It is convenicnt to make a transformation from the atomic at

i
to the magnon variables by ,b, defined by

9 by = N" 2 e™%ia;; by = N~% 2 e‘“‘":‘a’}';
j J

here x; is the position vector of the atom j. The inverse transforma-
tion is then given by

(10) a; = N%Y ¢ *%b,; ol = N7, e®%by.
k

k

The signs of the exponents +¢k - x; have been chosen to agree with

1 T, Holstein and H. Primakoff, Phys. Rev. 68, 1098 (1940).
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those adopted by Holstein and Primakoff. The commutator satisfies
the boson commutation relation:

(11) [bbi] = N~* § ¢*%ie— %" N[q; g]]
= N1 E ei(k—.k’)qj = by,

and ’

(12) [bbie] = [b3 6] = 0.

summed over are those obtamed from perlodlc boundary conditions.

We now wish to express S, S;, and S;; in terms of the spin-wave
variables. We will be concerned chiefly with low-lying states of the
system such that the fractional spin reversal is small:

(13) (afa;)/8 = (n)/8 « 1,

so that it is pertinent to expand the square roots in (3) and (4).
Then

(14) SF = (28)%a; — (afaja;/48) + - - -]
= (28/N)* [Z ¢ xip,
K

— (48N)™! E GOy Xy .J;
kK’ k"’

(15) 87 = @8/N)* [, *=itf
k

J

— SN Y e ],

k,k’ Kk’
(16) Sj. =8 —afa; =8 — N“é e R
We note that the total spin operator for the whole system is

NS — 8, = NS — 3, 8j; = ), ata;;
J 2

(17) 8. =NS—N-1Y & rxiphp, = NS — Y bitby.
Jkk’ k

This is exact.

Thus b b, may be viewed as the occupation number operator for the
magnon state k; the eigenvalues of byby are the positive integers ny.
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We emphasize that the a’s and b’s act like boson amplitudes, despite
the fact that electrons are fermions. This is no more surprising than
having phonons act like bosons, even though every fundamental particle
in the system (electrons, protons, neutrons) is a fermion. All field
amplitudes which are macroscopically observable are boson fields: the
field amplitude of a fermion state is restricted severely by the oceupa-
tion rule 0 or 1 and so cannot be measured accurately.

HAMILTONIAN IN SPIN-WAVE VARIABLES
Using the transformation of S*, S~, S, to spin-wave variables, the
hamiltonian

H= —J%Sj *Sip— 2F0HOZSJ':
7 I

becomes, if there are z nearest neighbors,
(18) H = —JN28% — 2ugHoNS + 3¢, + 301,
where the term bilinear in spin-wave variables is
(19) 8 = —(JS/N) Y, (e * I Tig"Mhif - i<k
X & bl by —ﬁ?("—k’“fbtbk, k2Rl ) M
+ (2u0Ho/N) ,Z:k’ ¢ %t by,

which becomes, on summing over j,

(20) 3¢ = —stg {vibubi + v_xbibbye — 2b5by) + 2u0H g bif b,

where

(21) v =271 E ol
Y

over the 2z nearest neighbors. We note that E vx = 0. If there is
K

a center of symmetry v, = y_y; then

(22) 3 = g {27281 — v&) + 2uoHo}biby.

The term 3¢, in (18) contains fourth and higher order terms in magnon
operators, and it may be neglected when the excitation is low.
We can write (22) as

(23) 3 = };ﬁm; we = 2782(1 — 1) + 2ueH,.
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FIG. 1. Acoustical and optical magnon dispersion relations in magnetite, as

determined from inelastic neutron scattering by Brockhouse and Watanabe

(IAEA Symposium, Chalk River, Ontario, 1962).

This is the dispersion relation for magnons in a spin system forming

a bravais lattice.

Experimental curves for magnetite are given in

Fig. 1; the primitive spin cell in Fe;O4 contains several ions, so that
there is one acoustic magnon branch and several optical magnon

branches.
phonon problem.
For |k- 3| « 1,

(24) zu—vozigw-m%

and

(25)

wg 22 2u0H o + Jsg (k- )2,

The terminology is borrowed from the corresponding
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which reduces for sc, bee, and fee lattices of lattice constant a to

(26) we = 2poH, + 2J8(ka)?.

We note that the exchange contribution to the magnon frequency is of
the form of the de Broglie dispersion relation for a free particle of
mass m*, namely

1
(27) w =5 K?,

if we set 2J8a? = 1/2m*, or
(28) m* = 1/4JSa.

For conventional ferromagnets with curie points at or above room
temperature the observed dispersion relations lead to m* of the order
of ten times the electronic mass.

MAGNON INTERACTIONS

The exchange hamiltonian is only diagonal in the spin-wave vari-
ables if we neglect the interaction 3¢; in (18). The leading term in
3C; is biquadratic and leads to coupling between spin waves. The
collision cross section for two spin waves k;, k; has been calculated
by F. J. Dyson [Phys. Rev. 102, 1217 (1956)] and is of the order of
(k1a)*(k2a)%a?, where a is the lattice constant. For magnons having
microwave frequencies, ka ~ 10~% to 1073, so that the magnon-
magnon exchange scattering cross section is of the order of 10~2% cm?,
which is very small for an atomic process. A physical interpretation
of the Dyson result has been given by F. Keffer and R. Loudon,
J. Appl. Phys. (Supplement) 32, 2 (1961).

Using (14), (15), and (16), we find, after a simple but tedious
enumeration and rearrangement of terms up to fourth order,

(29) 3C; = (2J/4N)
12;4 bibTbsbiA(k; + ke — ks — k) {271 + 2vs — 4v1-3),

where A(z) = 1 for z = 0 and A(z) = 0 otherwise. For Ik -3l 1,

(30) 271+ 273 — 4713 g@i (2(k: - 8)? + 2(ks - 5)?
— 8(k; - 5)*(lks - )?).
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We see that a transition probability involving |(|3¢|)|? will be pro-
portional to (ka)*, where a is the lattice constant. Thus the degree
of diagonalization of the exchange interaction by the spin-wave trans-
formation is extremely good for long-wavelength spin waves (ka < 1),
which are the dominant excitations at low temperatures.

A discussion of the effect of magnon-magnon exchange interactions
on the renormalization of magnon energies is given from Eq. (131) on.

MAGNON HEAT CAPACITY
We set H = 0, neglect magnon-magnon interactions, and assume
ka < 1; then (26) gives

(31) wx = DEk?; D = 28Ja?.

The internal energy of unit volume of the magnon gas in thermal
equilibrium at temperature T is given by, with r = kpT,

1
(32) U= Ek:wg(nk)r = Z:wk‘e—..m
—_ 1 3 2 1
- o [ @% D —r—
or, with z = Dk?*/r,
T” Zm % 1
(33) U= g [ et

where the upper limit may be taken as o if we are interested in the
region 7 << wmax. Then the integral has the value I'(§)¢(§;1), where
I'(z) is the gamma function, and {(S,a) is the Riemann zeta function
(see Whittaker and Watson, Modern analysis, Chapter 13). Now
I'$) = 3x"/4 and {(§;1) = 1.341, according to the Jahnke-Ende
tables. Thus

_ 3% | 0.45r%

(34) U = 2Dy = D%

for the heat capacity of unit volume,

(35) C = dU/dT = 0.113kg(kzT/D)*.

If the heat capaéity is composed solely of a magnon part « T* and
a phonon part « T3 a plot of CT* versus T* will be a straight line,
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FIG. 2. Heat capacity of yttrium iron garnet, showing magnon and phonon con-
tributions. (After Shinozaki.) The intercept at T = 0 measures the magnon
contribution.

as in Fig. 2, with the intercept at T = 0 giving the magnon con-
tribution and the slope giving the phonon contributions. Two
specimens of yttrium iron garnet measured by Shinozaki gave D =
0.81 X 10728 erg-cm? and 0.85 X 10728 erg-cm?, leading to m*/m ~ 6.

MAGNETIZATION REVERSAL

The number of reversed spins is given by the ensemble average of
the spin wave occupancy numbers. Thus for the saturation magneti-
zation, with the same assumptions as for the heat capacity, and taking
unit volume,

(36) M, = 2u08. = 2u0(NS — Z biby),
and
_ 2u0 1
B7) M,0) — M(T) = AM = 24‘02("9 = (2W)3/d3k DRI _ 1

At low temperatures such that Dk’ > 7,

¥ e
1
M= i‘l(I.) / % ,
(38) A 22 \D , drz 71

where the integral is equal to T'()¢(3;1). Therefore

(39) | AM = 0.117uo(ksT/D)* = 0.117 (uo/a®) (kT /28J)%,
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recalling that po = (g/2)up, where up is the bohr magneton. We note
that 2Sue/a® = (1,3,3)M,(0) for sc, bee, and fec lattices, respectively.

Dyson [Phys. Rev. 102, 1230 (1956)] has considered the terms in
AM in higher orders in kp7T/J. Terms with exponents § and % arise
from the use of full v, rather than the leading k? term in the expansion
of 1 — v.. However, if one includes the 7% T% terms, then for
numerical significance the integral over d’k should be taken only over
the actual range of k space and not to . The first term in AM arising
from the nonideal aspect of the magnon gas, that is, from magnon-
magnon exchange interactions, is of order (kpT/J)*.

Keffer and Loudon have given a simple picture of the origin of the
T* term; they give a dynamical argument that in (39) one should use
S for S, where S is the ensemble average projection of a spin on its
nearest neighbor: S = (S; - S,,,)/8. ThusS — § « T%from (34);0n
expanding the leading term in the magnetization reversal (kzT/28J)%,
we get a further term in (kg T/28J)*(ksT/28J)* « T% We see that
magnon-magnon interactions have little effect on the temperature-
dependence of the saturation magnetization, except near the curie
temperature; for the high temperature region see M. Bloch, Phys. Rev.
Letters 9, 286 (1962).

We do not consider the effects which may arise in ferromagnetic
metals because of the thermal redistribution of electron states within
the bands. Herring and Kittel [Phys. Rev. 81, 869 (1951)] have
shown that there is no inconsistency for a metal to have, as observed,
a low-temperature heat capacity « 7 dominated by excitation of one-
electron states and a magnetization reversal «7* dominated by
magnon excitation.

Reviews of some aspects of the literature on ferromagnetic magnons
are:

F. Keffer, in Encyclopedia of Physics (Springer) (in press).

A. 1. Akhiezer, V. G. Bar’yakhtar, and M. 1. Kaganov, Soviet
Physics-Uspekhi 3, 567 (1961); original in Russian, Usp. Fiz. Nauk 71,
533 (1960).

J. Van Kranendonk and J. H. Van Vleck, Revs. Mod. Phys. 30, 1
(1958).

C. Kittel, in Low Temperature Physics, Gordon and Breach, New
York, 1962.

There are a considerable number of experiments in which selected
magnons are excited and detected, including spin-wave resonances in
thin films; parallel pumping; excitation by magnon-phonon coupling;
inelastic neutron scattering; and magnon pulse propagation in discs.
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ANTIFERROMAGNETIC MAGNONS?

We consider the hamiltonian
(40)  H=T%S S — 2uoHa ) 85 + 2uoHa kS
J k) J

here J is the nearest-neighbor exchange integral and with the new
choice of sign is positive for an antiferromagnet. We omit every-
where in this section the effect of next-nearest-neighbor interactions,
although these may be important in real antiferromagnets. We
assume the spin structure of the crystal may be divided into two inter-
penetrating sublattices ¢ and b with the property that all nearest
neighbors of an atom on a lie on b, and vice versa. This simple sub-
division is not possible in all structures. The quantity H, is positive
and is a fictitious magnetic field, which approximates the effect of
the crystal anisotropy energy, with the property of tending for positive
o to align the spins on a in the 42z direction and the spins on b in the
—z direction. We introduce H,4 chiefly to stabilize the spin arrays
along a preferred axis, the z axis. We shall see that the configuration
with each sublattice saturated is not the true ground state.
We make the Holstein-Primakoff transformation:

(41) 8F; = (28)*(1 — afa;/28)"a;; ot N .
(42) S = (28)" (1 — bb,/28)%,;

Sz = (28)%(1 — b bi/28)"b,.
Here b, b, are creation and annihilation operators which refer to the
Ith atom on sublattice b; they are not magnon variables. We have
further
(43) 8¢, =8 —afa; =84, =8—1bb,

using the other choice of sign permitted by (7). The motivation is
obvious for the association of b with 8§ and a with S7.
We introduce the spin-wave variables

(44) e = N7% E e*%a;  of = N7H E e"*"ia}F :
7 J
(45) de = N% }l‘, Ty gf = NH 2:, ¢=upt,

2 Nagamiya, Yosida, and Kubo, Advances in Physics 4, 97 (1955); J. Ziman,
Proc. Phys. Soc. (London) 66, 540, 548 (1952); P. W. Anderson, Phys. Rev. 86,
694 (1952); R. Kubo, Phys. Rev. 87, 568 (1952) ; T. Nakamura, Prog. Theo. Phys. T,
539 (1952).
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The sum for ¢ is over the N atoms j on sublattice a, and for d over
atoms ! on b. The leading terms in the expansion of (41) and (42)
are

S = 8/N)* (; i + - - 1);

(46) |
Sg; = (28/N)* (Ek: eEEigh 4+ - - .);
Sy = (28/N)¥ {D etengd 4+ - - 3

(47) k
Sy = (28/N)* {g,e“‘"ldk g o o)
8, =8—- N1 2 KTk

(48) Kk

S, = =8 4 N1 Y, ek nglg,
kkl

The hamiltonian transformed to magnon variables is, if there are 2
nearest neighbors,

(49) = —2NzJS8? — 4NpoH 48 + 3o + 3¢y,

where the term bilinear in magnon variables is

(50) 3eo = 2J28 g [ve(cids + cedi) + (ciey + didy)]
+ 2poH 4 g (Ci:*-ck + difdy),

with

(51) e =21 26: e*® = y_y,

assuming a center of symmetry. We neglect 3¢;, which contains higher
order terms.

We now look for a transformation to diagonalize 3. We trans-
form to new creation and annihilation operators o, a; ¥, 8 with
log,0n] = 1; [Be,B8] = 1; [ay,Be] = 0; etc. The problem becomes
identical with the Bogoliubov problem discussed in Chapter 2 if in
(91) there we make the identification

(62) ax — Cy; a — s a_yx — dy; oty — di;

(53) wo— 2J28 4+ 2uoH 4; wi — 2J28yg.
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Then the transformation is defined by

+. + + .
ag = UCx — Vkly ; ax = UpCy — Vyly;
(54) + + +
Bx = uxly — ViCy ; Bx = ugdy — ViCy;

here u, vy are real and satisfy u,> — 1> = 1.
By analogy with (2.98) the magnon eigenfrequencies wy are given by

(55) ‘-"k2 = (‘*’e + ‘-'-’A)2 - wez')'kz’
with
(56) We = 2JZS; wy = 2;10HA.

The result is the dispersion relation for antiferromagnetic magnons.
The bilinear hamiltonian becomes, with wy taken to be positive,

(57) 3o = —N(we + wa) + g ooy oy + BBy + 1),

on actually using the inverse of (54) to rewrite (50). There are two
degenerate modes for each k, one associated with the a operators and
one with the 8 operators. The total hamiltonian (49) is

(68) H = —2NzJS(S + 1) — 4muoH4(S + %) + kam + 1) + 3¢y,

where each value of k is to be counted twice, because of the double
degeneracy; ny is a positive integer.

If we neglect w4 and take ka < 1, then {1 — %} =~ 3 "ka for
a simple cubic lattice, and we have

(59) wi = 4(3)%J Ska.

This is the dispersion law for antiferromagnets in the long wavelength
limit, provided wy/wp > 1. For the uniform mode of antiferromag-
netic resonance yo = 1 and

(60) wo = [(2‘09 + "JA)"-’A]%!

which is the standard result.

If a uniform external magnetic field H is applied parallel to the
axis of magnetization, the resonance frequencies are easily shown to
become

(61) Wy = we T wg, wyg = (ge/2mc)H;

here wy is the larmor frequency corresponding to H.
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ZERO-POINT ENERGY
In the spin-wave approximation, neglecting H 4 and 3¢;, the exchange
energy of the antiferromagnetic system at absolute zero is

(62) Eo = —2NzJS(S + 1) + Ek‘, o,

now counting each value of k once. We recall that the total number of
spins in the system is 2N, counting both sublattices. It is usual to
express Ey in terms of a constant 8 defined by

(63) Ey = —2NzJS(S + 827Y).
Using (55),
(64) Bzt = N—lg [1— (1 — )Y

For a simple cubic lattice the value of 8 is 0.58.

ZERO-POINT SUBLATTICE MAGNETIZATION

A striking feature of the theory of antiferromagnetics is the depar-
ture of the sublattice magnetic moment at absolute zero from the value
2N Suo corresponding to the elementary picture of a saturated sub-
lattice. There is some experimental evidence from studies of nuclear
magnetic resonance that the actual reduction in sublattice magnetic
moment is rather less than is expected from the following calculation.

From (48) and (54),

65) 8% =D 8% = NS~ D ciee = NS
7 k
— E (ulog oy + 288 + off-diagonal terms).
K
Here we have used the inverse of (54):

(66) Ck = ugoy + 0B die = wbi + veof.

At absolute zero all n, = 0, and, counting each k once,
(67) A8, = NS — (8. = %, 0 = 4 ), (cosh 2x, — 1)
K K
=320 - nH™* -1,

for wqy = 0 and using the transecription of the result of Problem 5,
Chapter 2. Therefore, for unit volume,

= — __.1_. 3 — A 2yt
(©8) A8 =~V + 5o [@ra-mw,
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where the integral is taken over the allowed values of k. For a simple
cubic lattice the integration gives

(69) AS. = 0.078N,

after Anderson.
Temperature Dependence of Sublattice Magnetization. From (65),
with wg4 = 0, and counting each k once,

(70) (8:(0)) = (8:(T)) = % (o) cosh 2 = X (m)(1 — )™,

where

' 1
(1) (md = i — 1

In an appropriate temperature range wy is given by (59), which may be
written as

(72) Wi = kBeNk/kmax

for the appropriate range of k; here 6y is a temperature of the order of
the Néel temperature. For a simple cubic lattice knay = +m/a along
any cube edge. It is convenient to redefine k., as for a Debye phonon
spectrum:

1 4x

(73) n >

= (21r)3 _é_ kmax;

where n is the number of atoms on one sublattice per unit volume.
The temperature-dependent part (70) of the sublattice spin density is

3% km
(74) T/ dk - k - {e(klkm)(BNIT) _ 1}—1
0

’a
- 3%Q (T)zf“' zdz
— rlaknt\8n/ Jo & —1
for T < 6y. The sublattice magnetization decreases as (T/6x)2.
Kubo, Phys. Rev. 87, 568 (1952), gives the numerical constants for
NaCl and CsCl type lattices.

Heat Capacity. The heat capacity of an antiferromagnet having the
dispersion relation

wp = [(we + ©04)? — o’y

will be at low temperatures essentially exponential in —1/7 until
kT > wo, where wo = [(2w, + wa)w4]*®. At higher temperatures (but
not too high) the dispersion relation will be of the form (72). There
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are two antiferromagnetic magnons for every value of k instead of three
phonons. Reducing the standard Debye result for the phonon heat
capacity by a factor §, we have for the magnon contribution to the heat
capacity per unit volume

(75) Cuneg = (47*/8)(2nk)*(T/ON)?,

at T < Oy, but T > wo/kp. Bear in mind that Oy is defined by (72)
and is not identical with the Néel temperature.

FURTHER TOPICS—FERROMAGNETIC MAGNONS

MACROSCOPIC MAGNON THEORY

For many purposes in ferromagnetic resonance and relaxation
studies it is more convenient or more physical to work directly with
the magnetization as a field M(x), rather than deal with individual
spins S;. The range of usefulness of the macroscopic field theory is
limited to regions of k space well away from the boundaries of the
brillouin zone. We can only use the macroscopic theory where ka << 1,
where a is the lattice parameter. The advantages of the macroscopic
theory are that it is not based explicitly on a model in which each
electron is attached to a particular atom, and we can easily introduce
phenomenological constants relating to anisotropy, magnetoelastic,
and magnetostatic energy.

We consider the vector spin density operator s(x) defined by

(76) s(x) = %; 6,5(x — x;),

where 6, is the pauli matrix for the jth electron at position x;. The
operator s(x) represents the spin moment density at x, because

/ﬂ d*z s(x)

is the total spin in the volume 2. We examine the commutator, using
the relation [0 ;5,01,] = 260;,6;:

(7) (:(8,8,6] = 3 3 030 = x)dlx’ — )

= —ZEa,-,s(x — x;)0(x' — x;)
245

= 15,(x)8(x — x'),
on using the identity

o(x — x;)0(x' — x;) = 8(x — x;)8(x — X).
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We introduce the magnetization by the relation

(78) M(x) = gups(x) = 2uos(X);  po = gun/2.
Then

(79) (M (x),M ,(x")] = 12poM.(x)6(x — X),
whence, with M *(x) = M (x) + 1M (x),

(80) [MH(x),M~(x')] = 4uoM.(x)é(x — X').

Now transform M(x) to Holstein-Primakoff field variables a(x),
at(x), assumed to satisfy the commutation relation

(81) [a(x),a™(x)] = 8(x — X).

If we write, with M = |M(x)|,

(82) M*(x) = (4uoM)*{1 — (uo/M)a* (x)a(x)} a(x);
(83) M~(x) = (4poM)*a(x){1 — (uo/M)a* (®a(x)}¥;
(84) M.(x) = M — 2ua™ (X)a(x),

it is easy for the reader to verify that the commutation relations
(79) or (80) on the components of M(x) are satisfied. For macro-
scopic purposes we may set M = M,, a constant.

The transformation from at(x), a(x) to magnon field variables
bI, by is defined by, for unit volume,

(85) a®) = % ey at®@ = ), b
k& k
or
(86) by = / a3z a(x)e™>; b = [ d’z at(x)e— .

The commutator is
(87) [bk;b—k’—'] = /da:z: ds.’tl [a(x),a+(x/)]ei(k'x—k’-x’)
= [ d% 0% = gy

The magnetization components (82) to (84) in terms of the b:', by
are

(88) M*(x) = (4uodD)* [X e+ by
— (mo/2M) kkzk“ gi(k-—k'—ku)"b:-bk:bk" + - ']§
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(89) M~(x) = (4nM y* [g et

— (uo/2M) kkzk ei(—k+k'+ku).xbkb:-lb2_" 4o .];
(90) Mz(x) =M — 2[40 k% ei(k_k')‘xb:'bk,.

It is shown below that in a cubic crystal the macroscopic form of
the exchange energy density must contain as the leading term

aM , oM,

bt

dr, 0z,

(1) Hex =

where C'is a constant; repeated Greek subseripts are to be summed over
z, ¥, 2. 'To bilinear terms

oM™t oM~ X oM, oM
2 =4 . ) i (K —k)x +’ il Sl A
(92) S T = oM kEk (k- K)e bbl; S o
Therefore the exchange energy density (91) is
(93) 5ol = 2CueM Y, @0 (bybyl + bifby) (k - K)
kk’

to first order. The next highest order is
91) 3@ = 20u2Z (k* + k'* — 4k -K)A(-k + K — kK’ + k')
- by bbby,

of the same form as (29) derived on the localized spin or Heisenberg
model.
The zeeman energy density is, for H along the z axis,

(95) gz = —HoM, = 2uH, g‘) ¢l kp

dropping the constant term —HoM.
For directions near an easy axis of magnetization taken as the
z axis the anisotropy energy density may be written

96) %ok = (K/MAM,? + M} = HE/MHMM™ + M~M™)
= 2uo(K/M,) D, ¢ 70 (bby + bibid).
Kk
Important effects arise from the demagnetizing field of the spin

waves. A spin wave with k || z gives no demagnetizing field to first
order in the magnon amplitude, but other directions of k give a field
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H;. We look for a solution of

97 divH = —4r div M; curl H = 0.

If

(98) M = M, + AMg—ext—kn, H, = Hy% kD

then (97) is satisfied if

(99) k-H;" = —4zk - AM,,

which is equivalent to

_ - aM)

(100) H; = -

For the magnon system
(101) H, = —27(4#0M)”§ (ke *%by + kFeTh )k 2k,
where k* = k, + ik,. The demagnetizing energy density is, with a
factor 3 appropriate to a self-energy,
(102) g = —3H;-M;
it is convenient to specialize this to k || £, for which

(103) 34, = 2muoM D, (6% %y + &%) (¢ by, 4 &),
kk’

We integrate the several energy densities over the unit volume and
drop the zero-point contributions. The bilinear terms are

(104) 5co = [ d' (e + %z + Kk + as)
= 3 (4ubibe + BIOHE, + Bubid_ul,
where for k || %,

(105) Ay = A_y = 2uM,[2Ck* + (H/M,) + 2K/M.,*) + 2x];
Bk = B—k = 21!’#0Ma.

The diagonalization problem of (104) is again just the Bogoliubov
problem (91) of Chapter 2. To vary the procedure slightly, form the
equations of motion

(106) dby = [b,3C0] = Auby + 2Byl
by = [bFy,3C0] = — Aby — 2Byby.

We look for solutions with time dependence e~*x!. The eigenfre-
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quencies are the roots of

Wy — Ak _2Bk = 0
2Bk Wi + Ak ’
or

(107) wg = (Ag® — 4B.H%

Now consider several special cases. If k is small and the anisotropy
K = 0, we have -

(108) wo = gup[Ho(Ho + 4xM)]*,

~ in agreement with the classical result. If the terms in k? and H, are
dominant, .

(109) wy = gﬂ'B(HO + ZCMskz))

of the form of the atomic result (26). We note that 2J.Sa®> = 2gupM,C
= 4poMC = D, from (26) and (31). For general angles 6, between
k and the z axis, the secular equation is given by (107) with

(110) Ay = 2uoM,{2CKk® + (Ho/M,) + 2K/M,?) + 2r sin? 6, };
Bk = 21rpoMs Sil’l2 Oy.

Here, as above, H, is the applied external static field H, corrected
for the static demagnetizing field of the specimen. Thus in a sphere
we are to use Hy = H, — (4r/3)M,. For 6 = 0,

(111) wx = gupl2CMk* + Ho + (2K/M,)].

Representation of the Exchange Energy—Eq. (91). We need to know
the form of the exchange energy associated with nonuniform macro-
scopic distributions of the direction of local magnetization. In general
to know this requires a detailed quantitative theory of the exchange
interaction in the solid, exactly as a general theory of the elastic
deformation of a solid requires a detailed solution of the cohesive
energy problem. We know, however, that we may treat many elastic
problems in terms of macroscopic elastic constants if the characteristic
wavelength of the deformation is long in comparison with the atomic
spacing and if the relative deformation or strain is small. Similarly,
we may treat magnetic deformations in terms of macroscopic exchange
constants, subject to the same restrictions as the elastic constants.
The fact that in some ferromagnetic metals the magnetic carriers may
be mobile is no more of a restriction on the validity of the macroscopic
approach than is the high mobility of the conduction electrons in the
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alkali or noble metals a restriction on the applicability of elastic
constants.

The expression for the macroscopic isotropic exchange energy den-
sity must be invariant with respect to spin rotations; noninvariant
contributions to the energy are included in the magnetocrystalline
anisotropy energy. The desired expression must be invariant under
change of sign of the magnetization deformation ¢omponents; other-
wise the state of uniform magnetization could not be the ground state
of the system. We look for an expression of the lowest order in the
derivatives of M compatible with the symmetry of the erystal. Inan
isotropic medium there are three quantities quadratic in the deriva-
tives of M and invariant under rotation of the coordinate system:
(div M)?, (curl M)? and |grad M|%. For magnetization directed in
concentric circles, div M = 0, and thus the (div M)? form may be
ruled out. If M is radial, curl M is zero, and thus (curl M)? may be
ruled out. We have left

(112) |lgrad M| = (VM,)® + (VM,)* + (VM.)?,
which is a satisfactory choice. Thus in an isotropic medium
My M,
1 13 > - U
(113) Hex = C az, 0z,

where summation over repeated indices is implied. The form (113)
is invariant under the operations of the cubic point group. For a
general crystal symmetry

oM, aM,
(114) Hoox = Cpy —

By !
dz, dx,

where C,, is a tensor with the symmetry of the crystal. Just as M. M,
is invariant, so this form is manifestly invariant with respect to rota-
tions of the entire spin system.

In antiferromagnets we must take into account the existence of
separate sublattices, with exchange interactions within and between
them. Kaganov and Tsukernik? have given the generalization of
(114) to antiferromagnets
oM 8l oM 8’1

—f

115 = (%,
( ) GC,,, iklm 3:2:1; axm

where s, s’ are sublattice indices. We may compare (114) with the
3 M, 1. Kaganov and V. M, Tsukernik, Soviet Physics—JETP 34, 73 (1958).
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elastic energy density

Ju, dug
1 Ier = Cappy — 3
(1 6) 1 Capp ax“ ax,’

here u is the particle displacement and c,.s is a component of the
elastic stiffness tensor.

EXCITATION OF FERROMAGNETIC MAGNONS BY PARALLEL PUMPING

A small sphere of a ferromagnetic dielectric is placed in a magnetic
field H = H¢ + hsin 2wt, both fields parallel to the z axis. Here
H, is a static field. We calculate the energy absorbed from the
r-f field h sin 2wt by a particular magnon mode and find that the net
power absorption in a certain approximation increases without limit
when h exceeds a threshold value ;. There is no resonant connection
between w or 2w and the field H,.

Consider a particular standing wave mode with wavevector k along
the z axis:

(117) M, = my sin kz sin ot; M, = m, sin kx cos wt.

The process consists of the absorption of one photon of frequency 2«
and the emission of two magnons k and —k each of frequency w. Two

magnons of equal but opposite wavevector give a standing wave.
Now

. oH, . .
(118) divH = :I = —4r div M = —4xmk cos kz sin wi;
X

(119) H, = —4rm,; sin kz sin wi; H,=0.

The z component of the torque equation M = yM X H is
(120) M, = y(M,H, — M H,) = 4xymm, sin® kz sin wt cos wt

= 2rymmq sin? kz sin 2wt.

The mean rate of power absorption by a specimen of volume £ is
(121) ® = H - MQ = 2ryhmim,Q sin? kz sin? 2wt.
The time average of sin® 2wt is 3 and the volume average of sin® kz
is #; thus

(122) ® = ngm,mgn.

It is convenient to express mms in terms of the excitation quantum
number ng of the mode considered. We have, neglecting zero-point
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motion,
(123) ngup = (M, — M,)Q)y,

because in the approximation m; = m, each magnon excited reduces
the magnetic moment by gup. The angular brackets indicate the
space and time average with only the mode k excited. Now, writing
my; = my = m,

(124) (M.Q) = (M2 — M, — M 2%

2 2 2
%M,Q(l — W”—W) = Msﬂ(l - 4_m_),

2M,? M,?
so that
(125) ny = m*Q/4gM cup,
and (122) becomes
(126) ® = 2ryM shgupny.

The energy balance in the mode k is expressed by

dEy 1 _
12 — = — — (Ex — E @
( 7) dt Tk( k k) + ’
where Ey is the thermal average of the energy Ey of the mode k and T
is the relaxation time of the mode. Writing Ey = mywy and using
(126), we have
dnk Wi

wy Tt = — Fk (nk — ﬁk) + 27r'YMsth‘Bnk-

In the steady state, dny/dt = 0, so that

(128)

pr— ﬁk .
1 — 20yM hgupTy/wy’

this expression has a singularity at

(129) -

o= &
¢ 2ryM ogup Ty
Thus a determination of k. is equivalent to a measurement of 7;,. We

have assumed that the lowest threshold &, occurs for spin waves mak-
ing an angle 8, = x/2 with the z axis.

(130)

TEMPERATURE DEPENDENCE OF THE EFFECTIVE EXCHANGE
The problem is treated by evaluating the diagonal four-operator
terms in the exchange hamiltonian. The problem is quite similar to
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that treated in Chapter 2 for liquid helium, except there the unper-
turbed system was in the ground state. We have from (29),

(131) 3¢, = (Jz/4N)

Y bib3bsbsA (ks + kp — kg — K4)[2v1 + 273 — 471-].
1234

The off-diagonal terms give rise to magnon-magnon scattering; the
diagonal terms renormalize the energy. The diagonal terms involve
only two k’s, which we denote as k,, k;.

There are two types of diagonal terms in (131):

k; = k3 = kg; ke = ks = ky: 2 (4v, — 4vo0)nans,

k; = ky = kg; ky = k3 = ky: Z (274 + 27p — 4Ya—p) a0
Thus the diagonal part of (131) is
(132) E; = (Jz/N) 2::, (va+ 75 — Yo — Ya—p)naltp = %}k: €1k

where

(133) €1 = nx(2J2/N) Z (v + 70 — Y0 — Y—b)0;
b

here we have collected all terms in which n, occurs. The energy of
magnon mode k is therefore

(134) & = mfox + (2J2/N) Y (v + 75 — Y0 — Ye—p)];
b

here wy is the energy of the mode when all other modes are in their
ground state.

Now to O(k*) for a lattice with a center of symmetry at each spin,
using the definition of the v’s,

(135) Yo+ Y5 — Yo — Yab = — (Fo)ka’kp?0%,

so that

(136) & = m wx — (J2/18N)k*8* ) ky’my .
b

We see that the energy is lowered by an amount proportional to k% and
to Z ky’ny, which is of the form of the total spin wave energy, to
lowest order. In fact,

(137) Y ko’ () = Ur/D,
b

where Uy is the thermal magnon energy (33) and D is the constant in
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the relation wy = DK? = $SJ28%k? = 2SJak? Thus, if we write ¢ =
ngwy(eff), the renormalized energy is given by

(138) we(eff) = [28Ja® — 82Ur/6N)]k>.

For the special case of a simple cubic lattice one finds

(139) wg(efl) = wl — (12JNS?)™! Y nywn,
kl

for all k. Using (138),

(140) D(T)=Do(1 6ND0/62)k = Do(1 - 55)

where U, = JNzS2.

We have set 252 = 6a?, as for sc, bee, and fec lattices. The result
(140) demonstrates that D(T) scales as the magnon energy Ur, not
as the saturation moment. The result as obtained applies to nearest-
neighbor interactions within one lattice.

Note that we have not considered in the partial diagonalization of
(131) terms of the form ag'a}:'aka_k and af a;f agao which were considered
in the analogous problem for liquid helium. In the helium problem
we can treat No + 2 as nearly equal to Ny, where N is of the order
of the total number of particles in the system. In our present problem
the number of magnons in the uniform mode is not a very large
number: N¢ ~ kgT/uwy, and a change of 2 in this value is not obviously
negligible. Further, Ny is exceedingly small in comparison with the
total number of spins in the system, and the effect on the dispersion
relation of Ny alone will be negligible. But actually other terms, such
as aﬁa,"'?akak must be treated on an equal footing, and we see that
we should begin to worry about the result (134) if the number of
magnons is not negligible in comparison with the total number of
particles.

MAGNETOSTATIC MODES

It follows directly from the torque equation M = yM x H that for
a static magnetic field in the z direction the r-f permeability of a
ferromagnet is described in the absence of exchange by the equations

(141) B, = pH, + tH,; B, = —tH, + pH,,

where u, £ are determined by Hy, w, and M,. With H = Vo, the equa-
tion div B = 0 becomes

3% 3’«’) 0%
4 ol SRR 4 PR
(142) “(aﬁ + ay? + 9z® 0,
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inside the specimen, whereas V2p = 0 outside. The boundary condi-
tions are that the tangential component of H and the normal compo-
nent of B should be continuous across the boundary of the specimen.

Solutions of (142) are considered for several geometries in the
following papers: '

L. R. Walker, Phys. Rev. 105, 390 (1957).
P. Fletcher and C. Kittel, Phys. Rev. 120, 2004 (1960).
R. Damon and J. Eshbach, Phys. Chem. Solids 19, 308 (1961).

PROBLEMS

1. Prove that [§2,H] = 0 and that [§,,H] = 0, where H is given by (1).
2. From (3), (4), and (5), show that

(143) [82,8,] = 18..
3. Show that, for the total spin §,
(144) §? =2 (NS)2 + NS — 2NS Y, byby,
k=0

observing that E S; =2 (28N)*%{. Discuss the fact that excitation of k = 0

magnons does not change §?.

4. Derive an expression for the velocity of second sound in a magnon gas,
assuming w = Dk?, where D is a constant.

6. Construct a spin function to represent a ferromagnetic spin system with
one magnon excited.

6. Using the hamiltonian

(145) = =7 3,S;* Sjxs — 2uoHo ), Sy
is J

find the quantum equation of motion for S;, using zé = [S;,H} and recalling
that S; X S; = 7S;. Form the difference equations for S/ and S;. Inter-
pretmg the spm operators as classical vectors, solve for the elgenfrequency
of spin waves in the limit of small amplitude (S*/S << 1). Show that for
long wavelengths (ka << 1) the classical difference equation reduces to a
partial differential equation, which for a simple cubic lattice is

(146) $ = 2Ja?S X VS + 2ueS X H,

as in ISSP, Appendix O.
7. Show that for antiferromagnetic magnons

Hy

S {m

l (n% + nf + 1) + terms in (n4)%,
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8. Show that for a linear lattice 8 = 0.726, using (64). Note that v =
3(e%*e + e%9) = cos ka and (1 — v,?) = sin? ka; thus
(148) B = @/N), (1 — |sin kal) = (d4a/m) [ dh(1 — sin ko).
%

9. Show from z Se + E S?, that the excitation of an antiferromagnetic

i 1
magnon is accompanied by a change of +1 in the z component of the total
spin.
10. Consider the magnon-phonon hamiltonian

(149) H =Y {wfafa, + wpbib, + c(ad] + afby)),
k

where ¢ is the coupling coefficient and a*, a; b*, b are magnon and phonon
creation and annihilation operators. Show that the transformations

(150) ar = A cos O + By sin 0x; br = By cos 0, — Ay sin 6y,
with 6 real diagonalize the hamiltonian if

261;

D _
w? — o

(151) tan 26 =

Show that the nominal crossover of the dispersion relations has

WA = Wr — Ck; wp = Wi + Ck; at = A+ 4+ Bt; bt = Bt — A+,
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5 Fermion fields and the
Hartree-Fock approximation

The essential distinction between an assembly of fermi particles
and an assembly of bose particles is the requirement of the pauli
principle that the eigenfunctions describing the fermions must be anti-
symmetric under interchange of any two particles. The antisym-
metrized eigenfunctions of a system of independent fermions may be
written as Slater determinants of the one-electron wavefunctions. For
some purposes the Slater determinant description is convenient: it is
direct and explicit. However, it is tedious to indicate the subscripts
distinguishing the individual indistinguishable electrons and to indi-
cate the permutation operators. There exists a more elegant, flexible,
and concise representation in terms of the second quantization theory
of fermion fields. The theory is closely analogous to that for boson
fields. The theory, just as the determinantal description, usually
contemplates an assembly of more-or-less independent particles,
coupled by weak interactions.

Suppose we have a set of orthonormal solutions of some one-particle
wave equation; the equation may be typically the Hartree or Hartree-
Fock equation with particle interactions taken into account in some
average sense, or the equation may be for free particles. We write a
solution of a one-particle wave equation as ¢;(x), where

1 Hepi(x) = gjp;(x).

Note that we do not label the electron with a number index, such as »
in x,. The eigenfunction label j will include the specification of the
spin state, for example, T or |, or « or 8.

Next form the field operator

@) ¥(x) = gcm-(xx vt(x) = ,ch;w;(n,
75
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where ¢; is an operator with properties to be specified below; ¢;(x)
remains an eigenfunction and not an operator, so that it is essentially
a c-number function of the coordinate x. The field operator ¥(x) and
the fermion operators ¢; operate on a state vector which we write as ®.
This state vector is in the space of the occupation numbers of the one-
electron states. Thus

(3) Dyge = lOOO RN A ) = [V&G)

is the vacuum state in which all the occupation numbers =n; of the
one-electron states are zero—no particles are present in the system.
The unperturbed ground state of a system of N fermions in the inde-
pendent-particle approximation will be written as &, where

4) ®g = |111a13 + - - 1yOnyiOnyg - - - 0 - - ),

where the states are numbered in order of increasing energy. We note

(Problem 4) that ¥*(x) is an operator which adds a particle to the
system at x.

The requirements of the pauli principle are satisfied if the fermion
operators ¢, ¢* satisfy the anticommutation relations

() cch 4+ chier = 8im;  com Femer =0; ek + chef = 0.
We write these as
(6) {Cz;cm = Oim; {CbCM} = O) {CZF;C;I};} = 0.

The {,} will denote anticommutator; [,] will continue to denote com-
mutator. Another common notation for anticommutator is [,],.

The anticommutation relations may be satisfied uniquely by a
representation in terms of 2 X 2 matrices, the Jordan-Wigner matrices.
For a system with only a single state we represent ¢t and ¢ in the
following way:

@ = () o) =t o=(] §)=de—io),

where the ¢’s are the pauli matrices. Thus

o =@ Y0 YeC YE )
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Further,
0 o\/o o0\ [0 o\
cc +cc =2 (1 0) (1 0) = (0 0)’

oty o4t _of0 10 1\ _ (0 o0\
”“"”‘2(0 0)(0 0/ \o o

The 2 X 2 matrices are to be understood as operating on a two-
component state vector in the occupation number of the particle:

(10) 1) = ((1)); oy = (‘1)),

corresponding to the possible fermion state occupancy numbers, 1
and 0.

We have the property

9

(11) ctell) = (3 g) ((1)) = l(é) = 1]1);

and

(12) c*el0y = ((1) g) (‘1’) -0 ((1)) = 0/0).
Thus

(13) i =cte

is the number operator and has the eigenvalues 1 and 0 for the eigen-
states |1) and |0), respectively.
We see that ¢ is a particle creation operator:

w0 =)

and ¢ is a particle annihilation operator:

15 1= (‘1’ g) ((1)) - (2) =10); o) =o.

A state cannot be occupied by more than one fermion:

(16) 1y = (g (1)) ((1)) = 0.

We construct a state ® in which a one-particle state k is occupied
by one particle by

(17) ‘I>=c;f<l>m=c:']00~--()k.-.)={Q()...1k...).
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Similarly, the ground state of an unperturbed fermi sea is

(18) Py = ( ‘l—lk Ck) PBpo = C]_ 62 et C].: st C:;‘-I’vac-
74
If there is more than one particle present, the results of the opera-
tion cj-'cj are unchanged, but the results of the operations c;f' or c;
may alternate in sign according to the number and ordering in & of
the other occupied states. We can see this best from a simple exam-
ple. Consider the state

(19) P = cfc}"@m
under the operation cg:
(20) co® = cobfCf Brae = —cfczc;‘i’vac
= —-cf(l - c'{cz)@v.c = —c]"@vm,

whereas under the operation ¢; we have

(21) 1% = 0,¢{¢F Buae = (1 — €1¢,)63 Brac = €3 Buac

The difference in sign between (20) and (21) is the consequence of the
anticommutation of ¢f and cs. We must in fact put in a minus sign for
every occupied state © which occurs to the left of the state j on which we
operate with c;-F or ¢;. The statement “to the left’”” assumes a definite
order has been adopted for the order of the one-particle states in the
state vector &:

(22) ®=clfef - - AP

It is convenient in dealing with products of creation and annihilation

operators to rearrange them into normal product form in which all

creation operators stand to the left of any annihilation operators which

may be present. If in a normal product there do occur one or more

annihilation operators, we know at once that the result of operating

on the vacuum state with the normal product is identically zero.
The general result is

(23) el gy =m0 -y
(24) C;'I"'nj"’>=(1_nj>9ji"'lj"'>,
where

(25) o = (—1)7;

here p; is the number of occupied states to the left of j in the state
vector . We may omit 6’ if we redefine the matrices representing

FERI
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(26)

(27)
whe:

(28)

occu

(29)
beca
(30)

and
(31)

T
(32)

this ;
that
(33)
wher
tion

direc
is

(34)

wher
—ig
(35)
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cj-F, ¢j 88

(26) ¢f =Ty Tj (g (1));
(27) ¢j =Ty« - T, ((1’ g),
where

(28) T = (‘é ?) = 0,

We include a factor 7' in (26), (27) for every state to the left of j,
occupied or not.
We observe that

(29) (¥@®), ¥ (x)} = 8(x — x),
because
(30) {¥@, ¥ (@)} =Y {fale;®et®) = 3 o;e}@),

k14
and by closure

(31) E ei(X)eF(x) = 8(x — X').
The particle density operator is
(32 o®) = [ & ¥rE)sE — X)¥(E) = TH@Y(x)
= clezet @e;(x);

this is also known as the one-particle density matrix operator. Notice
that if [) is an eigenstate of the occupancy operator #;, then

(33) (p@®@)]) = Z nwf ®ei(x) = Z nipi(x),

where p;(x) = ¢} (X)¢;(x).

The hamiltonian is obtained in the second quantization representa-
tion by the general theorem that quantum operators are obtained
directly from their classical analogs. For example, the kinetic energy
is

2 2
(34) H = f d*z ¥ (x) %n ¥(x) = f d"’x%c;fcztp}‘(x) 2%; vi(X),

where p is the momentum operator, For free particles, with p =
—1 grad,

ki
(35) H= (-’—) cte;,
‘?’ 2m/] 7!
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where the factor c, ¢; automatically arranges that we count the energy
of occupied states only in a representation in which the c, c; are
diagonal.

PARTICLE FIELD EQUATION OF MOTION METHOD
FOR THE HARTREE-FOCK EQUATION

We consider a system of electrons described by the field operator
(36) ¥(x) = ¥ c;0i(x),
j

where ¢; is a fermion operator and ¢;(x) is a one-particle eigenfunc-
tion. Our object is to find approximate solutions of the equation of
motion :¥ = ~[H,¥]. The prescription for the hamiltonian in this
representation is to write the mean energy in terms of individual
particle wavefunctions and then replace the wavefunctions by the
field operator ¥(x'). Thus

@7 H= /d:’x' ¥H(x') [51;1 P+ v(x’)] v(x')
+3 [ &z dYy ) VE — PEG)EE),

where V(x' — y) is the interaction energy of two particles at x’ and y.
The factor # arises because of the self-energy. The order of terms is
significant because ¥(x')¥(y) = —¥(y)¥(x).

For convenience we let v(x’) = 0 and write

(38) H= [ d*z’ ¥H(x') 2me’\lltx')

+3 f & Py VGV — PEEEE),

where
(39) [ &z’ ¥H(x) () = f &2’ Y, el @)e@) = Y cfe; = K
it i

is the operator for the total number of particles. The first term in the
commutator [H,¥(x)] is, with p operating on ¥(x'),

@) 5 [ @ FrEpeE),e)

- - o [ @ @ @),
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because the anticommutator
(41) {(¥(x),¥(x)} = 0.

Note the mixture of commutators and anticommutators in (40). By
(29),
1
W - o [ @ s
- 5% fd"x’ §(x' — x)p?¥(x))

1
= — é?[, pz‘I’(X)
The second term in the commutator [H,¥(x)] is
43) } [ &% Py [FTER)VGVE - )Y E),¥ @)
=} [ d% d% V(¥ — (@t E) (¥, ) E®YE)
— 5(x — X)TH LR VX))
Y [ &2 V(X — )T E)¥(x)¥ ()
— 3 [ V@ - Y HY@EE)
= - [ vy - 0¥ @YEYE.
Here
44 = [dy vy - 9V GEE)¥E
= = Y cleen [ &% VI~ Det@)ou®)on(®).

klm
This expression involves products of three operators.
In the lowest or Hartree-Fock approximation we consider only
terms in a single operator times the number operator ctex. We thus
keep the terms ¢ ckcm and cicicy = —cici ci, whence

(45) — [ d*y V(y — x)¥H(y)¥ () ¥(x)
~ [ d*y V(y — (¥ (1) ¥ () (x)
+ [ d Y@V - @),

where we have resumed the series for ¥(x) and ¥(y); the angular
brackets indicate the expectation value in the ground state, that is,
only terms of the form cjcx are retained within the angular brackets,
where cjcy, is evaluated for the ground state. The first term on the
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right-hand side of (45) is the direct coulomb term, and the second term
is the exchange term.
Collecting (42) and (45),

) @ =] - ompt = [ @ ve - o meen | v

+ / Py YWV F — DTG ¥@),

or
@ @ - Yo (5
+ / &y V(5 — x)<w+(y>w<y)>) 05(x)
- / &y o;5) V(S — x)<w+(y)wx)>].

Suppose now that the ¢;(x) are eigenfunctions of the operator in the
square brackets on the right-hand side of (47), with the eigenvalues
g;; then the equation of motion is

(48) [H,%(x)] = —z‘;c',-soxx) = - ge,-c,-eoxx),

where
2
49) o, = (2 + [a% VG — 0@t ®Ym)) o;
2m
- / &y o) V(T — DTHF)E()).

This is the Hartree-Fock equation. In the usual form we see that
¢j(x) is determined by a certain averaged potential:

2
60 | esesto = (2 + [ @7 -0 3 met i) ) o0
- ] &y o,V T — 1) 3 nigk)ei(x),

where n; is the occupancy 0 or 1 of the state . The integration is
understood to include taking the spin inner product. The term 7 = j
may be included in the two sums in (50) because for it the direct and
exchange contributions cancel. In the second term on the right-hand
side, the sum is over all states and all spin orientations; in the third
term (the exchange term) on the right-hand side only states 7 with spin
parallel to j will remain because we take the spin inner product in the
integration over d3y.
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KOOPMANS’S THEOREM

This important theorem states that the energy parameter ¢ in the
Hartree-Fock equation for ¢;(x) is just the negative of the energy
required to remove the electron in the state [ from the solid, provided
that the ¢'s are extended functions of the Bloch type and that the
electronic system is very large.

Because the electron charge is spread throughout the entire erystal,
the ¢’s will be essentially identical for the problem with or without
an electron in the state [. This is our central assumption. The work
done in removing the electron from this state is the difference

(@] H|®:) ~ (2|H|%),
where &, does not have an electron in the state /; in other respects
®; is identical with &.
If the gn(x) in ¥(x) = Z cnen(x) are solutions of the Hartree-

Fock equation, then on taking the inner product of (50) with cp;!- we
have, with the energy referred to the ground state, and writing { for j,

(1
\
Here (Im|V|im) = [ d°z &% o} X)0}(¥) Vor(x)om(y) and (Im|V|mil) =
J @z d% of ®)on (3) VemX) ().

Now from (37)

(51) g =

a7 |1) = 3 il Vim) — Om{ V|,

62 @) = ([ ¢ vt o)
+ <% f &z dy T @THR) V(Y — x)?(y)?(x)}

where the carets on the right-hand side indicate the diagonal matrix
element in the state ® in the HF representation. Then

m

@ @lle) =3 (m|op | m)
+3 mE N ((mp| V|mp) — (mp| V| pm)),

and the change in the energy on removing the /th particle is

<z
which is just the value of g; given by (51). We note that the deriva-
tion assumes invariance of the ¢, (x) under the removal of the particle
from the Ith state; thus the theorem cannot apply to small systems.

ﬁ p? z> - gnm((lm|Vllm) — (Im| V|mily),
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FERMION QUASIPARTICLES

The low energy excitations of a quantum-mechanical system having
a large number of degrees of freedom may be often approximately
described in terms of a number of elementary excitations or quasi-
particles. In some situations the description of the system in terms
of a sum over quasiparticles is exact; in other situations the quasi-
particle is a wavepacket of exact eigenstates. The width in energy
of the eigenstates comprising the packet determines the lifetime of the
packet and thus the range of validity of the quasiparticle concept.
The quasiparticles of an ionic crystal lattice are phonons; of a spin
lattice, magnons; of a free-electron gas, excitations which resemble
one-electron excitations.

In treating the electron system it is particularly convenient to
redefine the vacuum state as the filled fermi sea, rather than the state
with no particles present. With the filled fermi sea as the vacuum we
must provide separate fermion operators for processes which occur
above or below the fermi level. The removal of an electron below the
fermi level is described in the new scheme as the creation of a hole. We

consider first a system of N free noninteracting fermions having the
hamiltonian

(54) Hy = E ExCi C,
X

where ¢, is the energy of a single particle having &, = ¢_,. We agree
to measure &, from the fermi level gp.

In the ground state of the system ®, defined by (4) all one-particle
states are filled to the energy €r and above & all states are empty.
We regard the state &, as the vacuum of the problem: it is then con-
venient to represent the annihilation of an electron in the fermi sea
as the creation of a hole. Thus we deal only with electrons (for states
k > kp) and holes (for states & < kr). The act of taking an electron
from k’ within the sea to k'’ outside the sea involves the creation of an
electron-hole pair. The language of the theory has a similarity to
positron theory, and there is a complete formal similarity between
particles and holes.

We introduce the electron operators o, a by

(55) a,f = c;"; ay = Cy, for g > €p,

and the hole operators g%, 8 by

(56) B = c_y; e =cle, fore < ep.
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The —k introduced for the holes is a convention which gives correctly
the net change of wavevector or momentum: the annihilation c_y of an
electron at —k leaves the fermi sea with a momentum k. Thus
Bf = ¢_y creates a hole of momentum k. The total momentum,
referred to &4 as a state of zero momentum, is

(67) P=3Y k(g o — BEBL)-
K
The number operator for excited electrons is
(58) N, =Y afor, (k> kp)
K
and for holes
(59) Ny=Y 6B (k<kp).
k
The hamiltonian for the noninteracting fermi gas is
(60) Hy= Y sofor+ Y ebibi
k>kr k<kr

with gy referred to €p as zero; thus &, < 0if k < kp.
The ground state &4 of the fermi sea has the property

(61) a®o =0;  BPo =0,

each within the appropriate range of k. The true vacuum state ®,,,
satisfies ¢ P = O for all k. The state a}'ﬁ;'?@o contains an electron-
hole pair, as shown in Fig. 1.

k'o . k”

ks

krp

FIG. 1. Excitation of an electron-hole pair: the state is at . B .
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ELECTRON GAS IN THE HARTREE AND
HARTREE-FOCK APPROXIMATIONS

We consider the physical properties of a free fermion gas of N
electrons of charge ¢ in a volume Q. To insure the neutrality of the
system we add to the electrons a uniform background of positive
charge having a charge density equal to the average charge density
of the electrons.

In the Hartree independent-particle approximation we look for the
product-type wavefunction of the form

N
(62) ‘F(xly e ,XN) = H ﬂaj(xj);

j=1
which minimizes the energy. The Hartree solutions satisfy the same
equations as the Hartree-Fock solutions, but without the exchange
term [the last term on the right-hand side of (50)].

2
©3) [s=0t+ (¢ = Y A @)on®
2m |x y\ p

f yPo )Iel l l] ei(X) = &jp;(x),

where p§t) = Nle|/Q arises from the positive background. This
describes an electron moving in the average potential of all other
particles. The method is said to be self-consistent if all ¢’s are eigen-
functions of this equation. The sum in (63) is over all occupied
states except j.

We show now that the set of plane waves

(64) o(x) = Q7M™

are self-consistent solutions of this equation. The electron charge
density in (63) is constant for a product (62) of plane waves:

65)  e) onem =epf =) Q71 e 1y = (N — 1)¢/Q,
m m

which cancels ep}*,' except for a trivial term arising from the difference
between N and N — 1: the associated energy is of the order of ¢2/Q* ~
10719 ergs for @ ~ 1 em®.  To this order the coulomb interaction term
in (63) drops out and the Hartree problem is just the free-electron
problem:
1

(66) om P2<Pj = &jp;.

The energy of the electron gas in the Hartree approximation is
purely kinetic and hence exactly the same as for free particles. The
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energy has the value at absolute zero
1

- 3. — k 2
(67) (er) = 45 ke,
per particle, where the factor § is from the average of k% over the
volume of a sphere. The fermi momentum kp is determined by

2Q  4rx

——-—kpi=N
(2,”_) 3 3 F s

with the factor of 2 coming from the spin. If we define a mean radius
per particle by

(68)

(69) Q = N% 1’03,
then (68) becomes
2 4r\? 3
(70) (31;)—3(?) (krro)® = 1,
or
1
(71) kr=—; a= (4/97)* = 0.52,
arg
and
(2) ) = —o—
FI = 10amre?

It is often useful to express ro in terms of the bohr radius ag =
0.529 A. We introduce the dimensionless parameter r, as

(73) re = ro/ag = (me*/h)r.

The region of actual metallic densities is 2 < r, < 5. With (73),
_ 3met 1
10 42 azrsz’
or, in rydbergs 3(me*/4?%) = 13.60 ev,
3 2.21
(75) <5F> - 5a27',2 ry = r P

(74) (er)

ry.

This is the total energy per electron in the Hartree approximation. It
turns out that the Hartree approximation does not lead to metallic
cohesion—the electrons spend too much time in regions of repulsive
potential energy. We note (on reflection) that in the Hartree approxi-
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mation the coulomb self-energy of the positive background plus that
of the electron gas just cancels the interaction energy of the electrons
with the positive background.

Modified Hartree Model. We have seen that the coulomb energy
vanishes for the Hartree solutions in a uniform background of positive
charge. We now modify the model: keeping the previous uniform
electron distribution, we collect the positive charge background into
point charges ]el. There is one point per atomic volume @/N. To
a close approximation the coulomb energy of this model without
exchange is obtained by calculating the energy of a point charge ]e[
interacting electrostatically with a uniform negative charge distribu-
tion throughout the volume of the sphere of radius ry; we may consider
also the electrostatic interaction of the electron distribution with
itself, although this term is not present if only one electron is present
in the sphere, rather than the N~! part of each of N electrons. That
is, there is no self-energy contribution from an electron interacting
with itself, so we have to decide whether or not one individual electron
is localized within the cell. We make the calculation as if each
electron is distributed throughout the specimen.

The contribution of the point charge interacting with the negative
charge distribution is v 2
(76) € =—32—§-f 41rrdr=—-§e—;

! 41!'1’03 0 2 Ty
and the self-energy contribution of the electron distribution with
itself is

3 \? [ 3¢’
77 = p2 L4r) 24 = — -
) = (4'“'03) ./o at 3(4m)’¢ 570
so that the total energy is, on this model,
9¢? 3 1.80 221
78 = b T e - -
( ) € €1 + ) + (eF) }.OTD 10&2??'”'02 Te + 7'32 ry,

using (72) and (75). The equilibrium value of r, is 2.45 bohr units
or 1.30 A; the equilibrium value is obtained by setting de/dr, = 0.

Hartree-Fock Approxzimation. We have derived the Hartree-Fock
equation (50); on writing the spin variables s, s’ explicitly,

(79)  &j05(x) = (ﬁ P’ + v(x)

+3me [ 0% ot or(®) Vx — y>) X 0;s(%)

- S ( [ &y o Pen()V(x — y)) o).

FE

the
zel
tio

(8

wl
(8

is
tic

(8
by
(8

or

pé
eXx

(8
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We have seen from the Hartree solution that if the ¢’s are plane waves,
the second and third terms on the right-hand side of (79) add up to
zero.. Let us now see if we can solve (79) with plane wave eigenfunc-
tions. It turns out that we can.

The exchange term is, for unit volume,

80) = 3 ([ dy eIV — y)) #* Ty x)

l = — Y G(k; — K)o(x),
where, with § = x — y, l
8D) 6w = [ &g V@)

is the fourier transform of V(x — y). Thus the Hartree-Fock equa-
tion has plane wave eigenfunctions with the eigenvalues

ks
& =5- = };'G(k,- - k);

the sum is over all occupied states [ excluding j. The next problem is
to calculate the Z‘ G(k; — k), the exchange energy.
1

(82)

Now
e? 4xe? -
—_ — — K (x—y)
(83) Va=y) ==y e
by (1.24). Then
2 2
ey = [ a3, & iy AT
(84) G(k; — ki) / &’z T =

We now calculate the quantity E' G(k; — k;) which appears in the

7
one-electron energy. The sum is taken only over states lls) of spin
parallel to |js); antiparallel pairs do not appear in the Hartree-Fock
exchange integrals. Then, for the ground state,
’
Gk; — = 4xe® ) —
606 = k) =40 Y
4re:  Q 1

LA N R S —
Q2 (27")3 k<kr (k; — k)?

62 kr ) 1

2 kr .
:f—-[ .k:alklogk-*-!LJ
+ kF)’

ki Jo {k——k!
__(kp — k;? log kr + k;
w 2k, kr — k;
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FIG. 2. Plot of exchange energy versus wavevector for free electron gas. The
region inside the circle is not accurate—the slope has been exaggerated for emphasis.
The derivative near k = kp is given by the expansion —0.614 = 2 log |:c - 11,
where z = k/kp; thus the slope is reduced to 20:1 for |z — 1| = 3.3 X 1075,

by elementary integration. Therefore from (82) the Hartree-Fock
energy parameter is

kr + k;
kp — k;

(86) s.—kfe_f_(kk"z—“
4

k;* i
om 2\ k; o

-+ 2kp).

The average exchange energy per particle is most easily obtained by
the more direct attack below, although one can sum (86) over all
occupied states. The exchange contribution to (86) is plotted in
Fig. 2 as a function of k;/kr.
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EVALUATION OF THE EXCHANGE INTEGRAL FOR THE ELECTRON GAS

We require the value of the G(k; — k;) summed over all occupied
states 7, I. 1In effect we need the value of

1
(87) 9= f/ d’ky d%ks mé

Now, with u = cos 8 and s = ky/k,,

L] RN
—ko|® " Ei® 4 ko® — 2kikan  ka® 1+ 8% — 2su

(88) [ K,

But for the half space s < 1 we have a well-known series expansion:

1

GO S i [}3 sEPr(w)]? = EsMPL(u)PA(m,

where Pr(u) is a legendre polynomial. Thus

kg L2 1
(90) é] = 2 / dskl[ 21!"62 dkg d}l 2 (k ) 2 PL(I")PX(}‘);
ki<kr ka<kr 1 1

using

1
2
(91) [ PP du = -2 om,
we have, counting both the space ks < k; and the space k; < ks,
kz 2L+2 1
92 = 8 d’k / dk ( )
©2) 8 weke Jo 22 ks 2L + 1

1
=8 Pk k
" ﬁ.«. th § @L + 1)(2L + 3)

= 81!’2]6,742 1

@L+ 1)@L +3)

The sum is easily evaluated by writing it as

1 1 L
(93) ’2(2L+1 2L+3) “’+‘E(2L+3 2L+3)_""

so that
(94) g = 4rkpt,
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Now the average exchange energy is

2 ’ 41!'62 1
95 Ex = — 3 — ) Gk, — k) = —
(95) ’«’N§ (k; — ) njEl(kj__kl)z
_ dme® _ 2¢°kr* B 3e?
T @2n)' §= (2r)%n 41raro,

with @ = (4/9r)% as before. We have further

1 91
(96) Sex=—i)ry=—096ry

27 or, Ts

The Hartree-I'ock energy €ur = (Ep) + €. is then

2.21  0.916
(97) €ur = 9 ry

Ts s

per particle. This is a better value of the energy than the Hartree
energy, but the binding is still too weak. The defect is the neglect of
the correlations in the positions of the electrons introduced by their
coulomb interaction. Correlation is particularly important for pairs
of electrons of antiparallel spin for which the antisymmetrization does
not act to keep the pair apart. The effect of antisymmetrization on a
pair of parallel spin is treated in the next section.

The correlation energy €, is defined aS Eexaer — Enw, the difference
between the exact energy and the energy calculated in the Hartree-Fock
approximation. We might expect to be able to treat the coulomb
interaction as a small perturbation, calculating the energy by pertur-
bation theory. This can be done at high electron density (r, < 1),
but involves a careful treatment of divergent terms, as discussed in the
following chapter.

One major difficulty with the Hartree-Fock result (86) is that the
density of states at the fermi surface goes to zero because d¢/dk; — «
as k — kp; the desired derivative is just the next to the last step of (85),
without the integral. The density of states involves (dn/dk)(dk/dg).
The low density of states near the fermi surface on the Hartree-Fock
model has important consequences for the thermal and magnetic
properties of the electron gas, but none of these special consequences
of the HF model is in agreement with experiment. Many-body
corrections to the HF model lead to a screened coulomb potential, and
for this the density of states does not vanish at the fermi surface.

We have just calculated in the HF approximation the ground-state
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energy of a system of electrons with a uniform rigid background of
positive charge. As calculated, the ground-state coulomb energy
includes:

(a) The self-energy of the electron gas.

(b) The self-energy of the positive background.

(¢) The interaction energy of the electrons with the uniform positive
background.

The sum of these three contributions is zero: both self-energies are
positive and enter each with a factor }, thereby canceling the negative
interaction energy (¢). It will require a moment’s reflection by the
reader to appreciate that this cancelation is implied when we say
that the energy of the system is given by the number of electrons
times the average HF energy (97) per electron, corrected for the
correlation energy, if we wish,

How do we go from this energy to the cohesive energy of an actual
metal? Even for the simplest metal, sodium, for which the free
electron model works best, there are four major things we must do.
In an actual metal the positive charge is collected in a discrete ionic
lattice. To take care of this in the bookkeeping we must:

(1) Subtract the self-energy E; of the positive background.

(2) Subtract the interaction energy E, of the electrons with the
uniform positive background, observing that E; = —2FE,.

(3) Add the coulomb energy E; of the discrete lattice.

(4) Add the interaction energy of the electrons E4 with the discrete
lattice.

In the method of Wigner and Seitz developed in Chapter 13 the
metal is divided up into polyhedra centered about each lattice point.
The polyhedra are electrically neutral and the coulomb interaction
between different polyhedra is very small. Thus the sum of the
energies of the four steps we have enumerated is, for n atoms, just
the energy of n Wigner-Seitz polyhedra. The terms (1) and (2)
together contribute 0.6e%/ry or 1.2/7, to the energy of the metal, as
was calculated inEq. (77). The sum of the terms (3) and (4) is just the
energy eigenvalue for k = 0 of the Wigner-Seitz boundary value
problem discussed in Chapter 13. The cohesive energy contains the
sum of

1.2 .
(HF energy) + (WS energy at k = 0) + . + (correlation energy).

This sum will be negative for a reasonable metal, but for the metal
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to be stable with respect to separated neutral atoms the sum must
be more negative than the first ionization energy of the neutral
atom, where we express the ionization energy as a negative number.
The difference between the ionization energy and the sum we have
just written is the cohesive energy. Note that the term 1.2/r, may
be combined with the exchange contribution —0.916/r, to the HF
energy to give +0.284/r, for the total term in ;1. In the following
chapter we discuss for sodium the magnitudes of the several terms.

Two-Electron Correlation Function. We want to calculate for a fermi
gas in the Hartree-Fock approximation the probability g(x,y) d*z d%y
that there is one particle in volume element d3r at x and a second par-
ticle in d®y at y. Even for plane wave states this probability may be
nonuniform. If the spins of the two particles are antiparallel, the
probability is uniform:

(98)  9(xy) = e*@Y)e(xy) = e ErrtaMeitixtiny) -

but for parallel spins the exclusion principle leads to a nonuniform
correlation:

(99) g(ry) = He™ RrrHham — HReTHeD) (Tt _ ki)

%(2 — e"(kx—kz)'(’_‘) — ““i(kg_kg)'(y—x))

1 — cos (k; — ky) - (y — x).

We average (99) over the ground-state fermi sea: if there are N
distinet states k occupied, the average correlation of parallel pairs is,
withr =y ~ x,

(100)  @O) = =3 3 (1 — &

= E"E‘(-l%r—)é fdaki/.d:fk.' (1 — e}'(k‘.—k’.)-{).

This is the probability of finding at r an electron with spin parallel
to that of an electron at the origin. We may write

(101) (9()) = [1 — F*(kpr)],
where
(102) F(kpr) = 2\7(_}2;)7” / d%k ™=,
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The integral in (102) was evaluated in (1.68), whence

sin kgr — kpr cos kpr
(103) F(kpr) = 3( z kFafa 2 ) 58"y
using

47
(104) 3@2n)° kr® = N.

We note that F(kpr) — 1 and {g(r)) > 0asr— 0;asr— o, F(kpr)—0
and (g(r))— 1. We have put the § function in the spin projections
s, 8 on the z axis into (103) to emphasize that F(kgr) is zero for anti-
parallel spins. In (104), N is n/2, where n is the electron concen-
tration counting both spin orientations. The electron deficiency near
the origin is known as the fermi hole.

COULOMB INTERACTIONS AND THE FORMALISM
OF SECOND QUANTIZATION

With the fourier transform (83) of the coulomb interaction, the
hamiltonian is, for unit volume,

(105) H——Zp, +§2 l'*'”(")
o i Y 2 %
7 K#=0

where the positive background removes the term in K = 0; the term
7 = j is excluded from the sum.

We first rewrite the potential energy in terms of the particle
density fluctuation operators pg defined as

(106) p(x) = % pgeEE,
(107) f &z p(x)e—E= = / a3z 2 pgei K
K
= Y rxA(K — K') = g,
so that =
(108) ox = [d% p(@)e %",

If p(x) is uniform and equal to n, we have pg = ndége. For point
charges,

(109) p(x) = Y 5(x — x,),

i



96 QUANTUM THEORY OF SOLIDS

and
(110) PR = fd3x Y 8(x — x;)e T = 3 oKX,
i i
It follows that
(111) pox = 3, €5 5TE),
i
and
(112) ZI 1.K (X—x;) — 2 ezK (x—x;) _ n = 9KPK n,

i (Y]

where n is the electron concentration. Thus the hamiltonian in
terms of density operators is, from (105) and (112),

1 2re?
(113) H = am 2 p’+ E K (pxpx — 7).

It is also valuable to have H expressed in terms of fermion operators.
Let

(114) V(x) = Y cx,e™s)
ks

in a plane wave representation, where |s) is the spin part of the one-
electron wavefunction. Then the kinetic energy is

2 k2
(115) f d’z ¥ (x) 2%1 ¥(xX) = ), Eliluy;  Ek = vy
Now, by the definition (32),
(116) p(®) = TFEU(E) = 3 o 0,
kk’s
and from (108)
(117) PK = z C:;Ck’s [d3x PUCES S ST S z cltsck+x,a'
i’ k
Further,
(118) PE = ) CiyECk = p-k-

The coulomb energy is

2mre* 2me?
(119) .?_;, a (pgpx — ) — Z (Z — G KOO —K O — n)
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so that the hamiltonian becomes

2me?

¢ +

(120) H = Z CksCisCks + E, (Z 7(,"2_ cl-z*‘-}-K,sckSCi(*:——K,s'ck‘N' - n)
ks K kk'

83’

This is exact. The diagonal elements of the coulomb energy come
from the terms for which k 4+ K = k’; s = &'; thus the factor involv-
ing the four operators has the form

(121) cwexcice = chew(l — ciey),
and
. ,  2me?
(122) E(diag) = ), Mus — ), o 73 M
A s |k — K|

where we have used the fact that 2 n,, = n. We have evaluated
(122) previously; this is just the HF energy (97).

It is important to realize we have not shown that the plane wave
solutions of the Hartree and the Hartree-IF'ock equations are the lowest
energy solutions. Overhauser! has shown that both equations have
solutions which give lower energies than the customary plane wave
solutions. The new solutions have the form of spin density waves—
there is no spatial variation of charge density, but there is a spatial
variation of spin density. The spin density wave states have a lower
energy because of the increase in magnitude of the exchange energy
resulting from the local augmented parallelism of the spins. It is not
clear what happens when further correlation effects are included in
the calculation. To date all calculated improvements on the HF
energy have been based on the normal HF state as the unperturbed
state. The experimental situation suggests that spin density waves
may oceur in chromium at low temperature, but the ground state of
most metals does not seem to be a spin density wave state,

PROBLEMS

1. (a) Verify that the anticommutation relations (6) are satisfied by (26)
and (27). It will be helpful to note that
(123) T =1; {ct, T} =0; {¢,T} = 0.

(b) Verify that (26), (27) are equivalent to (23), (24).

Y A. W. Overhauser, Phys. Rev. Letters 4, 462 (1960) and Phys. Rev. 128, 1437
(1962); W. Kohn and S. J. Nettel, Phys. Rev. Letters b, 8 (1960).
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2. Find the net electron deficiency in the fermi hole; that is, evaluate
f @z F2(kpr),

with F(kpr) defined by (102).

3. Find for bosons the analog to the Hartree-Fock equation (50).

4. Show that ¥+(x')|vac) is a state in which there is an electron localized
at x’. Hint: Let the density operator p(x) = [ d3z" ¥H(x")é(x — x")¥(x")
operate on the state. Show that

(1249) p(x)V*(x')|vac) = f dix" §(x — x")é(x" — x')T+(x'")|vac)
= 8(x — X)¥H(x')|vac);

thus 8(x — x’) is an eigenvalue of the density matrix and ¥+(z)|vac) is
an eigenvector.

6. On the model leading to (78), calculate the ground-state energy; compare
this value with the energy of metallic sodium referred to separated electrons
and ion cores. The observed cohesive energy of metallic sodium is about
26 kcal/mole, referred to separated neutral sodium atoms.

6. Let N denote the operator

f &% U (x)
for the total number of particles. Show that for boson or fermion fields

(125) . Y@N = (V + )Y@

7. In (37) let v(x’) = Q0 and V(x' — y) = ¢8(x’ — y), where g is a constant.
Show that the exact equations of motion are:

(126) iW(0) = oo Pa(a) + P (WD)

(127) W) = 5 TP — T Y L),

! Here a and 8 are spin indices; when two S’s occur in the same term, a
summation is implied. We suppose that the field ¥ may be written as
¥4 + ¥, or at least as ¥y plus its time-reversed partner (Chapter 9). In

a magnetic field described by the vector potential A, we have
2 2
(128) P2 (x) — (p - SA) ¥ — (—i grad — %A) ¥;

(129) T+ (x)pt — TH(x) (p - EA)2 - (i grad — §A> v+,

The results of this problem are used in the theory of superconductivity in
Chapter 21.



6 Many-body techniques
and the electron gas

The major defect of the Hartree-Fock approximation to the total
energy of an electron gas lies in the failure to correlate the motion of
electrons of antiparallel spin. It is clear physically that the coulomb
repulsion will tend to separate electrons of antiparallel spin. The
neglect of correlation is not as serious for electrons of parallel spin:
we have seen with the fermi hole that the exclusion principle auto-
matically introduces a strong correlation for these.

We defined in Chapter 5 the correlation energy as the difference
between the exact energy and the Hartree-Fock energy. This chapter
is concerned with methods for the approximate calculation of the corre-
lation energy of the degenerate electron gas, particularly at high
density (rs < 1). At sufficiently low density the problem is rather
different: the electron gas is believed to condense into a crystalline
phase of bee structure.  We refer to the low density limit as the Wigner
limit; for r, 2 5 it is believed! that the electron crystal is the stable
state, whereas for smaller r, the electron gas is stable.

There have been developed in recent years many powerful methods
for calculating the properties of an electron gas. Most of the methods
lead to equivalent results. The simplest of the new methods is the self-
consistent field approach of Ehrenreich and Cohen, and Goldstone and
Gottfried. After developing the SCF method we show the great con-
venience of the frequency and wavevector dependent dielectric con-
stant e(w,q) in the calculation of the properties of a many-body system.
Finally, we discuss Goldstone diagrams and the linked-cluster theorem.
A good general reference for this chapter is The Many-Body Problem,
by D. Pines; this includes many relevant reprints.

The direct approach to the calculation of the correlation energy is

1'W, J. Carr, Phys. Rev. 122, 1437 (1961).
99
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to treat the coulomb interaction as a perturbation on pairs of electrons
of antiparallel spin and thus to calculate the energy correction by
standard perturbation theory to second and higher order. The second-
order coulomb energy £ of two free electrons in the volume € in
states k1T, ko is

2m(12| V|34)(34| V| 12)

1 efd =
@) 12 ks ke — ky? — ky®
where
_ ik ez dre’ g
(2) (12|V]34) = 2 /dsx ddy ¢ iErT iy y) (gg——KzeK(‘ ’))

2
- gt THkY) 4;:—;2 “A(ky + ky — k3 — ky).

Here q = k; — k3 = ky — ks is the momentum transfer in the inter-
action of k;, ky by virtual scattering to k;, k;. Thus

dre?\? o 1 1
3 5(2) = — (___) —
@ 1 "\ o §q4 q-(q+ k; — ky)

The summation can be converted into an integral:

@ ~ )3[ / 1+.wc

where « = [ky — k1|/ g, and u = cos §; here 0 is measured from the
direction of k, — k;. The integral over d6 in (4) has the value

1+K"

1 —«

1
- log
K

The integral over dg involves 1/¢% and is seen to diverge at the lower
limit ¢ — 0.

The removal of this divergence can be accomplished by diagram-
matic analysis developed initially by Brueckner, and it turns out to be
possible to sum in all orders the most important terms in the perturba-
tion expansion. We develop the method of Brueckner in an appendix.
There are simpler methods of handling the correlation energy problem,
but the Brueckner analysis is revealing and important.

In the Brueckner method for calculating the correlation energy of
an electron gas in the high density limit there are contributions from
all orders of perturbation theory. This is caused by the long range of
the coulomb interaction. In the actual physical situation we expect
the coulomb interaction of a pair of electrons to appear as screened

oy
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(except at short distances) by the other electrons of the system. We
expect the unperturbed potential e?/r to assume for the perturbed
problem a form rather like (¢2/r)e™"/%s, where the screening length 1,
will be of the order of the fermi velocity vr divided by the plasma
frequency: I, « vp(m/ne®)¥. This screened potential is an infinite
series in (e?)*; such a series cannot be expected from a finite-order
perturbation calculation. The calculation by Gell-Mann and Brueck-
ner is a four de force, but it also suggests that perturbation theory is not
the natural way of handling the problem. The clearest method is
perhaps the self-consistent field approach as described by H. Ehren-
reich and M. H. Cohen, Phys. Rev. 116, 786 (1959).

SELF-CONSISTENT FIELD METHOD

We consider a single particle with the one-particle hamiltonian
H = H, + V(x,t), where Hy = p%/2m and V(x,t) is the self-consistent
potential arising from the interaction with all other particles of the
system. We let p denote the statistical operator represented by the
one-particle density matrix; thus if ¢, is a solution of the one-particle
Hartree-Fock equation, with the expansion*

(5) |m§n@n=§mmw

in terms of the eigenstates |k) of H,, then the density matrix is defined
by

) (|o|k) = 3, (&|m)Pn(mlk),

m

where P, is the ensemble average probability that the state m is
occupied. The equilibrium statistical operator p¢ of the unperturbed
system (V = 0) has the property

o) polk) = fo(ew)|k),

 where fy(€) is the statistical distribution function.
The equation of motion of p = pg + dp is

(8) i = [H,p],
or, if we linearize (8) by neglecting terms of order V ép,

(&)} 18p = [Hy,8p] + [V,p].

* This p is not identical with the particle density operator in the second quan-
tization form introduced in Chapter 5.
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Thus, on taking matrix elements between ]k) and |k + q),

(10) 5 lsell + @ = {IHo,bolk + @ + [V ,p0llk + @

= (& — Extq){E|3plK + Q) + [fo(Erag) — fo(EDIV(®),
where

(11) Vo) = Ve + @) = [ & Vixg e

is the qth fourier component of V(x,f). In this section other fourier
components are defined similarly.

The potential V is composed of an external potential V° plus a
screening potential V? related to the induced change én in electron

density. Thus V°might be the potential of a charged impurity and V* .

the potential of the screening charges in the electron gas as induced
by V,. Now the induced change in electron density is

(12) on(x) = 2 |m) Pym| = E 2 |k Yk | ) Py )]
) X | ) = z ) (| oplk + q) = z e om,

The screening potential is related to 8n(x) by the poisson equation

(13)  V2V° = —dme?on;  —qVi(t) = —4me’(k|on]k + Q)
so that

41'. 2
(14) Vi) = —qf— g (| 5p]k’ + q).

On combining (10) and (14) we have the equation of motion in the
absence of an external perturbation:

(18) 2 (Wfaplie + @) = (5 — S JEl3plk + 0

411'62 ’ 117
+ g7 oo = fo(@] g (&'|3p]k’ + @)

This equation is essentially the same as that obtained in the random
phase approximation of Bohm and Pines.?

It is generally helpful to express the properties of the interacting
slectron gas in terms of the longitudinal dielectric constant ¢(w,q). We
may define the dielectric constant in various equivalent ways. The
usual definition relates the polarization component P, to the longi-

¥ For g review see D, Pines in Solid state physics 1 (1955),
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tudinal electric field Eq by
(16) E, + 4aP = e(w,Q)Ey = D,

We recall that V = V° -+ V* is the net potential, where V' is the
external potential and V* the potential of the induced charge. The
relation (16) is equivalent to

17) Ve—Vi=el0,@V,,

because the longitudinal polarization Py gives rise to the induced
electric field — Ey/4r, where Ej is derived from the potential V. Thus

(18) «(w,q) = V/V,
the ratio of the applied potential to the effective potential. Further,
(19) divP = ¢ on; ~1iqPy = e dng; eE, = —igV,,
so that
P, e%om,
(20) elw,q) =1+ h(Eq) =1—- 41rq2Vq;

where w is the frequency associated with V. The definition (16) of
€(w,q) is also used in (40) below, but there it is found convenient to
consider an expression (42) for the dielectric constant in terms of the
density of test and induced charges.

Now if V,(t) acts as a time-dependent driving force in (10), we have

So(Extq) — fol€w)

€k+q—ek+w+is

Jo(Brtq) — Sfo(Ex)

k+q — Sk + w + 18

(21) (k|sp|k + q) =

so that

22)  dng =) (K|opk +q) =
K k €

q

@

Finally we have the longitudinal dielectric constant (we should add
to this the c.c.):

. Ame® fo(Extq) — folEx)
93 -1 - q .
(23) escr(@,9) 3_1"_{10 Q@ Leppq— &+ w+is

This is an important result, from which we may calculate many proper-
ties of the system, including the correlation energy. The particular
expression (23) is approximate because we started with a one-particle,
and not a many-particle, hamiltonian. The approximation takes the
electron to respond as a free particle to the average potential V(x,t) in
the system. The result is equivalent to that of the random phase
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approximation of Noziéres and Pines. The transverse dielectric con-
stant of an electron gas is the subject of Problem 16.3.

In the limit 3> krpg/m the result (23) reduces to, with wp® =
4rne?/m,

(24) e(w,q>——1———+z [dakq oy ( +ﬂ)

where we have used the relation

(25) lim

= (S’1 wd(z);
—402Z -+ 18 T g ’

here ® denotes principal part. At absolute zero the absorption given
by g{e} vanishes if w > krg/m; we say this is the plasmon region.
For v < kpg/m the imaginary part of ¢ is 2m?%e%w/q®, at absolute zero.
The real part of ¢ in (24) was obtained by writing

26) Joeerd) = oo 22q- o
and

1 ~1f,  k-q\
7 c.,\—{—k-q/mzm(1 ma:)

The real part of ¢ agrees with the result for the dielectric constant
of a plasma at ¢ = 0, already familiar from Chapter 3. The equations
of motion (15) of the undriven system may be solved to give the
approximate eigenfrequencies as functions of q; the eigenfrequencies
are just the roots of e(w,q) in (23). The equations of motion are
equivalent to those considered by K. Sawada, Phys. Rev. 106, 372
(1957). The eigenvalues are of two types: for one type, w = €1 — &,
which is the energy needed to create an electron-hole pair by taking
an electron from k in the fermi sea to k + q outside the sea. The other
type of eigenvalue appears for small q and is w? = 4rne’/m. Thus
there are collective excitations as well as quasiparticle excitations, but
the total number of degrees of freedom is 3n.

The imaginary term in (24) gives rise to a damping of plasma
oscillations called Landau damping; the magnitude of the damping
involves the number of particles whose velocity component k,/m in the
direction q of the collective excitation is equal to the phase velocity
w/q of the excitation. These special particles ride in phase with the
excitation and extract energy from it. This damping is important at
large values of ¢, and the plasmons then are not good normal modes.
In a degenerate fermi gas the maximum electron velocity is vr; for ¢

in
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such that w,/g¢ > vr there are no particles in the plasma that travel
with the phase velocity, and consequently the imaginary part of e(w,q)
vanishes for ¢ < g, = w,/vp. Using (5.71) and (5.73), we have
qc/kp = 0.48r,”. If we consider all modes having ¢ > ¢, to be indi-
vidual particle modes, then the ratio of the number of plasmon modes
n' to the total number of degrees of freedom 3n is
(28) LA (0.48)°r,* = 0.018r,*

3n 2.3 e TN
where the 2 in the denominator is from the spin. In sodium r, = 3.96,
and 14 percent of the degrees of freedom are plasmon modes.

We summarize: at low ¢ the normal modes of the system are plas-
mons; at high ¢ the normal modes are essentially individual particle
excitations.

Plasmons in metals have been observed as discrete peaks in plots
of energy loss versus voltage for fast electrons transmitted through thin
metal films. More detailed evidence of the existence of plasmons is
given by the observation® of photon radiation by excited plasmons.
The dependence of this radiation on the angle of observation and on
film thickness was predicted by R. A. Ferrell, Phys. Rev. 111, 1214
(1958).

A comparison of the observed energy-loss peaks with the calculated
plasma frequencies for the assumed valences are given in the accom-
panying table. The plasma frequencies given are corrected for the
dielectric constant of the ion cores.

Be B C Mg Al Si Ge
Valence 2 3 4 2 3 4 4
Weale 19 24 25 11 16 17 16 ev
ABobs 19 19 22 10 15 17 17 ev

The comparison for the alkali metals is also striking because the
inelastic-loss peaks are in close agreement with the threshold of optical
transparency, as is expected.

Li Na K
Wealo 8.0 5.7 3.9ev
AE 9.5 5.4 3.8ev
Wopt 8.0 5.9 3.9ev

Thomas-Fermi Dielectric Constant. The Thomas-Fermi approxima-
tion to the dielectric constant of the electron gas is a quasistatic

3 W. Steinman, Phys. Rev. Letters B, 470 (1960), Z. Phys. 168, 92 (1961); R. W.
Brown, P. Wessel, and E. P. Trounson, Phys. Rev. Letters 5, 472 (1960).
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(v — 0) approximation applicable at long wavelengths (¢/kr < 1).
The basic assumption (Schiff, p. 282) is that the local electron density
n(x) satisfies

(29) n(x) « [ep — V@)%,

where V(x) is the potential energy and € is the fermi energy. Thus
for a weak potential

3n
30 & - —
( ) 8"’ —— ZEF V?
or, for the fourier components,

3n
(31) 6nq == - _251? Vq

But the poisson equation requires that a variation én, give rise to a
potential Vg:

(32) ong

¢ .

4re? Y

as in (13). From the definition (18) of the dielectric constant, the
Thomas-Fermi dielectric constant is

_Ya—Vi_ | Uxetongh)
(33) (@ = =y = = e )
or ‘

2 k32
(34) €TF(q) = g...._j_;;_,
where
(35) k,? = 6rne®/ep.

We note that ¥V, — V3 is the external potential, and (V, — V) + Vg
= Vg is the effective potential.

We expect the Thomas-Fermi dielectric constant (34) to be a special
case of the self-consistent field dielectric constant (23) for w =0
and for ¢/kr <« 1. In this limit

~ 4re®\ 2m q - 8fo/dk
(36) GSCF(O,Q) =1 - (7) W / d3k W

gt Bk,

- (Mqﬁ ) @0’

This is identical with (34), because m = krp’/2¢p and kp® = 3nxl

F= B - R B ol D e el
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DIELECTRIC RESPONSE ANALYSIS*

The self-consistent field calculation of the dielectric constant is
based on an independent particle model and is only approximate. We
calculate now a more general expression for the dielectric constant in
terms of matrix elements between exact eigenstates of the many-body
system. Let us imagine that we introduce into the system a test
charge distribution of wavevector q and frequency w. We write the
test charge density as

e‘rq[e_" (wt+qx) + cc],

with g real. In the absence of the test charge the expectation value
{py of all particle density fluctuation operators p, will be zero. We
recall from (5.118) that

37) pq = gci‘_.qck-

In the presence of the test charge (p44) # 0; we wish to solve for this
induced particle density component.
Now, by the definition of D and E,

(38) div D = 4x(test charge density);
(39) divE = 4r (test charge density + induced charge density),

so that, with e(w,q) as the appropriate dielectric constant,

(40) —1q Dy = —ie(w,0)q - Eq = dmerge™™;
(41) —iq * Eq = dre(ree™ + (py)).
On dividing (40) by (41),

1 {p) total charge
“2) €(,q) + re¢ “*  test charge

We now calculate (p,), the response of the system to the test charge.
The hamiltonian is H = H, + H’, where for a specimen of unit
volume we have, from (5.113),

1 Ore?
(43) Ho= 3 o 2"+ X7 (odog = m);
and H’ is the coulomb interaction between the system and the test
charge:

4re? .
(44) H = -;25— pogre€ 4 e,

¢ P. Noziéres and D. Pines, Nuovo cimento 9, 470 (1958).
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where for adiabatic switching s is small and positive. We assume the
test charge is sufficiently small that the response of the system is
linear. We suppose the system is initially ({ = — «) in the ground
state $o; in the presence of the test charge ®;— ®o(ry), where by
first-order time-dependent perturbation theory in the Schriodinger
picture with ¢, — €¢ = wno,

((nl [ q] O)Q*iwthz (nl quO) eiwt+st) .

4mre®
45) ®o(ry) = ®o — ),
(45)  ®o(ry) 0 Z e Tq —w+ wpo — 18w+ wpo— 18

n
Then to terms of first order in rge™*!*¢,

4re?
(46) (QO(rq)lqu‘hO(Tq)> == — ?rqe iwitast

\ 1 1 )
;](Mpql()) (w + wno + 28 + —w + w0 — 8

where we have used the symmetry property [(nlpql())l2 = I(n] p_QIO)P.
From (42) we have the exact result

1 _ 4re?

e(w,q) B q*
) 1 1 }
yWMM{whm+w+—w+%V4s

The eigenfrequencies of the system are given by the roots of ¢(w,q) = 0,

as for the roots the mode response is singular according to (42).
Using

(48) lim

s—4+0 T + 18

(47

1 _
= @ - F né(x),
z

we have for the imaginary part

1
(w,9)

On integrating over all positive frequencies o,

50) [ dwg( ’q)) dre? 3 lnol =

Recall that the states used as bases in this development are the true
eigenstates of the problem including internal interactions,
The expectation value of the coulomb interaction energy in the

49 ¢ (-2) = 2 D Helsdo)5(0 + wn) — (0 = wno)

D LY D OB TS

-
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ground state is, according to (5.113),
, 2we?
(51) Eint = <O‘ 2 ? (P:Pq - n)|0>:
q

which may now be written as

1 [~ 1 21rne2}
52 By =— 31— | do e .
(52) %b«ﬁ gawm)+q2

This expression gives formally the coulomb energy of the exact
ground state in terms of the imaginary part of the dielectric response.
We do not, of course, obtain the exact ground-state energy simply by
adding Eiy to the unperturbed ground-state energy, because the kinetic
energy of the ground state is modified by the coulomb interaction.
That is, &, is a function of ¢2. To obtain the total energy of the
exact ground state, we utilize the theorem which follows.

THEOREM. Given the hamiltonian

(63) H = Hy+ gHi.s; g = coupling constant;
H, = kinetic energy;
and the value of

(54) Eins(9) = (®0(9)|gHine] ®0(9));

then the exact value of the total ground-state energy

(35) Eo(g) = (20(9)|Ho + gHin|®0(9))

is given by

(56) Eo(g) = Bo(0) + [, 6™ Euni(g) do.
Proof: From (54) and (55),

(57) o = 0 Ena) + Ealg) 3 @@ |20(a),

where the second term on the right-hand side is zero because the
normalization is independent of the value of g. Here Ey(g) is the
exact eigenvalue and ®,(g) the exact eigenfunction. Thus we have a
special case of Feynman’s theorem:

By

(58) dg

= —lEint(g):

and, on integrating, we have (56).




110 QUANTUM THEORY OF SOLIDS

In the electron-gas problem the ground-state energy without the
coulomb interaction is, per unit volume,

(59) Ey(0) = 3nep.

The coupling constant is g = ¢?, so that given Ein, from (52) or in
some other way, we can find the total energy in the presence of the
coulomb interaction from (56). If, for example, we find an approxi-
mate result for 1/¢(w,q) by calculating (47) with matrix elements taken
in a plane wave representation, then we get just the usual Hartree-
Fock exchange for the interaction energy Ei.. As &, in this approxi-
mation does not involve e2, the ground-state energy is just the sum
of the fermi energy plus Ein. We get a much better value of the
energy using the self-consistent dielectric constant (23).

We note that with the integral representation of the delta function
we may rewrite (49) as

1 dre’ o 1 X ) , .
““c_0=“'5me—wwpwwwm
©) s 5)="72 ( X )

where the x; are in the Heisenberg picture. Now Van Hove [Phys. Rev.
95, 249 (1954)] discusses a function called the dynamic structure factor
which may be defined as

1 . ) .
(61) ng=2—fﬂfWrmme%
T 2r

§ has the property that it is the fourier transform of the pair distribu-
tion function

(62) G(xf) = N1 (2 f a3’ 5[x — x:(0) + x) 8[x' — x,(8)]
’ =N"! @ ox — x;(0) + xj(t)]>'

i

That is,
(63) $(w,q) = 21_V f A3z dt £ @*NG(x,8).
74
We shall see later in connection with neutron diffraction that $(w,q)

describes the scattering properties of the system in the first Born
approximation; see also Problems (2.6), (6.9), and (6.10),

© oo W

(

6
be
(6

in
ze]
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We may also write, using (5.110),
(64 800) = - [ & o070 = 3 o]0 6o — wno

Thus §(w,q) is indeed a structure factor which describes the elementary
excitation spectrum of the density fluctuations of the system. It may
be used equally for boson or fermion systems, with appropriate oper-
ators in the expansion of the p,.

From (60) and (61), we have

1 4me®
©5) $ (o) = S 1500 ~ S0

This establishes the connection between the dielectric constant and the
correlation function §.

DIELECTRIC SCREENING OF A POINT CHARGED IMPURITY

An interesting application of the dielectric formulation of the
many-body problem is to the problem of screening of a point charged
impurity in an electron gas. The screening of the coulomb potential
by the electron gas is an important effect. It is because of screening
of the electron-electron interaction that the free electron or quasi-
particle model works as well as it does for transport processes. The
screening of charged impurities has many consequences for the theory
of alloys. .

Let the charge of the impurity be Z; the charge density may:be
written

Z ,
(66) p(X) = Z 8(x) = @n)° / d®q '™,

The potential of the bare charge

o) V@ = 2 = s [ By oo

becomes, for the linear response region,

X

(68) V(xw) =

Z , 4w
(2r)? f +e Cew)

in the medium. We are usually concerned with the potential V(x) at
zero frequency, because the impurity is stationary. We have also an
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interest in the charge Ap(x) induced by Z 8(x). Using (68) withw = 0
and

(69) VIV = —dax[Ap + Z 5(x)],
we have

A 1 .
70 = | ¢ —1)e™
(70) 4 = oy / 4 ( ) 1)e

If 1/¢(0,q9) has poles, there will be oscillations in space of the screening
charge density.

The total displaced charge A involved in screening is

(1) A= [ d'z ap() = 3555 [ / (e(O,q) 1) i
=Z [ d’q (q)( 00 1)
-2(g5 1)

The value of ¢(0,0) is sometimes not well-defined, but may depend on
the order in which « and q are allowed to approach zero.
We now consider the screening in several approximations.
(a) Thomas-Fermi. The dielectric constant in this approximation
is given by (34) and (35):
(34) (35) P  Gune®  Skr.

(72) err(0,q) = 1 + —q—2 k2=

b
Er 11774

here ay is the bohr radius. Thus the screened potential is, from (68),

Z 4x . zZ _
(73) V(x) — (21)3 [d3q q2 T k‘2 T = ”1‘_‘6 k.r,
corresponding to a screening length
(74) l,=1/k, « n%

In copper k, =~ 1.8 X 10® cm™?, or I, = 0.55 X 10~® cm. In potas-
sium 1, is roughly double that for copper. Screening is a very impor-
tant feature of the electron gas. The screening charge around an
impurity is largely concentrated in the impurity sphere itself and the
interaction between impurity atoms is small.

From (71) the total screening charge is —Z. The induced charge
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density is

| N N/
(75) Bp@®) = ~ —VV = — T

e—k'r
This is singular at r = 0, and the magnitude decreases monotonically
as r increases. The infinite electronic density on the nucleus is in
disagreement with the finite lifetime of positrons in metals and with
the finite Knight shift of solute atoms.

(b) Hartree Approximation. The dielectric constant is given in
Problem 1. There is an infinite screening charge, because coulomb
interactions between electrons are not included.

(¢) Self-Consistent Field or Random Phase Approximation. The
result (23) for the dieleetric constant egcr in the SCF or RPA approxi-
mation is seen by comparison to be simply related to the dielectric
constant €y in the Hartree approximation given in Problem 1:

k 2

(76) €scF = 2 — ‘3}; =1+ 2_;2 9(9),

written for zero frequency. For a general argument connecting egcr
and ey, see Pines, p. 251. We see that the total screening charge is
equal to —Z. There is a singularity in the dielectric constant at zero
frequency of the type (¢ — 2kr)log|g — 2kp|, so that the charge
density contains oscillatory terms at large distances of the form
7% cos 2k pr, as shown in Fig. 1.

What happens at ¢ = 2kz? For ¢ < 2kr one can draw a vector q
such that both ends lie on the fermi surface; thus the energy denom-
inator in the expression (23) for the dielectric constant can be small and
there is a corresponding large contribution to the dielectric constant.
But for ¢ > 2kp it is not possible to take an electron from a filled
state k to an empty state k -+ q with approximate conservation of
energy. Here the energy denominator is always large and the contri-
bution of all processes to the dielectric constant is small.

W. Kohn has made the interesting observation that the sudden drop -
in the dielectric constant as ¢ increases through 2k should lead to a
small sudden increase in the eigenfrequency w(q) of a lattice vibration
at the point ¢ = 2kp as ¢ is increased. The lower the dielectric con-
stant (as a function of ¢), the stiffer will be the response of the electrons
to the ion motion and the higher will be the lattice frequency. For a
discussion of the detailed theory of fermi surface effects on phonon.
spectra, see E. J. Woll, Jr., and W. Kohn, Phys. Rev. 126, 1693 (1962).
It is not yet clear why the effect should persist in the presence of
electron collisions with phonons and with impurities.
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FIG. 1. Distribution of screening charge density around a point charge for an
electron gas with r, = 3, as calculated on many-body theory by J. S. Langer and
S. H. Vosko, J. Phys. Chem. Solids 12, 196 (1960).

CORRELATION ENERGY—NUMERICAL
We write the ground-state energy per electron as, using (5.97),

(2.21 0.916
€ = -
Ts Ts

) + sc) 17,

where the first two terms on the right-hand side give the Hartree-Fock
energy, and €, is the correlation energy. In the range of actual
metallic densities Noziéres and Pines [Phys. Rev. 111, 442 (1958)]
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recommend the interpolation result
(78) €, = (—0.115 4 0.031 log r,) ry.

Their paper should be consulted for details.

It is instructive to use (77) and (78) to estimate the cohesive
energy of a simple metal referred to separated neutral atoms. Sodium
is a convenient example because it has an effective electronic mass
close to the free electron mass: here we neglect differences between
m and m*. With r, = 3.96 we have

(79) €o = (0.14 — 0.23 — 0.07) ry,

where the terms are ordered as in (77). But, as we emphasized in
Chapter 5, ¢y was calculated for a uniform background of positive
charge; if the positive charge is gathered together as positive ions, we
should add to €, the term we denoted by €, in (5.77); €2 = 1.2/r,ryis
the self-energy of a uniform distribution of electrons within the s
sphere, and for sodium has the value 0.30 ry. Note that €, tends to
cancel the exchange and correlation contributions.

The solution for k = 0 of the one-electron periodic potential
problem for sodium gives e(k = 0) = —0.60 ry, according to calcula-
tions described in the references cited in Chapter 13. This energy is
to be compared with &y = —0.38 ry, the ionization energy of a neutral
godium atom. Thus the cohesive energy of metallic sodium referred
to neutral atoms is

(80) &oon = —¢r+ ek =0)+ ¢ + & =0.38 —0.60 — 0.16
+ 030 = —0.08ry = —1.1ev,
which is rather too close to the observed value —1.13 ev.

ELECTRON-ELECTRON LIFETIME

Because of the off-diagonal parts of the electron-electron interaction,
an electron put into a quasiparticle state k will eventually be scattered
out of this initial state. The mean free path of an electron near the
fermi surface is actually quite long. The cross section for scattering
of an electron at the fermi level of an electron gas at temperature 7 is
of the order of

(2)
(81) =gy | — >
€r
where ¢ is the scattering cross section of the screened coulomb
potential and (kzT/er)? is a statistical factor which expresses the
requirement that the target electron must have an energy within kg7
of the fermi surface if the final state of this electron is to be reasonably
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empty; equally, the final state of the incident electron must be avail-
able for occupancy. The fraction of states thus availableis (kpT/sr)>.
The scattering cross section for the screened potential
2

(82) V() = ‘% P

has been calculated by E. Abrahams [Phys. Rev. 95, 839 (1954)] by
calculating phase shifts—the Born approximation is not accurate. For
sodium with I, as estimated by Pines, the result is o9 & 17rag?, where
ay is the bohr radius. Numerically, in Na at 4°K the mean free path
for electron-electron scattering of an electron at the fermi surface is
2.5 ecm; at 300°K it is 4.5 X 107* ecm. We see that an electron is not
strongly scattered by the other electrons in a metal—this remarkable
effect makes it possible to use the quasi-particle approximation to the
low-lying excited states of an electron gas.

Another pertinent result is that of J. J. Quinn and R. A. Ferrell
[Phys. Rev. 112, 812 (1958)]. They calculate for an electron gas at
absolute zero the mean free path of an electron added in a state k
outside the fermi surface (¢ > kr). For high electron density the
mean free path A is

) E— kr\®3.98
(83) Akﬁ'—( kr ) ?‘3%’

in the limit of high electron density. The factor (k — kz)%/ks?® is a
phase space factor analogous to the factor (kzT/€r)® in the thermal
problem. Ask — kp the mean free path increases indefinitely—this is
one reason why we may speak of a sharp fermi surface in a metal; the
states at kp are indeed well-defined.

GRAPHICAL ANALYSIS OF DIELECTRIC RESPONSE

It is instructive to carry out a graphical analysis of the most impor-
tant terms in a perturbation series which contribute to the dielectric
constant &(w,q) of the fermi sea at absolute zero. The diagrams we
use are called Goldstone diagrams and are related to Feynman dia-
grams. We take the unperturbed system Hto be the free electron gas.

We consider the scattering caused by an external potential v(w,q)
through the perturbation hamiltonian

(8 H'(wa) = [ d* ¥HEow,0e e () + cc

= p(w,q)e Z ey f diy fEEFOX 4 o
Kk

= v(w,q)e"‘“‘ % Ct.;.qck + cc.
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In what follows we concern ourselves for the sake of brevity with a
discussion of the terms shown explicitly and not with the hermitian
conjugate terms. It is as if »(w,q) represented the interaction with
an ultrasonic phonon, but only that part of the interaction which
causes absorption of a phonon of wavevector q and energy w. The
creation and annihilation operators ¢*, ¢ may be written as in Chapter
5 in terms of electron and hole operators; thus combinations such as
a;"_,_qak; B_k_qﬁik; a-ki:{.qﬁtk; and B_x_qax may occur. The operation of
the first pair will be spoken of as electron scattering; the second pair
as hole scattering; the third as the creation of a hole-electron pair;
and the fourth as the annihilation of a hole-electron pair.
The other perturbation is the coulomb interaction

(85) V= Z V(@) (pipq — m)

between the electrons of the system; this interaction will tend to
screen v(w,q). In the following development we consider only terms
linear in the external perturbation v(w,q), but we are interested in all
orders of the coulomb interaction. We recall that the term p;*-pq
involves a product of four operators, such as c;“’_,,qck:ci'_qck ; in terms
of the « and B there are 16 possible combinations.

We consider then the scattering caused by the external potential
v(w,q) with time dependence ¢~ ** and spatial dependence ¢*. The
perturbation terms in the hamiltonian are »(w,q) and the coulomb
interactions V(q) among the electrons. We retain only terms linear
in the external potential. In constructing the graphs which represent
the terms of the perturbation series we use the hole and electron con-
ventions shown in Fig. 2. We use the convention (5.55) and (5.56)

Electron Hole Hole Electron
creation creation annihilation annihilation
(k> kp) (k <kp) (k <kp) (k> kgp)

FIG. 2. Lines for Goldstone diagrams. An electron state outside the fermi sea
is indicated by an arrow directed downward; a hole state (within the fermi sea)
is indicated by an upward arrow. [J. Goldstone, Proc. Roy. Soc. (London) A239,
268 (1957); reprinted in Pines.]
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®

FIG. 3. Creation (a) and annihilation (b) of & hole-electron pair. The dashed

line represents an interaction.

of the fermion quasiparticle discussion in Chapter 5. As in Fig. 3,
the scattering of an electron with k < kr to a state outside the
fermi sea is represented as the creation of a hole-electron pair. The
broken line ending at the vertex represents schematically the
interaction responsible for the process shown in the graph. Electron-
electron and hole-hole scattering processes in lowest order are shown

in Fig. 4.

In the actual electron gas problem we know that screening plays an
important part in reducing the effect of »(«,q). We take the sereening
into account by going to higher orders of a perturbation calculation
in calculating the response of the electron gas to the external potential.
We still stay at first order in v(w,q), but consider all orders of the
interelectronic coulomb potential V(q).

k+q

+
@ k+q %
(a)

FIG. 4. Scattering in lowest order:
the external potential v(w,q).

k+q

®)

(a) electron-electron; and (b) hole-hole, by
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A convenient question to ask is the value of the matrix element
of the U operator defined by (1.55):

&

86) UO,—=)= % (=i O an [* s - -
f ‘": dta V)V (t2) - - - V(ta).

We consider as an example the matrix element taken between a state
[i} of the unperturbed system containing one electron in a state k;
outside the filled fermi sea, and a state | f) containing one electron in k;
outside the filled fermi sea. In lowest order, following (1.63), we

have
@) AU, =) = - - leoli)

f— € — w — 18

Alk; — k; — q).

Schematically we may write

v(w,q) +
(88) Vial0,= ) = = X =2 alem
for the electron-electron scattering part of the process, as denoted by
the subscript ee. This part is represented graphically by Fig. 4a.
We next study the second-order term Us,.(0,— «), of the form given
in (1.64). The terms linear in v(w,q) involve
23

(89) (fthe[?:) = (—2')2 /-OQ dt, e dts
AR o e M R—
+ ;,.: V(@) me et m|v(w,q) | et Ensmi001 ],

These are the cross-product terms in (V + v)2.. We have not indi-
cated in (86) the restrictions on the intermediate and final states
imposed by conservation of wavevector. The restrictions are simple
to discuss. We suppose, as above, that in the state Iz‘) there is a single
electron of wavevector k; outside the filled fermi sea.

I. Consider first in the coulomb interaction the term q' = 0: for
the special case of the electron gas V(0) = 0 and this term does not
exist, but for a more general interaction it may exist. There are
then two possibilities: for V(0) the state ln} in (89) may be identical
with [i}——this corresponds in the second quantization formalism to
operators associated with V(0) of the form (see 5.130):

+ oot
Y, oon By s
£

\é.
Y
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b A
i | Bk
=0 | 00
aki B k k k!
k;
(a) ()

FIG. 5. Scattering processes with zero wavevector transfer; neither process
affects the scattering, although (a) alters the energy of an added electron in ki
and (b) enters into the energy of the fermi sea.

there is no momentum exchange; a hole is created in the fermi sea at
some k, but it is annihilated in the same process. This term is
represented graphically by Fig. 5a. Another possibility for V(0)
arises from operators of the form

Z Bk’B;:i:BkBi:’-;
kK’

here, as shown in Fig. 5b, two holes k and k’ are created and then
annihilated.

II. For q’ ¢ 0 the coulomb interaction can scatter the incident
electron from k; to k; (= k; + q’), accompanied by the creation of an
electron-hole pair:

+ +
Z ozk_qiﬁi'kak‘,{_q’aki.
k

This process is represented in Fig. 6a. The creation of the electron-
hole pair is followed by its annihilation by interaction with the external
perturbation v(w,q). The annihilation is represented by the operators
ag_qf—x, Where the presence of q is forced by the q dependence '™
of the potential »(w,q). But we must annihilate the same pair we
create, so that q' above must equal q. Thus the scattering process is
k; — k; 4 q for the indirect process of Fig. 6a just as for the direct
process of Fig. 4a. The total process is

+ + -+
E ak—qﬁ-—-kak -—qB--kak e
k

If we denote this process as v(¢;)V(ty) in the time-ordered sequence,
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then the integral over ¢, as in (89) gives the denominator

1
€gq— Ex -+ Ek‘»+q - 81{‘- — 18

(90)

But the subsequent integral over ¢; assures over-all energy conserva-
tion: w = €y q — €, and thus (90) may be written
1

(91) .
Ep.q— €kt o — 18

We can indicate the requirement that k — g be an electron and ~k a
hole by writing (91) as

(92) Fo(ew(l — folEx-g)]

8k._q—8_k+w—'is

where f, denotes the occupancy in the unperturbed ground state.
The process of Fig. 6b is

+ + 4
2 4 k,-+q°‘ki6—k°‘k+qﬁ-—k°‘k +q7
k

in the time-ordered sequence it is V' (¢1)2(¢2), so that the denominator
from the ¢, integration is

(93) 1 ., Fo(e_)[1 — fo(ek-!-q)']_
€hpq — Bk — @ — 28  Epyq— Ex — @ — 18

Now &, = €_y; because k is a dummy index we may replace it in (92)

RACK Y

A b
\\ (®)

FIG. 6. Electron Sfa.ttiring involving an electron-hole pair in the intermediate
state: (a) ag_qB_kak_qﬁ_kati.,.qax‘; and (b) a:ti+qak[5_kax+q{3ika;1q.
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&

(a) (b)

FIG.7. Exchange graphs.

by k + q and rewrite (92) as
(€ 1 — fo(e
o) fo(euea)ll = fo(@)].
€ — Ek+q+w_18
With s = 0 the result of the integration over {2 for the sum of the two
processes in Fig. 6 may be written, from (93) and (94), as

08) M) = o (el — uleked)
— fo(rto)[1 — fo(E)]}
Y
-
_ v
’ (a) ()

FIG. 8. Two of the 3! sequences for polarization loops in third order. At all
vertices the momentum changes must be equal.
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(a) ®)

FIG. 9. Several other scattering processes in third order.

III. Two further types of scattering processes are shown in Fig. 7.
Both involve electron exchange. In (@) the coulomb interaction
contains operators

+ o ot
e B o s

representing the scattering of an electron in state k; by interaction
with an electron within the fermi sea, with exchange. In (b) the
coulomb interaction creates an electron-hole pair at one vertex and
annihilates it at the other vertex.

The process in Fig. 6 is of particular interest because all momentum
changes in the graph are equal, and, by the same argument given
in the appendix for the effect of ring diagrams on the energy, we
expect such diagrams to dominate the scattering process at high elec-
tron density. In third order (first in v, second in V) the analogous
graph&to Fig. 6 are given in Fig. 8. We say that such graphs contain
polarization loops. Several other third-order scattering processes are
shown in Fig. 9; these are not pure polarization loop processes,
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The subset of graphs in all orders which contain only polarization
loops may be written as a series. For electron-electron scattering the
first term of the series is shown in Fig. 4a. The second term is shown
in Fig. 6, and the third term is shown in Fig. 8. A careful extension
of this analysis shows that the polarization loop series, including
signs and numerical factors, may be written as

(96)  v(o,Qal pqll — VM + (VM)? — (VM) + - - -],

where M (w,q) is given by (95). On summing the series we see that the
effective potential is

1
14+ V{(g) ]ll(w:q}

The dielectric constant is defined as

(97) Vit (w,q) = v(w;Q)

v("’}q)
98 e(w,q) = —
(98) (w,9) vr(.0)
so that
(99) e(w,q) = 1+ V(@M (w,q),

in exact agreement with the result (23) of the SCF method. We see
that the SCF method is (like the random phase approximation) equiv-
alent as far as the dielectric response is concerned to counting only
those interaction terms in the U-matrix expansion which may be
represented by polarization loops. The effective or screened inter-
action is usually represented by a double wavy line connecting two
vertices; a broken line represents the bare or unscreened interaction.

LINKED-CLUSTER THEOREM

Any part of a graph which is disconnected from the rest of the graph
and has no external lines going in or out is called an unlinked part. A
graph containing no unlinked parts is called a linked graph. Thus
linked graphs include Figs. 3, 4, 5a, 6, 7a, 8, 9; unlinked parts are
found in Figs. 5b and 7b. We now derive the famous linked-cluster
perturbation theorem; we use the time-dependent perturbation
approach discussed at the end of Chapter 1.

The relative positions in time of the unlinked and linked parts of
a graph affect the range of integration in U®, Consider all those
graphs containing unlinked parts which differ among themselves only
in that the interactions in the unlinked part are in different positions
relative to the rest of the graph. Within the linked and unlinked
parts, however, the relative order of the interactions is fixed. Let

e Ry o

ek it g, g R Y e o~ N
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the times of the interactions in an unlinked part be ¢, ¢y, * * -,
tn (0>t >ty > + - - > t,) and the times of the interactions in the
linked part be &/, s/, - - - , &’ O > 8 >8> - - >t,). The
sum over all these graphs or over all the different relative positions of
the linked and unlinked parts is obtained by carrying out the time
integrations where the only restriction is that0 > t; > ¢, - -+ > i,
and0 >t >t > « + * tn/. Thesumistherefore the product of the
expressions obtained separately from the two parts. This permits the
terms for unlinked parts to be taken out as a factor. Then U [0) =
(Z terms from unlinked parts) X (Z linked parts). But the normaliz-
ing denominator (0| UlO) = (2 unlinked parts), because an external
line gives zero for the diagonal element. Thus, [0) = Z (linked parts).
We now carry out the time integration:

0
(mm|m=vm=§@4yﬁm%.“

tn-1
/ dt, e Hita | g—iH oty eu”|0>

0

tnn1
=2 (=" [ dt -+ - f dt, & HomEattstay|0)
n —— - o
e H—Eo)ty_rtst,

=§“”[”’4%—m+m”m

!l—l
= E (=)t / ... f dty_y ¢ Hota1V g iHetnos

ei (Ho—E )t ytot,

. V|0
(Eo — Hy + 1) o)

tn—
e n-2 . _ . l
= g(—z)ﬂ 1[ ‘e [-” dit,_1 et (Ho E0+2")t"—1VE0 i VIO);

hence

1 1
101) |0) = li 4 v
00 10) = lim S e~ Ho e Fo = Hat itn = D
1
‘ ..-mV|O)7

where the sum L is over linked graphs only. Then we may write the
exact result:

(102) 0y = ;(ﬁ V)” |0).



http:Ve-iHot"e8t,.10

126 QUANTUM THEORY OF SOLIDS

-

(a) (%)

FIG. 10. Graph (a) and (b) are each connected graphs.

The exact energy shift AE is given by Eq. (1.45):

1 n
; E = -
(103) A §<0|V (Eo —7, V) |0),

where now contributions to the sum come only from connected graphs
with no external lines. The normalization denominator (0|0) is equal
to unity. A connected graph is a graph with no external lines but with
the property that the entire graph may be traced out continuously, as in
Fig. 10, (a) or (b). Equations (102) and (103) are linked-cluster
perturbation equations; for an alternate derivation see C. Bloch,
Nuclear Physics T, 451 (1958).

As a trivial example, consider the boson hamiltonian H = eata +
n(a + a*), where Hy = eata. The only connected graph in the
expansion is from

1
(104) (Olna| 11| —7= [1)(1na™]0),
in which a boson is created and then destroyed. Thus

is the exact shift in the ground-state energy.

PROBLEMS

1. Using (47), calculate the dielectric constant of the electron gas in the
Hartree approximation. Show first that

1 _ 32me’m a1 1310 . 1
P (21)642,,!,”/ P P¥ | g

k' >kr

(106)
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where @ denotes principal value. On evaluating the integrals, show that

1 k,?
eH’(O,q) —1= "2—q§ g(q))

where k.2 = 6wne?/ep, and

(107)

k(& q+ 2%r|
(108) 90 =1+ (1 4761?2) log‘q o
Hind: In evaluating the integral show first that the related integral
(109) / / &k S(K + q — k)@ kfz_l-k—z =0.
k<kr
kK <kr

Thus the desired integral is equal to the integral over k < kr, but over all &';
with the use of the § function we have

1
(110) [ AL gty

k<kr

this is eagily evaluated.

2. (a) Show that the second-order perturbation energy of the ground state
of a system is always negative. Thus, if the potential energy term in the
hamiltonian is of the form AV, where A is the coupling constant, the value of
9%E,/0\? is negative. Here E, is the ground-state energy.

(b) Show further that 8(V)/dx < 0. This result has been used by R. A,
Ferrell [Phys. Rev. Letters 1, 444 (1958)] as a criterion for the extrapolation
of expressions for the correlation energy of an electron gas.

3. For the test charge density

(111) ery(e=H @00 o),

show, using lowest order time-dependent perturbation theory, that the rate
at which the test charges do work on the electron gas is

dW 2\ 2
12)  —- = 2w (%—) 7a?|(n]pg|0)|[8(wno — w) — 8(wno + w)].
On comparison with (49),
aw _ 8we* 1
(113) i W“Q(e(w,q))

4. Consider the equation of motion of a free electron gas having relaxation
frequency %:

(114) Z + nd = eE/m.
Show that the polarizability

2
115 ez _ net 1
(115) *(w,0) E m w?- inco’
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where, for w near w,,

1 o1 et

(116) @0 — 2 @ — w, + bin
Show that

117 lim 4 (1) = —wrb(w — wp).

—+0  \€
If we use only this pole in evaluating (52), show that
1 2mne?

(118) Eint = g (é’ Wy — ’—q-z'——)'

Note the contribution of the zero-point plasmon modes to the ground-state
energy.

n -
6. If in unit volume pq = E e~"%, and Hy = E [-2-17;& Pt + V.(x,-)J, show

t=1]1
that
1 )
(@) (119) [Hopd = — E ~q- (@ + dweivs;
(b) (120) [(Hopdl,p—a) = —— g2

m
() In the representation with Hg diagonal,

(120) E wmof [{0]pg|m)|2 + [(0]p—q|m)|?} =I:L_n g2

This is the Noziéres-Pines longitudinal f-sum rule: Phys. Rev. 109, 741 (1958).
Usually, [{0]pqm)|? = |{0]p—q|m)|?; when is this true?
6. From (47) in the limit w 3> wno, show, using the Nozidres-Pines sum
rule, that
2
(122) (o) 1 — 2

mw?

7. Show, using the result of Problem 5, that

i 1 Twy?
123 dowd | — )= ——7>
(123) ﬁ © (e(w,q>) 2
8. Recalling that ¢ = 4mi0/w, show that
(124) ];w dw o1(w,q) = Fw,?,

where ¢ = o1 — tos. This is an important sum rule; for a discussion of the
application to the superconducting transition see R. A. Ferrell and R. E.
Glover, III, Phys. Rev. 109, 1398 (1958); M. Tinkham and R. A. Ferrell,
Phys. Rev. Letters 2, 331 (1959). The proof issimple. Causality requires that
¢ be analytic with respect to w in the upper half w plane. Now from (47) we
see that on the real axis we; is an odd function of w and wes is an even

ot N My b



MANY-BODY TECHNIQUES AND THE ELECTRON GAS. CH. 6 129

function. Consider a contour integral from — «© to « on the real axis and
completed by a semicircle at < in the upper half plane, using the result of
Problem 6 for the asymptotic form of e.

9. With the dynamic structure factor §(w,q) as given by (64), show that

(125) [, 4o 8@ = Ns(@,

for N particles. Here $(q) is known as the liquid structure factor and is the
fourier transform of the pair correlation function

(126) p(x) = N=X0|p*(0)p(x)[0);

(127) 8(@) = N0lpgp{10) = / d’z p(x)e .
10. Using the result of part ¢ of Problem 5, show that

(128) [, dows(@a) = Ng?/2m,

where m is the particle mass. We have assumed that §(w,q) = §(w, —q).
11. In ring graphs (see the appendix) we are concerned with coupled events
described by the operators

(129) AF (@) = afyeBhe;  Ax(@) = Boxxiq,

where the a, oF are electron operators and the 8, 8+ are hole operators.
Show that

(130) (4} (2),45 )] =0,
and that
(131) [Ak(‘l),-’if'(q,)] = Oktq,k’4qOkkr — 5kk'a?['+q Oktq
- §k+q;k'+q'6ik'ﬁ—k =~ akk'aqq’,

because in the unperturbed vacuum state the electron and hole occupancies
are zero. We note that in this approximation the A, A+ have the same
commutation rules as boson operators—an electron-hole pair acts as a boson.



7 Polarons and the
electron-phonon interaction

Conduction electrons sense in various ways any deformation of
the ideal periodic lattice of positive ion cores. Even the zero-point
motion of phonons has its effect on the conduction electrons. The
chief effects of the coupling of electrons and phonons are:

(a) To scatter electrons from one state k to another k’, leading
to electrical resistivity.

(b) To cause the absorption (or creation) of phonons: the interaction
of conduction electrons and phonons is an important source of attenua-
tion of ultrasonic waves in metals.

(¢) To cause an attractive interaction between two electrons; this
interaction is important for superconductivity and results from the
virtual emission and absorption of a phonon.

(d) The electron will always carry with it a lattice polarization
field. The composite particle, electron plus phonon field, is called a
polaron; it has a larger effective mass than the electron in the unper-
turbed lattice.

In this chapter we discuss several central aspects of the electron-
phonon interaction, with emphasis on features which may be presented
without lengthy and detailed calculation.

THE DEFORMATION-POTENTIAL INTERACTION

In covalent crystals the electron-phonon interaction is often rela-
tively weak, and when in semiconductors the concentration of charge
carriers is low it will be valid to neglect screening effects of the carriers
on each other. In this situation the deformation-potential method of
Bardeen and Shockley may be applied for phonons of long wavelength.

Suppose that in an unstrained cubic covalent crystal the electron
130
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energy band of interest is nondegenerate, spherical, and given by

k2
2m*;

(1) go(k) =

here m* is the effective mass of the conduction electron.

Let us now make a small uniform static deformation described by
the strain components e¢,,. The perturbed energy surface may be
calculated in principle; it will be of the form

(2) e(k) = Eo(k) + Cuvenv + Cl,nkykrgpv R ,

to leading terms. In a semiconductor the k’s of interest are usually
low, and we set C,, aside. For a spherical energy surface in the
unstrained ecrystal, it is not possible for €(k) to be an odd function
of the shear strain: we must therefore have C,, = 0 for u % ». Thus
we write for low %

3 e(k) = eo(k) + Ci4,

where A is the dilation. Here C'; = 3€(0)/9A is a constant which may
be determined in part by pressure measurements. The extension of
this result to nonspherical energy surfaces has been considered by
Brooks [Ady. in Electronics T, 85 (1955)] and others. It is found that
if k is the unit vector in the direction of k, the shear strains add to (3)
a term of the form

(4) C2(£“£,6“, - %A))

where C4 vanishes for a spherical energy surface. Values of IC’1I and
|C2| are of the order of magnitude of 10 ev for the conduction band
edges of Si and Ge.

It is easily shown that for a free electron gas the constant C; has
the value —%ep, where ep is the fermi energy. The kinetic energy
per electron is, at the fermi surface,

1 /3z2N\*
5 b )
(5) Ep 2m( o )
with N electrons in volume ©. Thus

L1 269

6 — = ——— oz 2
or
7 g(kr) = &o(kr) — $co(kr)A.

This result assumes that the charges move to keep each part of the
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crystal electrically neutral—this is well satisfied for quasistatic pertur-
bations of wavelength long in comparison with the screening length
as defined in Chapter 6.

For acoustic phonons of long wavelength we assume that (3) may be
generalized to read

(8) e(k,x) = go(k) + C1A(x),

with a similar generalization applying to (4). It is quite apparent
that optical phonons are not covered by such a treatment; for one
thing, the dilation is only related to acoustic phonons; for another, we
have not included long-range electrostatic potentials which would arise
from longitudinal optical phonon deformations.

In the Born approximation we are concerned with the matrix ele-
ments of C1A(X) between the unperturbed one-electron Bloch states
k) and |k’), with k) = e®™u,(x), where u,(x) has the periodicity of
the lattice (Chapter 9). Using, from (2.84), the expansion of the
dilation in phonon operators,

© H = [ @ v @Cam¥@) = Y dhadk|Cialk)
k'k

— + = "
= iCy ka Ck’ckz (2pwg) ™*q| (aq / A3z upuetE K Hox
q

. - a;" [ d®z u,’:‘,ukei(k_k'_‘”"),

where
(10) ¥(x) = gcm(x) = gcke*‘k'*u.xx),

and the a;", aq refer to longitudinal phonons of wavevector q. The
product wu(x)uy(x) involves the periodic parts of the Bloch functions
and is itself periodic in the lattice; thus the integrals in (9) vanish
unless

0

(1) k—k+q-= [ vector in the reciprocal lattice.

For plane waves only the possibility zero exists, as here each uy(x)
is constant. In semiconductors at low temperatures the possibility
zero may be the only process allowed energetically. If

(12) k—k' +q=0,
the scattering process is said to be a normal or N process. If

(13) k—K +q=G,

POL
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k+q k=g q
q k
+ + +
@qCk+q Kk 0q Ckeqk
Phonon absorption Phonon emission
LI

FIG. 1. Electron-phonon scattering processes in first order.

where G is a vector in the reciprocal lattice, the scattering process is
said to be an umklapp or U process. The classification of processes
as normal or umklapp depends on the choice of Brillouin zone. By
“vector in the reciprocal lattice” we always mean a vector connecting
two lattice points of the reciprocal lattice.

Let us limit ourselves for the present to N processes, and for con-
venience we approximate | dz ufu, by unity. Then the deformation
potential perturbation is

(14) H' = 4Cy Y, (20wq) " |q| (@qtitate — 0 6 qei);
0 kq

we may equally write this as

(15) H' = iClkE (2P“’q)_%lq}(aq - ai—q)ci::-qck'
q

The field operators describe the scattering processes shown in Fig. 1.
Before going further we should see what the limitations are on the
strength of the coupling parameter C'; in order that our separation of
electron and phonon energies should make sense. The existence of the
electron-phonon coupling H’ (14) means that an electron in a state k
with no phonons excited cannot be an exact eigenstate of the system,
but there will always be a cloud of virtual phonons accompanying the
electron. The composite particle, electron plus lattice deformation,
is called a polaron.* The phonon cloud changes the energy of the

*. The term polaron is most often used for an electron plus the cloud of virtual
optical phonons in jonic crystals,
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electron. If the number of virtual phonons accompanying the electron
is of the order of unity or larger, we can no longer trust the result
of a first-order perturbation calculation. Nor can we then have
much confidence in the validity of crystal wavefunctions written as a
product of separate electronic and vibronic functions. This is not a
trivial question: for heavy particles such as protons moving in the
crystal the number of virtual phonons is very large (see Problem 1).
In these circumstances the proton may become trapped locally in the
crystal.

Phonon Cloud. Let us calculate by perturbation theory the number
of virtual acoustic phonons accompanying a slow electron. We take
as the unperturbed state of the phonon system the ground state in
which no phonons are excited; the unperturbed state of the electronic
system is taken as a Bloch state. Thus we write the unperturbed
state of the total system as |kO); the first-order perturbed state denoted
by |k0)® is given by

E - Ek_q - wq

(16) [0y = |k0) + ), |k — q,1q>
q

where H’ is the electron-phonon interaction. The total number of
phonons (N) accompanying the electron is given by taking the expecta-
tion value of = afa, over the state |k0)¥. On summing over the
squares of the admixture coefficients we have

H 2

(sk - el:—-q - wq)2

For the deformation potentml interaction (14),

Clzlql,

S ' 2 _
(18) [ — g1 B'[KO)* = =

where ¢, is the longitudinal velocity of sound. Now, with m* as the
effective mass of the conduction electron,

(19) g — Ek—q — wg = 2) — Cgq.

For a very slow electron we neglect & in compérison with ¢ and then
write the sum in (17) as an integral,

_ 2m**Cy? 8 q
(20) <N) - (2_"_)3,)0s /dq (q2+ 203m*q)2,

where the integral should be carried over the first Brillouin zone of the
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longitudinal phonons. We shall for convenience take the integral over
a sphere in q space out to a g, chosen to enclose a number of modes
equal to the number of atoms:

1 m*201 [" q
21 Ny=5—2 | dg—T—
1) ) oee Jo g+ a0t

where, with # restored, g, = 2m*c,/% =~ 10° em™! is essentially the
electron compton wavevector in the phonon field. The numerical
estimate was made using m* = m and ¢, = 5 X 10° em/sec. The
integral is standard:

o q m Im
22 f dg——— = lo (1+-— ——
(22) o Ta+ar ® 9%/  gn+ e
Because ¢, = 10® em™!, we have ¢n/g.>> 1 and the value of the
integral is approximately log (¢m/q.). Now, with # restored,

*2

(3) Wy L )
_.W2 ﬁsp e og (Gm/qc)-

Taking C; ~ 5 X 107! ergs; m* ~ 0.2 X 10727 gm; p~ 5, ¢, ~ 5
X 10% em/sec; (gm/qc.) ~ 10%, we have (N) ~ 0.02. In these con-
ditions, which are perhaps typical for covalent semiconductors, the
expectation value of the number of virtual phonons around each
electron is very much smaller than unity. If we do not neglect k£ in
comparison with ¢, we obtain the more complete result

*201 { Qe — 2k
gm + Qe + 2k }'
+ (gc + 2k) log et l

Relazation Time. We see from the form of the wavefunction [k0)®
given by (16) that in the presence of the electron-phonon interaction
the wavevector k is not a constant of the motion for the electron alone,
but the sum of the wavevectors of the electron and virtual phonon is
conserved. Suppose an electron is initially in the state lk); how long
will it stay in the same state?

We calculate first the probability w per unit time that the electron

in k will absorb a phonon q. If n, is the initial population of the
phonon state,

25) wk+ q;ng — llk;nq)
= 2x|(k + q;ng — 1|H’[k;nq)| 5(ex + wq — Exiq)-
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For the deformation potential interaction
0129

(26) (& + qsnq — 1H [king|* = 5= nq
pCs

The probability per unit time that an electron in k will emit a phonon g
involves the matrix element through

019

(27) Kk — q;nq + 1|H'[king)|? = ( ng + 1).

The total collision rate W of an electron* in the state |k) against
a phonon system at absolute zero is, from (27) with ng = 0,

012 1 qm
f d(cos 8,) f dg ¢®8(ex — Ex—q — @)
4rpcs J -1 0

(28) W =
Now the argument of the delta function is

(29)

1
%) —qu=2—"F(2k'q—q2'—QQc)’

where ¢, = 2m*c, as before. The minimum value of k for which the
argument can be zero is

(30) kmin = %(q + Qc);
which for ¢ = 0 reduces to

(31) Emin = %‘Qc = m¥c,.

For this value of k the electron group velocity v, = kuyin/m* is equal
to ¢;, the velocity of sound. Thus the threshold for the emission of
phonons by electrons in a crystal is that the electron group velocity
should exceed the acoustic velocity; this requirement resembles
the Cerenkov threshold for the emission of photons in crystals by

* There is a simple connection between the first-order renormalization of the
electron energy and the relaxation rate (28). The renormalized energy is

— ’ 2
+ z |l — 14 H'}ic;00)

g =
2 * ek—-ek_q—-wq 18

where the limit s — 40 is to be taken. By (1.34),

sle} == ) [(k — q;1q| H'[ic;09)|*5(ex ~ €xgq — w).
q

On comparison with (28),
W = 2¢{e}.

-no

di

tr.
gr

(3

S0

@3
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fast electrons. The electron energy at the threshold is fm*c,? ~
10727 - 10" ~ 10716 ergs ~ 1°K. An electron of energy below this
‘threshold will not be slowed down in a perfect crystal at absolute zero,
even by higher order electron-phonon interactions, at least in the
harmonic approximation for the phonons.
For k >> g. we may neglect the gg, term in (29). Then the integrals
. in (28) become

1 1
(32) [ du [ dac*@m*/g)s@hu — o) = 8m* [ du k%
= 8m*k?%/3,

and the emission rate is

2, %7.2
(33) W (emission) = 20y m7k”
3rpc,

.note that this is directly proportional to the electron energy &;.

The loss of the component of wavevector parallel to the original
direction of the electron when a phonon is emitted at an angle 6 to k
is given by g cos 8. The fractional rate of loss of & is given by the
transition rate integral with the extra factor (g/k) cos 8 in the inte-
grand. Instead of (32), we have

2m* 1 s 4 16m*k?
% /{;du 8k°u® = 5

so that the fractional rate of decrease of k, is

(34)

’

. 40127?%*102
(35) Wik = =
ELECTRON INTERACTION WITH LONGITUDINAL OPTICAL PHONONS

We expect electrons in ionic crystals to interact strongly with
longitudinal optical phonons through the electric field of the polariza-
tion wave. This is a long-range coulomb interaction and is different
from the deformation potential interaction. The interaction with
transverse optical phonons will be less strong because of their smaller
-electric field, except at very low q where the electromagnetic coupling
may be strong. Neglecting dispersion, the hamiltonian of the longi-
-tudinal optical phonons is approximately

(36) Ho = w ), biby,
q
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where bT, b are boson operators. That is, we have N modes of differ-
ent q, but with the identical frequency w;. Reference to (2.83) tells us
that the dielectric polarization field is proportional to the optical
phonon amplitude and will have the form

(37) P=F g eg(b%™ + ble™i0T),

where ¢ is a unit vector in the direction of q and F is a constant to be
determined. We expand the electrostatic potential in the form

(38) o(x) = 2 ((pqeiq-x + qo:' e_,-q.x)’
whence
(39) E = —grad ¢ = —i% q(¢qei‘l'l — ¢:-e—iq-x).

But div D = 0, so that E + 4«P = 0, or
(40) ¢q = —t4xFby/q.

We now want to evaluate the constant F in terms of the interaction
energy e?/er between two electrons in a medium of dielectric constant e.
Consider electrons at x; and xs which interact directly through the
vacuum coulomb field and indirectly through the second-order pertur-
bation of the optical phonon field. The desired form of the effective
perturbation hamiltonian in first order is obtained as the expectation
value of the potential energy operator e [ d°z p(x)¢(x) over the state
‘I'+(x1)\Il+(xg)[vac) which represents electrons localized at x; and x»,
according to an extension of (5.124):

(41) H'(x1,X2) = ep(X1) + eo(X2)

—14xFe 2 q—l(bqeiq'xl — b:e_iq'xl ) bqeiq-x,
q

+,—iq:
— bq € 1),

Now at absolute zero the second-order energy perturbation caused by
(41) is

(42) H”(XI,X2) = —9 E (Olw(xl)IQ)(QIW(Xz)IO),
q

Wy

where we have dropped products in x; alone or x; alone, as these are
self-energy terms. The factor 2 arises from the interchange of x; and
X, in the expression for the perturbation. Here the state |0) denotes
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the vacuum phonon state; and [q) denotes the state with one optical
phonon q excited virtually with energy w;. It is supposed in using (42)
that the electrons are localized and that their state does not change
in the interaction process. This problem is almost identical with the
interaction problem in neutral scalar meson theory, without recoil.

It is easy to evaluate H” from (41) and (42):

26} (4nF)" 50 1

Qe (X —X,) .,
2 € )
wy q q

43) H" (xyxs) = —

but we have seen that when summed over all g

dr w1
) g ¢’ ||

so that in the ground state

" — &r_p_’f .,,“62 .
(45) H" (x1,X2) P ——

This interaction is thus of the form of an attractive coulomb inter-
action between the charges e at x; and x,: it gives exactly the ionic
contribution to the interaction. It thus accounts for the difference
between e?/egr and ¢%/e_r, where the dielectric constant ¢ includes
electronic and ionic polarizabilities, and ¢, includes only the electronic
contribution. The ionic term lowers the energy of the system. We
have '

(46) —=— -

In step (44) the sum was carried out over all q; actually the sum should
only beover ¢’s in the first Brillouin zone. The part of ¢ space we
should have excluded may be seen to give by itself a screened coulomb
interaction. On subtracting from 1/r a screened interaction we are
left with a potential essentially 1/r at long distances, but flatter at
distances within 1/g,, where g, is on the zone boundary.

Polaron Cloud. We now solve in the weak coupling limit for the
number of optical phonons which clothe an electron. From (16)

wy = 3 1 = a1 lk0))"

q (e — €x—q w1)2 ’

(47)
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but now instead of the deformation potential (14) we have
(48) H = [ d% ¥ (x)p(x)¥(®)
= —z’41rFekE 0 M (becity g0 — bt o),
q

using (38) and (40) for ¢(x). Then

(49) |(k — q;1q|H'[l5;04)|* = (4meF)?/q?,
and, neglecting k - q in comparison with ¢?,

1

@+ )%

where g, = 2m*w;; we have taken the upper limit as « in the integra-
tion. For NaCl ¢, = 107 em™1! if m* is taken as the electronic mass;
thus ¢, times the lattice constant is of the order of 3.

The value of the integral in (50) is 7/4¢,°%; with # restored

e? (2m*w; ”(1 1) a
(51) <N>_4ﬁwl( #i ) € _eo T2’

o

(50) (N) = 8e’F?*(2m*)* /” dgq

this defines «, the dimensionless coupling constant commonly employed
in polaron theory, after H. Frohlich, H. Pelzer, and S. Zienau, Phil.
Mag. 41, 221 (1950). With m* taken as the mass of_the free electron,
typical values of a calculated from the observed dielectric properties
and infrared absorption of alkali halide crystals are:

LiF NaCl Nal KCl1 KI RbCl

a 5.25 5.5 4.8 5.9 6.1 6.4
(N) 2.62 2.8 2.4 2.9 3.1 3.2

Thus for the alkali halides our estimate leads to (N) > 1, so that the
perturbation theory cannot be trusted to give valid quantitative
results and more powerful methods are needed; we do, however, obtain
an impression of the actual situation.

Polaron Effective Mass. The self-energy of a polaron for weak
coupling is given in second-order perturbation theory as

|( - q q[H 'k 0q>l
52 €
(%2) ; * — 2k-q+ ¢?

or, using the interaction (48) appropriate to the ionic crystal problem,

d(cos 0)/ dq 7

Here we have used (49) and ¢,* = 2m*w,.

(53) & — & = —862F2m*/

—2k q+qp
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The integral can be evaluated exactly, but for slow electrons
(k «< gp) we might as well expand the integrand as

1 2nux 4n2u%? )
(54) 1+x2(1+1+x2+(1+x2)2+

with z = ¢/gp; 1 = cos 0; » = k/gp. The integral over du leaves (54)
as

1 2
(55) 1+a (“”’ et )

after integrating over z from 0 to « we have, using Dwight (122.3),

(56) e — & = (wz+ T2m* k24 - '>,

so that the ground-state energy is depressed by aw; by the electron-
phonon interaction, and the total polaron kinetic energy is

1
(57) Ekin = 5_1??'—‘ a- %a)k?.

For & << 1, the mass of the polaron is
(58) mpol = m*(l + Fa);

in our weak coupling approximation.

For a good review of the numerous literature and of the elegant tech-
niques which have been applied to the polaron problem when o >> 1,
see T. D. Schultz, Tech. Report 9, Solid-State and Molecular Theory
Group, ML.L.T., 1956. Further references include:

T. D. Lee and D. Pines, Phys. Rev. 92, 883 (1953).
F. E. Low and D. Pines, Phys. Rev. 98, 414 (1955).
R. P. Feynman, Phys. Rev. 97, 660 (1955).

The polaron was first studied by Landau, and then extensively by
Pekar and his school, and by other workers in the USSR. The
Soviet literature is reviewed by Schultz; much of this literature is
concerned implicitly with the limit of very strong coupling in which
the lattice deformation follows the electron adiabatically.

The coupling constant « can be determined from measurements
of the mobility of polarons in pure specimens of ionic crystals. Par-
ticularly thorough results are available for AgBr, as reported by D. C.
Burnham, F. C. Brown, and R. S. Knox, Phys. Rev. 119, 1560 (1960).
Mobilities up to 50,000 cm?/volt sec were observed; between 40 and
120°K the mobility is dominated by scattering by optical vhonons, as
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indicated by a temperature variation of the form
(59) w=F(a)(eT - 1),

with 8 = 195°K in excellent agreement with optical data; F(a) is a
function of the coupling constant, with a functional dependence
determined by the details of the theoretical approximation employed.
The form of the temperature dependence (59) can be understood
simply: for T << © the relaxation rate of polarons is dominated by the
absorptive collisions with optical phonons. The number of optical
phonons of energy © is proportional to the Bose factor (¢®7 — 1)~},
s0 ItTha.t the relaxation time and the mobility are proportional to
(®T — 1).

The electron mobility experiments on AgBr, when analyzed in
terms of the calculations of Feynman, Hellwarth, Iddings, and Platz-
man [Phys. Rev. 127, 1004 (1962)], give a = 1.60 for the coupling
constant and m* = 0.20m, mj = 0.27m for the bare electron and the
polaron effective mass, respectively. The value of m* is related to «
by the definition (51), and for this value of o we can use the approxi-
mation (57) to obtain mj. Cyclotron resonance experiments by
Ascarelli and Brown give mj = 0.27m for the electron polaron mass,
thus in excellent agreement with the value inferred from the mobility
experiments. Note that the polaron mass mj, rather than the bare
mass m*, will be observed in a cyclotron resonance experiment as long
as the cyclotron frequency is much lower than the optical phonon
frequency.

ELECTRON-PHONON INTERACTION IN METALS

We consider first some aspects of a very simple model of a metal
based on point positive ion cores imbedded in a uniform distribution of
electrons. This model metal is sometimes called jellium. If we think
of the electron cloud as fixed and of the positive ions as forming a
fermion (or boson) gas, we see that the model is the Wigner limit
(Chapter 6) for high r, of the correlation energy problem—the positive’
ions do not form a gas, but in the ground state crystallize into a bee
array. The high r, limit is applicable because the appropriate bohr
radius for the unit of length is not #%/e*m, but is #2/e2M, where M is
the mass of the ion.

In (5.78) we found an approximate value for the average energy per
electron on this model in the ground state:

93

60 = - )
(60) & 107 10a’mr®
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If we had counted in the compressibility only the contribution from
the fermi gas and neglected the coulomb contribution, we would have

2

(69) ¢l = vpl,

CA | et
N

corresponding to B = 3mvp2/Q,, where Q, is the atomic volume. The
same result is found in another way in (91).

We have assumed implicitly in deriving (68) that the electrons
follow along with the nuclei during the compression and during the
passage of a longitudinal acoustic phonon. We have also supposed
that the mass which enters the fermi energy is the free-electron mass.
In real metals m* will enter, and m* will be a function of 74, so that the
fermi energy is a more complicated function of rg.

For Li, the experimental value of (B/p)* at 25°C is

(12.1 X 101°/0.543)% = 4.8 X 10° em/sec;

the value at 0°K calculated from (69) with the fermi velocity 1.31 X
10® cm/sec as for the free-electron mass is 6.7 X 10° em/sec, and the
value calculated from (68) is 3 X 105 ecm/sec.

Electron-Ion Homiltonian in Melals. We write the hamiltonian in
the form

1
(70) H = om E p:° + E v(x; — X;) + Hionvion + Heous
4 17

where ¢ is summed over the valence electrons and j over the ions; v is
the electron-ion interaction; Hi.,.ien describes the ion-ion interaction;
and Hg, is the electron-electron coulomb interaction of the valence
electrons. We assume the metal is monoatomic with » ions per unit
volume. The energy terms from K = 0 charge components sum to
zero, and we suppose that such terms have been eliminated.

We expand the departure of an ion from its equilibrium position
X7 as, following (2.7),

(1) 8X; = X; — XU = (M) ™% }, €,Qqe %™,
q

where ¢, is the longitudinal polarization vector; we do not consider
here the transverse waves, as their frequencies are determined chiefly
by the short-range interaction Hion.jon. The phonon hamiltonian
exclusive of the electron-phonon interaction may be written, following
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~(2.17) and (2.26),

(72) Hionion = % E (PeP—q + QngQ—q)’

q

where Q is an ionic plasma frequency.
The electron-ion interaction may be expanded as

— (nd)™* Z Qe - Vo(x — XDe'v%),
7

where the first term on the right-hand side may be combined with the
electron kinetic energy to give the Bloch hamiltonian

2
(74) Hy =), (—2‘-’—— + D o(xi — X‘,’.)) = . &ucif e,
m. k

1

with the spin included in k. Now the q component of the second term
of (73) may be written in second quantization as

75) — [z vHE)VE)(nM)HQue, - V 2 o(x — XX
7
= g c;‘_,_qcquvq,
where

(76) v = — (M) Kk + g| ), %%, - Vo(x — X)k)
7

will be assumed to be independent of k. Note that (v_y* = v,.
Using the density fluctuation operator

(77) [ Ek:c;c:-qckr

the electron-phonon interaction term is

(78) Hel-ph = E quqp—q-
q

The coulomb term in (70) is, for free electrons,

2me®
(79) Hooul = 2 ? P—qPq-
q

Electron-Lattice Interaction: Self-Consistent Calculation. The phonon
coordinates are contained in

(80) % Z {Pquq + quQqQ——q + 2quqP—-q})
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where for longitudinal modes ©, is essentially the plasma frequency of
the ions and is nearly independent of q; the quantity v, is the pro-
portionality constant connecting the interaction energy of the electron
distribution and the phonon amplitude @,. The equation of motion of
Qq is
(81) Qq + 2°Qy = —v_gpq,
on calculating [P_q,Hon + Herpnl-

The ions move slowly, so that we may treat the ionic motion as a
quasistatic test charge density in the sense of (6.38) to (6.42), with

w=0. Let pt; denote the component of the ionic density. By (6.42)
we have

(82) p:; = f(‘l) (pq + Pf;):

where p, is the electronic density fluctuation and e(q) is the static
dielectric constant, whence

1 —e(q)
83 = ..
( ) Pq é(q) Pq
The ionic density is related to the phonon coordinate Qg in (71) by
(84) Py = —i(n/M)"qQ,.
Thus (81) becomes
%
. A 1 — e(q) ] _
(85) Qq + [szq + z(M) " - Qq = 0.

We now use as an approximation the Thomas-Fermi result (6.34) for
the dielectric constant, whence

1 — ev(q) kg Bl = 61«'1%82'

86 = ;
50 ev(@ '+ k" er

We show in the following that for the free electron gas:

4re’ (n\®
o ()

30 that the equation of motion becomes

4re’*n k2
‘1[ q2 + ksg:l Qq = O.

(88) Go + [az _
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If . =2 4rne?/ M, the equation of motion becomes

2
@) G+ 08 (L) e -0

thus the eigenfrequency w, is given by, for ¢— 0,
(90) wq = Qeq/ks = ¢4,

where the longitudinal phonon velocity ¢, is given by

m
(91) c,% == gﬂ vp
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The result (87) follows from the definition (76), now written explic-
itly for free electrons and for a phonon in the z direction, with »(x) =

e*/|x|:
— 70
0 v= =i [ a3 et : 50]
%
= —(2) e [ atzeior 2.
(M) e [ d'z e lxls
The integral has the value
1 Tm 1 .
(93) /-—‘“‘—2‘“’/‘ dﬂ./ dx.xz.x“.,_sbe—ing
-1 0 z
Z f ' - 4r ( sin gz,
= - d e‘"n“—-l __1,____ 1—
(i) J ™ ( : q 9Tm

a8 Ty — ©

. 4 2, ¥%
(94) ’i = wez(ﬁ) )

PROBLEMS

)

1. Estimate the number of virtual phonons accompanying a profon moving
in a crystal; show that (N Y>> 1, which suggests that the separation of pro-
tonic and lattice modes is poor. Suggestwn Note that now ¢, >> gm, 80 that

the denominator of the integrand in (21) may be replaced by g%

for (N) is

Crign?
(95) R

The result


http:e-t.q.xl
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We must remember that (16) is inadequate for strong coupling, so that (95)
is only a rough estimate.

2. Examine the electron-phonon energy correction Ae to the electron energy
for an electron of wavevector k such that kn > |k| >> k.; show that

Clzm*km‘*

(96) Ae = — 472pc,h

~ 107! ev.

3. The results (33) and (34) apply to absolute zero. At a finite tempera-
ture T satisfying kpT > hc,k show that the integrated phonon emission rate
is, with % restored,

CutmkksT.

97) _ W (emission) == T

For electrons in thermal equilibrium at not too low temperatures the required
inequality is easily satisfied for the rms value of k. The result is of the same
form (in fact, it happens to be identical) with the Bardeen-Shockley result
[Phys. Rev. 80, 72 (1950)] for the relaxation rate for electrical conductivity
in semiconductors.

4. The hamiltonian

(98) H = w Z bibg + ep(x1) + ep(xs),

with ¢(x) given by (41), can be solved exactly; show that the solution leads
to (43) for the interaction coupling the particles at x;, x.

5. In the weak coupling limit find an expression for the mobility of a
polaron in an ionic crystal, considering only interaction processes with optical
phonons of constant frequency w;.

6. (a) Consider the hamiltonian H and the canonical transformation
defined by e~SHeS; by expanding in a power series and collecting terms show
that

(99) H = ¢5HeS = H + [H,S] + HH,8,8] + - - - .

(b) Thus if H = Hy + NH’, show that the terms linear in N in the trans-
formed hamiltonian vanish if § is chosen* to make

* We can write this method in an instruetive way. If H' and thus § 'are:inde-
pendent of time in the Schréodinger picture, then in the interaction picture

(100) i8r = [Sp,Ho);

we see this directly from S; = ¢!HotSe—*Ho!, Then the condition (104) gives
(101) i8r = \Hy;

(102) s = —an ' av m.

This is an explicit expression for Sy as an operator. Then (107) becomes

(103) 10 = Ho+ 53 [° av o) By + - - -
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(104) ANH' 4 [H,S8] = 0.
In a representation in which H, is diagonal,
(105) (nlSpm) = A 4 <"|H |§>

provided E, # E,,.
Using this solution for 8§,

(106) A = e SHe® = Ho+ NH',8] + H[Ho,SLS] + - - -,
so that A has no off-diagonal terms of 0(A). We can rewrite (106) as

(107) H = Ho+ 3NH,S] + 0N,
(c) With

(108) H = wata + AMat + a),

show that

(109) (n|Hn) = nw — \*/w),

where n is the expectation value of ate in the unperturbed boson system.
Note that this result is consistent with our calculation in the text of the
polaron interaction.

(d) Show that, at least to 0(A?), there are no bosons present in the ground
state & of H as given by (108), but that the state ®; = ¢5®, contains virtual
bosons.

7. In a piezoelectric crystal the polarization P is a linear function of the
elastic strain. Suppose, for example, that P, = Cpe.., where C, is a piezo-
electric constant.

(a) Find an expression for the interaction energy of an electron with a
longitudinal phonon having q || 2, noting that here H' « ¢~*. For deforma-
tion potential coupling H” « ¢*, and for optical phonon couplmg H' « ¢

(0) Derive an expression for the temperature dependence of the mobility
in a piezoelectric semiconductor; show that 4 « T-%; and compare with the
deformation potential result [I SSP 131N p « 7% [See W. A. Harrison,
Phys. Rev. 101, 903 (1956).]

8. Discuss the form of the electron-electron interaction via virtual phonons
in covalent crystals, using the deformation potential form of the electron-
phonon interaction.



8 Superconductivity

In superconducting elements in which the dependence of the critical

temperature T, on the isotopic mass M has been studied it is found
that

1) M™"T, = constant,

for a given element, with the exception of several transition group
elements including Ru and Os. The result (1) suggested to Fréhlich
that the properties of the lattice phonons, zero point or thermal, are
involved in superconductivity; it is difficult to see how else the atomic
mass could enter the problem. In elements which exhibit an isotope
effect it is believed that the interaction responsible for superconductiv-
ity is the attractive interaction between two electrons near the fermi
surface caused by their interaction with the zero-point phonons. In
the transition group elements the polarization of the d band provides
an additional coupling mechanism, one which does not involve an
isotope effect.

The Bardeen-Cooper-Schrieffer theory of superconduectivity is a
striking success of the quantum theory of solids. The BCS theory
accounts in a fairly simple, although not trivial, way for the essential
effects associated with superconductivity; excellent detailed agreement
with experiment exists in a number of areas. The isotope effect is
explained in a fairly natural way, and the discovery of flux quantization
in units of one-half the natural unit ch/e is a striking confirmation of
the central role of the paired electron states predicted by the theory.
This chapter is devoted to a thorough explanation of the BCS theory.
We shall not enter into the phenomenology of superconductors or into
the technology of high critical field materials.

GENERAL REFERENCES
1 L. Cooper, Phys. Rev. 104, 1189 (1956).

2 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 1175
(1957).
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3 Bogoliubov, Tolmachev, and Shirkov, A new method in the theory
of superconductivity, Consultants Bureau, New York, 1959.

4J. Bardeen and J. R. Schrieffer, in Progress in low temperature
physics 3, 170-287 (1961). An excellent review of the theoretical and
experimental position.

§ J. Bardeen, Encyclopedia of Physics 16, 274-368. A thorough
review of the position before the BCS theory.

¢ M. Tinkham, LTP, pp. 149-230. A simple account with emphasis
on electrodynamics.

INDIRECT ELECTRON-ELECTRON INTERACTION VIA PHONONS
Let us write the first-order electron-phonon interaction as, following
(7.15),

@) H' =iy Dyciioou(aq — Xy = 3 Hy'
kq k

here ¢, ¢ are fermion operators and a*, a are boson operators; D, is
a c-number, and for convenience we take it equal to D, a real constant.
In first-order H’ leads to electron scattering and to electrical resis-
tivity; in second-order H’ leads to a self-energy and also to coupling
between two electrons. The coupling is an indirect interaction
through the phonon field. One electron polarizes the lattice; the other
electron interacts with the polarization.

The total hamiltonian of electrons, phonons, and their interaction is

B H=Hy+H = qua;faq -+ 2 ekc:'ck + 1D Ecif_,_qck(a‘,l - aiq).
q kq

We now make a canonical transformation to a new hamiltonian
H = ¢ 5HeS which has no off-diagonal terms of O(D). Following

the result (7.102) of Problem 7.6,

O (| m
4 5| 8|m. =Q
( ) Kf-l_._,l,,—)*’ m T En

To obtain the effective electron-electron coupling it is convenient
to take the matrix element over the phonon operators, but to leave
the fermion operators explicitly displayed. We consider the phonon
system at absolute zero, so that either n or m refers to the vacuum
phonon state. The final result (9) is actually independent of the
phonon excitation. Then

1
5 = —4 + i
(5) (18]0) iD g e
1
(6) 0[8]1) = iD Y e eoxr
<1 Iq) %k.’_qkek'-{_wq_ek'-}-q
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We saw in (7.107) that

) H = H, + 3[H',8] + 0(D?¥),

whence to 0(D?)

(8) H = H, + 3D? E E C¢+qck'cl-:.—qck

q kk'

1 1
( - )
€k — ek—q — Wq €y + Wq — ek’+q

We proceed to group the terms with phonons in q and —q in the inter-
mediate state. The terms in —q give a contribution of the form, with
Wq = W_gq

1 1
+ +
Cr'_qCk'Cr+qCk ( - )
1;. a € — Expq — Wq Ew + wg — Ew_g

Next interchange k and k’, and reorder the operators: the sum of the
terms in q and —q is

4w,

in? O (CirCh_qC *

i k'+qUk'“k—q“k 2 2’
;k}k:’ (ek - ek—q) — Wq
so that the electron-electron interaction may be written as

Wq

The graph for H' is shown in Fig. 1.

The electron-electron interaction (9) is attractive (negative) for
excitation energies |e 5, — €] < wg; it is repulsive otherwise. Even
in the attractive region the interac-
tion is opposed by the screened cou-
lomb repulsion, but for sufficiently
large values of the interaction constant
ki~-q ks +q D .the phonon interaction is domi-
q nant. We assume for simplicity that
in superconductors the attraction is

dominant when

Iy Tog (10) €r — wp < €, Ex4q < EF + wp,

where wp is the Debye energy—most
FIG. 1. Electron-electron in- of the zero-point phonons are near
direct interaction through the tl.le Debye .hmlt-' The repulsive re-
lattice phonons. gion of (9) is of little consequence or
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interest, so we drop the repulsive parts from the hamiltonian and write

(9) in the simplified form

(1 1) H' = — 14 2, é’ c;‘:“_{,qckrc'{_qck,
q

where we sum (Fig. 2) only over q’s which satisfy (10); V is taken to

be a positive constant. The simplified
hamiltonian (11) is believed to contain the
essential features of the problem. Our
task now is to study the properties of a
fermi gas under an attractive two-body
interaction with the cutoff (10).

BOUND ELECTRON PAIRS IN A FERMI GAS

The first suggestion that unusual prop-
erties would result from attractive inter-
actions in afermi gas was made by Cooper?,
who proved that the fermi sea is unstable
with respect to the formation of bound
pairs. This important result (which we
prove below) led directly to the analysis
by BCS of the superconducting state. It
must be emphasized that Cooper’s calcu-
lation is not in itself a theory of supercon-
ductivity, but it suggests the lines such
a theory might take. The BCS theory
handles the many-electron problem, which
is more complex than the pair problem.

"The BCS matrix element argument fol-

lowing (34) below shows why the pairs are
important. The density of supercon-
ducting electrons is such that ~10% or
more Cooper pairs would have to overlap
appreciably.

FIG. 2. Range of one-
electron states (shaded
area) in k space used in
forming the BCS ground
state. The thickness of
the shell is twice the De-
bye energy. The region
below er — wp is entirely
filled, but plays no active
part in the superconduct-
ing properties. The states
most involved actually lie
in a shell of thickness
~ 4T, about the fermi
surface (Fig. 4).

We consider two free electrons, with an antisymmetric spin state.
The unperturbed eigenfunction of the pair is, in unit volume,

(12) ¢(k 1k ;xixfz) = ¢t (kl'xx'H‘z"z)'

Introduce the center-of-mass and relative-motion coordinates

(13) =3x1 +x2); x=
(14) K =k + ks; k

I

X) — X2,

(k1 — k2);
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then (12) takes the form

(15) o(Kk;Xx) = ¢ ®EHkn)

on substitution. The kinetic energy of the state (15) is (1/m)(3K? +
k?%. We now examine for convenience only states having K = 0, so
that k; = k; k; = —k. That is, the one-electron states are involved
in pairs t+k.

Next include the electron-electron interaction (11) in the hamil-
tonian of the problem. We look for an eigenfunction of

= i 2 2 i l ” ”
(16) H—2m(P1 + p®) + H —mp +H
of the form
(17) x(x) = E gkeik-x - 2 gkeik'*le_ik"z,
k k

using (13). Now if A is the eigenvalue, (H — N)x(x) = 0, so that on
taking a matrix element we have the secular equation

(18) [ e em@ — ) Y ges™ e < 0,
or, with g, = k%/m,

(19) (8 = Ngx + 3 0w, ~ K[ H'|W',~K) = 0,
where

(20) k=k'+qand -k = -k’ — q.

If p(¢) is the density of two-electron states k, —k per unit energy
range, the secular equation becomes

(21) (e = (@ + [ de’ p(eg(e el B ]e)) = o.
In agreement with (11), we take, with V positive,
(22) (e|H"|e"y = =V

for an energy range +wp of one electron relative to the other; outside
this range we take the interaction as zero. Let us suppose the packet
(17) is made up of one-electron states above the top of the fermi sea,
between € and €r + wp, or between kr and k,,, where k,, is defined
by

1

(23) o (km® — kF?) = €n — €p = wp.
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Then the secular equation (21) becomes

2tm
(24) (e —Ng(e) = V ["de’ o(eg(e) = C,
a constant independent of €.
Thus
(25) 99 =

Using this solution in the secular equation, (24) becomes
28, ’
- . P(e)
26 1-V dg' —— =10
( ) .Lc, el —A ’
where the limits refer to a pair. Over the small energy range involved

one may replace p(€’) by the constant pp, the value at the fermi level,
so that

1 Zem e’ 2€m — A 2m — 26r + A
@D v /;,, € —n Bogp_n % A '
where we have written the lowest eigenvalue A\ as
(28) Ao = 26 — A.
Then

A
29 —_— =  — o~ 1epv
29 %m —2p+4
or
2wp

(30) = ellerv ]'

This is the binding energy of the pair with respect to the fermi level.
We have thus found that for V positive (attractive interaction) we
lower the energy of the system by exciting a pair of electrons above
the fermi level; therefore the fermi sea is unstable. This instability
modifies the fermi sea in an important way—actually a high density
of pairs are formed and we must study the fermi surface carefully,
taking account of the exclusion principle.

Observe that (30) may not be written as a power series in V. There-
fore a perturbation calculation summed to all orders could not give
the present result.

SUPERCONDUCTING GROUND STATE
We now consider the ground state of a fermi gas in the presence
of the interaction (11). We write the complete hamiltonian with the
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one-electron Bloch energy € referred to the fermi level as zero. Then
on rearranging (11) we have

(31) H=Z¢esley —VZ c;’"r_,_qc;"_qckck’,

with spin indices omitted. We recall from (5.23) and (5.24) that the
fermion operators satisfy

(32) cj®(ny, - - my, v 0 0) = 0md(ny, - - -1 —my, 0 )
(33) C;@(nly (7 TR ) = 8.1(1 - nj)‘p(nl; IR S gy * * D),
where
i=1
(34) 0; = (—1)7; v; = E Np.
p=1

That is, in operations with ¢;, c'}' there occurs multiplication by +1,
according to the evenness or oddness of the number of occupied states
which precede the state j in the ordering of states which has been
adopted.

The alternation of sign in these operations is of critical importance
to the ground state of superconductors. The interaction term in the
hamiltonian connects together a large number of nearly degenerate
configurations or sets of occupation numbers. If all the terms in H”
are negative, we can obtain a state of low energy, just as for the
Cooper pair. But because of the sign alternation, there are for
configurations picked at random about as many positive as negative
matrix elements of V. This effect must be controlled by a special
selection of configurations to avoid reduction of the average matrix
element and reduction of the net effect of the interaction. The result
for the Cooper pair suggests how this selection may be made.

We can gee the alternation in sign for a simple example. Con-
sider first ¢f¢,®(00111) = —cf®(00101) = —&(10101); further,

cte,®(00111) = ¢F8(00011) = $(10011).

Thus the sign of the matrix element (10101|c'1"c4|00111) is opposite to
that of (10011|c}c;|00111).

We can generate a coherent state of low energy by working with a
gubset of configurations between which the matrix elements of the
interaction are always negative. This property is assured for V
positive in the hamiltonian (31) if the Bloch states are always occupied
only in pairs. Thus in our subspace we allow $(11;00;11), $(00;11;00),
ete., but not ®(10;10;11) or #(11;10;00), etc.; here the ordering of
indices is arranged in pairs by the semicolons. If one member of the

3
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pair is occupied in any configuration, then the other member is also
occupied. The interaction itself conserves wavevector, so that we
will be most concerned with configurations for which all pairs have the
same total momentum k + k' = K, where K is usually 0. If K is
zero, the pair is k, —k.

We have not discussed the spin. The exchange energy will usually
be lower for an antiparallel | T pair than for a pair of parallel spin. We
shall work with antiparallel spins. The spin will hereafter not be
considered explicitly. We adopt below the convention that a state
written explicitly as k has spin T, whereas one written as —k has spin |.
We suppose always that g, = e_,.

For the reasons just enumerated it is sufficient for the ground state
if we work in the pair subspace using the truncated hamiltonian in
which the interaction terms contain only a part of the interaction in

(11):

(35) Hea = Z &leifer + i) — VE cifelpeyen.

This is known as the BCS reduced hamiltonian; it operates only within
the pair subspace.
The approximate ground-state &g is shown below to be of the form

(36) &y = H (uk + Ukcl‘c*‘ cik)‘i’vaca
k

where ®,,. is the true vacuum; u,, v, are constants. The total number
of electrons is a constant of the motion of the hamiltonian, but our
state &g is not diagonal in the number of electrons. In the same way a
Bloch wall in ferromagnetic domain theory is not usually deseribed in
such a way that the total spin is a constant of the motion. BCS have
shown for a macroscopic system the probable number of pairs in &, is
very strongly peaked about the most probable value, and so we use &,
just as in the spirit of the grand canonical ensemble. In this connec-
tion see Problem 3. The ground state $, contains only pairs. The
relation (36) implies v, = —v_y, because the ¢t anticommute.

SOLUTION OF THE BCS EQUATION—SPIN-ANALOG METHOD

The most physical method for studying the properties of the reduced
hamiltonian is due to Anderson.” We rearrange the hamiltonian (135)
as, with Ay = ¢y,
(37) Hea=—Zg0 — iy — fig) — VI 6lcwe ey,

7P. W. Anderson, Phys. Rev. 112, 1900 (1958).
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setting 2 &, = 0 or a constant for states symmetrical about the fermi
level in the range of energy +wp, according to (10).
We consider first only the subspace of states defined by

(38) Ng = N_g;

this is the subspace in which both states k, —k of a Cooper pair are

occupied or both are empty. Consider the operator (1 — 7y — 7A_y):
(30) 1=y — A )B(Lxl_x) = — (1l _y);
(1 — g — A )P(0x0_x) = $(00_y).

Thus this operator may be represented by the pauli matrix o,:

1 0
(40) l_ﬁk—ﬁ'—k—<0 ‘ _1)—0'27

if the pair state is represented in the subspace by the column matrix
(é) = pair empty < #(0,0_;) < ap <> “spin up”

((1)) = pair occupied & ®(1x1_;) < B < “spin down”

where «, 8 here are the usual spin functions for spin up and spin down,
respectively.

The combinations of operators in the potential energy term may be
represented by other pauli matrices. We know that

(42) arcti®(lly) = 0; it ehe®(0,0_y) = B(11_y),

and

(43) o = ity — iy = (‘2’ g),
so that
(44) arety = dor
The hermitian conjugate is
(45) ¢tk = oi.

The hamiltonian becomes, in terms of pauli operators,
(46) Hyq = — Z Exore — 1V E' ooy

&

— Y &k — 1V Y (owra0xs + o),
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on taking account of the automatic symmetrization when summing
over all kK’ and k. Within the subspace of pair states, (46) is an exact
hamiltonian. It is essential to remember that we are using the ¢’s
here not as operators on actual spins, but as operators which create
or destroy pair states k. But we may use all the methods developed
for the theory of ferromagnetism to find accurate approximate solu-
tions of (46). In Problem 3 we show that the hamiltonian can be
solved exactly in the strong coupling limit where all g, = 0.
We define a fictitious magnetic field %, acting on oy by

(47) Wy = &2 + 3V Y (owak + ownid),
. i

where %, §, 2 are unit vectors in the directions of the coordinate axes.
The form of the BCS hamiltonian suggests the application of the
molecular field approximation. We rotate the spin vectors oy into the
best possible classical arrangement, which means that each spin k
should be parallel to the pseudofield %, acting on it. The molecular
field approximation is very good here because the number of spins
involved in 3¢, is very large, so that it may be treated as a classical
vector.

In the unperturbed fermi sea (V = 0), the effective field is &2,
where g is positive for energies above the fermi surface and negative
for energies below. The stable spin state has the spins up (pairs
empty) for energies above the fermi surface, and the spins down (pairs
occupied) for energies below the fermi surface. The spins reverse
direction precisely at the fermi energy.

Now consider an attractive interaction, that is, V positive. Exactly
at the fermi surface g, = 0, so that the only field acting on a spin
|k| = kr arises from the interaction term in the effective field:

(48) 3V Y (owsk + owsf).
Kk .

Suppose the spin at kp is horizontal and along . Because of the
interaction the spin will tend to make nearby spins line up along %;
but as we go away from kr the kinetic-energy terms g2 will pull the
spins more and more into the +Z directions. The situation is quite
like the Bloch wall in ferromagnets; in the present problem we have a
domain wall in k space, with states rotating smoothly from occupied
to empty.

In the molecular field approximation to the ground state in the
presence of the interaction we quantize each spin parallel to the
average field which it sees; we treat the field itself as a classical vector.
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N>

o Ao,

FIG. 3. Molecular field method of solution of the spin-analog BCS hamiltonian.

The molecular field is given by (47) with all ¢y/y = 0 if, for con-
venience, the axes are chosen such that the spins lie in the zz plane.
Then, as in Fig. 3,

50 3V Z, Ok'x
g 7

(49) ke _ Tk _ K _ tang,
¥y Okz €k

Now oy, = sin 6/, giving the BCS integral equa.tion‘

(50) tan 6, = (V/2€k) E’ sin Oy
kl

To solve (50) we set

(51) A =3V Y sin by,
kl
so that (50) gives tan 6, = A/g; by trigonometry
(52) il e et 8l = e
1] = ’ == 9 ‘
S P (A7 + )" 008 T (A% + &)

Using this expression for sin 6 in (51),
(53) A=V

kl
We replace the summation by an integral. The limits are determined

by the region wp to —wp within which V is attractive; wp is of the
order of the Debye energy. Then the fundamental equation becomes

° de .
(54) 1= %Vpp/ m = Vpp sinh™! (wp/A).
—wp
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Here pr is the density of states at the fermi level, but taken for one
spin direction. The evaluation of the integral is elementary. From
(54)

(55) A= — 2 _ ~oy,e Ve,

sinh (1/prV) ~

if prV < 1. This is the BCS solution for the energy-gap parameter A;
we see that A is positive if V is positive.

The first approximation to the excitation spectrum is obtained
as the energy E} required to reverse a fictitious spin in the field 3¢.
We have, using (47),

(56) Ey = 2|36] = 2(s” + AD*,

where we are concerned only with the positive root. The minimum
excitation energy is 2A. Thus there is an energy gap in the excitation
spectrum of a superconductor. The gap has been detected in work
on heat capacity, on the transmission of far infrared radiation through
thin films, and on the tunneling of electrons through barriers. The
fictitious spin-reversal corresponds to the excitation of a pair +k into
a state orthogonal to the ground state of the same pair. Qther
excitations not included in our subspace are possible for which the two
electrons in the excited state have different k’s; we study these excita-
tions later and will see that the energy gap is also 2A for such excita-
tions. Low-lying excitations like magnons do not exist for the
special hamiltonian (46) because of the long range of the interactions;
it is not a question of summing nearest over neighbors only. If in the
magnon problem one couples all spins equally, then there are no low
energy excitations, apart from the uniform mode.

The expectation value of the ground-state energy of the supercon-
ducting state referred to the normal state is, from (46), (50), (51),
and (54),

(57) Ey= — Y excos b — 3V Y oxaons + 3, |6
k kk’ k

- E Ex(cos O + 3 sin 6y tan 6,) + E |sk|.
K

The 2 |£-:k| term takes account of the energy 2|ek| per electron pair up

to the fermi level in the normal state. If pp is the density of states
at the fermi level,

(58 E =205 [ L B
) . ”’“/o dsls—(e2+A2)"‘}'V’
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where we have used the relation
1 2A%
5 Ecsin G tan 6y = A? ) ————— = —
(59) Z x Sin 0y tan 6, Z &k + A% v
The integral in (58) is elementary; on eliminating V with (54) we have
A 21% 2PF€0D2
= 2 ] _ el — _ _49PF®D  , _
60 B =pront {1-[14(2) ]} = - 252 g

Thus as long as V s positive the coherent state is lower in energy
than the normal state: the criterion for superconductivity is simply that
V > 0. The critical magnetic field at absolute zero is obtained by
equating E, to H.2/8x for a specimen of unit volume.

The transition temperature 7', may be determined by the molecular
field method, exactly as in the theory of ferromagnetism. At a finite
temperature 7', the ensemble average spin is directed along the effec-
tive field 3¢, and has the magnitude, as in ISSP Eq. (9.19),

(61) (o) = tanh (%/T),

in units with the boltzmann constant absorbed in the temperature.
The BCS integral equation (49) is modified accordingly at a finite
temperature to take account of this decrease in gy ; with €, unchanged:

(62) tan 6, = (V/2ey) ) tanh (3¢e/T) sin b = A/8y,
K

with, from (56),
(63) s = (&’ + AXT)}%

The transition T = T, occurs on this model when A = 0, or

(64) 1=V

1 €y
2ek, tanh Tc;
using (52), (62) and (63). This result is correct ‘for the spin analog
model which, we recall, works entirely in the pair subspace—the
allowed excited states are only the real pair excitations as in (103), p. 168.
If we extend the space to allow single particle excitations, as in (102),
p. 168 and (110), p. 169, we double the number of possible excitations.
Doubling the number of excitations doubles the entropy, which is
exactly equivalent in the free energy to doubling the temperature.
Hence T, in (64) is to be replaced by 27.. The energy contribution
to the free energy is not affected by doubling the excitations, because
two single particle excitations have the same energy as one real pair
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excitation of the same |k|, according to (167) and (168). On rewriting
the modified result as an integral, we have

2 “2 de 13 “o/2Te  tanh z
(65) Vor /_“D . tanh T, = 2/; dr —
which is the BCS result for T..

If T. < wp, we may replace tanh z by unity over most of the range
of integration, down to z = 1, below which it is ~z; the approximate
value of the integral is 1 + log (wp/2T.). More closely, on graphical
integration,

(66) T, = 1.14wpe” VerV;

combined with (55) for ppV << 1. The energy gap is
(67) 2A = 3.5T..

Experimental values of 2A/T, are 3.5, 3.4, 4.1, 3.3 for Sn, Al, Pb, and
Cd, respectively (reference 4, p. 243).

The isotope effect—the constancy of the product T.M* observed
when the isotopic mass M is varied in a given element—follows directly
from (66), because wp is related directly to the frequency of lattice
vibrations; we suppose that V is independent of M. The frequency
of an oscillator of a given force constant is proportional to M™%, and
thus T.M” = constant, for isotopic variations of a given chemical
element. The known exceptions to this rule include Ru and Os, both
transition elements; it is likely that d-shell polarization effects are
responsible. Even in simple metals V is expected to depend somewhat
on M, which should spoil the agreement of observation with the simple
theory; see, for example, P. Morel and P. W. Anderson, Phys. Rev.
126, 1263 (1962).

The spin-analog ground state we have described may be generated
by spin-rotation operations from the true vacuum state in which all
pairs are empty (spin up). To generate a state with the spin in the
zz plane and quantized at an angle 6, with the z axis, we operate with
the spin rotation operator U (Messiah, p. 534) for a rotation 6y about
the y axis:

(68) U = cos 36y — iy, sin 36, = cos 30, — +(oi — oF) sin 36y,

but ¢+ on the vacuum gives zero and 405 = cfcty. Thus the ground
state is

(69) @y = [ (cos 36 + cicFy sin £6,) ®yee.
k
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This is just the BCS ground state, as discussed in (88), (92), and
(107). Note that for k < kr we have 36, = %, and &, in this region
is entirely filled with electrons.

The ground state (69) is only an approximation to the exact ground
state, because we have assumed a product form for (69) and the true
eigenstate is bound to be much more complicated. The result of
Problem 3 suggests that (69) is excellent. Orbach® has made similar
calculations for a ferromagnetic Bloch wall, and finds the agreement
between the exact and the semiclassical energies is good and improves
as the number of spins increases. There now exist a variety of proofs
that the BCS solution is exact to 0(1/N) for the reduced hamiltonian.

SOLUTION OF THE BCS EQUATION—
EQUATION-OF-THE-MOTION METHOD

It is useful to consider another approach to the solution of the BCS
equation. We form the equations of motion for ¢; and ¢ from the
reduced hamiltonian (35):

(70) Hegy=2 Ek(ci:'- o + C.-'_-kc—k) -V Citcik'c—kck.

Then, on evaluating commutators with the use of ¢, =0 and

c;"c;" = 0, we have

iék = EilCx — C-_'_kV 2 C_k'Cx’;

(71)
’lcik = —Ekcik - CkV poi C;Cikr,
We define
(72) By = (Oc_yeil0) = —B_y; By = (0lcifct0).

We understand (O[c_kckIO) to mean (O;N |C—k6k|0 ;N + 2); the final wave-
function contains a mixture of states with a small spread in the num-
bers of particles. These matrix elements are similar to those we
handled in Chapter 2 in connection with the phonon spectrum of a
condensed boson gas; they are handled quite naturally in supercon-
ductivity in the Green’s function method of Gorkov [Sov. Phys. JETP
7, 505 (1958)] as described in Chapter 21.
We set, for |&,] < wp,

(73) Ay = VY By; Ar=VY B,
kf kl
and, for ’8k| > wp,

(74) Ay = A% =0,
8 R. Orbach, Phys. Rev. 115, 1181 (1959).
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where we have used the relation
Lo
(e’ +A)% vV
The integral in (58) is elementary; on eliminating V with (54) we have

Y A 2 % 2pFwD2
— 2 —_ —= e e A
(60) E, = prwp ‘1 — [1 + <wD> ] } = eV _ 1= %ppAl

(59) z € Sin O tan 6, = A? E

Thus as long as V s positive the coherent state is lower in energy
than the normal state: the criterion for superconductivity is simply that
¥V > 0. The critical magnetic field at absolute zero is obtained by
equating E, to H,2/8x for a specimen of unit volume.

The transition temperature T, may be determined by the molecular
field method, exactly as in the theory of ferromagnetism. At a finite
temperature 7, the ensemble average spin is direeted along the effec-
tive field 3¢, and has the magnitude, as in ISSP Eq. (9.19),

(61) (o) = tanh (3¢/T),

in units with the boltzmann constant absorbed in the temperature.
The BCS integral equation (49) is modified accordingly at a finite
temperature to take account of this decrease in oy ; with €, unchanged:

(62) tan 6, = (V/2¢y) )’ tanh (3¢/7T) sin 6y = A/ey,
'

with, from (56),
(63) 3o = (&’ + AX(D)}™

The transition T' = T, occurs on this model when A = 0, or

’ 1 S’
(64) 1=vy 2es tanh T
using (52), (62) and (63). This result is correct ‘for the spin analog
model which, we recall, works entirely in the pair subspace—the
allowed excited states are only the real pair excitations as in (103), p. 168.
If we extend the space to allow single particle excitations, as in (102),
p. 168 and (110), p. 169, we double the number of possible excitations.
Doubling the number of excitations doubles the entropy, which is
exactly equivalent in the free energy to doubling the temperature.
Hence T, in (64) is to be replaced by 2T.. The energy contribution
to the free energy is not affected by doubling the excitations, because
two single particle excitations have the same energy as one real pair
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excitation of the same [k], according to (167) and (168). On rewriting
the modified result as an integral, we have

2 wp de wp /2T
€ _ 9 f d tanh z
0

?

(65) Vor /_” . tanh ST, -
which is the BCS result for T..

If T, <« wp, we may replace tanh 2 by unity over most of the range
of integration, down to z = 1, below which it is =z; the approximate
value of the integral is 1 + log (wp/2T.). More closely, on graphical
integration,

(66) T. = 1.14wpe VerV;

combined with (55) for ppV << 1. The energy gap is
(67) 2A = 3.5T..

Experimental values of 2A/7T, are 3.5, 3.4, 4.1, 3.3 for Sn, Al, Pb, and
Cd, respectively (reference 4, p. 243).

The isotope effect—the constancy of the product T.M* observed
when the isotopic mass M is varied in a given element—follows directly
from (66), because wp is related directly to the frequency of lattice
vibrations; we suppose that V is independent of M. The frequency
of an oscillator of a given force constant is proportional to M, and
thus T.M” = constant, for isotopic variations of a given chemical
element. The known exceptions to this rule include Ru and Os, both
transition elements; it is likely that d-shell polarization effects are
responsible. Even in simple metals V is expected to depend somewhat
on M, which should spoil the agreement of observation with the simple
theory; see, for example, P. Morel and P. W. Anderson, Phys. Rev.
125, 1263 (1962).

The spin-analog ground state we have described may be generated
by spin-rotation operations from the true vacuum state in which all
pairs are empty (spin up). To generate a state with the spin in the
zz plane and quantized at an angle 6, with the z axis, we operate with
the spin rotation operator U (Messiah, p. 534) for a rotation 6, about
the y axis:

(68) U = cos 30y — foy, sin 36, = cos 30, — 3o — op) sin 36y,

but ¢* on the vacuum gives zero and 405 = ¢fcty. Thus the ground
state is

(69) ®y = [] (cos 36, + c;f cfk sin $0;) P
k
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This is just the BCS ground state, as discussed in (88), (92), and
(107). Note that for k < kp we have 6, = 4, and &, in this region
is entirely filled with electrons.

The ground state (69) is only an approximation to the exact ground
state, because we have assumed a product form for (69) and the true
eigenstate is bound to be much more complicated. The result of
Problem 3 suggests that (69) is excellent. Orbach® has made similar
calculations for a ferromagnetic Bloch wall, and finds the agreement
between the exact and the semiclassical energies is good and improves
as the number of spins increases. There now exist a variety of proofs
that the BCS solution is exact to 0(1/N) for the reduced hamiltonian.

SOLUTION OF THE BCS EQUATION—
EQUATION-OF-THE-MOTION METHOD

1t is useful to consider another approach to the solution of the BCS
equation. We form the equations of motion for ¢; and ¢y from the
reduced hamiltonian (35):

(70) H red = z Ek(cl-:'_ Cx + cfkc_k) 4 = cﬁcfk'c_kck.

Then, on evaluating commutators with the use of ¢y = 0 and
ciey = 0, we have

e = Ex0x — ¢V 2 c_pow;
(71) k kYk k 4
ZCik = —Ekcfk - CkV b C::Cikf.
We define
(72) Bk = (OIC_ka]()) = ‘—B_k; . Bl’: = <O|C;-Cik]0)

We understand (O}C_kckIO) to mean (O;N |c_kck|0 ;N + 2); the final wave-
function contains a mixture of states with a small spread in the num-
bers of particles. These matrix elements are similar to those we
handled in Chapter 2 in connection with the phonon spectrum of a
condensed boson gas; they are handled quite naturally in supercon-
ductivity in the Green’s function method of Gorkov [Sov. Phys. JETP
7, 505 (1958)] as described in Chapter 21.
We set, for |&,| < wp,

(73) Ay =V By; AF =V B,
k’ k’
and, for |&] > wp,

(74) Ay = A} = 04
8 R. Orbach, Phys. Rev. 115, 1181 (1959).

(7
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Then the linearized equations of motion are

(75) e = &ty — ApcTy;

(76) o= —gct — Afep.

This linearization is simply a generalization of the Hartree-Fock
procedure to include terms such as ¢ cpc_y. These equations have a
solution of the form ™™ ¢f

N — & Ax

@ s atel Y
or
(78) A = (&’ + A%,

where A% = A A¥; we now neglect the k-dependence of A.
The eigenvectors of the equations (75) and (76) are of the form

+

(79) ay = UgCy — Uxty; oy = Ul g + Vilk.
+ ) ,

a;’_ = UCg — VkC_i; aik = ukctk + VyCy.

The inverse relations are

Cx = Ugay + vgaty; Coy = Uga_y — Vyop.
(80) + + + +
Cr = Ugay + Vpo_g; C ok = UgQ_x — UgOkg.
Here uy, vy are real; ugyiseven and vy isodd: uy = u_y; v = —v_y. We

verify that the o’s satisfy fermion commutation rules if uy? + vy = 1:
(B1) {aoif} = weuplewei) + tp{ctne_w) = b’ + nh).
Further,

(82) {omox} = uiloner} — veuichie i} = uwy — vyuy = 0.

If we substitute (80) in (75), we have, for oy « ™™,

(83) Auy = gauy + Avy;

on squaring

(84) A’ = glut + A% + 28 Auty = (82 + ADw?,

using (78). Thus

(85) A2(uk2 - vkz) = 2€k Aukvk.
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Let us represent u, v by

(86) Uy = COS ¥0y; U = Sin 36;;

then (85) becomes

(87) A cos 0 = €, sin fy; tan 6, = A/g,

so that, from (52), 6, has the identical meaning as in the spin-analog
method.

Ground-State Wavefunction. We show now that the ground state of
the system in terms of the quasiparticle operator ay is

(88) ®, = H a—kak¢vu,
k
or
(89) &) = [] (—o)(ux + vecitety) Bree
k

We may normalize &, by omitting the factors (—uy), for then

(90) (B0 B0y = (Buad TL(uy. + vic_y0i) (i + V365 6| Brnd)
= II(uk2 + Uk2)<<pvm|@vnc>-

We verify that (88) is the ground state: we have for the quasiparticle
annihilation operator

(91) ak"I’o = apd_pogs l_[, a—kakévao = O,
k

because apap =0 for a fermion operator. Thus the normalized
ground state is

(92) & = I (ux + vecifct) e
K

in the quasiparticle approximation. The values of u, vy are given
by (52) and (86):

(93) uk2
(94) v

cos® 48, = 3(1 + cos 8) = 31 + (E/M)];

sin® $6, = 3(1 — cos 8) = {1 — (/M)

The functional dependence is shown in Fig. 4.
It is instructive to confirm the ground-state energy (60) calculated
on the spin-analog model by a direct calculation using the wavefunc-
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-1 /M 1
FIG. 4. Dependence of coefficients uy, vx in the BCS state on ex/\x, where g

is the free particle kinetic energy referred to the fermi surface and Ay = (ex2+ A2)%
is the quasiparticle energy parameter.

tion (88) or (92). The expectation value of the kinetic energy involves

(95) (Qolc;*?ck:]%) = (@olvwla_aty|Be) = v,

plus terms whose value is zero. The expectation value of the potential
energy involves

(96) - <®01 Cﬁcik'cwk”ck"

®g) = (Bo| vt Vyra_yatya_ynotys|Bo)
== uk'vk’uk"vk"l

plus terms whose value is zero. Then, with account taken in the
kinetic energy of the two spin orientations,

(97) (QOIHredI‘DO) =22 Ekvk2 -V Ul UV
= 2 &(1 — cos 8) — 1V 2’ sin 6, sin 6.

The last term on the right-hand side can be summed by applying (51)
twice, giving —A?/V. The term = ¢, is zero. Thus

(98) (éolHred|¢0> = -2 €k COS 0,: — (AQ/V),

and the change of the ground-state energy in the superconducting
state with respect to the vacuum is

(99) E, = —Z g, cos 6, — (AYV) + 2 |,

exactly as found earlier in (57) and (58); the expectation value of the
energy in the state ®, is identical with that given by the spin-analog
method.

EXCITED STATES
With

(100) QO == Ha_kakqf’"c,
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the products

(101) Be,...x, = of * - af®

are easily seen to form a complete orthogonal set. The operation o5t

on &, creates an elementary excitation or quasiparticle with the proper-
ties of a fermion:

(102) ab®y = (uped — vpe_y) (e + veetet )] - - -
Sl

Here we have picked out of the product the term in k’. The state
aé’% is known as a state with a single particle excited. The state has
one particle in the state k and is missing a virtual pair from ®,.

The general two-particle excitation is apos; when k”/ = —Kk’ we
have the special state
(103) apoty®y = (weehcty — vl - - -,

which is said to have a real pair excited, with a virtual pair missing
from ®,.

The number operator in the state k is, from (79),
(104) e = ciex = (ugayd + vpa_y) (ugay + vgaty).

The expectation value of 7 in the ground state ®, results only from
the ordered term in a_gaty, so that

(105) (ﬁk>0 = vkz = hk = sin2 %‘Bk

Here hy is the symbol originally used by BCS to denote the expectation
value of finding a pair k, —k in the ground state &,; the relation (105)
establishes the connection with the expressions of BCS:

(106) hll;}é = gin %ﬁk = Uk, (1 - h’k)% = CO8 %Bk = Uk,

(107) QO = l_[ [(1 - hk)% + hk%c;}_cik]q)vsc-
k

In our approximation, the quasiparticle hamiltonian is
(108) H = 2 \eoy oy

The energies of the excited states are given directly as the sum of the
roots A\, of the equations of motion for the quasiparticle creation
operators, (75) to (79):

J
(109) Evj= 2 M, = (& + AD%
i=1
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for 7 excited quasiparticles. In the actual problem we must be careful
to compare energies only for excited states having the same average
total number of particles as the ground state. If the ground state has
N pairs, we can work with an excited state having 2p excitations,
leaving (N — p) pairs. Thus the lowest allowed excitation of the type
called single-particle excitation must have two particles excited:

(110) q’s = az:a::’q)ﬂ = C{:;C;:l I];[’ (uk + vkcl-rctk)@vac;

where the product over k is to be understood to include (N — 1) pairs
—without using our discretionary power it would include only (N — 2)
pairs. The real pair excitation

(111) &, = oot d,

automatically has (N — 1) unexcited pairs. For this excitation
E = 2\t.. The calculation of the energy for the states (110) and (111)
is left to Problem 6. It is found that the contribution of the potential
energy vanishes for the excited particles; the increase of potential
energy on excitation comes about from the reduction of the number
of bonds among the unexcited pairs, because of the reduction of the
number of unexcited pairs.

ELECTRODYNAMICS OF SUPERCONDUCTORS

The first objective of a theory of superconductivity is to explain
the Meissner effect, the exclusion of magnetic flux from a supercon-
ductor. The Meissner effect follows directly [ISSP, Eq. (16.22)] if
the London equation

R 1 m 4%‘)\[,2

(112) j(x) = A A(x), A= S R
is satisfied. Here j is the current density; A is the vector potential;
Ar is the London penetration depth. We assume that A(x) varies only
slowly in space; otherwise the London equation is replaced by an
integral form due to Pippard. The integral form in effect determines
j(x) by a weighted average of A over a distance of the order of a
correlation length &, defined below. We treat the electrodynamics
only in the ground state (T = 0°K).

We consider

(113) A(x) = a ™,

it is easier to treat an oscillatory potential than one linear in the
coordinates. For the London equation we are concerned with the limit
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g— 0. The complex conjugate part of (113) need not be treated
explicitly, because the following argument will apply equally to it.
The current density operator in the second-quantized form is

2
[ [4
= — (¥t - v ¥ty — — ¥ TAY
(114) g Py (¥T grad ¥ grad ¥T) oy

= gp(x) + gp(x),

in terms of the paramagnetic and diamagnetic parts. The expression
for g(x) follows as the symmetrized form of the velocity operator
[p — (e/c)A]/m. We expand ¥ as, in unit volume,

(115) ¥(x) = ‘:' oxe™,
whence
e ,
(116) §r(@) = 53 doe ™2k + );
m kq
2
(117) @) = — =, ot TA().
me kq

We suppose that the current vanishes in the absence of the field.
We write the many-particle state ® of the system as

(118) ® =&+ &1(A) + - - -,

where &, is independent of A and &, is linear in A:
(Hio)

11

(119) =2y =g

Here to O(A), in the coulomb gauge with div A = 0,

(120) H,

— [ diz ¥H(x) mic A-p¥(x)

. e
— ——Z f 43z ¢ oA (x) ke = — ;zgc;;.qck(k ‘ay).

MC xq
In the coulomb gauge we have
(121) q-a, = 0.

The theory can be shown to be gauge-invariant, as discussed below.
To O(A) the expectation value of the diamagnetic current operator
is, letting ¢ — 0,

122)  jp(x) = NS ne!
) ip® = Olgol0 = — - A® X dle = — - A,
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which would be the London equation if j» = 0. The quantity = is
the total electron concentration. The expectation value jp(x) of the
paramagnetic current operator over the state ® is, to O(A),

(123) ir(x) = (0|ge|1) + (1g#|0),
where |1) is defined by (119), so that

’ 1
(124) Olgelt) = X' g—F OlarlH:0)

We consider the matrix element (| H,|0); this has an unusual struc-
ture for the BCS ground and excited states. The structure is of
central importance for the Meissner effect and for various other
processes in superconductors. We have

(125) QUELJ0) = —(e/me)l] % (- ageifiqenl0).
Examine the contributions from a particular excited state ! defined by
(126) &, = aﬁ_,_qaik@o = c{(‘?.f.qc_'l:k: r (ug + vkcz‘ci'k)@“c.

K

This state is connected with the ground state by the entry
(& 89)cE 40

in the sum in (125), for, using (80),

(127) Cib4qCie®o = Utqte®y

but there is a second entry which contributes,

(—K — q) - aglctwe w
for

(128) c_'tk:c_kf__q@g = Uty 4P
Noting that (q - a;) = 0, the total matrix element to a particular state
lis
(129) (IH,|0) = —(e/me) (K’ - ag) (Uit qtiw — Utiq)
« sin 3(0x — Ok+q),

which — 0 as ¢ — 0, using (93) and (94). In this limit the energy
denominator

(130) Eoy — E;— —2(e:* + Y%,
and thus
(131) (0|ge|1)—0
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as ¢ — 0. We are left with the London equation

. ne?
(132) i@ = = T AW,
in this limit.

In the normal state the paramagnetic current approximately cancels
the diamagnetic, as discussed by Bardeen.® The energy gap is zero
in the normal state. For a normal insulator the virtual excited state
is reached by a one-electron transition, and no cancellation as in (129)
is found.

The gauge invariance of the theory has been demonstrated from
several approaches. Schrieffer’® gives a summary of the argument
based on plasmon properties. A gauge transformation from the cou-
lomb gauge means that one adds to our vector potential a longitudinal
part ige(q). Such a term in the potential is coupled strongly to
plasmon excitations and in fact shifts the plasmon coordinate. This
shift does not change the plasmon frequency and thus does not change
the physical properties of the system. Another approach to the gauge
question is to note that a gauge transformation is equivalent to a
transformation

(133) ¥ — Pelkx

on the state operator. A quantity such as By in (72) must be rede-
fined, for

(134) (O (y)¥(x)|0) — (O[¥ (y)¥(x)|0)e™ =+

= (0] 3, cuet CHO Vo K4 x|g),
kT

The pair states are now such that
(135) = —k' — 2K,

so that the pair part of (134) which we want to keep in the hamiltonian,
by analogy with (72), is

(136) Ol¥@¥E)|0) = 3 e~ (0c_y_xcx—x0).
k

With these new pairs the calculation goes through unchanged. Thisis
brought out below in the discussion of flux quantization.

9 J. Bardeen, Hand. Phys. 18, 274 (1956), p. 303 et seq.
10 J, R. Schrieffer, The many-body problem, Wiley, 1959, pp. 573~575.
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COHERENCE LENGTH

Pippard proposed on empirical grounds a modification of the London
equation in which the current density at a point is given by an integral
of the vector potential over a region surrounding the point:

. —rlk
[d"’yr(r A(};))e ,

r

(137) i@ = -

4mcA fo

where r = x — y. The coherence distance £, is a fundamental prop-
erty of the material and is of the order of 10™* cm in a pure metal. For
slowly varying A the Pippard expression (137) reduces to the London
form (112), with A as defined there. In impure material the &g in the
argument of the exponential is to be replaced by £, where
1 1 1

(138) iy -+ =
Here a is an empirical constant of the order of unity and [ is the
conductivity mean free path in the normal state. The &, outside the
integral remains unchanged. If £ < Ar, as in certain alloy super-
conductors, the superconductor is said to be a hard or Type II super,
conductor; its behavior in strong magnetic fields is changed drastically,
see in particular A. A. Abrikosov, Soviet Phys. JETP b, 1174 (1957);
which is based on the work of V. L. Ginzburg and L. D. Landau-
J. Exptl. Theoret. Phys. (USSR) 20, 1064 (1950).

A form similar to the Pippard equation is obtained on the BCS
theory; the derivation is given in the original paper. BCS make the
identification

(139) fo = —

To understand this, recall that we obtained the London relation for
g — 0 from (129); this equation for small ¢ and for k near kg involves,
from (93) and (94),

1 kpq
1470 - == € — —_—
(140) Utalk ~ Ulirg =7 (Bryq — &) £ Imd

This term is small if

4mA  4A
(141) (K q=—=—;
kp vp

we see that ¢o defined in this way is equal to 1/% apart from a factor
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4/x. The result (139) is quantitatively in quite good agreement with
experiment. Our sketchy argument (140) to (141) is essentially an
argument about the minimum extent 1/g, of a wavepacket if the excess
energy of the packet is to be of the order of A. Values of £ are of the
order of 107 cm; in hard superconducting alloys ¢ may be of the
order of 1077 cm. The penetration depth Az at low temperatures is
of the order of 107 to 10~° ¢m, but increases as T — T..

MATRIX ELEMENT COHERENCE EFFECTS

In treating the matrix elements in the Meissner effect we saw that
two terms contributed to the excitation of a single virtual state. In
a second-order calculation the square of the matrix element enters; the
contribution of the cross-product of the two terms will depend on their
relative sign. This is called a coherence effect. For some processes
the terms add to the result and for others terms subtract. Coherence
effects are a striking feature of superconductivity; their explanation
is a remarkable and cogent argument for the physical reality of the
BCS wavefunction.

The coupling with a photon field of wavevector q involves the square
of the matrix element worked out in (125) to (129). For photon
energies less than the gap the only inelastic photon process which can
occur is the scattering of a quasiparticle in an excited state. We now
want to pick out of

(142) Cipalk — ClaCoxg

which is the sum of the terms involved in (127) and (128), not the
previous term in ai,_qafk which connected the ground state with an
excited state, but the term in oy, q@ Which corresponds to the scatter-
ing of a quasiparticle from k to k + q. Thus the effective part of

+ + +
(143) ok-i-qck — c'ﬁkc__k_q = uk+qukak+qak - vkvk+qakak+q B

= (Ugqqux + 0k”k+q)¢!t+qak + o
The transition rate for the scattering process k— k + q involves

Ex€riq + Azl .

(144) (uppque + vt = % { 1+
Axhitq

This is the result for photon absorption and for nuclear spin relaxation
in a superconductor. The process described by (143) vanishes at
absolute zero because oy on the ground state gives zero.

There are other types of scattering processes which lead to a different
type of result. We consider the absorption of ultrasonic waves by
quasiparticles, with the deformation potential interaction hamiltonian

2):
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(145) H' =D kZ ot oti(aq — aty).
q

The terms in H’ which cause the scattering of a quasiparticle from k
to k + q, with the absorption of a phonon q, are proportional to

(146) DA LN

where we have a plus sign, unlike the photon problem, because D is
independent of k for the deformation potential coupling which leads
to H’. More generally, the symmetry of the phonon interaction differs
from that of the photon interaction. Thus the scattering term is, from
(143) with the appropriate change of sign,

2 _ 1 ExCicyq — A’
(147) (uk+quk - vkvk-{-q) = g 1 + -~ {
MeAtq
A discussion of experiments involving coherence effects of the type of
(144) and (147) is given in reference 4.

QUANTIZED MAGNETIC FLUX IN SUPERCONDUCTORS
It has been observed!’ 12 that the magnetic flux through a supercon-
ducting ring or toroid is quantized in units of

1
(148) 5% = 2.07 X 1077 gauss/cm?.

We note that the unit may be written as

12 7 2 2
(149) L2 _ o, B M _ Zrup
2 e 2me e Qe

]

where q, is the classical radius of the electron.

We consider a circular ring R with a tun-
nel O, as in Fig. 5. Let ® denote the net
magnetic flux through the ring; the flux is
produced by external sources of field and by
surface currents on the ring. The wave equation of the particles in
the ring is

FIG. 5. Supercon-
ducting ring.

1 _
W0 {5 o+ e A + vlv=my,
J
where we may let V include the electron-phonon interaction and the
phonon energy. Inside R we have H = 0, if we neglect a microscopic
region near the surfaces. That is, we assume the Meissner effect.
u B. 8. Deaver, Jr., and W. M. Fairbank, Phys. Rev. Letters T, 43 (1961).
1z R, Doll and M. Nibauer, Phys. Rev. Letters 7, 51 (1961).
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Then curl A =0 and A = grad x, where x cannot be a constant
because it must ensure that on going once around

(151) Ax=Ségradx-dl=9$A-d1=j[H-ds=q>,

even if the path of the line integral is taken only through points where
H = 0. In cylindrical polar coordinates we take x = (¢/2r)®, where
¢ is the angle.

We now make the transformation, noting that in this section ¥ is
a one-electron wavefunction and not a field operator,

(152) ¥(x) = ¥(x) exp 2 i(e/0)x(x;),
with the property that
(153) p¥ = {exp’Zi(e/c)x(x,-)} {; [—iV; + ec™'A(x;)]} ¥.

The wavefunction ¥ satisfies
1
154 — 2 ¥ = EV¥
T

which is identical with the equation (150) for A = 0. However,
must always be single-valued, whereas the change in ¥ on fixing all
coordinates except one, and carrying that one around the ring, is
determined by the flux . Thus, from (151) and (152),

(155) ¥(x) — V() exp (1ed/c),

on carrying one electron once around the ring.
The angular dependence of ¢ is

(156) v~ exp (i ), nje;),

by the cylindrical symmetry; here n; is an integer, positive or negative.
Thus the angular dependence of ¥ is

(157) ¥ ~exp [¢ 1] {n; + (2red/c)}e;].
E
We now consider a two-electron state:
(158) U = gimviginarsgi(2rele)®lortey)

where n;, n, are integers. Transform this to center-of-mass and
relative coordinates

(159) =31+ 02); o =1~ ¢
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Then
(160) v = ei%(ﬂr‘ﬂz)v’ei((ﬂ1+’ﬂ2)+(4red>/c)i0'

If the factor multiplying 8 is zero, we have just the Cooper pair
(161) ¥ = gi”(nl_"z)ﬂ”le"'i%(nl_nz)‘l’z_

The term in 8 is zero when

(162) dzred/c = —(ny + ng) = integer,
or, with % restored,
(163) & = integer X (hc/2e).

Thus when the flux satisfies (163) we may form pairs and deal with
the equation for ¥, which does not contain A. The experimental
verification of this, particularly of the factor #, is strong evidence of
the importance of BCS pairing in the ground state.

The point is that we definitely need pairs to carry out the BCS
procedure with the wave equation on ¥, but the pairing condition on ¥
is only compatible with the periodic boundary condition on ¢ if the
flux is quantized in the units he/2¢. For a normal conductor we do
not need to restrict ourselves to pair states, and so this special quantum
condition on the flux is not energetically advantageous in the normal
state.

We can do the arithmetic another way. If we take the states

(164) V’l ~ ein“o,; Yo ~ e—i(nl—l—?.ewhc)vz;
these go over into

(165) Ty~ ei(nl-f-eé/kc)pl; Ty ~ e—i(m-!—e@/hc)-pz.

Now ¥,, ¥, are a Cooper pair, but ¥, satisfies periodic boundary
conditions only if 2e®/hc is integral.

PROBLEMS

1. Estimate in a one-dimensional metal the range of the interaction (11),
subject to (10), for a Debye energy of 10~14 ergs.

2. (a) Discuss the form in relative coordinate space of the ground-state
Cooper-pair wavefunction. (b) Estimate the range of the function for a
representative superconductor, taking A = kpT. where T, is the critical
temperature for a superconductor.

3. In the strong coupling limit all ex are set equal to 0, which is the fermi
surface. The equivalent spinor hamiltonian (if V is constant for N’ states
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and zero otherwise) is

(166) = _%'V E’ (akzo'k'z + U'kvo'k'u),
kk'

where k, K’ run over the N’ states. (a) If Srefers fo the totalspin § = 3 2 8y
k
of these states, show that H may be written as

(167) = —V82+ V8,2 + N? v,
which has the exact eigenvalues
(168) = ~V{88 +1) — M? +N~§-V,

where S is the total spin quantum number and M is the quantum number of
8,. The allowed values of S are §N'; 1N’ — 1; 4N’ — 2; - - - ,according to
the number of reversed spins n. (b) Show for the state M = 0 that

(169) E(n) = Ey +nVN' — Vn(n — 1),

so that here the energy gap E(1) — E(0) is exactly N'V. (c) What are
the states with different M values? (d) Show that the ground-state and
first-pair excited-state energies calculated in the molecular field (BCS)
approximation agree with the strong coupling result to 0(1/N’). This fur-
nishes an excellent and important check on the accuracy of the usual methods
of finding the eigenvalues of the BCS reduced hamiltonian.

4. Confirm that the equations of motion (71) conserve the total number
of particles.

6. The BCS creation and annihilation operators for pairs are defined as

(170) b = cﬁ;cfu; by = cxyckt,

where the ¢, ¢™ are one-particle fermion operators. Show that the b, bt
satisfy the mixed commutation relations

71) bl = (1 — ney — nge ) ducr;
BBl = 0

{bi,bir} = 2bicdyr (1 — Bueter).

6. Verify by direct calculation that the expectation value of the excitation
energy in the state (110) is given by

(172) E = Mo + Mg,
using the hamiltonian (70); show that
(173) E = 2\

for the real pair excitation (111).
7. Discuss the theory of tunneling with reference to experiments on super-
conductors.

8. Discuss the density of states in a superconductor near the energy gap.
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9 Bloch functions—
general properties

In this chapter we discuss a number of general properties of eigen-
functions in infinite periodic lattices and in applied electric and
magnetic fields. The discussion is presented largely in the form of
theorems.

BLOCH THEOREM

THEOREM 1. The Bloch theorem states that if V' (x) is periodic with the
periodicity of the lattice, then the solutions ¢(x) of the wave equation

(1) Ho) = (507" + V@) olx) = Bolo)
are of the form
) eu(x) = ™ Fuy(x),

where ug(x) is periodic with the periodicity of the direct lattice.

Analytical proofs of this central theorem are found in the standard
elementary texts on solid state theory. The most direct and elegant
proof utilizes a little group theory.

Proof: With periodic boundary conditions over a volume of N3 lattice
points, the translation group is abelian. All operations of an abelian
group commute. If all operations of a group commute, then all the
irreducible representations of the group are one-dimensional.

Consider the lattice translation operator T defined by

3) Tx = X + tmnp = X 4 ma + nb + pc,
where m, n, p are integers; then
@ Trmnptu(x) = ¢u(x + ma + nb + pe).

The operations T form a cyeclic group; because the representations are
‘ 179
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only one-dimensional,

) Trmapex(x) = Cmnpex(X),
where ¢mnp is & constant. Because

(6) T1000x(X) = ox(x + 8) = c1o00x(X),

we must have in particular for a lattice having N lattice points on a
side

) Troovx(x) = ex(x + Na) = (c100)Veu(x).

But with periodic boundary conditions

(8) ex(x + Na) = ox(x),

go that

(9 (cro0)Y = 1;

thus ¢100 must be one of the N roots of unity:

(10) clo0 = €N, =123, ---N.
This condition is satisfied generally by the function

(11) (@) = ¢ u(x),

if ux(x) has the period of the lattice and

(12) Nk = ta* + nb* + ¢c*, (%, n, ¢ integral)

is a vector of the reciprocal lattice. For a lattice translation t,
(13) (X + t) = X Ey (x + 1) = Ty (x) = ™o (x)
= eizr(mHug-i-pr)/N %(X),

as required by (5) and (10).
In other language, ¢ is the eigenvalue of the lattice translation
operator T',:

(14) Tax(x) = e*'ogy(x),
where t; is a lattice translation vector; ¢x(X) is an eigenvector of T,

THEOREM 2. The function u,(x) of the Bloch function ¢ (x) =
¢*™uy () satisfies the equation

15) (3 @+ 07+ V@ ) uato) = e

This is equivalent to a gauge transformation.
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Proof: Note that, using p = —1V, we have the operator equation
(16) pe’™* = ¢“*(p + k).
Thus
17) Peu(x) = ¢“%(p + k)uy(x),
and
(18) PPex(x) = ¢*X(p + k)uy(x),

from which (15) follows directly.
We may rewrite (15) as

(19) (—§5w2+2m-w—kvuﬂuaw==nw@x
with
(20) A = & — 1 k2,

2m

where & is the eigenvalue of (15). If V(x) = 0, a solution of (19) is

(21) ux(X) = constant; M =0,
and
1 2 ik-x
(22) & = — k% eu(x) =™
2m

the usual plane wave. At the point k = 0 the equation for uy(x) is
simply

(23) (— %ﬂ v+ V(X)> uo(x) = €ouo(x);

thus the equation for u¢(x) has the symmetry of V(x), which is the
symmetry of the crystal space group.

Spin-Orbit Interaction. The hamiltonian with spin-orbit interaction
has the form (Schiff, p. 333)

(24) = o P+ V@) + g 8 X grad V) -,

422

where ¢ is the pauli spin operator, with the components

0 1 0 —i 10
(25) ”1=(1 0); "”=(z‘ 0); "‘=(0 —1)'

The hamiltonian (24) is invariant under lattice translations T if V(x)
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is invariant under T. The eigenfunctions of (24) will be of the Bloch
form, but they will not in general correspond to the pure spin states « or
B for which o.a = a; 0,8 = —B8. In general

(26) et (X) = xet (@D + Y1 (X8 = e™*uy 1 (x),

where the arrow T on the Bloch function ¢y1(x) denotes a state with
the spin generally up in the sense that (¢x1,0.0x1) is positive. In the
absence of spin-orbit interaction ¢; involves only «; and ¢, only 8.
The arrows on xi; and vyt are labels to indicate their association
with ex1.

THEOREM 3. With spin-orbit interaction the function wuy(x) satisfies
@D | @+ + V@ +

= Gkuk(X).
This follows directly from (16) and (18). The terms

(28) %( )-k=H’

are often treated as perturbations for small k or small changes in k
from a special wavevector k.
The quantity

1
(29) 2=p+ 50 XgadV

has many of the properties for the problem with spin-orbit interaction
which p has for the problem without spin-orbit interaction.

TIME REVERSAL SYMMETRY

The time reversal transformation K takes x into x; p into —p; ¢ into

—¢6. The hamiltonian (24) is invariant under time reversal; thus
[H,K] = 0. For a system of a single electron the result of Kramers
(Messiah, Chapter 15, Section 18) for the time reversal operator is

(30) K = —io,K,,

where K, in the Schrédinger representation is the operation of taking
the complex conjugate. Thus K, has the property for any two states
¢ and ¢ that

(31) (e¥) = (Ko¥,Koo).
Further, with ¢,% = 1,
(32) (K¥,Ko) = (Kob,0,’Kop) = (o¥);

——dé¢ Xgrad V(x)- (p + k)] up(x)
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also,
(33) K2p = (—ioy)(—ioy)e = — 0.

An important application of time-reversed pairs of states has been
made by P. W. Anderson [J. Phys. Chem. Solids 11, 26 (1959)]. He
shows that in very impure superconductors we must consider pairs
defined by the time reversal operation, rather than Bloch function
pairs.

THEOREM 4. If ¢ is a one-electron eigenstate of H, then K¢ is also an
eigenstate with the same energy eigenvalue in the absence of external
magnetic fields. Further, K¢ is orthogonal to ¢. This is the Kramers
theorem.

Proof: The hamiltonian commutes with K; therefore K¢ must be an
eigenstate if ¢ is an eigenstate, and the eigenvalues are the same. Now
by (32) and (33)

(34) (¢,K9) = —(K*p,K¢) = —(¢,Ko) = 0,
so that ¢y and K¢y are linearly independent. Q.E.D.

THEOREM 5. The states Koyt and K¢y belong to wavevector —k,
so that €yt = Ex} and €| = E_xt.

Proof: Koyt = —io, Kooyt = ¢~ X (periodic function of x) |, so
that
(35) Kext = oxy,

apart from a phase factor. We recall that o, reverses the spin direc-
tion. We assign opposite spin arrows to ¢ and K¢ because

('PkT 7”2‘Pkf) = (Ka’l‘lokT:K‘PkT) = - (‘P—kl 908¢—kl)7
using o0, = —o,0,. From (35) and Theorem 4 we have
36) - €t = €.x}; €y = E_xt- Q.E.D.

The bands have a twofold degeneracy in the sense that each energy
occurs twice, but not at the samek. A double degeneracy at the same
energy and k occurs only if other symmetry elements are present; with
the inversion operation J the energy surface will be double at every
point in k space.

THEOREM 6. If the hamiltonian is invariant under space inversion,
then

(37 et (%) = ¢yt (—X),
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apart from a phase factor, and
(38) €xt1 = €xt-

Proof: The space inversion operator J sends x into —x; p into —p;
and ¢ into 6. 'The reason ¢ does not change sign is that it is an angular
momentum and transforms as an axial vector. Thusif JV(x) = V(x),
then the hamiltonian including spin-orbit interaction is invariant
under J. Then Joy1 (x) is degenerate with ¢x1(x). But

(39) Jogt (x) = e uyy (—x)

is a Bloch function belonging to —k, because the eigenvalue of Joy1

under a lattice translation operator T is e~**%. We may call u_y1 (x)
= uy1(—x), whence

(40) ekt (X) = Jox1 (),

and

(41) €kt = E_x1- Q.E.D.

It is simple to show directly, if one wishes, that u_y;(x) satisfies
the same differential equation as w1 (—x).

We recall that J commutes with o,, so that the expectation value
of o, over ¢yt and ¢_y is the same. Therefore, using (36), the com-
bined symmetry elements K and J have the consequence that

(42) €kt = &y,
where
(43) P < K']‘ka y

apart from a phase factor.
The product operation

(44) C =KJ = —ie,KoJ = JK

will be called conjugation. Conjugation reverses the spin of a Bloch
state, but does not reverse its wavevector:

(45) Coxt = oxy,

apart from a phase factor. A number of theorems involving the opera-
tions K and C are given as exercises at the end of the chapter.

THEOREM 7. In the momentum representation, with G a reciprocal
lattice vector,
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(46) or(x) = %Y fo(k)e'®™,
G

where the fg(k) are c-numbers, the wave equation without spin-orbit
interaction is

@D oo+ O)Yoll) + 3 V(G — 90 = afol®),
g

where g is a reciprocal lattice vector and V(G) is the fourier trans-
form of V(x) between plane wave states:
(48) V(G) = [ d% ¢V (x).

The result (47) follows on operating on (46) with H = T + V and
taking the scalar product with e®%e?®*,

It follows from the representation (46) that the expectation value
of the velocity v satisfies

(49) (klv]k) = (k|p/m|k) = m-lg (k + G)|fs()|?
= grad, (k).

The proof of the last step is left to the reader. An alternate deriva-
tion is given as Theorem 11.
It also follows that the effective mass tensor defined by

1 ERE
(50) (&?),,, ok, dk,

is equal to (Problem 8):

(51) (51;); 1 (5., + ZG Ife(k)lz)

THEOREM 8. The energy &, is periodic in the reciprocal lattice; that is,

(62) €k = Ek+G-

Proof: Consider a state ¢, of energy &; we may write
(53) o = e Mu(x) = * 9Ty (X)) = exye,
where
(54) U to(X) = €7 uy(x)

has the periodicity of the lattice. Thus ¢y may be constructed
from ¢y; it follows that &, = g,4¢.
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We now develop an important theorem related to the effective mass
tensor (1/m),, defined by (50), which is equivalent to
(55) sk=—<"—l*> kuks + - - -
m \m*/ .,
k + p PERTURBATION THEORY

THEOREM 9. If the state ¢, at k = 0 in the band v is nondegenerate,
except for the time reversal degeneracy, the effective mass tensor at
this point is given by

(56) (ﬁ) st 2;2' (20],J08)(50

m* 3 €0 — &0

T

07),

where 3, v are band indices and the zeros stand for k = 0. Without
spin-orbit interaction p replaces =, and usually it is sufficiently accurate
to write p for =. The result (56) is referred to also as the f-sum rule
fork = 0.

Proof: In the equation (27) for u,(x) we treat

(57) H’=1—(p+ ldegra.dV)'k=—1—n'k
m 4me m
as a perturbation, with the hamiltonian for k = 0 treated as the
unperturbed hamiltonian. We could equally expand about any other
wavevector, say ko.
Let us consider first the diagonal matrix elements of H'. If the
crystal has a center of symmetry, then

(58) (+0|=/0y) = 0
by parity; further
(59) (+0|=|Cv) = 0,

by Exercise 5, with |Cy) denoting the conjugate state to [0y). The
spin indices are not shown in our present notation. If the crystal
does not have a center of symmetry, we must consider the matrix
elements for the particular symmetry involved. Thus at the point T
in the zinc-blende structure the twofold representations I'g and I';
of the double group satisfy the selection rules (see Chapter 10)

(60) g XTy=T7;+Tg; Iy XTy =T+ T,

where I'y is the vector representation. These rules are given by
G. Dresselhaus, Phys. Rev. 100, 580 (1955), along with the character

int



SOLIDS

‘€ Imass

nerate,
1sor at

"ithout
curate
m rule

as the
 other

If the

The
rystal
natrix
oint T'
nd Fy

en by
racter

Y

BLOCH FUNCTIONS—GENERAL PROPERTIES, CH. 9 187

table. Because = transforms as a vector, the rules tell us that = does
not have diagonal matrix elements within the twofold representations.
Thus the first-order energy correction from H’ vanishes. In Problem
(14.4), we have a situation in which the first-order energy does not
vanish.

The energy to second order is

’ (7017n n|05>(501"r ky I07>
— &0

61) &k = mm+ 22

where on the right-hand side we have included the kinetic energy
associated with the ¢™* modulation. The result (56) is obtained if
we write (61) in the form

m

62) %®=%®+i(7)mm+u-
2m \m*/,,

By going to higher orders in the perturbation theory we may construct
the entire energy surface. The method is referred to as k « p perturba-
tion theory.

The eigenfunction to first order in k is

(30]k - xiO‘y))'

Eyo — &30

(63) i = &= (fo + - 37108

If further degeneracy exists at the point k = 0, we must apply degen-
erate perturbation theory, as in Schiff, pp. 156-158. The valence
band edge in important semiconductor crystals is degenerate; the form
of the energy surfaces is considered in a later chapter on semiconductor
bands, but an example will be given below.

We can draw some immediate conclusions from the form of (61). If
one €,y — & is very small, the form of the band v near k = 0 will be
determined largely by the matrix elements connecting it with the band
8; and, vice versa, & will be determined by v. Further, if the energy
denominator is very small, the effective mass ratio m*/m will be very
small. An extreme example may be cited: It is believed that the
energy gap in the semiconductor crystal Cd,Hg; .Te (z = 0.136) is
less than 0.006 ev, and the experiments suggest also that m*/m < 4
X 10™* at the bottom of the conduction band.

According to calculations by F. S. Ham, Phys. Rev. 128, 82 (1962),
the effective masses at k = 0 in the conduction bands of the alkali
metals have the following values:

Metal Li Na K Rb Cs
Band index 23 3s 4s 5s 6s
m*/m 1.33 0.965 0.86 0.78 0.73
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Suppose that the order of the bands near k = 0 in an alkali metal is
the same as the order of the states in a free atom. Then in Li all the
perturbations on the 2s conduction band will come from p levels higher
in energy than 2s, as there is no 1p level; for Li &, — €,9 < 0, so that
m < m*. For Na the 3s conduction band is perturbed about equally,
but in opposite directions, by the 2p levels below and the 3p levels
above 3s in energy, and thus m* = m. As we go further along in the
alkali series, the perturbations from below increase in effect relative
to those from above, and m* < m.

Degenerate k «p Perturbation Theory. The simplest example of
k - p perturbation theory for degenerate bands occurs in uniaxial
crystals with a center of symmetry. Suppose we have a band of
s-like symmetry at k = 0 lying above by an energy E, a pair of bands
degenerate at k = 0 and transforming at this point like z and y.
The symmetry axis is along the z direction. The state which is z-like
at k = 0 will be neglected implicitly: we assume that the crystal
potential splits z off from the other states by an energy large in com-
parison with E;. We neglect spin-orbit interaction in this example.

We note that the first-order energy correction vanishes from the
perturbation (1/m)k - p, by parity. The second-order energy involves
the matrix elements

(64) Gl = 3 3 Gl il ple) = 0,

also by parity; here j = z, y. Further,

2
(65) ("]e) = 5= (i Bl pla) = — o Gl
kok,
(66) (a|H"|y) = mzlE, (afte - pls)slte - ply) = — —% (alpals)slply)-

By symmetry (s|p,|y) = (s|pz|z); thus we may write, for ¢, j = z or y,
A gyl s 1
(67) GH|3) = —Akks; A = —gp |Galpsl)l®

The secular equation for the three states is

E,+ A(k2 + k%) — A 0 0
(68) 0 — Ak, — A — Akzk, | =0.
0 — Ak, — Ak, — A
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One solution is

k? 1., 2 2
69) &) =5+ A=+ ok AT+ kY);
this shows that to second order in k the energy band structure of the s
state near the band edge is spheroidal, with the free electron mass m in
the z direction and with the effective mass in the zy plane given by

1
(70) L1, 2

m* m m2E,

(lpal9)]?;

here m* < m.
The energies of the degenerate bands involve the solutions of

Ak, + Ak,k,

@) Ak, Ak 4|0
or
(72) A=0, and  —(k?+ k2.

Therefore the energies of the two bands degenerate at k = 0 are, to
second order in k,

_ 1, _ 1. _ 2 2
(73) ea(k) = 2mk ’ Ep(k) = zmk A(kz + ky )'

The form of the secular equation (68) is not the most general form:
the coefficients of the off-diagonal elements are usually not equal to
the coeflicients of the diagonal elements. Suppose that somewhere
above the s state there lie two degenerate d states which transform as
zz and yz. Then the diagonal elements of the secular equation will
also involve

(74) (.’L']k * Plxzxlek : p|x> = k22|<x|pzlxz>[ 2:

which is also the value of (y|k - plyz)X(yz|k - ply). The contributions of
the d states to the off-diagonal elements vanish. Thus (71) becomes,
in general,

Ak,? + Bk, + ) Alk,

(75) Ak, Ak + Bh2+A| =

0,

which has the eigenvalues

(76) X = — Bk.*;
M = — Bk — A(k.? + k).
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The surfaces of constant energy are figures of revolution about the
z axis. One surface (that with the + sign) describes heavy holes; the
other surface describes light holes.

ACCELERATION THEOREMS
THEOREM 10. In a steady applied electric field E the acceleration of
an electron in a periodic lattice is described by

(77) k = ¢E,

and the electron remains within the same band. We suppose that the
band is nondegenerate.

First proof: If the electric field is included in the hamiltonian in
the usual way as a scalar potential ¢ = —e¢E - x, the nonboundedness
of x causes some mathematical difficulty. The simplest approach to
the problem is to establish the electric field by a vector potential
which increases linearly with time. We set

(78) = —cEt;

thus
10A

(79) E= —grad¢ — -— =E,
c at

as required. The one-electron hamiltonian is

1

H=—
2m

2
(p—fA)-+V@>
[
(80) )
= om (p + €Et)? + V(x).

It is useful to become familiar with the classical motion of free
electrons in the vector field A = —cEt:

(81) H = (p+ B0

the hamiltonian equations are

(82) p=—0H/3x =0; . x = 0H/dp = (p + ¢Et)/m.
On quantum theory for a free electron

(83) ip = [p,H] =0; ix = [x,H] = i(ko + ¢Et)/m,

where k; is the eigenvalue of p, which is a constant of the motion.
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Observe that the hamiltonian (80) has the periodicity of the lattice,
whether or not E is present. Therefore the solutions are precisely of
the Bloch form:

(84) e(XE ) = ¢ Fu(x,E0),

where u,(x,E,t) has the periodicity of the lattice; here the time ¢ is
viewed as a parameter. The functions .. (x,E,f) for band ¥ can be
expanded as a linear combination of . (x,0)—the eigenfunctions
of all bands for E = 0. We see that bands can be defined rigorously
in the electric field and k is a good quantum number: in this formula-
tion k is not changed by the electric field!

We now treat the time ¢ as a parameter and compare the kinetic
energy term (p + eEt + k)?/2m in the effective hamiltonian for u(E,¢)
with the kinetic energy term (p + ¢Et’ + k')%/2m in the hamiltonian
for uw(E,t’). The two hamiltonians will be identical if

(85) ¢Et + k = ¢Et' + K/,

so that the state and the energy at k,¢ are identical with those at k’, ¢’
if (85) is satisfied. Thus an electron which stays in a given state k
will appear to change its properties in terms of the states classified
inkatt=0asif

(86) k = ¢E.

That is, an electron in ¢, at ¢ = 0 will at a later time ¢ be in a state
having the original k, but with all the other properties (including
the energy) of the state originally at k — ¢Et. The current in the
state k is related to the expectation value of p — (¢/c)A; the current
will tend to increase linearly with time because A « ¢.

Because ¢E(t — ') is invariant under spatial translation, it will
not cause k to change. We must still show that an electron at k in
band v will at time ¢ still be in the same band. That is, we need the
adiabatic theorem, which states that a transition between states a
and + is unlikely to occur if the change in the hamiltonian during the
period 1/w,, is small in comparison with the energy difference w,,:

oH 1 1
(87) — — —<«KL

0l Way Way

Our states « and v are states of the same k, but in different bands.
The condition (87) is very easily satisfied—it is difficult to violate
over an extended volume of a crystal. The argument of the present
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Observe that the hamiltonian (80) has the periodicity of the lattice,
whether or not E is present. Therefore the solutions are precisely of
the Bloch form:

(84) ex(5,E,t) = e®*u(x,E 1),

where u,(x,E,l) has the periodicity of the lattice; here the time ¢ is
viewed as a parameter. The functions .. (%,E,¢) for band v can be
expanded as a linear combination 6f u.(x,0)—the eigenfunctions
of all bands for E = 0. We see that bands can be defined rigorously
in the electric field and k is a good quantum number: in this formula-
tion k is not changed by the electric field!

We now treat the time ¢ as a parameter and compare the kinetic
energy term (p + ¢Et + k)?/2m in the effective hamiltonian for w(E,t)
with the kinetic energy term (p + ¢Et' + k’)?/2m in the hamiltonian
for up(E,t’). The two hamiltonians will be identical if

(85) ¢Et + k = ¢Et’ + K/,

so that the state and the energy at k¢ are identical with those at k’,#’
if (85) is satisfied. Thus an electron which stays in a given state k
will appear to change its properties in terms of the states classified
inkati{=0asif

(86) k = ¢E.

That is, an electron in ¢, at ¢ = 0 will at a later time ¢ be in a state
having the original k, but with all the other properties (including
the energy) of the state originally at k — ¢Et. The current in the
state k is related to the expectation value of p — (e/c)A; the current
will tend to increase linearly with time because A « .

Because ¢E(t — t') is invariant under spatial translation, it will
not cause k to change. We must still show that an electron at k in
band v will at time ¢ still be in the same band. That is, we need the
adiabatic theorem, which states that a transition between states «
and v is unlikely to occur if the change in the hamiltonian during the
period 1/w,, is small in comparison with the energy difference w,:

oH 1 1
(87) — — — <KL

O way Way

Our states o and v are states of the same k, but in different bands.
The condition (87) is very easily satisfied—it is difficult to violate
over an extended volume of a crystal. The argument of the present
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theorem is due to Kohn and to Shockley. The vector potential
A = —cE¢ can be established in a ring-shaped crystal by changing
magnetic flux at a uniform rate through an infinite solenoid running
through the inside of the ring.

Second proof: We write H = Hy + H', where

1
(88) H0=§%p2+ Vx); H' = —F-x,
with F = ¢E as the force on an electron in the electric field. Now

note that

ikex

(89) grad oi, (X) = 1Xep,(X) + €** grady ™™gy, (x).
Then

(90) H = Hpg + iF - grad,,

where

(91) Hy = Hy — ie™*F - grady e >

acts as invariant under a lattice translation because the term in F
does not mix states of different k, but only of the same k of different
bands. If ¢, (x) are the eigenstates of Hg, then

(92) —i(8K'|¢™*F - grad, ¢~ **|ky)

= —1 ] d3z ¢! &K% % B . grady U,

which vanishes except for k = k’ because the term wg; grady uy, is
invariant under a lattice translation. It follows that Hgy gives
interband mixing, but only the term 7F - grad, in the hamiltonian (90)
can cause a change of k. Notice that in the present formulation,
unlike the earlier one with a time-dependent vector potential, k is
not a constant of the motion.

Consider the problem of a free electron

(93) o= =0ty F= RD

in an electric field. The time-dependent Schrédinger equation is
= (7 - 50)

94 —=(—2p*—F. .

(94) ¢ dt Zmp x)e

But, from (93),

d(pma_‘p @ _ .de .dk
(99) i "ot T gmdw'(—i T 'x)“”
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so that
de dk 1

96 it =—k2_F.
(96) TR TR el
or
. dk «&"
97 — = F. Wm{
7 dt m

The same argument applies in a crystal. We define a set of func-
tions x,,(x) as the eigenfunctions of

(98) HFXk‘y = €y Xkry-

The time-dependent equation is

d .
(99) i % = (Hy + iF - gradux.
We try a solution with x; confined to one band:
(100) Xe = €*TeT @Oy, (x);
the derivative is
ka de .dk )

= (22 4+ = grady ) xi
(101) dt (dt Ty 8rade ) X
or, on comparing (99) with (101),

dk S dd

(102) = =T, omrd SE= Sﬁa’

Thus the acceleration theorem is valid in the basis x, of Bloch states
for which the polarization effect of the electric field has been taken
into account by the hamiltonian Hpg.

For very short time intervals it can be shown that the motion of
an electron in a crystal is governed by the free electron mass and not
by the effective mass; see, for example, E. N. Adams and P. N. Argyres,
Phys. Rev. 102, 605 (1956).

We give now a theorem which connects the expectation value of the
velocity with the wavevector, thereby enabling us to use the accelera-
tion theorem to connect the change of velocity and the applied force;
see also (49).

THEOREM 11. If (v) is the expectation value of the velocity in a state
|ky), then

(103) (v) = «([H,x]) = grady &y,

in the absence of magnetic fields.
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Proof: We consider the matrix element in the band v:

(104) (| [H x|y = j 43w (x)e ™S H x]e™*yy (x).
Now

(105) grad, (e **He™® ™) = —je T[T | | |
+ i Hxe ™ = A H x]e ™

further, we have seen in (15) that
(106) H(p,x)e™®™ = ¢**H(p + k x).
Thus

(107) (K|[H x]|k) = —1 [ 4%z ud (x)(grady e~ *He™ ")y (x)

—~i [ 4% w2 () (grady H(p + k) (x).

Now use the Feynman theorem, namely

3 /. 0H |\
(108) Py (k|H|k) = \k] Y |k )

where A is a parameter in the hamiltonian. Thus (107) becomes
—1 grady &, and

(109) <ﬁ> = gradk 3k, Q.E.D.
Further, as (x) is a function of k alone,
d . dk
(110) 7 &) = o grady grad, &,
or, by (55),
d dk, /1 1
11 () = —) =r(—) -
(111) dt (@) di (m*),,‘ F, (m*)m
If &, = k%/2m*, then
(112) m"'E (x) = F.
dt

It is more difficult to treat rigorously the motion of a lattice electron
in a magnetic field. Particular problems are treated at several points
in the text. For a general discussion and further references, see
G. H. Wannier, Rev. Mod. Phys. 34, 645 (1962) and E. J. Blount in
Solid state physics 13, 306. For electrons in nondegenerate bands

(1

It
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and not-too-strong magnetic fields the result of the detailed calcula-
tions is that the equation of motion (111) may be generalized to

(113) F=e(E+%va).

We now give several theorems concerning special functions—Wannier
funetions—which are sometimes used in discussions of the motion of

lattice electrons in perturbed potentials and in electric and magnetic
fields.

WANNIER FUNCTIONS
Let ¢y,(x) be a Bloch function in the band v; the Wannier functions
are defined by

(114) Wy (X — Xa) = N7% Y, e %%y (x),
k

where N is the number of atoms and x, is a lattice point.

THEOREM 12. The Bloch functions may be expanded in terms of
Wannier functions as

(115) ou(x) = N7% Y e®mp(x — x,,).
Proof: From the definition of w,
(116) ou(x) = N7HY, X5 Y 6™ g (x)
n k'

= N! kE e ST T (X) = @p(X).
'\ n

THEOREM 13, Wannier functions about different lattice points are
orthogonal, that is,

(117) [ @z wr@wE — %) =0,  x, 0.
Proof:
18) [ d* w*(xyuw(x — x,) = N7 ) [ d% ot ) o (x)
= N""%e_ﬂ"’n = Son.

The Wannier functions tend to be peaked around the individual
lattice sites x,. We examine this under the special assumption that

(119) ox = €™ ug(x),
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where uq(x) is independent of k. Then

(120) w(x — X)) = N"%ug(x) Y, %%,
E
In one dimension with lattice constant g,
27

where m is an integer between £3N. Then

122 ekt = 1 gi2rmEINa) o sin (r¢/ a)’
(122) ; g (rt/Na)
for N > 1, and

?in {r(z — xn)/a}
{r(z — z.)/a}

In three dimensions we have the product of three similar functions.
Thus the Wannier function assumes its largest value within the lattice
cell about x,, and it tails off as we go out from the central cell.

(123) w(z — zz) = N"uo(z)

TaEoREM 14. If &(k) is the solution of the unperturbed one-particle
periodic potential problem for a nondegenerate energy band, then the
eigenvalues with a slowly varying perturbation H’(x) are given by
the eigenvalues X of the equation

(124) [e(p) + H'(X)]U(x) = \U(x),
where &(p) is the operator obtained on substituting p or —¢ grad for
k in &(k) in the band v; U(x) has the property that

(125) x(x) = ; Un)w(x — X,),

where x(x) is the solution of the Schrodinger equation
(126) [Ho + H'(®)Ix(x) = Ax(x).

Proof: A clear proof is given by J. C. Slater, Phys. Rev. 76, 1592
(1949). A treatment of a similar problem for weakly bound donor and
acceptor states in semiconductors is given in Chapter 14; the method
given there is the one most often used in practice when quantitative
calculations are carried out.

In a magnetic field (124) becomes

(127) [e (p - ZA) + H’(X)] Ux) = \U(x),

(1
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as demonstrated by J. M. Luttinger, Phys. Rev. 84,814 (1951). 1In the
expansion of &(k) any product of k’s is to be written as a symmetrized
product before making the substitution k — p — e/cA. An example
of effects arising from the noncommutativity of the components of k
in a magnetic field is given in Chapter 14.

PROBLEMS

1. If O, has the property

(128) KO,K—! = 0%,
show that
(129) (¢|01|Ke) = 0.

For O; we may have a symmetrized product of an even number of momentum
components, or any function of x.
2. For O, as defined in the first problem, show that

(130) (l01le) = (K¢|01|K o).
3. If O; has the property ’

(131) KO:K~1 = —0y*,

show that

(132) (|0s2]@) = —(K¢|02|Ko).

4. Show that the results of 1, 2, 3 hold if everywhere C = KJ is written for
K; the states are now assumed to be eigenstates of a hamiltonian invariant
under C.

6. If COC~! = O, show that

(133) (Tk|Ok]) = 0;

here O might be p, a symmetrized product of an even number of linear
momenta, or the spin-orbit interaction; show further that

(134) (Tk|O[kT) = (|k|O[k]).
6. If COC~! = —O*, show that
(135) (Tk|OlkT) = —(|k|Ok]);

here O might be L or 6.
7. Prove (49); use (47) and the normalization condition gradkz |fe(k)|?
G

= 0.

8. Prove (51).

9. Evaluate the effective mass tensor (56), with p written for =, in the limit
of separated atoms. The wavefunctions may be written in the tight binding
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form as

(136) Pry(x) = N7 Y ef*in (x — x;),
H

where v is an atomic function in the state v. It is assumed that v’s centered
on different lattice sites do not overlap. We find that (vk|p|kd) = (v,|p|vs),
where v, and v; are different states of the same atom. Now

(137) L (ylpl#) = & — £)(rlxl8),
so that
(138) (7%) = [1-2nY @ - elalao)] = o,

on application of the atomic f-sum rule. Show that (136) satisfies the trans-
lational symmetry requirement (14).

10. (e¢) Show that an electron in a crystal in an electric field & will oscillate
according to

(139) e(x — Xo) + & = €(ko + e8t) — €(ko),

from conservation of energy. The amplitude Az of oscillation is Az =< Ae/e|§],
where A€ is the width of the band. (b) Estimate Az for a reasonable electric
field. (c) Estimate the frequency of the motion.

11. Consider a Bloch state which is nondegenerate at k = 0. Using

»x(x) as an expansion of ¢(x) to first order in k - p, show by direct calculation
that

~ m
(140) (Klp,lk) = (,-n—) :

ap
to first order in k.
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10 Brilloﬁlin zones and
crystal symmetry

.

~.

‘We have seen that the energy eigenvalues of the periodic potential
problem are periodic in the reciprocal lattice:

€k+6 = Ex;

thus to label the eigenvalues uniquely it is necessary to restrict k to a
primitive cell of the reciprocal lattice. The primitive cell may be
chosen in various ways, but the standard convention is to bound the
cell by the planes which bisect the lines joining k = 0 to the nearest
points of the reciprocal lattice. This cell is called the Brillouin zone,
or first Brillouin zone. Unless otherwise specified, our k’s are under-
stood to be reduced to this zone. The Brillouin zone of the linear
lattice is shown in Fig. 1, of the square lattice in Fig. 2, the sc lattice
in Fig. 3, the bece lattice in Fig. 5, and the fce lattice in Fig. 7. The
construction of the zones is described in 7SSP, Chapter 12,

There are certain useful symmetry properties of the hamiltonian
for the periodic crystal potential which are most easily discussed
with the help of elementary group theory. The reader without benefit
of group theory may acquire the needed elements from Chapter 12
in Landau and Lifshitz. The modest object of this chapter is to make
it possible for a reader equipped with a knowledge of point symmetry
groups and their representations to extend his knowledge to the
important symmetry properties of the Brillouin zone. We also sum-
marize in tabular form results which are frequently used. The
symmetry properties are first discussed without spin, and later the
spin is added.

In a crystal the group G of the hamiltonian is the space group of the
crystal structure plus the operation of time reversal. We recall
that the lattice and thus the hamiltonian is invariant under all trans-

199
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lations of the form

(1) Tx =x+1t,

where t is a vector in the direct lattice:

(2) t = la + mb 4 nc; l, m, n = integers;

and a, b, ¢ are the primitive basis vectors. Thus for a Bloch function
Pk,

3) Tor = e™*oy;

the ¢, belong to one-dimensional representations of the translation
group T and have the eigenvalue ¢!, We restrict our discussion at
the beginning to crystal structures which are themselves bravais
lattices. That is, we defer discussion of space groups which contain
screw axes or glide planes.! Crystallographic nomenclature is sum-
marized in I8SP, Chapter 1.

We now study the effect of the operations of the point group R.
Let Pg be an operator of the point group. The result of operating on
a function f(x) with R is defined to be

(4) Prf(x) = f(R™'x),

where R is a real orthogonal transformation.

The rotation R transforms a Bloch function ¢(x) = e™Xu(x)
into a new function ¢(x), where k’ is derived from k by a rotation R
applied in k space. This result is intuitively obvious on observing
that k- R~ !'x = x - Rk.

THEOREM. If ¢ (R~'x) is a solution of the wave equation, then
¢r (X) is a solution with the same energy, where R is an element of
the group of the Schrédinger equation.

Proof: We have

(5) o(R™'x) = ™ By (R™'x) = ¢'BEIy, (R x).

Now ux(x) is a solution of

(6) %n (p® + 2k-p + k%) + V(X)} u(X) = Meu(X),

1 For full details of these space groups, see H. Jones, Theory of Brillouin zones
and electronic states in crystals, North-Holland, Amsterdam, 1960; V. Heine,
Group theory in quantum mechanics, Pergamon, London, 1960; G. F. Koster,
Solid state physics 5, 174-256.
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and u,(R~'x) is a solution of
1
@) om (@* + 2k - R7'p + k%) + V() we(R7'x) = My (R 'x),

where we have used the relations

(8) V(R 'x) = V(x),
and

9) E7'p-R7'p = p”.
But observe that

(10) Rk]-p =k R7'[p,
and ‘

(11) : Rlk] - R[k] = k2,

so that ¢r((X) is a solution of the same equation as ¢, (R~ 'x) and has
the same energy. Note that g (X) is an eigenfunction of the lattice
translation operator T, with the eigenvalue ¢*F**,

We can therefore generate a representation of R by letting R operate
on k in k space or by letting R™! operate on x in real space. If there
is only a single ¢ for each k, we may replace (4) by

(12) Proy(x) = o (X).

If the point group hqs n elements, the degenerate ¢, form (for a non-
special k) an n-dimel}sional representation of the group of the Schré-
dinger equation.

If a certain kg is invariant with ko = R’k, under certain operations
R’ forming a subgroup of R, these operations form the group of k.
That is, if there are symmetry elements which leave special wave-
vectors invariant, these symmetry elements form a group which is
called the group of the wavevector. Because of the periodicity of the
reciprocal lattice we treat k and k 4+ G as identical (not merely equiv-
alent) wavevectors, where G is a vector in the reciprocal lattice. This
statement is consistent with the correct enumeration of states (Chap-
ter 1). Suppose that the states ¢y, of given k are degenerate in energy:
the operations of the group of k transform ¢y, into a ¢y with the same
k, and the ¢’s are said to form a representation of the group of k.
The representation is known as the small representation.

We consider first the trivial example of a linear lattice, of lattice
constant a; the Brillouin zone is shown in Fig. 1. The first zone is
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FIG. 1. Brillouin zone of linear lattice.

bounded by —=/a and »/a. If the potential V(z) is even with V(—xz)
= V(z), then the group of the hamiltonian includes the reflection
operation in a plane through the origin, and %; and —k, are degenerate
in energy. We denote the reflection operation normal to the z axis by
M.

The special points in k space in this example are —=/a and =/a; they
differ by the reciprocal lattice vector 2r/a and are therefore identical
points in every respect. It follows that

(13) m [Z’.] Tt

thus the point x/a is invariant under m,. The operations E and m.,
where E is the identity, are the group of the wavevector =/a. The
representations of this group are one dimensional and are trivial;
they are either even or odd under m,, so that ¢, = *¢_,q, and
either

(14) ©xja = Sin (7T/ @)Uy a(T),
or
(15) ®xja = €08 (72/a)Uy;a(T).

We see that the Bloch functions at the boundaries of this zone are
standing waves. The w’s in (14) and (15) need not be identical,
because the ¢’s belong to different representations and thus to differ-
ent energies.

We notice another feature of the zone boundary. The point
ke = ky — (2r/a) is identical with k; because the points differ only
by a vector in the reciprocal lattice. Recall that + %, are degenerate
in energy. Thus the energies satisfy

(16) e(k1) = e(kz) = e(—ki);

if we let k; approach w/a, we see that ks approaches —=/a, so that

(17)  lim 3(1—5): lim E(—E—a),.—_ lim e(_7_r+5>_
—~+0 \0& —+0 a 5 +0 a
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This implies that the energy is even about +=/a, whence
(18) L gk) =0
ok -

at the points +/a.

SQUARE LATTICE

The Brillouin zone of the square lattice is shown in Fig. 2. The
point group symmetry of the lattice is denoted by the symbol 4mm;
there is a fourfold axis containing two sets of mirror planes, one set
made up of m, and m,, and the other made up of two diagonal planes
designated my, mg. For a discussion of crystal symmetry elements,
see I8SP, Chapter 1.

There are six special types of points or lines in the Brillouin zone
of the square lattice—the points I', M, X, and the lines A, Z, Z. The
point I which lies at k = 0 transforms into itself under all the opera-
tions of the point group. Under the same operations M transforms
directly into itself or into the other corners of the square. The
corners are connected to each other by vectors in the reciprocal lattice,
and therefore the four corners represent only a single point. Trans-
forming one corner into another is equivalent to taking a corner M
into itself. The point X is invariant under the operations 2,, m,, m,,
where the reflection m, and the twofold rotation 2, carries r/a into
the identical point —=/a.

The special lines Z, A, and Z are invariant respectively under the
mirror operations mg, m,, and m.; the invariance of Z under m, follows

k)’
o
a M
p>
z
T r
a a k
r A X *
F 9 G
=
a

FIG. 2. Brillouin zone of the square lattice; the point group symmetry is 4mm.



204 QUANTUM THEORY OF SOLIDS

because the operation takes Z into a point connected to Z by a recip-
rocal lattice vector. Thus the points labeled G and F are related by
m, and differ by the reciprocal lattice vector (2r/q,0,0). For the
square lattice we see that the argument of (17) applies to every point
on the zone boundary, so that grad, € = 0 on the zone boundary.
This property of the energy is inseparable from the presence of the
mirror plane; the property does not hold, for example, at the (111)
faces in the fcc problem (Fig. 7) because there is no mirror plane
normal to the [111] direction.

TABLE 1
CHARACTER TABLES OF THE SMALL REPRESENTATIONS OF THE SPECIAL
POINTS AND LINES OF THE SQUARE LATTICE

M E 2, 4,48 m.,m, mg mg
I, M, 1 1 1 1 1
T, Mo 1 1 1 -1 -1
T3, My 1 1 -1 1 —1
Ty, My 1 1 -1 —1 1
T's, My 2 -2 0 0 0
X E 2, My my
X, 1 1 1 1
Xo 1 1 —1 —1
X3 1 -1 1 —1
X4 1 -1 -1 1
A E My
= E ma
Z E ms
Al: 21; Zl 1 1
Dy, 2o, 72y 1 -1

The character tables for the special points and lines of the square
lattice are given in Table 1. We can usefully label a band by the set
of labels of its irreducible representations at special points; thus a
band might be labeled as I'sA1 X 4 Z M 5 2.

COMPATIBILITY RELATIONS
Within a single energy band the representations at the special
points and lines are not entirely independent. The representations
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must be compatible. Suppose that the band has the representation
Z s at Z, so that the state is odd under the mirror operation m,. This
representation is not compatible at the point X on the line Z with the
representations X; and X3, which are even under m,; further, Z, is not
compatible with M, and M3, because these representations are even
under m,. The question of M ; requires attention, but M is reducible
under the group E, m, into Z, and Z,, so that M5 is compatible with
either Z, or Z5. The complete compatibility relations for the square
lattice are simple to work out and are given in Table 2.

TABLE 2
COMPATIBILITY RELATIONS FOR THE SQUARE LATTICE
Representation Compatible with
Ay Iy, Ty, T's; Xy, Xy
A, Ty, Iy, I's; X, X3
Z, Ty, Ty, Ts; M1, My, M
Zy Ty, Ty, T's; Moy, M3, M5
Zy Xy, X33 My, M3, M5
Z2 XQ,Xg;Mg, M4, M5

SIMPLE CUBIC LATTICE B

The full eubic point group is 4/m 3 2/m. There are four special
points R, M, X, T and five special lines A, S, T, Z, Z, as shown in
Fig. 3.
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FIG, 3, Brillouin zone of the simple cubic lattice, with special points labeled,
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I', R. The point I' at the center of the zone obviously transforms
into itself under all the operations of the cubic group. The point B
at the corner is connected to the other corners by reciprocal lattice
vectors, so that all eight corners are a single point. The eight corners
transform into each other under the cubic group; thus R and T have
the same representations, as given in Table 3, which is given in every
textbook on group theory. The point H is included for use with the
bee lattice.

TABLE 3
CHARACTER TABLE OF THE SMALL REPRESENTATIONS oF I', R, H

E 4 4 2 3 J J4 J4 J2  J3

I, 1 1 1 1 1 1 1 1 1 1
T, 1 1 -1 -1 1 1 1 -1 -1 1
Ty 2 2 0 0 -1 2 2 0 0 -1
I'is’ 3 -1 1 -1 0 3 -1 1 -1 0
Ias’ 3 -1 -1 1 0 3 -1 -1 1 0
ry 1 1 1 1 1 -1 -1 -1 -1 -1
ry 1 1 -1 -1 1 -1 -1 1 1 -1
INTY 2 2 0 0 -1 -2 =2 0 0 1
T'is 3 -1 1 -1 0 -3 1 -1 1 0
Tss 3 -1 -1 1 0 -3 1 1 -1 0

In Table 4 we compare three of the common notations used for the
representations of the cubic group, and give the lowest-order basis
functions which transform according to these representations. For
z, y, 2 we could equally well write k,, k,, k,. Basis functions of higher
orders are given in Table II of the paper by Von der Lage and Bethe.

X, M. The point equivalent to X lies at the intersection of the k.,
axis with the lower face of the cube. There are three points equivalent
to M, at the intersections of the k,k, plane with the vertical edges; the
points X and M have the same symmetry elements, 4/mmm. The
representations and symmetry types are given in Table 5. Character
tables may be found in Jones, pp. 99 and 104; Bouckaert, Smoluchow-
ski and Wigner, p. 64.

A, T. The point T is equivalent to three points on the other vertical
edges. The point group is 4mm; the point A has the same point group.
The basis functions below are referred to the z axis:

A A, Ay’ A As
1 z? —y? Ty zy(z® — y?) {z,y}
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TABLE 4
SYMMETRY TYPES AT POINTS I', B, H OF CUBIC LATTICES

Notation

BSW LB Chem Basis Functions

I‘] o Alg 1
Fz ﬁ' A2a xd(y2 — 22) + y4(z2 —_ xz) + 24(:82 — yZ)
T v E {22 — (2 + yb), (2 — ¥}
Iy & Ty {zy(@® — o), ye(y® — 2%), 2x(2? — 7))}
Ty’ € Toy {zy,yz 22}
'y o A ay2[zt(y? — 2%) + yi(2? — 2%) + 24 (2? — yH)]
ry B8 Agy TYyz
Ty v By {zyele? — 3(z° + y?)], vyz(2? — )}
- T's & Tiu {z,y,2}
Ieg & Toy {z(z® — y9), 2(y® — 2%), y(2* — 2?)}

Note: BSW = Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50,
58(1936).
LB = Von der Lage and Bethe, Phys. Rev. T1, 612(1947).
Chem = used by most chemists; also in the text by Heine,
reference 1.

TABLE 5
SYMMETRY TYPES OF POINTS X, M OF CUBIC LATTICES
(REFERRED TO THE 2 AXIS)

Representation Bagsis Functions
X, M, 1
Xg, ﬁf[z z? — y2
X3, M; zy
Xy, My zy(z? — y?)
X5x M; {yz;zx}
Xy, My zyz(z* — y7)
X, Mo Yz
X', My 2(z* — %)
X4', My 2
X', Mg {z,y}

A. The point group is 3m. The basis functions are referred to the
{111] axis:

Ay As As
1 zy(z —y) +ye(y — 2) + 22(z — 2) {@—2), y —2)}

The representations of F are identical with that of A.



208 QUANTUM THEORY OF SOLIDS

2, 8. The groups are holomorphic to 2mm. TFor operations
referred to k, = k, and k. = 0, the basis functions are:

21 22 E3 24
1 z(x ~ y) z z—y

Z. The point Z has two mirror planes and a twofold axis; with basis
functions referred to the z axis:

Zy Zy Z3 Zy
1 yz Y z

The representations of G, K, U, D are identical with those of Z.
The compatibility relations for the sc lattice are given in Table 6.

TABLE 6
COMPATIBILITY RELATIONS FOR THE SIMPLE CUBIC LATTICE

'n T2 Ty Ty Ty’ Y T Ty Tis Tgs

A]_ Ag AlAg Al'A;, Ag'As Al' Az' A].'Ag' A1A5 AzAs
A A A3 AzAs A]Aa A2 A1 A3 A1A3 AgAg
El 2 2124 222324 212223 2, 23 2223 212324 212224

X, Xy X; X4 X5 X! Xy X4 X4 Xy
Ar Ay AY Ay As Ay AY Ay Ay As
Zl Z1 Zy Zs 22Z3 Z2 Zg Zs Zg ZhZs
S: 8¢ & S, S2S3 S: 83 S Ss 8184

My M, M::, My Ms M1' My M3' M My

Z1 Zs 2 24 P22 2y 23 Zs 23 2124
Zy 7y Z3 Z3 ZyZ Zy, Zy Z4 Zy VAVA
Tn T, T¢ T Ts TY T T, T T

CLASSIFICATION OF PLANE WAVE STATES IN THE EMPTY LATTICE

In Chapter 13 on the calculation of energy bands we shall discover
reasons why the sequence of bands in a crystal often has a strong
resemblance to the sequence of plane wave states, with the crystal field
considered as a potential which lifts certain accidental degeneracies
which occur for plane waves. One gains a very powerful insight into
band structure by considering the perturbed plane waves.
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We wish to rewrite a plane wave of general wavevector k’:
ik’x 1 72
(19) Pxr = € 3 & = o k y
2m

so that it appears in the reduced zone scheme. We can always find a
reciprocal lattice vector G such that
(20) k=k -G

lies in the first Brillouin zone. Then we define

(21) ox = o = € u(x),
with
iy 1
(22) up(x) = €%, g = oy, (&t G)? = g

Here ¢'®* has the periodicity of the direct lattice, as required.

Energy versus k itn Reduced Zone, SC Lattice. 'We consider now the
behavior and degeneracies of the energy bands in the reduced zone,
for an empty sc lattice of unit lattice constant (¢ = 1) and V(x) = 0.
The lowest energy oceurs for G = 0 and gives us the band A sketched
in Fig. 4:

1
(23) eAk = '2—1;"1 kg.

Define band B for G = 2x(100); according to (22)
1
(24) €px = 57— {(kx - 2'"')2 + ky2 + kz2}'
2m

Atk = 0, egg = (1/2m)(2r)?, and epy drops as we go out in the [100]
direction to make contact with band A at the point X (k = »00). The
band C is defined for G = 2#(100). The bands D, E, F, G are defined
for G/2x = (010), (010), (001), (001). The next set contains 12 bands,
for G = 2x(110) and equivalent G’s.

We consider the effect of a weak cubic crystal potential in lifting
the accidental parts of the degeneracies evident in the band scheme of
Fig. 4. There is in the empty lattice a sixfold degeneracy at I' for
G = 2r(100) and equivalent G’s. The unperturbed wavefunctions at
I’ may be written as

(25) o1 = &% pr = €I gy = ™M,

62"7’; 0 = 6“2'“’.

P4 = €72 05 =
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FIG. 4. Reduced zone scheme for free electrons in empty simple cubic lattice
for @ = 1. Degeneracies are indicated in parentheses. Representative values of
the extended wavevectors are given for several boundary points.

At T the group of the wavevector is that of the full cubic point group.
We can construct irreducible representations of this group from the ¢;
by determining the characters of the ¢; and then reducing the represen-
tation or, perhaps more easily, by expanding the ¢; in series for small
arguments and then using ingenuity, guided by Table 4. Thus, to
quadratic terms in the coordinates,

1 =1 + 2miz — (2n)%%;

(26)

o3 =1 + 2miy — (2m)%?;

o5 =1 4 2niz — (2#)232;

or =1 — 2riz — (2r) %%

o1 =21 — 2riy — (2m)%y%;

¢6 = 1 — 2riz — (2r) %%

We emphasize that the elements R’ of the group of the wavevector

are elements which operate on the coordinates.

We may form several
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representations from (26):

(7) Tiie1+ o2+ @3+ 04+ 5 + 06

(28) Tis:¢1— @2~ 13 Y3 Pa™~Y; 05 — Qe ™~ 2

(29) Trieie1+ @2 — 03 — ea~2zt — 3
o1+ 02 + 03 + 04 — 205 — 205 ~ 2% + y* — 22%

Thus for G = 2x(100) we reduce the sixfold degenerate I' to
(30) =Ty +Ti5s+Tie~s+p+d,,

by analogy with atomic orbitals. The sixfold degeneracy splits into
one, two, and threefold states.
At the lowest point X the states are

(31) p1 =" gy =TT
From these we may form the combinations
(32) X, ~ cosnz; X4 ~sin 7.

If the ion-core potential is attractive, it is likely that X; will lie lower
in energy than X', because the cosine piles up more charge on an
ion core centered at x = 0 than does the sine.

BODY-CENTERED CUBIC LATTICE

The Brillouin zone of the bee lattice is the rhombic dodecahedron
shown in Fig. 5; the form of the zone is derived in 78SP, Chapter 12.
The symmetry operations for T, A, A, Z are identical with those of the

FIG. 5. The Brillouin zone .of the body-centered cubic lattice showing the sym-
metry points and axes.
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same points in the sc lattice. The point H has the full cubic sym-
metry, as for . The characters and symmetry types of N and P are
given by Jones. The classification of the representations of the energy
bands in the empty lattice is given in Fig. 6.

FACE-CENTERED CUBIC LATTICE

The form of the Brillouin zone
is given in Fig. 7; the zone is
a truncated octahedron. Special
points of unusual interest are L at
the center of each hexagonal face;
X at the center of each square
face; and W at each corner formed
by two hexagons and one square.
Their coordinates in terms of the
side a of the unit cube of the direct
lattice are

2
(33) X=7‘—"'(001);
2
L==(G49);
a
w =g7~r(%0 1);
0 02 04 06 08 1.0 2
r H K == (310)

FIG. 6. Free particle energy bands

for a body-centered cubic lattice. The classification of the represen-

tationsof the energy bands is given
in Fig. 8. We note that there is
no mirror plane normal to the [111] direction in the fec lattice; thus
there is no need for grady € to be zero across the hexagonal faces.
For details of the behavior on the hexagonal faces, see Jones, p. 47.

HEXAGONAL CLOSE-PACKED AND DIAMOND STRUCTURES

The space groups of these structures contain glide planes or screw
axes which are not inherent in the primitive translational lattice. The
irreducible representations of wavevectors lying within the zone are
not radically changed by the new operations, but there is a serious
change at the surface points of the zone. Because of the new opera-
tions it can happen that at a special point, along a whole line, or on a
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n

0 01 02 03 04 05
r L

FIG. 7. The Brillouin zone of the face- FIG. 8. Free particle energy bands
centered cubic lattice showing the sym- for.a face-centered cubic lattice.
metry points and axes.

whole zone face the irreducible representations are only two dimen-
sional. One says that the glide planes and screw axes cause the bands
to stick together on the special surface lines and planes. We emphasize
that our discussion of zone symmetry is still worded as if electron spin
did not exist.

We illustrate the effect by a simple example in two dimensions.
Consider the rectangular Brillouin zone shown in Fig. 9; let the space
group of the direct crystal have mirror planes m normal to the a axis
at 2 = %a and 3a, and a glide plane ¢ parallel to the a axis. The
space group is p2mg. Suppose that X(z,y) is a solution of the wave
equation at k = 7/a(10), which we denote by X. The glide operation
implies
(34) 9X(z,y) = X(z + 30;—y).

This space group necessarily contains the inversion J, so that

(35) JX(zy) = X(—=z;—y).
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The mirror plane at £ = {e implies

(36) mX(z,y) = X(—z + ia;y).
Then we see that
(37 gX(z,y) = mJX(z,y).

Suppose that the representation were one-dimensional: then because
J2X (z,y) = X(z,y), we would have JX(z,y) = +X(z,y). Because
m*X (z,y) = X(z,y), it would follow that mX(z,y) = +X(z,y). From
(37)

(38) ¢*X(z,y) = mImIX(z,y) = (D (£1)*X(z,y) = X(z,9).
However,
(39) 9*X(z,y) = gX(x + 3a,—y) = X(= + a,)

= e*X(z,y) = " X(zy) = —X(z,y),

which contradicts (38). Therefore the representation in this space
group at X cannot be one-dimensional. The bands must stick at X,

By using time reversal invariance we show that the bands stick
on the boundary line through XZ. Let K be the time reversal oper-
ator; we know from the preceding chapter that in the absence of spin

(40) quk(xyy) = (P_..k(x,y)-
But on the boundary k = (r/ak,) we have

(41) —k = (— - —lc,,) = (E -—k,,).

kJ’
L H
> Z H_/S W) \
P ANL S H
M
X K — i - A\ U____f_.....
T phls
IEER
H I’
A
L H

FIG. 9. Brillouin zone for a simple FIG. 10. Brillouin zone of the hexag-
rectangular lattice. onal close-packed structure.
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Thus, from (37) and assuming the state k to be nondegenerate,

(42) 9K ox(z,y) = mJo_(2,y) = mew(z,y) = ¢x(z,9),
where in the last step we have used the relation m, ! [(Z:, Icy)] =

(E» ky), instead of letting m, act on the coordinates. However,

9KgKoy(2,y) = g*ex(2,y);
and by the argument of (39)

(43) gou(z,y) = ex(@ + a,y) = —e(z)y),

which is inconsistent with (42). Thus the ¢, and gK¢, must be
independent functions; their energy must be the same because the
hamiltonian is invariant under the operations g and K. The bands
stick on the boundary line through XZ; there can be no energy gap
between these two bands.

A similar argument applied to the hexagonal close-packed structure
[C. Herring, Phys. Rev. b2, 361 (1937); J. Franklin Institute 233, 525
(1942)] shows that only doubly-degenerate states exist on the hexag-
onal faces of the Brillouin zone, Fig. 10. This result is important
because it implies that no energy gap exists across the hexagonal face.
It has been shown, however, {M. H. Cohen and L. M. Falicov, Phys.
Rev. Letters B, 544 (1960)] that the degeneracy is lifted by the spin-
orbit interaction. For the diamond structure, see the paper by
Elliott cited in footnote 2; for the zinc blende structure, the paper by
Dresselhaus.

SPIN-ORBIT COUPLING?

We now add the electron spin to the Brillouin zone problem.
Adding the spin without turning on the spin-orbit coupling simply
doubles the degeneracy of every state. But the spin-orbit interaction
will lift some of the degeneracy—not, however, at k values for which
the states are only doubly-degenerate in the presence of spin, because
the Kramer theorem on time reversal symmetry requires at least two-
fold degeneracy. A p-like state (such as I';s in a cubic crystal,
according to Table 4) is threefold degenerate without spin; sixfold
degenerate with spin; and with spin-orbit interaction the state behaves
as a Py, Pis set in atomic spectroscopy : the sixfold level splits into one
fourfold level like ps; and one twofold level like py.

2 R. J. Elliott, Phys. Rev. 98, 280 (1954); G. Dresselhaus, Phys. Rev. 100, 580
(1955).
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The small representations are changed by spin-orbit coupling. For
the group I of Table 4, the representations with spin are given in terms
of the representations without spin.

I; r, Iy Iy T’ Tas’ Ty ry - -
'y XDy Tg TI'y I T'e+Ts TIy+Tsg Ty TI'y---

The representations I'g, T';, I'g are two-, two-, and four-dimensional,
respectively. Character tables for special points are given in the
paper by Elliott; results for the point I' are given in Table 7.

TABLE 7
CHARACTER TABLE OF THE EXTRA REPRESENTATIONS IN THE DOUBLE
GrouP ofF I’

(The operations with bars overhead are isomorphous to those
without them)

E E 4 72 4 4 2 2 3 3 JXxXZ
I'e, ¢ 2 -2 0 0 2% 9% 0 0 1 -1 +x2
r,r 2 -2 0 0 2% 2% 0 0 1 1 +x(2)
I's, T 4 —4 0 0 0 0 0 0 -1 1 +x(2)

Further effects of spin-orbit coupling on band structure are best
discussed by important specific examples. Several of these are given
in the chapter on the band structure of semiconductors.

PHONONS

The symmetry properties of phonons in crystals may be described
in the same way as we have described the symmetry properties of
electrons. For a discussion of selection rules in processes involving
both phonons and electrons, see R. J. Elliott and R. Loudon, Phys.
Chem. Solids 16, 146 (1960); M. Lax and J. J. Hopfield, Phys. Rev.
124, 115 (1961).

PROBLEMS

1. Show for the square lattice that I's = Ay + Ag; Ts = 21 + Zo; M5 =
1+ 2y My =271+ Zs.

2. Show that the bands D, E, F, G in Fig. 4 on a line A reduce into the
representations Ay, A, As.

3. Show that without spin only doubly-degenerate states exist at general
points of the hexagonal faces of the Brillouin zone of the hep structure.

4. Confirm the labeling of all the bands shown in Fig. 8 for the fcc lattice.



11 Dynamics of electrons
in a magnetic field:

de Haas-van Alphen effect
and cyclotron resonance

In a crystal the behavior of electrons in a magnetic field is vastly
more interesting than their behavior in an electric field. In a mag-
netic field the orbits are usually closed and quantized; occasionally
the orbits are open, with unique consequences. Observations on the
orbits provide quite direct information on the fermi surface. The more
interesting and revealing observations include cyclotron resonance, the
de Haas-van Alphen effect, magnetoacoustic attenuation, and mag-
netoresistance. It is unfortunate, but probably not generally serious,
that the theoretical basis of the motion of electrons in crystals in a
magnetic field has not yet been developed in a clean and closed form
as concise as the earlier theorem on the motion of electrons in an
electric field. One or two magnetic problems have been solved exactly,
and a wide family of problems have been solved in a semiclassical
approximation. Other solutions have been obtained in the form of a
series expansion in the magnetic field, with several terms in the series
calculated. The semiclassical analysis of the motion of an electron
on a fermi surface in a magnetic field appears to be sufficiently accurate
for most purposes.

FREE ELECTRON IN A MAGNETIC FIELD

We first consider the motion of a free particle of mass m and charge e
in a uniform magnetic field H directed parallel to the z axis. The
vector potential in the Landau gauge is A = H(0,2,0). The hamil-
tonian is

1 e \° 1 9 . 2
1) H= 2 (P - A) = om [p:* + p." + (py + mwez)®],
217
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where the cyclotron frequency is defined for an electron as
2) we = —eH/me.

We first examine the classical equations of motion in order to gain

familiarity with their form in this gauge. We have
' (3) &= 9H/dp, = ps/m; y = 0H/dpy = (py + mw.z)/m;

z = p,/m;
(4) po = —90H/oz = —(py + mweT)o,; Py =0; p: = 0.

Thus py, p. are constants of the motion, which we may denote by
ky, k., respectively. From the equations for Z and p., we have

1
(5) mE = —kyw, — Mo r = —mw,’ (:c + — ky),

which is the equation of a linear harmonic oscillator of frequency w,.
with origin at
1
mu,

(6) Ty = — ky.

Note too that 7 is not a constant of the motion, although p, is constant.
A typical solution is

) z= - li:,, + p cos wt; ¥ = Yo + p sin wt,

c

where y, is disposable, as is k,.
The quantum equations of motion are:

(8) it = [z,H] = ips/m; 1y = [y,H] = i(py + mw.z)/m;
2 = ip,/m;
9) ip; = [Pz, H] = —i(p, + mwx)w; Py =0; p: = 0,

in agreement with the classical equations (3) and (4). If we make the
substitutions

1

10 == M = M I =
(10)  py = ky; pe = k; z — ky+q=2z+4g
the hamiltonian (1) takes the form
an = Lot mteted) + k2
2m 2m 7’

DYNAMIC
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(12)

where X\ :

(13) o
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17)

with € =
the mag;
of states

At abs
all state
ok, at k,
of allow
degeners:
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which has the eigenvalues

1

m e

(12) €=+ o +

where ) is a positive integer. The eigenfunctions are of the form
(13) o(x) = ei®kw¥tk2) % harmonic oscillator function of (z — zo).

The maximum value of k, is determined through (6) by the require-
ment that z, fall within the specimen. We suppose that the electron
gas is in a rectangular parallelepiped of sides L, Ly, L,. If

(14) ""%Lz <zy < %Lt,
then
(15) —3mwLs <k, < $mw,L,.

The number of allowed values of k, in this range in k, space is

(16) 12;: mw.L; = L,L, 22?,
neglecting spin. This is the degeneracy of a state of fixed k, and
energy quantum number A. The separation in energy of states
AN = 1 i8 w,, so that the number of states per unit energy range is
mL,Ly/2x, for fixed k,.

The density of states of a two-dimensional gas in zero magnetic
field is

(17)

L.L, . k dk L@L,m
(2n)? or

with € = £?/2m. Thus the average density of states is unaffected by
the magnetic field; what the field does is to pull together a large number
of states into a single level,

At absolute zero all states are filled up to the fermi level €p; above,
all states are empty. Consider a plane slab in k space, of thickness
8k, at k,, with the z axis parallel to the magnetic field. The number
of allowed values of k, in the range 6k, is (L,/2r)ék,, so that the total
degeneracy of the state \ in the slice 6k, is, from (16),

eHL.L, L

(18) 27c

Sk -LLyL, ‘H L,L,L.tH.

We define the degeneracy parameter ¢ as the degeneracy per unit
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magnetic field per unit volume of the specimen:

edk,
(19) £ = R

apart from spin.

DE HAAS-VAN ALPHEN EFFECT! %3

Many of the electronic properties of pure metals at low temperatures
are periodic functions of 1/H. The Schubnikow-de Haas effect is the
periodic variation of electric resistivity with 1/H, The de Haas-van
Alphen effect is the periodic variation of the magnetic susceptibility;
it is a spectacular and important effect. It provides one of the best
tools for the investigation of the fermi surfaces of metals.

We treat first the de Haas-van Alphen effect in a free-electron gas
at absolute zero. The fermi level € can be shown to be approximately
constant as H is varied; for the periodic effects in 1/H in which we are
interested the variation in the fermi level may be neglected entirely.
At absolute zero all levels A in the slice 6k, defined above will be com-
pletely filled (Fig. 1) for which

’

1
(20) (>\ + %)wc < &p — 2% i‘;z2 = SFI

and above this all orbits are empty. If the highest filled level is
X/, then the total number of electrons n in the slice of thickness &k, is

(21) n =\ + 1)tH,

using (18) and recalling that A = 0 is a filled level.

The number #n increases linearly with H until A’ coincides with the
fermi level €p. An infinitesimal further increase of H will raise \’
above €r, and all the electrons in A’ will empty out into orbits in
other slices of the fermi surface; that is, slices with other values of
k, and 5. The discontinuous evacuation occurs whenever an integer
M satisfies

' 4
(22) O+ = T
W e H
so that the population én is approximately a periodic function of 1/H,
with period e/mce. The population of the slice oscillates with ampli-

* A. B. Pippard, LTP. :

2 D. Shoenberg, in Progress in low temperature physics 2, 226 (1957); this contains
a full review of the experimental situation up to 1957,

8 A. H. Kahn and H. P. R. Frederikse, Solid state physics 9, 257 (1959).
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€
10987 6

W/, / ...

of slab

FIG. 1. Spectrum of Landau levels versus H; as H is increased, states of lower
and lower A burst up through the fermi level ep.

tude $£H about the value ny, which is the total number of electrons
in the slice 6k, in zero magnetic field. The variation is shown in Fig. 2.

The energy of the electrons in the slice 8k, in a magnetic field
such that the population is n is

by kzz kZZ

(23) Uy = gm% O+ 1)+ n o = LtHw,(\ + 1) + ng e
_Llw _2_2
= 2 EH ny + n02 H

using ng = (A’ + 1)¢H from (21) for this value of H. For nearby H
with the same value of A’ for the topmost filled state,

(24) U=~——n2+nk—7;t + (no — n)ep.



222 QUANTUM THEORY OF SOLIDS

//
_— /

=

\ ¥

No

6M\ \
~ \ \

v+ 3 v+ 2 v+1 vm%

H increasing —>

FIG. 2. Variation of population n, energy U, and magnetic moment &M of slice
8kz, as the magnetic field is increased. The successive values of A\’ are denoted
by »+3,»+2 v»+1,» - --. The horizontal scale is linear in 1/H, which
decreases to the right.

The first two terms on the right-hand side are the energy of the' elec-
trons in the slice 8k,; the term (n, — m)&r is the change in energy
of the rest of the fermi sea arising from the transfer of n — ng
electrons at the fermi level. By including the transfer, we have in
U — U, the entire energy change of the whole fermi surface, provided
€r remains exactly constant. We may write w,/2tH = u/t, with

(25) p = ¢/2me.

Thus, with €% = er — k,2/2m,

(26) 83U = U — Uy = (w/§)(n* — n®) + (no — n)ef.
Now €5 = (no/tH)w, = 2uny/§, so that

27 3U = (u/§)(n — no)*.

This is always positive.
The magnetization of the slice at absolute zero is

oU
28) M = = 20 = —@w/ D — o) o
by (21) and (22),
(29) 90 1)E 2 () = Ep(t/2H),

dH
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8o that

’

(30) oM =~ — Z—” (n — ny).

We have seen that as H is increased the quantity n — n, varies eycli-
cally with extrema +4:H as the population of the level A varies
between tH and 0. The magnetization varies between F3tc%. This
cyclic variation of magnetization as a periodic function of 1/H is the
de Haas-van Alphen effect. The period in 1/H is, as we have seen,
e/mcep.

To determine the variation of the total magnetization with H, we
have to sum the contributions from slices at all k,; for each slice én
and €} are different. We analyze §M in a fourier series:

(31) SM = ok, ), Apsinpr, z = xcp/uH.

p=1

Now, for —x <z <,

(32) M = — — gst == gep Z (—1)» SBP%,

using the Smithsonian Mathematical Formulae, 6.810. Thus

1l - (— eef.
(33) Ay = - en-17 (5 )= -vry
‘We sum over all k,:
» .. 1
(34) M= z = 1) k’ - €p sin [% (sp ~ om kzz)]-

Now in metals and semimetals uH <« €, and the intezrand oscillates
very rapidly as a function of k., except for k, ~ 0. Thus we may
replace €5 by € in the integrand; after using the trigonometric formula
for the sine of the difference of two angles, we are left with Fresnel
integrals. The value of the integral in (34) to high accuracy is

muH\" WEF_I)_
(35) EF( ) ) m(uH 4)’

here we have used

(36) / dx cos— [ dz sm z? =4
0
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Then

Spem'/é(ulf)% (=1)» . (mep 1r).

M= _z
(37) Frera)

% uH 4
It is important to note that this result refers only to the properties
of a stationary section of the fermi surface, in this instance the section
with £k, = 0. As in many other fermi-surface problems, we are
involved with the properties of that section of the surface for which
the integrand is stationary, that is, surfaces for which 88/dky = 0.
Here 8 is the area of the section of the surface at ky = constant, where
kg is the projection of k on the direction of the magnetic field, Thus
measurements of the de Haas-van Alphen effect usually relate to the
characteristics only of the stationary sections of the fermi surface. For
a given orientation of the magnetic field relative to the crystal axes
there may be several stationary sections. At absolute zero a section
may enclose either all filled states or all empty states.

As the temperature is increased from absolute zero, the orbital
states near the fermi level will be partly populated, instead of being
either filled or empty. The distribution of population tends to average
out the oscillations in the magnetic moment. The relevant parameter
is the ratio of k3T to the magnetic splitting w.; more precisely, it is
found from the full analysis that the pth term in the sum in (37) is
multiplied by the factor

Tp
= — ]
sinh z,,

(38) Ly

where x, = 2r’pkpT/w.. With H = 10° oersteds and w, as for the
free-electron mass, the factor L; ~ 0.71 at 1°K; further, Ly ~ 0.30;
L3 = 0.10; L, = 0.03. Thusat a finite temperature the oscillations are
more sinusoidal than sawtooth in form. In any event, the de Haas-
van Alphen effect is limited to low temperatures: at 4°K we have
L; =~ 0.03 in the foregoing conditions.

It is also necessary that the specimen be quite pure in order that
collisions do not blur the quantization. On a simple model the effect
of a relaxation frequency 1/7 is to replace kzT by kT + 1/xr in (38).

For a general fermi surface the period of the de Haas-van Alphen
effect may be expressed in terms of the area S in k space of the sta-
tionary section of the fermi surface, taken normal to the direction of
the magnetic field. With the general quantization condition given in
(61) below, it is apparent that in (37) we should make the replacement

pr€p  pcS
—
uwH eH

(39)
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apart from phase. This result is valid even for nonquadratic fermi
surfaces. For free electrons

(40) S = nkp® = 2rmer,

at the extremal section.

The de Haas-van Alphen effect is a powerful tool for the investiga-
tion of fermi surfaces. In recent years the range of experimental work
has been extended to include a number of alkali and noble metals, as
well as transition-group metals. The earlier work was largely con-
cerned with semimetals or with small pockets of the Brillouin zone,
because low values of €7 or of S make for less difficult experiments in
terms of the values of T and H required.

Landau Diamagnetism. The change of energy §U of the slice 8k, ina
magnetic field is given by (27). When §U is averaged over a cycle
between the extrema n — ny = +3tH, we have, from (27),

(41) (8U) = $(u/£)(BEH)? = {gtuH®.
Now
d(sU
(42) @) = — B e,
and
- €
(43) 5x = OM)/H = —}tu = — E“z—c ok

For the whole fermi surface the average diamagnetic susceptibility is

2 2
ep u'm u'm "
2kp) = — —= kp = — —5 (2me .
g% PKF) = = gpr Br = — Gy (2mer)
The total electron concentration, counting both spin orientations, is
given by 3r*n = (2mer)*, so that after multiplying (44) by 2 we have

(44 x=-

2

(45) X = "o,

This is the Landau diamagnetic susceptibility of an electron gas. Note
that n now refers to the whole fermi sea; earlier it referred to the
slice ok,.

SEMICLASSICAL DYNAMICS OF AN
ELECTRON IN A MAGNETIC FIELD*

If the fermi surface is itself independent of the magnetic field H,
we believe following Chapter 9 that we are justified except at special

4 L. Onsager, Phil. Mag. 48, 1006 (1952); A, Pippard, LTP.
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FIG.3. Motion of an electron in k space around an orbit of constant energy. The
magnetic field is normal to the k.,kg plane.

points in k space in describing the motion of an electron in the mag-
netic field by

(46) k = (e/c)v x H,

where the right-hand side is just the lorentz force. Thus in k space
the electron moves in a plane normal to H. We have seen that

(47) v, = grad, &(k),

where €(k) is the energy as calculated in the absence of the magnetic
field; therefore the velocity is always normal to the constant-energy
surface (Fig. 3). The lorentz force causes k to change only along the
curve of constant energy formed by the intersection of the constant-
energy surface with a plane 1H; the value of kg, the wavevector
component parallel to H, is constant and is determined by the initial
conditions. Let K be the two-dimensional wavevector in the section
and let ¢ be the components in real space of x in a plane normal to H.
Then (46) may be written

(48) K = (¢/c)p X H;

as the electron describes an orbit in k space, it also describes a similar
orbit in real space. From (48) we see that o(t) is derived from K(¢)
by multiplying K(t) by ¢/eH and rotating by /2. The transformation
K < p is independent of the shape of the energy surface. We rewrite
(48) as

(49) K = (¢/c)v, H,

where v, is the velocity in the plane 1 H.
Cyclotron Resonance Frequency—Geometrical Interpretation. Con-
sider two orbits in the same plane section in K space, one orbit of
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energy € and the other of energy € + 6. The separation in K space
of these orbits is

Imagine an electron moving on one orbit because of a magnetic field;
the rate at which it may be said to sweep out the area (Fig. 4) between
the two orbits is

(51) K 6K = (e/c)pH d¢/p = (eH /c) &,

which is constant at constant d¢. Let T denote the period of the orbit;
then T'(eH /c) 8¢ is equal to the area of the annulus (dS/dg) ¢, where
S(€) is the area in K space of the orbit of energy €. Thus

¢ dS
(52) T = 02

or, for the cyclotron frequency,
(53) We =70 = —— S = ——

This equation defines m,, the effective mass of the orbit for cyclotron
resonance. Thus

1dS

54 _ 148
(54) Me = on de

which relates the cyclotron frequency and the effective mass to the

kg

Q\_/ i
FIG. 4. Geometrical representation of the eyclotron frequency; the ares in k
space of the orbit at energy ¢ is denoted by S(e).
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geometry of the fermi surface. Another form for m. is given in Eq.
(72).

Quantization of the Orbits. The periodic character of the motion
leads us to expect that the energy levels are quantized, with orbits in k
space separated in energy by w.,. We may show this by the Bohr-
Sommerfeld method. We have assumed that the effective hamil-
tonian in a magnetic field is obtained by the substitution

kep—ec A
in the energy &(k).
(55) $pp-da=G e+ ec™'A) da = Pec o x H + A) - do,

where we have integrated (3) to give k = ec™ (¢ x H) apart from an
additive constant which vanishes on integration. The vector potential
isA. Now

(56) gﬁng-d9=—H-gﬁgxd9=~2¢,
where ® is the flux contained within the orbit in real space; further
(57) gSA-d9=[cur1A-da=[H-do=q>,
by the stokes theorem; here dé is the area element in real space. Thus
(58) ¢p dq = —ec 1@,

The quantum condition is
(59) $p-dg =200 + ),

where X is an integer and v is a phase factor having the value } for
a free electron in a magnetic field. Thus, apart from sign,

(60) ® = (2rc/e)(N + 7);

the different orbits differ by integral multiples of the unit of flux
2nc/e; or, in usual units, hc/e. This result, due to I. M. Lifshitz
and to Onsager, may be contrasted with the quantum of flux hc/2e
observed in superconductors, where the pairing condition makes the
effective charge 2e.

The result (60) is translated into k space by multiplying by (eH/c)?%;
we have directly for the area of allowed orbits

_ 2wreH
- [

(61) S A+ 7).
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Thus in the discussion of the de Haas-van Alphen effect we should
replace the quantum condition (20) on the frequency by the condition
(61) on the area of the orbit in k space. Apart from phase, the argu-
ment of the pth oscillatory term in the expression (34) for the magneti-
zation is replaced as follows:

o peS _
(62) LHSF T g~ 2O+,

where S is the area of a stationary section of the fermi surface, taken
normal to H. With #, the right-hand side is pcS/ehH. At a station-
ary section 88/0ky = 0. The de Haas-van Alphen effect thus gives
us the area of the fermi surface at a stationary plane 1H. The
cyclotron resonance frequency gives us dS/de, which is related to the
velocity at the fermi surface.

In strong enough magnetic fields the semiclassical quantization
procedure fails—as the field is increased the energy levels are broadened
and eventually reform into a different set of levels. A simple analysis
of the situation is given in a paper by A. B. Pippard, Proc. Roy. Soc.
(London) A270, 1 (1962); the magnetic breakthrough failure is likely to
occur when w, > E2/er, where E, is the energy gap between bands.

TOPOLOGICAL PROPERTIES OF ORBITS
IN A MAGNETIC FIELD?%¢

We have seen from (48) that as an electron deseribes an orbit in
k space it also describes an orbit in real space. If the section of
the constant-energy surface in k space is a closed curve, the electron
will deseribe a helix in real space. The helix is periodic in the sense
that every turn is a repetition of the last turn.

Some orbits are not closed curves in k space. The existence of
open orbits comes as a surprise at first sight. It is essential to recall
from the chapter on Bloch functions that the energy is periodic in the
reciprocal lattice; thus the constant-energy surfaces in each band
extend periodically through the whole of k space. The surfaces
are not confined within one Brillouin zone. When an electron meets
the boundary of a zone it simply passes into the next zone.

We consider several different situations:

(a) If the fermi surface lies entirely within the zone boundaries,
the surface will be closed and all orbits in a magnetic field will also
be closed.

8 I. M. Lifshitz and M. 1. Kaganov, Soviet Physics—Uspekhi 2, 831 (1959).
¢ R. G. Chambers, in The fermi surface, Wiley, 1960.
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(b) If the fermi surface consists of sections attached to separate
zone faces or around separate corners, these sections may be combined

in the periodic zone scheme to form simple closed surfaces.

2

AR
4

N

|
i[%
|

FIG. 5. Fermisurface in a simple
rectangular lattice in two dimen-
sions, on the almost-free electron
model. (a) First and second
zones. (b) First zone on extended
zone scheme. The open orbits are
marked 00 and 0°0’.

U T <

Such a
closed surface will consist of pieces
from more than one cell in the
extended zone scheme. When the
lorentz force brings an electron to
the zone boundary, it will continue
into the adjacent cell of the ex-
tended zone scheme.

(¢) The closed orbits may be
either electron orbits or hole orbits.
An electron orbit encloses states of
lower energy; the velocity vector
v = grad, € points outward from
an electron orbit. A hole orbit is
defined as enclosing states of high
energy; v points inward. An elec-
tron in a magnetic field traverses
a hole orbit in the opposite sense
to an electron orbit, and thus an
electron in a hole orbit acts as if
positively charged. Sometimes it
is possible for a given point on the
fermi surface to be part of either
an electron or hole orbit, according
to the direction of H.

(d) If the fermi surface extends
aeross one cell, from one face to
another or from one corner to an-
other, then in the extended zone
scheme the fermi surface will be a
multiply-connected surface extend-
ing continuously throughout k
space. The simplest example of an
open orbit occurs in the rectangular
lattice in two dimensions on the
almost free electron model when the
fermi surface cuts into the second

zone, as in Fig. 5. For a sc lattice a possible fermi surface containing

open orbits is shown in Figs. 6 and 7.

In Fig. 8 are shown schemati-

cally two types of sections at constant k&, of such an open surface. One
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z

FIG. 6. Possible fermi surface in a simple cubic lattice. (After Sommerfeld and
Bethe.)

x

FIG. 7. The fermi surface of Fig. 6 continued in k space. This is an open fermi
surface. (After Sommerfeld and Bethe.)
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FIG. 8. One possible type of open fermi surface for a cubic metal, showing two
sections of constant k,, for H along [100]. Left: electron orbits; right: hole orbits.
(After R. G. Chambers.)

cut contains electron orbits, the other contains hole orbits. The
shaded regions denote filled states; the boundary of the shaded regions
is the fermi surface. For a particular value of k, (intermediate
between the two shown) there is a transition between electron and
hole orbits; here open orbits occur which run throughout k space.
(¢) The open orbits become clearer if we tilt H slightly in the
k.k, plane, as in Fig. 9. Between the closed electron orbits there are
open orbits unbounded in k space. For such an orbit dS/de— o,

FIG. 9. Section of fermi surface for H in (010) plane, showing the periodic open
orbits bounding the central shaded strip. Electron orbits above and below.
(After R. G. Chambers.)
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FIG. 10. Asin Fig. 9, but with H tilted slightly away from [100] in an arbitrary
direction. Regions of electron orbits (top left) and hole orbits (bottom right),
separated by an aperiodic open orbit 00’. Direction of open orbit taken as z axis.
(After R. G. Chambers.)

where S is the area of the orbit; from (53) and (54) the cyclotron fre-
quency w,— 0 and the cyclotron mass m,— «. The open orbits
shown exist for a range of values of &k, in front of and behind the value
for the section shown. Open orbits also exist when H is tilted slightly
away in a general direction from the normal to a principal plane, as
shown in Fig. 10.

{Open orbit v/Open orbit

FIG. 11. Periodic open orbits. Slice through extended BZ scheme of fce crystal,
with H tilted in yz plane slightly from z direction. (After Pippard.)
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Open orbit
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—— /’
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open orbit ‘>—~um'-»-\:

FIG. 12. Aperiodic open orbit. (After Pippard.)

(f) The situation of Fig. 9 is shown again in Fig, 11, but for a
fce crystal. Because H lies in a plane of high symmetry, successive
elements of the open orbit are identical. This is called a periodic
open orbit. Alternate periodic open orbits are traversed in opposite
senses.

(9) The situation of Fig. 10 is shown again in Fig. 12, but for a
fce lattice in real space. Such open orbits are not in general replicated
exactly as we move along the orbit, and they are called aperiodic open
orbits.

(k) An extended orbit is a closed orbit which cannot be contained
within a single cell, however the origin of the Brillouin zone is chosen.

The importance of the open orbits is that they act as two-dimen-
sional conductors; they carry current only in the plane containing the
magnetic field and the general line of the orbit. They have a striking
effect on magnetoresistance, as we shall see in the following chapter.

CYCLOTRON RESONANCE ON
SPHEROIDAL ENERGY SURFACES

The neighborhood of the conduction-band edge in germanium and
silicon consists of a set of spheroidal energy surfaces located in equiv-
alent positions in k space. We now discuss the semiclassical theory
of cyclotron resonance for surfaces of this character, neglecting spin
and the spin-orbit interaction. The effect of these is considered in
Chapter 14.
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We make the replacement
(63), e(k) > H(p — ec™'A),

where £(k) is the energy in the absence of the magnetic field:
1 1
= (k2 I
(64) 6®) = 5 (k! + k) + 5k

where m, is the transverse effective mass of the spheroid, that is,
the mass for motion in the zy plane; m; is the longitudinal effective
mass—the mass for motion parallel to the z or figure axis. The
vector potential

(65) A, =4,=0; A, = H(z cos 6 + zsin 6)

desecribes a uniform magnetic field H in the zz plane at an angle 6
with the z axis. Then the transcription (63) gives

-1 e 1 ~1 TSNS S

(66) H = om, Pz + om, [py — ec 'H(z cos 6 + zsin §)]* + Y D:“.

The equations of motion of the momenta are, with o, = —eH /m.,c
and w; = —eH/myc,

1Pz = [pz,H] = —1iw(x cos 8 -+ 2z sin ) cos 0;
©7) Pz = [Pz, ¢

ipy = 0;  ip, = —iw(x cos 8 + 2 sin ) sin 6.
We have further

— P, = w,’ cos® Op, + ww, sin 6 cos 6p;;
(68) 3 i

—P: = w2 8in 0 cos 0p; + wyw, sin? 6p,.

With time dependence ¢~* this set of equations has a solution if

w? — w2 cos? 0 — wyw; Sin 8 cos 8

(69) 2 . 2 . aqa | =0,
—w“ 8in 0 cos @ w” — wyw; 8In“ @

or

(70) ? = w2 cos? 0 + ww; sin? 6;

in addition, there are roots at w = 0 for the analogue of motion parallel
to the field. From (70) we see that the effective mass m, determining
the cyclotron frequency is

1) (_1_)’ _ cos? 0 + gin? 6

m m? - mm,

Cyeclotron resonance in metals is considered in Chapter 16.
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PROBLEMS

1. Find and solve the quantum equations of motion of a free particle in a
uniform magnetic field, using the gauge A = (—3Hy;3Hz;0).

2. For the magnetic field H parallel to the x axis of the spheroidal energy
surface (55), evaluate the area S of the orbit in k space and calculate m,;
compare this result with that deduced from (71).

3. Show that the period of an electron on an energy surface in a magnetic
field is

c fd
72) = b

_here dl is the element of length in k space. Show that the area of the surface
may be written as

dl
(73) S = [[ dpedp, = [ ae o
so that

¢ 88

in agreement with (52).
4. Consider the hamiltonian of a many-body system:

(75) = oo YR+ Y Vi - x),
[ %7

where P; = p; — ec™?A, with A for a uniform magnetic field H. Form
= Z P;; show that

(76) P = (¢/mc)P X H.

Show further that if ¥, is an eigenstate of H having energy E,, then (P, +
1P, )¥, = ¥, is an exact eigenstate of the many-body system with energy
E, = Ey + v, where w, is the cyclotron energy.
6. Show that
zeH
(717) kxk=—2"

55 Y S




12 Magnetoresistance

In this chapter we consider an important transport problem—
the electrical conductivity of metals in a magnetic field. A large
effort of theoretical physicists in recent years has gone into the deriva-
tion of improved solutions to transport problems, in gases, plasmas,
and metals. Pioneer papers dealing with the quantum theory of
charge transport in metals include those by J. M. Luttinger and
W. Kohn, Phys. Rev. 109, 1892 (1958) and by I. M. Lifshitz, Soviet
Phys—JETP b, 1227 (1957). The classical theory of magnetore-
sistance is developed rather fully in the books by Wilson and by Ziman.
In Chapters 16 and 17 we treat several interesting, but somewhat
complicated, problems by classical methods. But the startling
highlights of the observed magnetoresistive phenomena in solids can
be elucidated qualitatively by relatively elementary methods. The
analysis of the experimental results bears directly on the shape and
connectivity of the fermi surface.

By magnetoresistance we mean the increase in the electrical resist-
ance of a metal or semiconductor when placed in a magnetic field.

long thin wire is directed along the z axis, and a d-c electric field E,
is established in the wire by means of an external power supply. A
uniform magnetic field H, is applied along the z axis, thus normal
to the axis of the wire. The most interesting experiments are those
carried out at low temperatures on very pure specimens in strong
magnetic fields, as here the product |wc|7 of the cyclotron frequency
and the relaxation time may be >>1. In these conditions the details
of the collision processes are suppressed and the details of the fermi
surface enhanced.

In the geometry described, which we shall refer to as the standard

geometry, the effect of a weak magnetic field (lwc|T <« 1) is to increase
237

K4

|

The effect of greatest interest is the _t}qwsgjl@gm\_’w
which is usually studied in the following geometrical arrangement: a —

#
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the resistance by an additive term proportional to H2. The additive
term may be of the order of magnitude of (w.r)?%:

R(H) — E(0)

w RO)

= (wer) Z,

On dimensional grounds we could not expect much else, bearing in mind
that a term linear in H is inconsistent with the obvious symmetry of
_the problem Wifl{;espggt__to the sign of the magnetic field. We note

(ISSP, p. 238) that in copper at room temperature the relaxation time
is =2 X 107" sec; for m* = m and H = 30 koe we have |w,] =~ 8
X 10 sec™?, so that |w|r ~ 0.02. At 4°K the conductivity of a
fairly pure crystal of copper may be higher than at room temperature
by 10% or more; thus r is lengthened by 10° and in the same magnetic
field Torfr = 20,

In very strong fields, that is, for |w,|r 3> 1, the transverse magneto-
resistance of a crystal may generally do one of three quite different
things.

(a) The resistance may saturate, that is, may become independent
of H, perhaps at a resistance of several times the zero field value.
Saturation occurs for all orientations of the crystal axes relative to the
measurement axes.

(b) The resistance may continue to increase up to the highest
fields studied for all erystal orientations.

(c) The resistance may saturate in some erystal directions, but
not saturate in other, often very nearby, crystal directions. This
behavior is exhibited as an extraordinary anisotropy of the resistance
in a magnetic field, as illustrated by Fig. 1.

o

Crystals are known in #ll three categories. We shall see that the
. \““—- -

first category comprises crystals wﬁﬁ'él‘g@(i/iggmk surfaces, such as
In, Al, Na, and Li. The second category comprises crystals with equal
numbers of electrons and holes, such as Bi, Sb, W, and Mo. The third
| category comprises crystals with fermi surfaces having open orbits for
- Joon ., some directions of the magnetic field; this category is known to include
- <+~ Cu, Ag, Au, Mg, Zn, Cd, Ga, Tl, Sn, Pb, and Pt. The value of mag-
: ~netoresistance as a tool is that it tells us whether the fermi surface is
closed or contains open orbits, and in which directions the open orbits
lie. There are geometrical situations possible for which open fermi

surfaces do not contain open orbits.
Many interesting features can be explained by an elementary drift
velocity treatment or by simple extensions thereof. We give this
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FIG. 1. Variation of transverse magnetoresistance with field direction in a field
of 23.5 kG, for a single crystal Au specimen with current]| [110]. (From Gaidukov,
1959.)

treatment first as a preliminary to the application of more detailed
transport theory. The drift velocity v is defined as the average
carrier velocity:

] 1 ;
2 | v=2) v S
(@) v N}Jv

Single Carrier-Type Isolréepic Ejﬁ;ective Mass and Constant Relazation
Time. The equation of motion of the drift velocity of a gas of carriers
having isotropic mass m* is, according to ISSP, Chapter 10,

(3) m*(¢+%v)=e(E+%va),

where 7 is the relaxation time of the charge carriers. The relaxation
time is approximately related to the mean free path A by A = |vr,
where m is the mean magnitude of the particle velocity. We take H
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in the z direction. In the steady state ¥ = 0, so that

1
4) v=e—’*(E+—va).
MmN e 1
If we set
(5) { o= er/m*‘ ¢ = uH/g= eHr/m*c = —w,r,
pal o .a-/
then (4) becomes
(6) Uz = I»‘E:; + £Uy; Uy = .“Ey — & Vv = I-‘Ez:

Thus, on solving for v, and v,,
(7) v, = ulk, + PEEy - Ezvx; vy, = I-‘Ey - #fE:!: - £2vy,

or

®  n=pE ) v = (B R,

1 +

The current density component j, is obtained from the velocity
component v, by multiplying by ne, where n is the carrier concentra-
tion. The conductivity tensor component oy, is defined by

9 '\J‘A = ok,

From (8) we have, for H || 2,

o T 1-?52 (_2 ] : 2).
0 0 1+¢

The components satlsfy the COHd}tmg o

(11) ax,(H) = ,,y)‘( H)

as a general consequence of the theory of the thermodynamics of
irreversible processes.

In our standard geometry the boundary conditions permit current
flow only in the z direction, thus

12) Jy =4 =0.
From (8) we see that the boundary conditions can be satisfied only if
(13) By = tE; B, =

The field E, is known as the hall ﬁgj@ From (10) and (13),

L

(14) Jz = 1_'% (B + EEy) = nepky;
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thus in this geometry the effective conductivity in the z direction as
calculated on our model is independent of the magnetic field in the 2
direction, even though the conductivity tensor components (10) do
involve the magnetic field. That is, our model gives zero for the
transverse magnetoresistance.

The resistivity tensor 5 is the inverse of the conductivity tensor,
so that Ey = px,j,. Thé components are given by

R N

(15) - Py = A)u/Ay
where A is the determinant of &; Ay, is the Av-th minor; and
(new)®
16 A=
(1) 1+ £

Thus for & given by (10) the resistivity tensor is

.
0 1) 4

This is consistent wFtTf (6), from whlch p is most easily found. For
the standard geometry with j, = 0 we have from (17) that

1, E . H,

E = — M E = — = — 3 =
(18) z ne“]m ¥ ne#]z nee Jz = EE,

17

in agreement with (13) and (14).
'T_tliabsence of magnetoresistance on this model in the standard -
__geometry is the resutt-of the halt électric field E,, which just balances.
the loxjentz force of themagnetic field. The balance can be maintained
“only for the one kinematical ‘quantity v included in the equations of
motion. But usually the relaxation time depends on the speed v;
of an individual carrier, so that we cannot expect to describe the
motion of the carriers in terms of a single drift velocity. Then the
_cancellation will not take place. The experimental situation is that a
transverse magnetoresistance i1s always, or nearly always, observed.
A simple and important alteration of the drift velocity model is to
introduce a second carrier type. With two carrier types the identical
hall electric field cannot rectify the orbits of both carrier types at once.
This is an important practical situation—the two carrier types may be
electrons and holes; s electrons and d electrons; open orbits and closed
orbits; ete.
Two Carrier Types—High Field Limit. There is a special value in
treating the problem of two carrier types in the high field limit. In
any field the steady state drift velocity equations are, by analogy
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with (4),
(19) vy = (ery/m})E + (ery/mic)vi X H;
(20) vy = —(ery/m3)E — (erz/m3c)ve x H;

where the carriers of type 1 are taken to be electrons of effective
mass m}, relaxation time r;, and concentration n;. The carriers of
type 2 are taken to be holes. We now consider fields such that
|wc1|-rl > 1 and |w02[12 > 1. Then we can neglect v;, vo when they
appear on the left-hand side of (19) and (20), whence for the z compo-
nents of these equations we have

(1) Bt Zo, =05 BotSu, =0
Thus

- (22) Jy = nievyy — Noevyy = LHnl)ec E,,
whence
(23) oyz = (ng — ny)ec/H.

This is a crucial result, because it shows that for equal numbers
of holes and electrons oy = 0. But if oy, = 0, there is no hall
voltage E,, as j, = 0 without benefit of an E,. Without E, the effec-
tive resistivity becomes simply 1/0,;, where ., is given by (10) and
in this limit ;

nM(l 1)

24 =\ +—)

@4 7o = 1 ]

where n = n; = ny. Thus t ansverse_magnetoresi

saturate if there are equal numbers of holes and electrons.
“Divalent metals having one atom (and two valence electrons) per

primitive cell will necessarily have equal numbers of holes and electrons
(n_ = n,), provided there are no open orbits. There is one point in k
space in each Brillouin zone for each primitive cell in the crystal.
Equality of electron and hole concentrations can also occur in metals
of odd valence if the primitive cell contains an even number of atoms.
Under these conditions it is observed that the transverse magneto-
resistance does not saturate. The topology of the equality of electrons
and holes is easily understood in two dimensions; see, for example,
Fig. 2, where the fermi surface has been constructed with parts in two
zones, but with the total filled area just equal to the area of one zone.
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a>»

(b) Holes in (c) Electrons in
first zone second zone

(a) General zone

FIG. 2. (a) Fermi surface in two dimensions enclosing an area equal to the area
of one Brillouin zone. (b) Hole orbit as connected. (¢) One electron orbit as
connected.

This result (23) holds also for a general fermi surface, at least
in the semiclassical approximation developed in the preceding chapter
for the dynamics of an electron in a magnetic field. We consider a
thin section of an electron fermi surface, bounded by planes normal
to H, with a states per unit area of the section. In constant fields
H, and E, the energy € of an electron in the section changes according
to

(25) ¢ = ev,E, = —ck,E./H,

because k, = — (e/c)v.H, if we may neglect collisions. Thus the shift
of the fermi surface from equilibrium is given by

(26) Ae = —ck,E./H,

within an additive constant. The resultant current in the y direction
is, integrating over the surface of the section,

Jde

@7 Jy = ae f ks dky 51 =

—aec(E./H,) | dk, dk,.

The integral on the right-hand side is just the area of the section, so
that J, is the number of states in the section times ecE,/H. For the
whole fermi surface we integrate over dk;, recalling that a f dk, dk, dk,
gives the number of states in the volume. Thus the total current
density is

. ec
(28) ju = (e = n)E,
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where 7, is the hole concentration and n__ the electron concentration.
For n_ = n, we have o, = 0, in agreement with (23), and by the
above argument the magnetoresistance does not saturate, in agreement
with experiment. This result is independent of crystal orientation and
explains the second variety of magnetoresistive behavior, as enumer-
ated earlier.

INFLUENCE OF OPEN ORBITS

It is a remarkable experimental fact that in some erystals the
magnetoresistance saturates except for certain special crystal orien-
tations. The absence of saturation in certain directions may be
explained in terms of open orbits. In strong magnetic fields an open
orbit carries current essentially only in a single direction in the plane
normal to the magnetie field; thus the open orbit cannot be saturated
by the field. Suppose that for a given crystal orientation there are
open orbits parallel to k,; in real space these orbits carry current
parallel to the y axis. We can associate a conductivity o, with the
open orbits; let us write the opén-orbit conduectivity as equal to sney;
this defines s. The high field limit of the conduectivity tensor (10) is

£ &t 0
(29) §F~mnep| —¢! £ 0),
0 0 1

not considering the contribution of open orbits. .We recall that § « H.
With the contribution of the open orbits we have

E—? E_l 0
(30) F~neul —&* s 0]
0 0 1

Here we have dropped £~ 2 in comparison with s in the term ¢,,. We
have assumed for convenience that ¢, = 0 = ¢,;; this is not the most
general situation. The applicability of (29) and (30) as high field
limits is demonstrated by Pippard, LT P, pp. 93-95. We note that an
open orbit parallel to k, has an average velocity component only in the
y direction and does not contribute to oy, ¢zz, ete. The strength
of the magnetic field does not affect the average carrier velocity vy,
on the orbit; the field strength only affects the rate k. at which the
open orbit is traversed in k space.
With (30) we obtain j, = 0 when

Ez EI
— — = E; -
(31) E + sEy 0, or y SE s
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thus

(32) Jz = neﬂ(g—zE:c + E_lEy) = Neéu (1 + 5’) £—2Ea:;

whence the effective resistivity is

£ s
p = :
neu s + 1

The resistivity does not saturate, but increases as H% Crystal dis-
tributions tend to reduce the exponent towards 1. We have thus
accounted for the third variety of magnetoresistive behavior, namely
nonsaturation only in special crystal orientations.

Suppose the crystal is oriented so that the open orbit carries current
in the z direction. Then

8 &t 0
(34) Fx=neu| —¢t £ 0),
0 0 1

(33)

and j, = 0 if B, = tE,, so that
(35) Jz = (s + 1)nepk,.

For this orientation the magnetoresistance saturates.
If the open orbit runs in a general direction in the zy plane, the
conductivity tensor has the form, again in the limit £ > 1,

81 g1 0
(36) Frneu| —f! s 0]
0 0 1
This gives j, = 0 when E, = E_/£s,; we have
1
(37) o = nen [s1 + iz Be mausiB,
2

Thus the magnetoresistance saturates except when the open orbit carries
current almost precisely parallel to the y direction. By the geometrical
rules discussed in Chapter 11 this requirement is that the orbit in k
space must run in the k, direction.

The circumstance that the magnetoresistance saturates in suffi-
ciently strong magnetic fields, except when there are open orbits in the
k. direction, explains the extraordinary anisotropy of the transverse
magnetoresistance observed in single crystals. The anisotropy is a
striking feature of the experimental results, as illustrated for gold in
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Tig. 1. Thus high-field studies of the angular dependence of the
transverse magnetoresistance in single crystals can provide information
on the presence of open orbits and on the connectivity of the fermi
surface. In directions in which open orbits exist the resistance does
not saturate; in other directions it does, except in special directions
in which the metal may simulate a two-band metal with equal numbers
of electrons and holes.

TRANSPORT EQUATIONS FOR MAGNETQORESISTANCE

The Chambers or kinetic formulation of the transport equation is
rather more revealing for the magnetoresistance problem with a general
fermi surface than is the usual iterative formulation of the boltzmann
method, in which magnetic effects appear only in second order. We
first work with a version of the theory linearized in E. If the distribu-
tion is f = fo + f1, where f, is the equilibrium distribution, then the
electric current density is

L 2 3 2 [ 5 dfo
(38) J—(2ﬂ_)3/dkvf1— - /dlc dAe

where A€ is the mean energy gained by the electron from the electric
field E in the time between collisions. It is assumed that immediately
after a collision the electron is in the equilibrium distribution. Then

(39) ae=c [ dE-v()er,

if the relaxation time 7 is a constant. Here ¢/~ is the probability
that the last collision took place at least a time |¢| from the next
collision, taken at ¢ = 0. It is a simple matter to generalize (39)
to problems in which r is known as a function of k.

The general nonlinearized result of Chambers [Proc. Phys. Soc.
(London) A6B, 458 (1952)] for the distribution function is

¢ dt' , ¢ ds
o 1= [ e ssenen (- [ 555)
where

(41) se= [/ dt"F-v(t")

is the energy gain from the force F between times ¢’ and ¢ in the
absence of collisions; 7 is the relaxation time; and f, is the equilibrium
distribution function. A proof is given by H. Budd, Phys. Rev. 127, 4
(1962), that (40) satisfies the boltzmann equation.

An electron in a high magnetic field will traverse a closed orbit

fo
(4
Tt

(4¢

47

The
for

(48)
Thu
(49)
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g and the integral (39) will approach zero
¢s in the plane normal to the magnetic field
L 8 to H (= H.) may be replaced by the average

» orbit at constant kg. Thus if the magnetic

(42) T wé ‘ Ozz = Ozy = Tuy = Tyz = 0;
‘ 262 3 df(]
= k 2\Vz) 5
(43) 7z 7 (2r)r fd viloe) de
This value of o, for H = « is in general lower than the value
2¢? 3 2 dfo
(44) 7:2(0) (2m)3r / ak vy de

for zero magnetic field by an amount depending on the anisotropy of
v, around the orbit. Thus there is a longitudinal magnetoresistance,
which always saturates.
If open orbits are present in the %k, direction, then (v,) = 0, but
(vy) # 0. Then oy, #* 0 in the high-field limit, just as found in (30).
Let us apply the kinetic method to transverse magnetoresistance
in weak magnetic fields such that |w,|r <« 1. We are concerned with

[_Ow dt v, (t)e!",
for constant relaxation time r. We expand
(45) vu(t) = vu(0) + t3,(0) + 5¢%5,(0) + - - - .
The integrals are trivial and we have
8) [, dtu@e’ = m,0) + r9,(0) + r%5,0) + - - - .

As an example, consider

2¢? d
(47) Tzy = (2:)3 /dsk Vz d—f; (roy + 7'2')14 + 1'31'5,, + - )

The term in v, vanishes on integration, by symmetry. The term in 9,
for a free-electron gas is obtained by using

(48) mb, = — E vH; b, = ws.
Thus to O(H)
2 2
(49) Ozy = ZZe—)s wer? /d% U2 % = wT0z2(0).
1

/"
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many times between collisions and the integral (39) will approach zero
for the velocity components in the plane normal to the magnetic field
H; the component parallel to H (= H) may be replaced by the average
(vg(kg)) taken over the orbit at constant kg. Thus if the magnetic
field is in the 2z direction,

(42) Ozz = Ozy = Oyy = 0yz = 0;
262 3 df 0
2z = k 2\Vz) 5
(43) ¢ @ f d°k v,(v;) ie
This value of o,, for H = o is in general lower than the value
262 3 2 dfo
(44) 0,.(0) @n) / d’k v, I

for zero magnetic field by an amount depending on the anisotropy of
v, around the orbit. Thus there is a longitudinal magnetoresistance,
which always saturates.
If open orbits are present in the k, direction, then (v;) = 0, but
(vy) # 0. Then oy, # 0 in the high-field limit, just as found in (30).
Let us apply the kinetic method to transverse magnetoresistance
in weak magnetic fields such that |w|r << 1. We are concerned with

/ ° v e,
for constant relaxation time 7. We expand
(45) vu(t) = 0,(0) + t0,(0) + §%,0) + - - - .
The integrals are trivial and we have
(46) f ° dt o0 = 1,(0) + r29,(0) + 7%,0) + - - - .

As an example, consider

2e? d
47) Ty = (2:)3 fdak vy £ (roy + 7%, + 7%, + - - °).

The term in v, vanishes on integration, by symmetry. The term in 9,
for a free-electron gas is obtained by using

(48) my = — Ev,H; by = wela.
Thus to O(H)

2e? d
(49) Ozy = W wer? / a%k v,? g = wer02z(0).
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The term of O(H?) in o, or oy is obtained by evaluating #,, for
example. We have

(50) by = wy = —-wczvy,
so that
(51) oyy = 0(0) — (‘*’c"')g%y(o)-

These results for the free-electron gas agree to the appropriate
order with the drift-velocity treatment given earlier, but the present
formulation can be applied to general energy surfaces. For example,
to evaluate o, we need

a%e eH(ae d% a8 625)
bl

k, =
ok, dk, ¢

(52) Uy = dky kg Ok, Ok ok,

whence to O(H) we have a well-known result:
2¢*  eHr’ [d3 98 (ae 9% 98 628)

T @t e ak, \ok, ok, ok, ok, ok’

(53) Ozy

For w, > kgT and w,r 2> 1 an oscillatory behavior is observed in the
conductivity components. The quantum oscillations in transport
properties have the same origin as the susceptibility oscillations in the
de Haas-van Alphen effect considered in Chapter 11.

PROBLEMS

1, Show that the transverse magnetoresistance vanishes for a conductor
with an isotropic relaxation time and an ellipsoidal mass surface. An elegant
derivation of this result is quoted by Chambers in The fermi surface, Wiley.

2. Discuss the magnetoresistive properties of a conductor with a fermi sur-
face in the form of an infinite circular cylinder.

3. Consider the magnetoresistance of the two-carrier-type problem for all
values of the magnetic field, but assuming m; = mq; 71 = 75. Show that for
the standard geometry

(n1 — ny)?

(54) Jz = (1 + noeu 1 _:.. £2 [1 + (ny + na)? sz] E..

i
!
i
:
!




13 Calculation of energy
bands and Fermi surfaces

The title of this chapter could more appropriately be used as the
title of a substantial monograph which would derive and evaluate
the principal terms and corrections which contribute to the one-
electron energy band structure of a crystal. The monograph would
also develop in detail computational aids and instructions, and it would
contain a careful comparison of the theoretical calculations by various
methods with the experimental observations. Such a monograph
would be extremely useful, but if compiled at the present time even
by a committee of the experts learned in the field, it would have several
defects:

(a) The relevance of many-body corrections to the band struc-
ture and to the interpretation of the experiments is known quite
incompletely.

(b) Our confidence in our ability to calculate the electronic proper-
ties of transition metals is low.

(¢) The calculations on other metals are improving rapidly because
of improvements in modified plane wave methods, and pertinent
experimental data are being acquired at a substantial rate. In perhaps
five years time the situation for the simpler metals will have stabilized
somewhat,.

There is now no such monograph. There are a number of useful
reviews, among which are:

VF. 8. Ham, Solid state physics 1, 127 (1955).
2 J. R. Reitz, Solid state physics 1, 1 (1955).
$T. O. Woodruff, Solid state physics 4, 367 (1957).
4J. Callaway, Solid state physics T, 100 (1958).
8 H. Brooks, Nuovo cimento supplement 7, 165 (1958); F. S. Ham,
Phys. Rev. 128, 82, 2524 (1962).
249



250 QUANTUM THEORY OF SOLIDS

¢ W. A. Harrison, Phys. Rev. 118, 1190 (1960).

” L. Pincherle, Repts. Prog. Physics 23, 355 (1959) and the unpub-
lished reports of the group associated with Slater at the Massachusetts
Institute of Technology.

But what we can do in one chapter is to develop the principles of
those methods which give a deep physical insight into the nature of the
wavefunctions in the erystals to which the methods apply. We can
also give a good idea of the accuracy of the methods. Those which we
are going to discuss in detail are the Wigner-Seitz method applicable to
the alkali metals, and various modified plane wave methods applicable
over an extraordinarily wide range of crystals. This modest program
does not by any means exhaust the methods which are used in practice
and which give excellent results: the method of Kuhn and Van Vleck,
as extended by Brooks, is discussed by Ham;! the variational method
of Kohn has been applied widely by Ham;5 an augmented plane wave
method has been used extensively by the M.LT. group. The first
realistic band calculations were carried out by Wigner and Seitz® for
lithium and sodium.

THE WIGNER-SEITZ METHOD

We consider first the state k = 0 of the 3s conduction band of
metallic sodium. At room temperature the crystal structure is body-
centered cubic and the lattice constant is 4.28A. The distance
between nearest-neighbor atoms is 3.71A. In the bee and fee lattices
it is possible to fill the whole space with qmmﬁf;

_constructing planes bisecting the liies which join_each atom to its
nea eighbhors-and (for bee) next-nearest neighbors— The atomic
polyhedra thus obtained are shown in Fig. 1. Each polyhedron con-
tains one lattice point and is a possible choice for the primitive cell.

An ion core is found at the center of each polyhedron. The ion
core is often small in comparison with the half-distance to nearest
neighbors. In sodium the half-distance is 1.85A; the ionic radius is
given as 0.95A or 0.98A, but the core potential is only strong over less
than 0.6A. Thus the potential energy is small over most of the volume
of an atomic polyhedron. Inside the ion core where the potential is
large it is approximately spherical. Thus to a good approximation the
potential V(x) may be taken to be spherical within each polyhedron.

The point k = 0 is the special point T, if the state ¢y (at I') is

8 Li: F. Seitz, Phys. Rev. 47, 400 (1935); J. Bardeen, J. Chem. Phys. 6, 367 (1938).
Na: E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933); 46, 509 (1934); E. Wig-
ner, Phys. Rev. 46, 1002 (1934).
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(2) (b)

FIG. 1. Atomic polyhedra surrounding an atom for (&) face-centered cubic
structure and (b.lvbody-centered cubic structure.

nondegenerate and derived from a 3s atomic function, it will transform
into itself under the operations of the full cubic group. The state is
also periodic with the period of the lattice. The boundary planes of
the polyhedral cells are related by reflection in a mirror plane through
the center; consequently the normal derivative of ¢y must vanish on
the polyhedral surfaces: - T T
!

¢ \ﬁ’

G0 _ 9,
on e

In the actual calculation Wigner énd Seitz replaced the polyhedra
by spheres of equal volume. The boundary condition (1) is replaced
by

@ \(aa%q) - 0:..)

e

The spheres are known as s sphggesi Yor the bee lattice of cube edge a

the radius r, of an s spheremetermined by I —
. .
(3) —315 rd = %ad; or rs 22 0.49a;

there are two lattice points in a unit cube of the bec lattice. Thus
ug is the solution of

@ [ L d (rﬁ f’-) + V<r>] uo(r) = Eoun(r),

T 2medr\| dr
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subject to the boundary condition (2). Note that the boundary con-
dition differs from that for the free atom where «(r) must vanish at
r= o,

We assumed in writing (4) that the lowest energy solution at k = 0
is an s function. The next possible solution which transforms as
I'; is the ¢ function (I = 4) with angular dependence described by

®) @%* + % + 2% — 3@t + gt o+ 2.

This function is tabulated as a cubic harmonic by F. C. Von der Lage
and H. A. Bethe, Phys. Rev. T1, 612 (1947). 1In the free Na atom the
lowest possible g state is 5g, about 5 ev higher in energy than 3s. It
is quite reasonable to neglect the possible mixture of 5¢ in 3s in the
crystal. The 3p states transform as I'y; and are about 2 ev higher in
the free atom. Their energy is not split in first order in a cubic
field, so there is no reason why in the crystal at k = 0 the p state
should be lowered relative to the s state.

The potential V(r) was calculated on the assumption that screening
by the fermi sea of the interaction between one conduction electron and
one ion ¢ore was negligible when both were within the same cell and was
complete otherwise. That is, it is assumed that only one conduction
electron exists within each cell. This is a crude model of correlation
effects among the conduction electrons, but the model does not work at
all badly. The potential within each s sphere is then just the potential
of the freeion. The actual free-ion potential contains exchange terms;
the effect of these was approximated simply by constructing a potential
V (r) which reproduced empirically to high accuracy the spectroscopic
term values of the free atom. The ground-state wavefunction is shown
in Fig. 2. The function is quite constant over 90 percent of the

12k -

gl .

) . -

v ]

-8~ -

-1z | l | .
0 1 2 3 4

r (bohr units) —>

FIG. 2. The lowest wavefunction of metallic sodium,
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atomic volume. The potential in the outer regions of the s sphere is
itself not constant, but is —e?/r; however, the boundary condition (2)
forces the solution to look rather flat.

The electronic energy of the state u, is generally lowered with
respect to the free atom because of the change in the boundary condi-
tions. This effect can be seen easily by an explicit example. Consider
the harmonic oscillator wave equation

d*u y
zZ —_ = 0Q:
(6) 7o + (N — £)u ;
in the ground state with the usual boundary condition u(£) —0 as-
| — « the eigenvalue is A = 1 and u(¢) = ¢"¥/%2. We now look for
the ground state with the Wigner-Seitz boundary condition du/d¢ = 0
at £ = +&. Let

©

@ u(§) = Y, eat™

n=0

The differential equation is satisfied if
(8) (n+ 1)+ 2)eprs + Ay — Cpe2 = 0.

We set ¢o = 1 for a solution even in §; then fromn = 0 and n = 2 we
have

9) cy = —3\; ey = N+ 1%

Thus

— _§2 1 1y 2y g4
(10) u() =1 25 + (1 -+ FN)E + ;

duf/dt = =X+ 31 +DHE+ - -

If we require du/dt = 0 at £y and cut off the series (10) at the terms
given, we have

3\

11 P
(an T+

£0”.

For & = 1, for example, the eigenvalue is A 2 0.353, which is much
lower than the eigenvalue A = 1 for the unbounded harmonic oscillator.
The term in cg gives a negligible correction for £ = 1. Thus the. -
Wigner-Seitz boundary condition permits t ound-s o -
lowered substantially. - ‘/_/,h&gl tate-energy-tobe

e e
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The ground-state energy calculated for sodium with duy/dr = 0 at
7, = 3.96-atomic units is about —8.3 ev, as compared with the experi-
mental atomic ground-state energy of —5.16 ev; thus the 3s energy at
k = 0 is lower by 3.1 ev in the metal than in the atom. But the
conduction electrons at finite k in the metal have extra kinetic energy;
the mean fermi energy per electron is

31 1.10 2 / m
12 er) = o kp? = —r — (),
(12) Er) 5om*" ¥ rt ag (m*)

or 2.0 ev in Na with m* taken as m. The net binding energy is
—8.3 4+ 2.0 = —6.3 ev, as compared with —5.16 ev in the free atom,
The difference, —1.1 ev, is in good agreement with the observed
cohesive energy —1.13 ev. For the other alkali metals it is not a good
approximation to take m = m¥*, but a fairly good value of the effec-
tive mass may be calculated by the k - p perturbation theory discussed
in the chapter on Bloch functions.

These estimates omit all coulomb, exchange, and correlation correc-
tions. The corrections are all large, but nearly cancel among them-
selves, as we saw in (6.80). This is not entirely surprising; our present
calculation builds in a great deal of electron correlation by taking one
electron per cell. If this model corresponds fairly well to reality, as we
expect it to, the sum of all other corrections should not be very large.

A review of calculations on the alkali metals is given by Ham.®
The physical properties of the alkalis relative to one another appear
to be fairly well understood, although the experimental situation is
not yet as clear as in less reactive metals. The fermi surfaces are
believed to be nearly spherical in Na and K, but are quite anisotropic
in Li and in Cs. The theoretical calculations account moderately well
for the cohesive energies and other properties.

ALMOST-FREE ELECTRON APPROXIMATION-—
GENERALIZED OPW METHOD

It has been realized for a long time that even in com nt

metals the over-all width in energy of the filled bands is not greatly

different from the width gne expects from a free electron gas of the
samwenee&tratiyn. This result must follow if the kinétic energy o
the fermi gas is comparable with or larger than the differences in

potential energy of the individual electrons. In 1958 A. V. Gold®
made the remarkable observation for lead that his de Haas-van Alphen

3 A. V. Gold, Phil. Trans. Roy. Soc. (London) A261, 85 (1958).

l


http:s~~G~r~t!.9n

CALCULATION OF ENERGY BANDS AND FERMI SURFACES, cH. 13 255

data could be explained on a nearly free electron approximation. That
is, he assumed the conduction electrons behave as if free, but subject at
zone boundaries to Bragg reflection from a weak perlodlc pojmmérw
Léad has four valence electrons outside the filled 5d'° shell; the
nuclear charge is 82 and there are 78 electrons in the ion core. Lead
would appear at first sight to be a complicated nontransition metal;
the fermi surface is complicated; yet it appears that a simple model of
nearly free electrons will account closely for the form of the fermi
surface.

It is becoming increasingly evident!® that many features of the
band structure of polyvalent metals may be calculated in a simple way,
using a model of free electrons weakly perturbed by the crystal lattice.
This circumstance is of tremendous value to the theory of metals, Our
program in this section is to describe how the fermi surfaces are
determined by this method and then to explain the theoretical basis of
the method. The method applies best to crystals whose ion cores are
not in contact; thus it is less useful in the noble metals where the cores
touch. The result does mot imply that the actual wavefunctions
resemble plane waves.

We consider first in one dimension the perturbation of nearly free
electrons by the real periodic potential

(13) V = Vi(d6r 4 e0m),

where G1 = 2x/a is the first or shortest vector in the reciprocal
lattice; the lattice constant in the direct lattice is a. The matrix
elements of V in a plane wave representation are

(14) ®|Vky = Vy jol dg ¢t FF)3(iGur - gmi0w)

= ViA(k — k¥ 4+ Gy) + Ak — k' — GY)].

Thus the perturbation mixes states differing by the reciprocal lattice
vector ;. Such states are degenerate in energy at the Brillouin zone
boundary k = +w/a, and here the perturbation will have its maximum
effect on the energy. Away from the boundary the perturbation will
not change the energy seriously as long as the potential ¥ is small
compared with the kinetic energy difference, as measured typically by
G12/ 2m.

We find the energy at the zone boundary =/a by degenerate pertur-

10 J_ C. Phillips and L. Kleinman, Phys. Rev. 118, 287, 880 (1959); W. A. Harri-
son, Phys. Rev. 118, 1190 (1960).
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First Brillouin zone

FIG. 3. Band structure of a linear lattice as calculated on the nearly free electron
approximation.

bation theory on the states k and k¥ — G;. The secular determinant is

(k|H|E) — ¢ (k|H|k — G1)
U9 |k —GiHK) (k= GilH[k — @) — ¢
k2
lam T E i .
B (k — Gy)? ’
v, -
2m

For k exactly at the boundary k2 = (k — G1)? and the equation reduces
to

7('2 2 V 9 71'2 V
—_— = . [ ——— + .
(16) (E \2‘(12?7‘1,) 17 € 2(1,2771, + 1

An energy gap of magnitude E, = 2V, exists at the zone boundary
(Fig. 3). The features of the result are: (1) the dependence of € on k
over most of the zone is close to that of a free electron with m* = m;
(2) near the zone boundaries the energy is perturbed, with effective
masses m* = (8%/0k?) ™! markedly different from m and possibly
much smaller than m; (3) the magnitude of the energy gap is simply

related to the single matrix element C;r - GliV|£> = V; of the

crystal potential; (4) the eigenfunctions at the gap are either even or
odd with respect to x.
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In three dimensions a single plane wave, suitably orthogonalized
to the core, gives good results except near a zone face, where two waves
are necessary; near a zone edge, three; near a zone corner, four.

CONSTRUCTION OF FERMI SURFACES

We observe that in two and three dimensions the fermi surface
can appear to be quite complicated even if the energy varies every-
where exactly as k%. In Fig. 4a we show the first three Brillouin zones
of a simple square lattice in two dimensions. A circle is drawn about
the central reciprocal-lattice point as origin. The circle represents a
constant-energy surface for a free electron gas. If this particular
energy is the fermi energy, the fermi surface will have segments in the
second, third, and fourth zones. The first zone lies entirely within
the surface and at absolute zero will be filled entirely. In an actual
crystal there may be energy gaps across all zone boundaries; an elec-
tron moving on a constant-energy surface will remain within one zone.
All electrons on the fermi surface have the same energy.

It is interesting to look at the several portions of the fermi surface

O o o [}
3 3 3 3
2
/] ™, Pa 2 N
3 3 3 3
1
2 ° 2 2 ol 2
3 3 3 3
q )
N 2 4 )
3 3 3 3
fe) o O (o]
(@) ®)

FIG. 4(a). First three Brillouin zones of a simple square lattice. Reciprocal
lattice points are shown as dots. Zone boundaries are defined as the bisectors of
lines joining reciprocal lattice points; the boundaries are drawn. The numbers
denote the zone in order of increasing energy (as measured by k2) to which the
segment belongs; all segments can be moved to the first zone by a translation by a
reciprocal lattice vector. The circle drawn might represent a fermi surface with
area in zones 2 and 3, and also in zone 4, which is not shown. (b) Same as Fig. 4a,
but showing distortion of fermi surface by a weak crystal potential. The fermi
surface is made to intersect the zone boundaries at right angles.
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FIG. 5. Fermi surface in the second Brillouin zone of Fig. 4, shown in the re-
duced zone. The orbit is a hole orbit.

of Fig. 4 in the reduced zone scheme as in Figs. 5 and 6. Looking
at any one of the surfaces by itself, we might not guess that they
result from free electrons. The surfaces give the appearance of being
profoundly modified by the crystal structure.

The free-electron surfaces in Figs. 5 and 6 were constructed by
translating the several portions of Fig. 4 by the appropriate reciprocal-
lattice vectors. Harrison has given a simpler construction for fermi
surfaces on the free-electron model. The reciprocal lattice is con-
structed and a free-electron sphere is drawn around each lattice point,
asin Fig. 7. Any point in k space which lies within at least one of the
spheres corresponds to an occupied state in the first zone. Points

FIG. 6. Fermi surface in the third zone. The orbits form rosettes when com-
bined with adjacent third zones; the orbits are electron orbits.
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FIG. 7. Harrison construction of the fermi surfaces in the second, third, and
fourth zones for the problem of Fig. 4.

lying within at least two spheres correspond to occupied states in the
second zone, etc.

In Fig. 7 we have drawn the circles equivalent to the circle of Fig. 4.
In one square, we have enclosed within a heavy line the regions
which lie within two or more circles; in another square, three or more;
in another square, four or more. These are the fermi surfaces in the
second, third, and fourth zones, in the free-electron approximation.

It is evident immediately that the introduction of the slightest
amount of a periodic potential will change the surfaces near the
boundaries; thus compare I'igs. 4a and 4b. In a square lattice the

" 4

FIG. 8. One corner of the third zone of Fig. 6 as it might be affected by a weak
crystal potential. The line of constant energy intersects the boundary at normal
incidence,
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existence of the mirror planes m,m, forces the condition

de
(16a) re
at each zone boundary, where n is the normal to the boundary. There-
fore in an actual crystal the lines of constant energy in Figs. 4, 6, and 7
must come in at normal incidence to the boundary. A possible form
of a corner of the third zone is shown in Fig. 8.

We note that the perturbation of the free-electron fermi surface
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FIG. 9. Free-electron fermi surface of aluminum in the reduced zone scheme.
(After Harrison.)
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FIG. 10. The one-OPW or nearly free-electron fermi surface for a divalent,
hexagonal close-packed metal of ideal ¢/a ratio. Spin-orbit splittings are included
with their econsequent reduction of the double zone. (After Harrison.)

by the crystal lattice acts to reduce the exposed area of the fermi
surface. A relatively weak perturbation can reduce the area by one-
half, with little effect on the average energy at the fermi surface.

The free-electron construction of the fermi surface of aluminum is
shown in Fig. 9, after Harrison. The crystal structure of aluminum is
the fec structure. There are three valence electrons; the radius
of the free-electron sphere is chosen to enclose three electrons per
atomic volume. The first zone is full. The second zone contains
hole states with a large ares of fermi surface. The section of the fermi
surface shown in the third zone is known as the monster; the monster
has eight tentacles. There are two similar monsters in this zone
related by symmetry to the one shown. The data on the de Haas-van
Alphen effect are compatible with this fermi surface. In the fourth
zone only little electron pockets exist. These are empty when the
periodic potential is included in the calculation, because the potential
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acts to raise considerably the energy of the pockets. Table 1 compares
the free-electron energies with the results of the band calculations for
aluminum by Heine. The extent of the agreement is quite remarkable.

TABLE 1
ENERGIES IN RYDBERGS IN ALUMINUM RELATIVE TO THE BAND MINIMUM
FOR SEVERAL POINTS OF HIGH SYMMETRY
(After Harrison)

Free Electron Heine

Fermi level 1.11 1.09
First zone: X 0.89 0.81
w 1.09 1.01

Second zone: L 0.69 0.72
X 0.89 0.93

w 1.09 1.01

Third zone: W 1.09 1.06
Fourth zone: W 1.09 1.18

THEORETICAL BASIS OF THE NEARLY FREE-ELECTRON MODEL

It is not immediately obvious that the nearly free-electron model is
justified theoretically. The expectation value of the potential energy
of a conduction electron in a solid is usually not small in comparison
with the fermi energy; if V; in (13) is not small, the assumptions on
which the calculation (13) to (16) rest are unfounded.

However, there are two essentially different regions within the
unit cell, the region outside the core and the region inside the core.
Outside the core the potential energy is weak and the wavefunction is
smooth; inside the core the wavefunction oscillates rapidly to gain
kinetic energy to cancel approximately the strong potential of the core.
The core potential has little real connection with the solution of the
eigenvalue problem, but the core potential is a great complication in
finding a solution.

A series of developments due to Herring,!! to Phillips and Klein-
man,'® and to Cohen and Heine,'? have shown that one can transform
the hamiltonian into a modified hamiltonian whose solutions vary
smoothly and resemble plane waves. Herring observed that the
wavefunction of a conduction electron in a solid is nearly a plane
wave in the region between the ion cores and that the oscillations
of the wavefunction near the nuclei can be represented by subtracting

11 C. Herring, Phys. Rev. 57, 1169 (1940).

12 M. H. Cohen and V. Heine, Phys. Kev. 122, 1821 (1961); see also E. Brown,
Phys. Rev. 126, 421 (1962); Austin, Heine, and Sham, Phys. Rev. 127, 276 (1962).
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filled-core orbitals from the plane wave. The subtraction makes it
possible for the amended function to be orthogonal to the core states.
The method is called the orthogonalized plane wave, or OPW, method.
Thus a conduction state in sodium, derived from the 3s level, is repre-
sented by a plane wave minus ls, 2s, and 2p contributions. We
emphasize that the true eigenfunctions do not resemble plane waves,
but the eigenvalues are close to the free-electron energies.
Let ¢, denote the states in the filled core; then

a7 Yorw(k) = €** — 3 (¢c[e™ )pc(x)

is an orthogonalized plane wave, where the sum runs over core states ¢,.
The core states are usually taken in the tight-binding approximation;

thus ¢.(x) is a condensed notation 2 ¢™®%ig,(x — x;). We note that
7
Yopw is orthogonal to any core state ¢,

(18) (eorlWorw) = {por]e™™) — (ool Jeer) = 0.

The solution Yorw(k) of (17) can be improved by adding terms in
k + G, where G is a reciprocal lattice vector; thus

(19) Yorw = Y Coled®HOx — 3 (o ikt ), (x)],
G <

where Cg is a constant to be determined by the solution of a secular
equation. ‘
Now, with |k + G) = ¢!®T®)* we have

(k + G)?

(20) Hbopw = Z;CG {[ g

+ Vi )]lk+e>

— Y (eek + G)ecpe(x) |,

where He, = €,0., and we assume that €, is independent of k, as for a
very narrow core band. The secular equation is obtained by taking
the scalar product of this equation with one plane wave, say k + G':

21) gco, [— ----- 66(-,' +(6’'|V|G)
— Y eock + GXk + G'l«zc)]

=\ % Ce [sw — Y (ok + Gk + G'Im].

The eigenvalues are the roots \ of this set of equations.
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It is useful to summarize the actual procedure by which a band cal-
culation is carried out in the OPW method. We take for the potential
of the ion core at each ion site a Hartree or Hartree-Fock potential.
We then suppose that the exact wavefunction is expanded in a series of
orthogonalized plane waves as in (19), and we form the secular equa-
tion (21). We may work with a reasonably large secular equation and
for easier computation reduce it at a symmetry point, or we may often
approximate the secular equations by considering only two or three G
values appropriate for a specific region in k space. The core terms
actually tend to subtract in (21) from the plane wave matrix elements
of the crystal potential. Heine'® has carried out a careful calculation
for aluminum and finds that the cancellation is remarkably complete,
within about 5 percent.

One can express the method in terms of an effective wave equation.
Let ¢, be an exact eigenstate of Hgly, = &y in the band of interest.
We want to write ¥, as the sum of some smoothly varying funetion x;
and of a linear combination of filled-core states ¢.. The exact ¥
cannot be written as a single plane wave. We write

(22) Y = X — E @c(‘Pchk):

which is automatically orthogonal to the core states. We look at the
wave equation for x:

(23) Hopx = &b = Hox — 3, Seoelel i) = St = 3, Sueel e x),

with Hop. = €.¢.. Now define an operator Vg such that

(24) Vixe = 3 (8 — €)ee(ee/xw0)-

c

Thus Vg is an integral operator or nonlocal potential such that
(25) Vi@ = [ d% Ve@x)ie),
where f(x) is any function, and

(26) Ve@x) = Y (& — o ®)ec(x).

Because €, > &, this potential is repulsive at x’ near x. We can
separate Vp into the sum of s, p, d, - + + contributions.

13V, Heine, Proc. Roy. Soc. (London) A240, 354, 361 (1957).
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With Vg defined by (24), the wave equation for x; is
(27) (Ho + VR)xx = &Xa;

here the repulsive Vg cancels part of the attractive crystal potential.

We can add to x, any linear combination of core states without
changing J,.: whatever we add to ¢, from the core is cancelled exactly
by the change in Z %(%]xk). Thus we are at liberty to impose an
additional constraint on x,. We could, for example, demand that x;
be chosen to minimize the expectation value of the kinetic energy

(28) T = (al T/ Ol xis

this criterion may be said to make x, as smooth as possible. The
variation equation is

(29) (5x]T]x} - T(&xlx) =0,

If we write the variation in x as

(30) ox = 2 acee,

then

(31) (e Tlx) — Tleelx) = 0.

It follows from (V + Vg)x = (¢ — T)x that

(32) eV + Velx) = (€ — T){ec|x);

with (24), we have
33) (V4 Ve = Vo — 3 {ed Vded + (e — D) S oelee il

The terms in the second bracket on the right-hand side involve, after
taking the scalar product with x, the quantity 2 [(%[xk)[z, which
turns out to be of the order of 0.1, It appears then that

(34) V+ Ve)xx = Ve — z (‘PcIVIXk>s0c-

We show below that if the ¢, formed a complete set of functions, the
scalar product of any ¢, with the right-hand side would give zero; that
is, a complete cancellation of ¥V and V. The ¢, for the filled-core
states alone are, however, quite a good set for the representation of V
over the extent of the ion core; thus the cancelation in practice is
quite good. This close cancellation is the basis of the applicability
of the almost free-electron approximation. TFor actual calculations a
modified treatment of (22) has been recommended by Harrison.!*

4 W. A. Harrison, Phys. Rev. 126, 497 (1962).
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Now suppose that we can write
(35) V(x)eik'x = Efck z eik‘xeﬂac(x - X;),

where the ¢.(x — X;) are atomic core functions. Then we can find a
solution of the wave equation of the form

(36) H®) = &+ Y da ¥ e Fip(x — x),
with &, = k¥/2m. For ° J
(37) HY¥, = g™ + E.fck E e™Tipy(x — X;)
C + Y Ecde E e ip(x — X;)
— T Y a5 ek — ),
c 3

provided that

(38) dex = fou/ (Ex — €o).

Thus if V(x) can be expanded in the form (35), there are no energy
gaps!

Actually, of course, the ¢. are not a complete set and there will
always be a residue § V() after an attempted expansion. This residue,
which is not unique, acts as an effective potential for the band or
scattering problem. We hope that éV can be made small in compari-
son with ¥, When this is true, the scattering cross section of impuri-
ties in insulating crystals will be much smaller than the geometric
cross section. We can always choose the ¢, appropriate to the par-
ticular local environment, even if we are dealing with a mixed crystal
or aliquid. The message is that imperfect condensed phases are often
much less disordered, when viewed by an electron, than one might

guess.

PROBLEMS

1. By crude numerical integration using a desk calculator, or else by pro-
gramming a modern computer, calculate uo(r) and & for metallic sodium at
r, = 4 atomic units. Use the potential given by W. Prokofjew, as corrected
by E. Wigner and F. Seitz, Phys. Rev. 43, 807 (1933).

2. Consider the OPW solution

(39) Vi = @ — ) oldlk),
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where |k) denotes @ *%*** normalized in the cell volume ©. Suppose that all
core functions ¢ vanish outside a core volume A. Then show that

(40) Y Kelw)|2 < A/9.

This result shows that the core admixtures are small when the cores occupy
only a small fraction of the volume of the cell.
3. Define a funection ¥, (x) such that the Bloch function

(41) ex(x) = u(X) W (),

where wuo(x) is the eigenfunction for k = 0. (a) Find the wave equation
satisfied by ¥y (x). (b) Consider an s-state at the point N in the Brillouin
zone of the bec lattice, Fig. 10.5. Show that at N the function ¥y(x) satisfies
the equation

@ w@ [%m P+ (- €N)} Tn(@) = 2 () - (P¥w).

Now puo(x) is small over the outer part of the cell—why? (c) Show that
p¥x is approximately zero over the interior of the cell, and thus that

1
(43) En= gy + om kn2.

This result is due to Cohen and Heine, Ady. in Phys. T, 395 (1958).
4. Show that the exact eigenvalue equation for the harmonic oscillator with
the Wigner-Seitz boundary condition at & is
(44) F(; — PilEd — 0 = NFE - P3l6D =0,
where the hypergeometric function

_ a al@+1) ala+ (e + 2) .
Ples) =1+ 2+ o e @ Yo+ e s 2 T
(P. Farber)

6. The jacket on this book is an example of artistic license. In what
respects does the color scheme violate the crystal symmetry requirements?



14: Semiconductor crystals:
I. Energy bands, cyclotron
resonance, and impurity states

In this and the following chapter we discuss the band structures of
several important semiconductors, and we then treat phenomena
which involve the structure at the band edge: cyclotron resonance,
spin resonance, impurity states, optical transitions, oscillatory mag-
netoabsorption, and excitons.

ENERGY BANDS

The most important semiconductor crystals have the diamond struc-
ture or structures closely related to diamond. The diamond structure
is based on a fec bravais lattice (ISSP, pp. 36-37) with a basis of two
atoms at 000; 3 1 4, as shown in Fig. 1. The structures of the valence
bands are similar in diamond, Si, and Ge, with the point of maximum
energy at k = 0. The point of maximum energy is called the band
edge. The valence band edge for these crystals would be threefold
degenerate (p-like) in the absence of spin and of spin-orbit interaction;
with the spin-orbit interaction we shall see that this 3 X 2 = sixfold
degenerate band edge splits into fourfold (ps;-like) and twofold
(pys-like) levels.

The valence electrons in the ground state of the free atoms have
the configuration ns’np? with n = 2, 3, 4 for diamond, Si, and Ge,
respectively. In the crystal the ground state is formed from the
configuration nsnp?®. Using the language of chemistry, we say that the
valence electrons form directed sp® tetrahedral bonding orbitals of the
form

s+ pz + py + 025 §+ Pz — py — Dy

§ = Pz + Py — Pz § — Pz — Py + p..
268
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FIG. 1. Atomic positions in the unit cell of the diamond structure projected
on a cube face; fractions denote height above base in units of a cube edge. The

displaced among the body diagonal by one-fourth of its length.

Each atom in the diamond structure is at the center of a tetrahedron
with the nearest-neighbor atoms at the vertices. The four orbitals
just enumerated have lobes pointing in the tetrahedral directions.
These orbitals form the basis of a reducible representation of the tetra-
hedral point group 43m; the representation may be reduced into the
identical representation T'; and the vector representation T'j;. The
representation I'y is believed to occur at the bottom of the valence band
(Fig. 2) at the center of the zone; I'; is like an s state and is formed
from the sum of the sp® orbitals above. Each of the two atoms in the
primitive cell of the diamond structure furnishes one electron to the
lowest band. This band turns out to be s-like at the points I', X, and
L.

The valence band edge lies at the center of the zone and has the
threefold representation I'y;, transforming as xy, yz, zz about the center
of the line joining the two atoms 1n the primitive cell. The representa-
tion may be formed from p orbitals on the individual atoms, taken to be
symmetrical with respect to inversion about the center of the line
connecting the two atoms; the symmetrical combination is said to be
bonding. The antibonding combination forms the representation I'y;
and in diamond lies about 5.7 ev above I'y;.

It is useful to consider the form of the wavefunctions at the points T’
in terms of a tight-binding model, also called a linear combination of
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atomic orbitals. The two interpenetrating fcc lattices of diamond are
displaced from the other by the vector

(1) t= %6(1,1,1),

referred to the edges of the unit cube shown in Fig. 1. At k=10
the tight-binding functions have the form

) Vi@ = CN)HY [pj(x — x,) £ 0j(x — X0 — 1)),

where x, runs over all the lattice points of one fec lattice; the ¢; are
atomic or Wannier functions with j = s, ps, py, or p.. The + sign
indicates the two independent ways in which the atomic functions may
be combined on the two lattices. Tight-binding functions are not a
good approximation to the actual wavefunctions, but they form an easy
pictorial representation of the symmetry properties of the exact
solutions. One may readily show by examining the transformation
properties that ¥} forms a representation of I'y; ¥, of I';; Vo, of
Tys; and ¥ . of Tys.

We can understand qualitatively some of the features of the band
structure of diamond by reference to the free-electron energy bands in
an fcc bravais lattice, as illustrated in Fig. 10.8. We omit from
the treatment the electrons of the 1s® core, because these go into
narrow T'; and T'; bands quite low in energy. The lowest point (I';)
shown in Fig. 10.8 is formed in the tight-binding approximation by
taking 2s functions on each lattice, with a positive choice of the sign
in (2):

(3 ¥(T1) = @N) ™Y [pu(x = Xa) + 0,(x — x4 — 1)),

where x, runs over all lattice points of an fce lattice. 'This combination
is called bonding. There is no other plausible way of forming the
low-lying state T';.

Next in energy at I' on the free-electron model are eight degenerate
states having G = (2r/a)(£1; +1; +1). The statesbelong to four
different representations of the cubic group; in the crystal the eight-
fold degeneracy will be lifted and we will have the threefold levels
I'ys and T'j5, and the nondegenerate levels I'y and T';. The I'; com-
ponent will require 3s orbitals and is therefore expected to lie quite
high in energy.

We expect I'y; to lie below I';;. The arrangement of p orbitals
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along the shortest line joining two atoms is schematically as

(D

Bonding p orbitals

for T'y5; this arrangement is even under inversion at the center of the
line. For I'y5 the arrangement must be odd under inversion:

(XD

Antibonding p orbitals

but this contains fourier components at twice the wavevector as for
I'y;.  Our rough argument suggests that I's; lies lower than T'j;; in
fact, in all crystals of the diamond and zinc blende structures that is
believed to be realized.

We cannot order the I'; antibonding s level by the same argument.
In diamond and silicon &(T';5) < &(T'y); the order is inverted in the
heavier elements, probably because the stronger core potentials lower
s relative to p.

STRUCTURE OF VALANCE BAND EDGE

The valence band edge in diamond-type crystals has a threefold
orbital degeneracy; with spin the degeneracy is sixfold. The spin-orbit
interaction lifts some of the degeneracy by splitting the p-like states
into py; and py, states. In diamond (Table 1) the spin-orbit splitting
A is estimated to be 0.006 ev, which is very much less than the band

TABLE 1
ENERGY-BAND DATA OF SEVERAL SEMICONDUCTOR CRYSTALS
(At helium temperature unless specified)

Diamond Si Ge InSb

E,: minimum energy gap (ev) 5.33* 1.14 0.744 0.23
Vertical gap at k = 0 (ev) (2.5) 0.898 0.23-10~*
Valence band width (ev) (20) 17 7.0
A: valence band spin-orbit splitting (ev) 0.006  0.04 0.29 (0.9)
my/m at conduction band edge 0.98 1.64 0.014
m,/m at conduction band edge 0.19 0.082 0.014

2mA /h? —4.0 -13.1
Valence band edge parameters {2m13 /h2 1.1 8.3

Cl/nt 4.1 125

* Room temperature.
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gap, 5.3 ev. As we advance along the periodic table, the spin-orbit
splitting increases markedly and the energy gap may decrease. In
InSb the spin-orbit splitting is 0.9 ev and the band gap is 0.23 ev.

Thus the spin-orbit splitting may be larger than the band gap;
in heavy elements the splitting is one of the important factors deter-
mining the gap. Even in diamond the splitting is important for
experiments on holes if their effective temperature is less than about
50°K. There is, however, a mathematical convenience in first setting
up the k- p perturbation theory for the valence band edge with the
neglect of spin-orbit interaction, and later including it.

We make an arbitrary choice of a basis for the representation T'y;
at k = 0, taking the three degenerate orbital states to transform as

4) g ~yz &y rvear; &~y
The second-order perturbation matrix (Schiff, pp. 156-158) has the
form

p| )3k - pls),
€, — &

k-
®) e = 430

where 7, s denote 1, 2, or 3 above and the sum is over all states at
k = 0 except those in the valence band edge level under consideration.
The dependence of (r|/H"'|s) on the components of k is found by con-
sidering the form of the sum if all energy denominators were equal.
Then by the completeness relation

(6) (r|H"|s) = (r](& - 0)*]s);
with (4) we have, on examining the derivatives,
@ (UH"2) = 2kzk,(1|pyp2[2),

and similarly for the other matrix elements.
The secular equation is then of the form

Lk + M(k,? + k%) — A Nk,k,
) Nk, Lk? + Mk + k%) — A
Nk, Nkk.
Nk,
Nkyk, = 0.

Lk* + M(k* + k%) — \|

The cubic symmetry of the crystal enables us to express the coefficients
in terms of the three constants L, M, N. The energy eigenvalue is
given by (k) = €(0) + (1/2m)k* + \. Expressions for L, M, N, as
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simplified by the use of symmetry, are given by Dresselhaus, Kip, and
Kittel, Phys. Rev. 98, 368 (1955).

To include spin-orbit effects, we take as the basis the six functions
g, Eja, €z, €16, €36, €38, where , B are the spin functions. We
include in the perturbation the spin-orbit interaction

9) Hy, = —5 (6 X grad V) - p,
and neglect the corresponding term having k written for p. Suppose
that we transform from the basis just given to a basis in which the
quantum numbers J,m, are diagonal, where J is the operator for the
total angular momentum. Then in the new 6 X 6 secular equation the
spin-orbit interaction simply subtracts the splitting A from the two
diagonal terms involving the states lé ;3 and ié— ;= %)

If we restrict ourselves to energies k2/2mA < 1, the 6 X 6 secular
equation has the approximate eigenvalues!

(10)  e(k) = AK® + [B%* + C*(k k! + ko'he® + ka’k:?));
(1) e(k) = —A + Ak

There are three roots, given by (10) and (11); each root is double, as
required by the time reversal and inversion invariance of the hamil-
tonian. The solutions (10) converge at k = 0 to a fourfold degenerate
state which belongs to the I's representation of the cubic group; the
representation may be built up from p;, atomic functions on each atom.
The solutions (11) converge at k = 0 to a twofold degenerate state
which belongs to the I'; representation; it may be viewed as built up
from atomic py, functions. The band at T'7 is called the split-off band
and lies lower in energy than TI's. The presence of I'; was first deduced
from the analysis of experiments on optical absorption in p-Ge.
Values of A4, B, C, as determined by cyclotron resonance, are given in
Table 1. The form (10) is established at the end of this chapter.
Diamond. Representative theoretical calculations of the band
structure of diamond are given by F. Herman, Phys. Rev. 93, 1214
(1954); and J. C. Phillips and L. Kleinman, Phys. Rev. 116, 287 (1959).
The results are shown in Fig. 2. The valence band edge is I';;. The
conduction band edge is believed to lie along the A axis; the electron
energy surfaces are six equivalent spheroids, one along each 100 axis.
The calculated band gap of 5.4 ev agrees well with the observed 5.33 ev.
It is known experimentally that the band edges are indirect; that is, the

! Bolutions valid over a wider range of k have been given by E. O. Kane, Phys.
Chem. Solids 1, 82 (1956).
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FIG. 2. Energy bands of diamond along (100) and (111) axes of the Brillouin
zone. The valence band edge is at k = 0 and has the representation I'gs; the
conduction band edge should lie along A. (After Phillips and Kleinman.)
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FIG. 3. Schematic representation of the energy bands of diamond including
spin-orbit coupling effects. (Based on Herman’s calculations, after R. J. Elliott.)
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valence and conduction band edges are connected by a nonzero k.
Cyclotron resonance experiments on p-type diamond give m*/m = 0.7
and 2.2 for the light and heavy hole bands at the band edge and
m*/m =2 1.06 for the band split off by the spin-orbit interaction. The
splitting caused by spin-orbit interaction is shown in Fig. 3.

Silicon. The energy bands of silicon are shown in Fig. 4 without
spin-orbit interaction. The band structure is similar to that of dia-
mond: the valence band edge belongs to the representation I';s and
the conduction band edge belongs to A; at a general point along the
axis between I' and X. There is a good deal of evidence that one
minimum is at (2r/a) (0.86,0,0); there are six equivalent minima, one
along each cube edge. The transverse and longitudinal effective
masses are

my = 0.19m; m; = 0.98m.

E (rydberg)

2.8
k:—g(lll) k=0 k=277f(100)

FIG. 4. Energy band structure of silicon. (After Kleinman and Phillips.) The
valence band edge is at I'45; the conduction band edge is along A;. Spin-orbit
interaction has not been considered in this figure.
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The minimum energy gap is 1.14 ev; it does not occur vertically in an
energy-band diagram in k space. The gap at the center of the zone
between I';s and Tyy is believed to be about 2.5 ev. Values of the
valence-band constants 4, B, C calculated by Kleinman and Phillips
[Phys. Rev. 118, 1153 (1960)] are in excellent agreement with the values
determined by cyclotron resonance.

Germanium. The band structure is shown in Fig. 5, without spin-
orbit interaction. The valence-band edge is T'y;, with a spin-orbit
splitting of 0.29 ev. The minimum of the conduction band occurs in
the 111 directions at the edge of the zone; that is, the conduction-band
edge occurs at the point L and is presumed to have the representation
L;. The effective masses of the prolate spheroidal surfaces are highly
anisotropic: m;/m = 1.64; m;/m = 0.082. The effective mass in the
state 'y at k = 0 is isotropic and has the value m*/m = 0.036; this
state is normally vacant, but the splitting of the optical absorption

+6 |

Energy (electron voits)
o
]

FIG. 5. Energy bands in germanium along the [100] and [111] axes according to
the experimental information and the calculations of Herman. Spin-orbit cou-
pling is neglected. Levels determined by experiment are circled. (After J.
Callaway.)
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in a magnetic field gives the mass. One major change which occurs in
going from Si to Ge is that the lowest conduction-band state at k = 0
changes from T';; in Si to the nondegenerate I'; in Ge. In grey Sn,
beyond Ge, it is believed that Ty remains lower than T'ys.

Indium Antimonide. The crystal InSb has the zine blende struc-
ture, which differs from the diamond structure in an important respect.
The diamond structure is composed of two identical interpenetrating
fee lattices, but in InSb one of the lattices contains In atoms and the
other lattice contains Sb atoms. The chemical valences are 3 and 5;
InSb is an example of 3-5 compound. The crystal symmetry resembles
that of diamond, but no longer has an inversion center. Thus we can
no longer say that the energy levels at fixed k have the twofold conju-
gation invariance. The time reversal operation K still commutes
with the hamiltonian, so that &, is degenerate with €&_y ;. A number
of changes in the band structure occur with respect to the correspond-
ing 4-4 crystals because of the loss of the inversion J as a symmetry
element; this introduces a component of the crystal potential anti-
symmetric with respect to a point midway between the two atoms in a
cell.

In 3-5 crystals in which the lowest conduction-band state at k = 0
belongs to T'y; it is expected that the antisymmetric potential will
mix the representation I'y; of the original valence-band edge and the
representation T';5. The antisymmetric potential by itself will split
these representations if, as for a plane wave model, they were degen-
erate; if the representations are already split, it will act to increase the
splitting. The gap at k = 0 in BN is calculated? to be about 10 ev,
about twice as large as in diamond. We note that the gap observed
in AIP is 3.0 ev, compared with 1.1 ev in 8i. In InSb and grey tin
the conduction band at k = 0 is T';; the antisymmetric potential
increases the gap from 0.07 ev in grey tin to 0.23 ev in InSb. The
conduction-band edge is at k = 0 in both crystals.?

The spin-orbit splitting A of the valence-band edge in InSb is
estimated to be 0.9 ev, or about four times as large as the band gap.
In this situation it makes no sense to treat the representations of the
problem without spin. With spin, the valence-band edge belongs to
the fourfold cubic representation T's, with the split-off band belong-
ing to T'7z. The conduction-band edge may belong to T'g or I';, both
twofold.

? L. Kleinman and J. C. Phillips, Phys. Rev. 117, 460 (1960).

3 For a detailed theoretical treatment of the band-edge structure of InSb, see
G. Dresselhaus, Phys. Rev. 100, 580 (1955), and E. O. Kane, Phys. Chem. Solids 1,
249 (1956).
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The k- p perturbation does not give a term in the energy first
order in k for either of the twofold representations. This follows
because p transforms as the vector representation I'y, and I'y X T'g
does not contain T'g; similarly I'y X I'; does not contain I';. Thus
first-order matrix elements k - (Ts|p|T's) = 0, and k- (T'y|p|T7) = 0.
There are second-order contributions to the energy, but the degeneracy
is not lifted in this order. To third order for I's or T'; the energy is

Energy

(000) k [110]

(000) k [100}

T7®A6

(000) k [111}

FIG. 6. Plot of energy versus wavevector in InSb showing the first-order energy
for the spin-orbit split 95 level in [100], [110], and [111] directions. The circled
numbers indicate the dimension of the representation. (After Dresselhaus.)
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split in all but the 100 and 111 directions:
(12) &k) = Cok? + C1[k>(ks’k,? + k%% + k%, — 9k, %k, 2k,

It is known from cyclotron resonance that m* = 1/2C, = 0.014m.

The fourfold representation I's gives contributions to the energy
in first order in k, because I'y X I's = I's 4 I'; + 2T's, which contains
Ts. Thus there will be first-order matrix elements k - (I‘s]plI‘g) #= 0.
Very close to k = 0 the four bands at the valence-band edge have the
general form, to first order in k,

(13) g(k) = +C{k* + [3(kz2k,® + k%2 + k. 2k, D)%)

The four signs are independent. The splitting is shown in Fig. 6.
The constant C is very small, and the linear region of (13) is soon
dominated by the normal quadratic terms as in (10). The C terms
shift the band edge slightly from k = 0; the expectation is that there
will be a nest of band edges in InSb along 111 directions about 0.003
of the way out to the zone boundary, with an energy at the maximum
about 10™* ev above the energy atk = 0. For hole energies >> 10~ % ev
the valence band of InSb will resemble that of Ge.

CYCLOTRON AND SPIN RESONANCE IN SEMI-
CONDUCTORS, WITH SPIN-ORBIT COUPLING

We consider a conduction-band edge at k = 0 in an orthorhombic
crystal and suppose the band has only the twofold time reversal
degeneracy. The crystal is assumed to have a center of inversion.
In the absence of a magnetic field the energy to second order in k is

(14) S(k) =2 Daﬁkakﬂ: (a; B ==y, 2).

The two-component Wannier effective wave equation (Chap. 9) in a
magnetic field is written by viewing k = p — (¢/c)A as an operator:

15) | 3 Dus (72 = £ 42) (50 = £ ) = o B | i) = evizo),

where s is a spin coordinate; we have written the spin magnetic-
moment operator as ugd.

In using form (15) it is usually assumed implicitly that the com-
ponents of k commute. In the absence of a magnetic field they do:

(16) [kaykes] = [Payps] = O;

but in a magnetic field the commutator of the £’s includes [pa,Ad]
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which is not necessarily zero. For the gauge A = H(0,z,0) we have

a7 hok = 05 oyl = 0;
H
18) ol = 52 fopl = i

We need, therefore, to write (14) in a form which will permit the
possibility of a contribution from the antisymmetric form [k.,k,]:

(19) e(k) = Z (DZp{kakis} + Diglliakisl),

where in the summation each pair o8 is to be taken only once; that is,
Be is not counted if of is counted. Here

(20) {kayks} = kokg + keka,

D? and D4 denote the symmetrical and antisymmetrical coefficients,
respectively. In the absence of a magnetic field only the symmetrical
term of (19) will contribute, as then [k4,ks] = O.

The coefficient D, is given by k + p perturbation theory:

(21) Du,;=2ia + 22 —~——<7lp“l5>_<55"[7> iaa

1
+o3 <‘Y|Pa P— pﬂl‘)’>'

where v denotes the state under consideration at k = 0. Then

(22) D3 = 3(Dus + Dga); D& = $(Dap — Dya);
(23) Dép — Z ('Ylp“laxa]pﬂl':) — i:lpﬂlaxaIpal'Y} _DBAa

In our gauge and with the coordinate axes along the crystal axes, we
have

(24) Dfﬂ = Daaaaﬂ,
and the total antisymmetric contribution to e(k) is
1e
(25) D2 [kzk,] = D2, ” H,
using (18). Thus »
(26) &(k) = Daskake + iD2, © *H — upé-H.

We now want to write D“ in terms of the angular momentum com-
ponent L,.
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The equation of motion of z in zero magnetic field is

e . 1 1 o T
(27) it = [zg,H] =1 (m P: + ImE (8 X grad V)z) = g -
The term following p, arises from the spin-orbit term in the hamil-
tonian:

1 ,
(28) Hy = Am2c2 (8 X grad V) - p,

where V(x) is the periodic crystal potential; the commutator
7
(29) [x,H,] = il (6 X grad V),.

The operator = is defined by (27), as in (9.29); for most purposes the
term in ¢ X grad V is a small correction to p. The «’s have essen-
tially the properties with spin-orbit interaction which the p’s have
without it.

Now write (27) in a representation in which H is diagonal, for zero
magnetic field:

7
(30) o (rlmsl®) = (rlald)es — etvlafs).
If we neglect the difference between p and =, then

@31 Z’ 4 |7’“|5><51Pﬁ!:> - g\m[axalpam

= im Y ((v]za] )8 pelv) — (v]as|8)(8|pal¥)) = im(y|Laesly);

here we have made use of (0|/0) = 0, which follows by parity for

k = 0 if the crystal has a center of inversion. If o = z; 8 = y, then

L. is the component of the orbital angular momentum L in (31).
With (23) and (31), we have

, 1
(32) iDf = — o (v|La|y).

Now if |Cy) is the state conjugate to |v) in the sense introduced in
(9.44), then

33) (Cv|L{C7) = (v[CTLCly) = —(LCTCly) = —(r|Lulw),
because CL, = —L,; ¢!, = —L,, according to (9.135). Therefore
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we may write

e
34: e(k) = Daakaka ~ N Lz z - z
(34) (k) e (v|Ls|v)o.H ~ ppo.H,

because v and Cvy have opposite spins. Thus

(35) g(k) = Daikaka — p*é- H,

where the anomalous magnetic moment u* is defined by

36) L = (lLdn) + 1)
LB

—14 1 E/ (7][’:15)(5@,,!’7) - ('ﬁpyla)(a]px[?)’

im B & — &
* 1 (s GlpaloXolp |v>)
37 LA R ( ALAYC A ECIR R
@ 1 + 2z'm“I 25: €, — &

where 4 signifies ‘‘the imaginary part of’’; here we have used the fact
that p is hermitian. The terms D,.k.k. in (35) gives the splitting
observed in cyclotron resonance; the term —u*¢ - H gives the splitting
observed in spin resonance.

We now consider the anomalous magnetic moment for a specific
model which is quite typical of many semiconductors. In the model
we are concerned with the g value and magnetic moment of the state
]07) which we suppose is an s-like state at the conduction-band edge
with spin T. The state lies an energy E,; above a ps; valence-band
edge, also at k = 0; at an energy A below this there lies the level py,,
split off by the spin-orbit interaction. We assume that there are
interactions only among these bands. In the absence of spin-orbit
interaction A is zero and then (0|L,|0) vanishes because the representa-
tion can then be chosen so that either {y|pz|8) = 0 or (v|p,|6) = O for
any state § in the representation. To see this, let § = z, y, 2.

We may represent schematically the states |J;m;) by

(38)
359 = 27z + )a; |#:4) = 67[22a + (= + )Bl;
13;—%) = 27%(z — i)B); |8;—3) = 67"[228 — (z — y)al;
58 =3a — (@ + )Bl; =3 =3B + (z — iH)al.

The phases of these states satisfy K|J;my) = |J;—my), where K =
—i0,K is the Kramers time reversal operator. Note that these are
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not the phases obtained from successive applications of the J— lower-
ing operator. Now

P|353) = —127%; pldd) = 2%,
pel3;—3) = —i6778;  pJ3;—1) = 6778;
Pal3;—3) = 67 "; Pl —3) =
palBi—®) = —i2 7V pl3i—3) = —27¥.

On taking the appropriate matrix elements with (~y| we see that the
contribution to (y|L,|y) from the states with J = $is —2/3mE,. The
contribution from the states with J = % is found using

palid) = i377; polEid) = —378;
plti—3) = =37 plE—d) = =37

the contribution is #¢m(¥, + A). Thus

39
(39) 6*%04;

(40)

1 2
a6l - & (- ) oo,
where X denotes symbolically the state za in the z,y,z;a,8 represen-
tation of the valence-band edge.
The effective-mass tensor for the conduction-band edge is given by,
for m* < m,

w Moyl

lpzlgl:?_[}_
m5 €y, — &

1
— = | olp, )2
o + 5w (O
with the matrix elements used for (41). Thus we have the Roth
relation

@ o= 2 )

form* < m. Yor InSb, m/m* == 70; E, =2 0.2 ev; A =2 0.9 ev, so that
(0|Lz[0) = 25. In Ge and Si the orbital moments are much smaller.
The g value in conduction-electron spin resonance is defined as

m 2A
44 = 2 * ":4 — i —
(44) g = 2u*/up — (3Eg+ oA

for InSb, in good agreement with experiment. Here the effective
hamiltonian is

1 e \?
(45) H = p—-;A — u*é - H,

2m*

)—{-2%—50,
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The crystal having the narrowest band gap known at present? is
Cd,Hg,_,Te; with = 0.136, the energy gap between conduction and
valence bands is believed to be £0.006 ev; further, m*/m < 0.0004
and g = 2500 at the bottom of the conduction band. The low mass
and high g value are direct consequences of the low value of the energy
gap, according to k - p perturbation theory.

A careful detailed study of the g values of conduction electrons
is given by Y. Yafet, Solid state physics 14, 1 (1963). The method
which led to (35) was developed by J. M. Luttinger, Phys. Rev. 102,
1030 (1956), for a more difficult problem, the study of magnetic effects
on the py; band edge of a diamond-type semiconductor. He found that
the hamiltonian in a magnetic field to terms quadratic in k may be
written as

(46) H = ﬁlkaka + B2kakaJaJa + 453({]{337)]‘;1/} {Jo:;Jy}
+ {kwkz}{’]y;'iz} + {kz;kx}{Jz,Jx}) + ﬁ4ﬂra']a + BSHaJaJaJa,

where J,, J,, J, are 4 X 4 matrices which satisfy J x J = ¢J. In (46)
the { } denote anticommutator, as usual.

Valence-Band Edge with Spin-Orbit Interaction. We want to derive
the form (10) of the energy near the I'y valence-band edge of a crystal
with diamond structure. In the absence of a magnetic field the second-
order hamiltonian has the form (46) of the 4 X 4 matrix

(A7) H = Bik® + Ba(ko2T 22 + k2T + k.2T.D) + 483(1ka oy} {T 507 )
+ {ky;kz}{Jy;Jz} + {szkZ}{JZ;JI})'

Here J is a 4 X 4 matrix which satisfies the angular momentum
commutation relation J X J = ¢J. The expression (47) contains all
the forms quadratic in the k’s and J’s which are invariant under
the operations of the cubic point groups. The dimensionality of
the matrix representing J is 4 X 4 because the I's state is fourfold
degenerate.

We know that H is invariant under the conjugation operation, so
that every root of the eigenvalue problem is double. We now give a
procedure due to Hopfield for the reduction of (47) to a 2 X 2 matrix
for the two independent roots.

In the basis |[Jms) for J =  as given by (38) the time reversal
operator is represented by

0 0 0 1
0 o 1 o)\

(48) K=l o _1 o ol&o
-1 0 0 0

1T, C. Harman et al., Bull. Amer. Phys. Soc. T, 203 (1962).

1s

1s

rn
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where K, denotes complex conjugation.
if

(49) ¢ =

Qo e

is an eigenvector of H, then

(50) Ko =K

Lo R

is an eigenvector having the same energy, because K commutes with
the hamiltonian. But the states ¢ and K¢ are independent:

/\ a
b

(51) d ¢ —b —a

We may then combine ¢ and K¢ to form a state having the same

d*
C*

—b*

—a*

energy, but with one coefficient, say d, equal to zero:

(52) ¢ = (1 + pe“K)e,

where p and « are constants. We write

a
.
(53) ¢ = ¢
0
Then, because
(54) Hyu@v = )‘vn

we have

(55) Hya' + Hygb' + Hyse' = 0; ¢

_Ha
H43

’

_
Hy;

This is easily demonstrated:

b'.

Substitute this for ¢’ and we have the redundant 3 X 3 equation

a’
Hy, Hyy Hy; %
(66) (Hop - - -+« v v .-
Hag o v oo

_ Ha

Hys
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The first two components of this equation are sufficient. They may be th

written 0
5 o the
Hu— 7" Hiy  Hi— = Hu que
(57) H43 H43 (a =2 a\ tot
}141 ]142 b b tha]

Hyy— —H Hay — — Hy;

21 Has 23 22 Has 23 £6 1
. . bing
With the representation (39) of the J’s we have that o;)ti
(58) Hy4 = Hy3 = 0; Hy = —H,s; Hy2 = —Hqs¥, Thv
€
so that (57) has the solutions latt
(59) N =3(Hy + Has) + [3(Hi1 — Ha2)> + |H12|2 + |H13|2]y", (62,
which is equivalent to the standard form (10). whe
IMPURITY STATES AND LANDAU is j
LEVELS IN SEMICONDUCTORS unp
We are now concerned with the theory of the shallow donor and (63)
acceptor states associated with impurities in semiconductors, particu- whe

larly trivalent and pentavalent impurities in germanium and silicon.
The ionization energies of these impurities are of the order of 0.04 ev in (64,
Siand 0.01 evin Ge. Such energies are much less than the energy gap;

thus it is reasonable to expect the impurity states to be formed from ;sss:
one-particle states of the appropriate band, conduction or valence. P
The impurity states will in a sense be hydrogen-like, but loosely bound,
largely because the dielectric constant e of the medium is high. The (65)
rydberg constant involves 1/¢2; for € = 15 the binding energy will be
reduced from that of hydrogen by the factor z35. When m* < m W
there is a further reduction of the binding energy. scal
(9146 ) The Wannier theorem gives us the effective hamiltonian for the (66)
problem. We treat first a simplified model of a pentavalent impurity
in silicon; we consider for the conduction band the single spheroidal We
energy surface (67
(60) () = —— (k? + kD) + k.2 whe
2m, 2my
In the actual crystal there are six equivalent spheroids, each along a (68)
[100] axis. The Wannier equation associated with (60) is
. Bec
1 5 1 e
O om0+ m) + g mt = S| R0 = BF@), unl
2m; 2my €r 69

in the absence of a magnetic field.
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We now examine the validity of (61). First, there is the question
of the dielectric constant. It is fairly obvious that we should use
the dielectric constant e(w) or, better, ¢(w,q) as measured at the fre-
quency  corresponding to the energy E of the impurity level referred
to the band edge. In situations of interest to us this energy is smaller
than the band gap, so that the electronic polarizability will contribute
to e(w) in full. The ionic polarizability will contribute only if the
binding energy of the impurity level is small in comparison with the
optical phonon frequency near k = 0.

We now consider the validity of the effective mass approach itself.
The Schrodinger equation of one electron in the perturbed periodic
lattice is

(62) (Ho + V)¥ = EY,

where H refers to the perfect lattice and V to the impurity. Here ¥
is just a one-electron wavefunction. Consider the solution of the
unperturbed problem

(63) Hoppr = €,(K)oy,
where
(64) oKl = lkl> = ¢ u(x)

is the Bloch function with wavevector k and band index I. We
assume the band is not degenerate. The solutions ¥(x) of the per-
turbed problem may be written
(65) ¥(x) = Y kU)K,
Kl
We substitute (65) in the Schrodinger equation (62) and take the
scalar product with (k|, finding directly the secular equation

(66) ()t} + = (| V&7 | XUk']) = E(g]).
We next expand the perturbation V in a fourier series:
(67) V=3 Vge=%

whence )

(68) (K| V]K'ry = ; Vi [ d ety

Because uy;(x) is periodic in the direct lattice, the integral vanishes
unless

(69) k= 4+K+G.
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We are concerned only with small k, k', and K, so that G = 0 for the
matrix elements of interest. We note that for the coulomb potential
Vg « 1/K?% The secular equation may be written

(70) i) (i]) + X Viealixal e + Ky = B,
where the function
@ Mg = [ d% ulya(0) e (%),
As |K| —0,
(72) A g du.
In this limit the secular equation reduces to
(73) &(k)(kl) + g Ve(Lk + K|) = E(lil).

The use of (72) is our central approximation. In this approximation
the different bands are entirely independent. The secular equation
(73) is precisely the Schrodinger equation in the momentum represen-
tation of the following Wannier problem in a coordinate representation:

(74) [e(p) + VEIF(x) = EFyx),
where
(75) Fi(x) = 3, ¢"*()).

k

We suppose we have solved (74) for Fi(x). In a specimen of unit
volume

(76) (mb=fd%m@wﬂﬁ
so that the solutions ¥;(x) of our original problem are

! Vy(x) = E exi(X) / d3t F’z(i)e_ik"{,
Kk

where F; is an eigenfunction of the Wannier problem, Eq. (74).

For slowly varying perturbations only a small range of k will
enter the solution for low-lying states in a given band. If we make
the approximation that u,; may be replaced by wug(x) in (77), then

(78) (%) = ugi(x) f FEFE) Y, e Y = ug(x)Fi(x),
k

SEM

bec:
(79,

Thi
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because
(79) geik'““) & Gy f d%k &0 = 5(x — ¥).

This displays the role of Fi(x) as a slow modulation on uy(x). The
replacement of wu(x) by ug(x) introduces no approximation more
important than we have made already in neglecting the interband
mixing terms in (72).

The Wannier equation (74) is seen to be rigorous in an approxima-
tion which can be stated precisely, namely that (73) should hold.
Kittel and Mitchell, Phys. Rev. 96, 1488 (1954), show for [ # I’ that

£0) AV (impurity ionization energy)”
( band gap ’

which may be of the order of 0.1 for Si and perhaps less for Ge.

The method is easily extended to degenerate bands, where one
deals with coupled Wannier equations connecting the several degener-
ate components. For a discussion of the aceeptor levels in Si and Ge,
and for a treatment of short-range effects within the atomic core of the
impurity, the reader should consult the review by W. Kohn, Solid state
physics B, 258 (1957).

We go on to the solution of (61). For a spherical energy surface
my = m, = m*, and we have exactly the hydrogen-atom problem with
e?/e written for ¢ and m* written for m. The anisotropic hamiltonian
(61) is not exactly solvable in closed form. We may determine an
upper bound to the ground-state energy relative to the band edge
by a variational calculation. With m; = amm; my = am; and ry =
¢/me®, we try a variational function of the form

(8l)  F(x) = (ab%/nre®)* exp {—[a%?® + b} (x® + y)]*¥/ro}.

We find on carrying out the variational calculation the following
results:

For n-Ge with a; = 1.58; a; = 0.082; € = 16:

(82)  Eo= —0.00905ev; a?=0.135; b’ =0.0174.
For n-Si with ay = 1; ay = 0.2; & = 12:

(83) Ey = —0.0298 ev; a=0216; b%= 00729

The theory may be generalized directly for degenerate band edges.
The Wannier equation becomes an equation for a multicomponent



290 QUANTUM THEORY OF SOLIDS

wave function F:
(84) (H(p) + V)F(z) = EF(z),

where H(p) is the square matrix from second-order k - p perturbation
theory and F(z) is a column matrix.

LANDAU LEVELS

By Landau levels we mean the quantized orbits of a free particle
in a crystal in a magnetic field. In the chapter on electron dynamics
in a magnetic field we gave the Landau solution for a free particle in
a vacuum in a magnetic field, and we considered the semiclassical
theory of magnetic orbits on general fermi surfaces. At present we
consider only the quantization of a spinless electron near the non-
degenerate conduction band edge of a semiconductor having the
spheroidal energy surface

L A B I S
(84a) o) = 5 - kst + k) + 5 - k2

in the absence of the magnetic field.
The hamiltonian with the magnetic field is

1 e .\’
(®5) H=(p-Ca) + 700

the vector potential for a uniform magnetic field 3¢ in the 2z direction
in the Landau gauge is

(86) A = (0,3¢z,0).
If we write
(87) s = eX/c,

the hamiltonian is

s s?
(88) H = H, mxpy+2mx.
The eigenfunctions of Hy are the Bloch functions |k,1); the eigenvalues
are §;(k).
Because of the presence of terms in z and z? it is a difficult and
lengthy problem to analyze the validity of the effective mass equation
in a uniform magnetic field. In order to avoid singular matrix
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but we have seen in Chapter 9 that

(Ik|p, |l = E, (%) ,

ap

to first order in k. Thus for a spherical energy surface
ie
(98) (k| U |k'T) = — o B Al — drid):

We need also

62

(99) (lk|U2|k'l) — 5”%_62 ‘Aq|2 (zk[32£q-x 4 ¢ ZaE _ Zlk'l);
in the limit ¢ — 0

2

[
P Aq(‘sk':k+2q + 5k';k—2q - 25k':k)-

(100) (k| U4|k'ly =~ — S

Similarly

, (k| UL R VUK | UL k")
oy % g(k) — (k)
|A, - (ik|p|kl)|?

2
€ ’
e e — syt Gt T s = 2000

e (m .
= T omt\m* 1) |Ag?(Burint2q + Oiin—2q — 20k),

using the f-sum rule. Thus
ie
(102) (k|ejkl) = — o Aa B(eiira — i)

€
+ 2m*¢:2 |Aqi2(25k’k - ak':k—2q - 5k':k+2q);

and (95) is identical with the effective mass equation in the plane wave
representation

(103) Fi(x) = Y e**(Ik|),
k

so that F;(x) satisfies the Wannier equation

RS
2m*

2
(104) (p - EA) Fi(x) = EFy(x).
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The above derivation is due to Argyres (unpublished); the deriva-
tion of Luttinger and Kohn [Phys. Rev. 97, 869 (1955)] avoids the
limiting process ¢ — 0 at the price of treating singular matrix elements.

PROBLEMS

1. Consider the hamiltonian
H = p?*+ x?

of a harmonic oscillator; solve for the eigenvalues using a plane wave repre-
sentation:

¥ = f dx e*=(k)),
with

(K|l = — ok — K,

8k2
and show that one obtains the correct energy eigenvalues. This is an exercise
in a method of handling matrix elements of the coordinates.

2. Show that states which transform as J = § are split into two twofold
levels by an axial crystal field. Evaluate the spllttmg for the crystal potential

V = a(x?+ y? — 29,

and the spin-orbit splitting A between the J = 3 and J = } levels in the
absence of the crystal field.
3. (a) Show for a cubic crystal at k = 0 that

D3 =0; Di =0,

using the definitions (21) and (22), with coordinate axes along the cube edge
directions. Hint: Consider the effect on D5, of rotating about the z axis by
/2. (b) Show that in the absence of spin- —orbit couphng D4, = 0.

4. In CdS the conduction band edge may be written in the form, to 0(k?),

€k = [A(kzz + kyz) + Bkzzl ((1) ?) + C(kzay - k,,or,),

where the z direction is parallel to the symmetry axis of the crystal; the o,
oy are pauli matrices. Plot a section of a constant energy surface in the
plane k, = 0, for the band with spin parallel to the positive y axis. Con-
Sldel‘lng only this spin onentatlon, does this band carry a net current when
filled at 0°K to a level €57

B. Verify the statement made in connection with 3-5 crystals that the
antisymmetric crystal potential component will act to increase the splitting
between T'y; and T'y; states.



15 Semiconductor crystals:
I1. Optical absorption and excitons

DIRECT OPTICAL TRANSITIONS

In the process of direct photon absorption a photon of energy o
and wavevector K is absorbed by the crystal with the creation of an
electron at k. in a conduction band and a hole at ky.. in the valence
band. The scale of wavevectors of optical photons is of the order of
10* em ! and may almost always be neglected in comparison with the
scale of wavevectors in the Brillouin zone, 10® em™!. The conserva-

tion of wavevector in the absorption process requires
(1) kel + khole .:\'—_./ G’,

where G is a vector in the reciprocal lattice. In the reduced zone
scheme G = 0; so that k, = —ky,.. This is simply interpreted: the
total wavevector of the valence band when filled is zero, so that if
we remove an electron from the valence band, the total wavevector
of the N — 1 electrons left in the valence band is equal but opposite
to the wavevector of the electron which was taken away. It is
customary to call & transition in which

(2) kel + khole g 0

a verlical or direct transition because the electron is raised vertically
on an energy-band diagram, as in Fig. la and b. In some connections,
particularly for excitons, the fact that the photon wavevector is not
exactly zero is of considerable importance.

The matrix element for electric dipole allowed transitions is

3) [ 5w ky);

\ /

if the fourier components of the radiation field A are at low wavevector,
204

1
m® P
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€

(a) (b)

|
0 k

FIG. 1. Direct absorption processes in (a) and (b); the absorption process (c)
is indirect and takes place with the emission or absorption of a phonon.

we may usually replace k' by k. Thus |(sk|p|ky)|? determines the
intensity of the transition; this same quantity determines the mutual
interaction of the two bands v, & in the reciprocal effective mass
tensors. We see that bands which perturb each other strongly are
always connected by allowed optical transitions for the direct absorp-
tion or emission of a photon.

INDIRECT OPTICAL TRANSITIONS

Sometimes, as in Si and Ge, the minimum energy difference between
the valence and conduction bands does not occur for Ak = 0, but the
band minima fall at different k values and cannot be connected by an
allowed optical transition. If this is true, the threshold of strong
optical absorption will lie at a higher energy than the energy gap.
But at energies slightly above the energy gap a weak absorption takes
place with the emission or absorption of a phonon of wavevector q:

(4) ko + Koo £ q=20.

.If the conduction and valence band edges do not lie at the same point
In k space, the indirect or nonvertical process will dominate the optical
absorption over the appropriate energy interval. The energy balance
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at the indirect threshold will be
(5) w = ek, — eky) + wy;

at absolute zero no phonon is available to be absorbed in the process
and here the positive sign must be taken on the right-hand side.
At higher temperatures there are thermal phonons available to be
absorbed, and photon absorption may take place at an energy lower
by 2wphonon, Where the phonon has a wavevector of magnitude close
to the difference lkc — kv| at the band edges.

The intensity of the indirect transition! is determined by second-
order matrix elements of the electron-phonon and electron-photon
interactions. Second-order matrix elements for processes in which a
phonon is absorbed involve

<8k|p ¢ A|k7><77k;nq - 1|ci<'-ck—qaq[nq;k - q;'Y)y
and
(85k;nq — 1|ciex—qaqngsk — q;8%(3;k — qlp - Alk — q;7).

Here the ¢’s are electron operators and the a’s are phonon operators.
The form of the electron-phonon interaction was discussed in Chapter
7. In the process described the electron is initially at k — q in the
valence band v and the phonon occupation number is n, for wavevector
q. In the final state the electron is at k in the conduction band 6 and
the phonon occupation is ny — 1. The corresponding matrix element
for emission of a phonon is written down by using the terms ¢ jcpad
of the electron-phonon interaction.

Actually there will be a number of threshold energies because in
principle every branch of the phonon spectrum will participate at the
same wavevector, but at different frequencies. Optical measurements
have been able in this way to determine directly the difference in th:
wavevectors of the conduction and valence band edges, provided tha’
the phonon spectrum itself is known, as from inelastic neutron scatter-
ing studies.

OSCILLATORY MAGNETOABSORPTION—LANDAU TRANSITIONS

In the presence of a strong static magnetic field the optical absorp-
tion near the threshold of the direct transition in semiconductors
is observed to exhibit oscillations. That is, at fixed H the absorption
coefficient is periodic in the photon energy. In a magnetic field the
interband transitions (Fig. 2) take place between the Landau magnetic
levels in the valence band and the corresponding levels in the conduc-

! See Bardeen, Blatt, and Hall, Proc. of Conf. on Photoconductivity, Atlantic City,
1954 (Wiley, 1956), p. 146.
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o

1
Hw o=

Fig. 2. Schematic diagram showing the magnetic levels for k, = 0 as labeled by
n (k; = 0) for two simple bands. The possible transitions are shown for the case
in which the direct transition is allowed by parity.

tion band. Such transitions are called Landaw transitions. In a
magnetic field parallel to the 2 axis the energies in the two bands, if
nondegenerate, are

ec(n,kz) = Eg + (n+ Pw, + om k22 + w.H,

(6)

1
s‘ﬂ(n)kz) = _(n + %)wv - 2
12

v

kz2 t llv}I,

where w,, w, are the cyclotron frequencies and ., u, are the anomalous
magnetic moments. The spatial parts of the wavefunctions in each
band are of the form y¥(z) = uo(x)F(x), where uo(x) is the Bloch
function in the appropriate band for k = 0 and, from Eq. (11.13),

@ Fax) = 6®0 i, (2 — ok, /oH)

iI} the Landau gauge. Here F, is the solution of the appropriate Wan-
nier equation and ¢, is the harmonie oscillator wavefunction for the
nth excited state.

The matrix element for optical absorption is proportional to

®) (nokgkelplnshy = [ dn uk Opua(®) [ da FR@F (),

cell crystal
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where we have broken up the integral by treating the F’s as essentially
constant over a cell. The integral involving the F’s will vanish unless
k; = k,; ki = k7, and n, = n,. This is analogous to the selection
rules conserving k in the absence of a magnetic field. The equality
of the n’s follows by the orthogonality property of harmonic oscillator
wavefunctions, noting that these do not depend on the effective mass.
The allowed transitions have An = 0, as indicated in Fig. 2. After
integrating the transition probability over the density of states for
ky and k., it is found that the absorption coefficient is proportional to

1
E (w — wn)”’

n

where
(9) Wy = Eg + (n + %)(wc + wv) i (I‘c - i-“v)H'

The theory of oscillatory magnetoabsorption for degenerate bands
and also for indirect transitions has been given by Roth, Lax, and
Zwerdling, Phys. Rev. 114, 90 (1959). We note that magnetoabsorp-
tion experiments are particularly valuable in determining the param-
eters of a direct conduction-band energy surface which, because it is
not the band edge, cannot be kept populated sufficiently to permit a
cyclotron resonance experiment to be made; further, the experiments
involve the anomalous magnetic moments or g factors.

EXCITONS

An exciton is defined as a nonconducting excited electronic state
in a perfect insulator, usually a nonmagnetic insulator. It is usual
to speak of two types of excitons: a tightly bound or Frenkel exciton
and a weakly bound or Mott exciton. Both types of excitons may be
thought of as bound states of an electron and a hole; there is no sharp
division between the two types. In a Frenkel exciton there is a high
probability of finding the electron and hole on the same atom in the
crystal; in a Mott exciton the wavefunction in the relative coordinate
extends over many atoms. Frenkel excitons are realized in alkali-
halide crystals and in many crystals of aromatic molecules; Mott
excitons are found in semiconductor crystals having small energy
gaps and high dielectric constants.

The machinery we developed for the inpurity-state problem may be
taken over directly to the discussion of weakly bound excitons, of
radii large in comparison with a lattice constant. For this reason,
and because their experimental picture is richer, we limit ourselves here
to the discussion of weakly bound excitons.
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If both the conduction and valence band edges are spherical,
nondegenerate, and are located at k =- 0, the exciton spectrum and
wavefunctions are obtained readily by an extension of the result found
above for electrons bound in impurity states. We introduce the rela-
tive and center-of-mass coordinates

MeXe + MpXs
——}

b e — ; x m—
(]0) x x X me + Mh

where both m, and m, are usually positive. The effective hamiltonian
in a cubic crystal is

p“’2 +£_e_2_._P_2_mm+£__ez..

2m, = 2mu x|  2(m. +mi) 2 x|

The part of the wavefunction in X must contain a factor ¢X*; the part
in the relative coordinates contains a factor F,(x), where

a H-=

1, é )
(12) (57" — J3) o0 = Ealate)
is the hydrogenic wave equation with the reduced mass
1 1 1
(13) ==t —

M me mp

and dielectric constant e In direct analogy to the treatment of
impurity states in Chapter 14, the total exciton wavefunction is

(14) VEn(XX) = €TF o (X)0e(Xe)o(X),

where ¢.(x.) is the Bloch function at k = 0 in the conduction band and
¢o(xs) is the valence band function at k = 0. The excitation is
propagated in the crystal as a wave of momentum K.

The energy of the state (14) is

1
15 Egn = Bn+ —L _K?
(15) £ +2(me+mh) ’

referred to the conduction band edge. For bound states E,, is negative
and the total exciton energy at low K is negative with respect to a
separated hole-electron pair. For the hydrogenic hamiltonian (12)
the energy is, with % restored,

: 4
uet 1
1o Bn= = oot
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for e = 5 and p = 0.5m the ionization energy (n = 1) of the exciton is
about  ev. We note that the minimum energy required to create an
exciton starting from the ground state of the crystal is

uet

(7) b= Fy— ooy

where E, is the energy gap.

Excitons created by photon absorption from the ground state of the
crystal are created near K = 0; therefore the direct exciton absorption
spectrum is a series of sharp lines below the optical absorption edge
of the erystal. It is somewhat unusual to find a crystal in which there
are two spherical band edges at k = 0, but this is apparently the
situation in CuzO, for which the exciton spectrum is closely hydrogenic.

For general energy surfaces the exciton problem is best formulated
using the coordinate transformation

(18) 0 =3(X. + Xn); X=X, — X
rather than with the transformation (10). It is instructive to reexam-
ine the problem we have just solved. The hamiltonian (11) is trans-
formed with the use of

9? 192 3? 9?2 9?2 1 9* 9? 9?2

19) —=-—S+——7—"+ —; — = —Q T
(19) x4 99” + dpodx + ax?’ Ixz? 499 dodx  9x?

Thus, if IT, p are the momenta conjugate to o, X, we have for the special
case of spherical surfaces

1 1 1/1 1 e?
T YA O
(20) 8u T 2u Pt 2 n P e|x|
If we look for a wavefunction of the form
(21) Yale,X) = €5°F,(x),

the equation for F,(x) is

(22) [i p* + %(i - —1—)p-K - 7—2] Fa®)

me Mmhp 6X|

K2
= (B = ) a0
8u
The hamiltonian at K = 0 has the eigenvalues
et 1

23 ip &= — .
(23) E 2¢% n?
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The eigenvalue of (12) to second order in K is found by K- p
perturbation theory:

~ 1o 1(1 1Y (K- p|D{K-pln)
(24) EKn = En + SIJ-K + 1 (mc mh) 2} En — El
But by the atomic f-sum rule on the hydrogenic states [, n,
2 g (nlpD(lp.Im)
2V BEANEAT o s,
(25) #; En - El g
whence (24) becomes
1
Eg,=E — K*
(26) K n T 2(me + mh)

in agreement with (15).

The extension of the present treatment in the coordinate system
(18) to ellipsoidal band edges follows directly on using the components
of the reciprocal mass tensors in (19) and (20). The further extension
to degenerate band edges is complicated in practice, but follows by
using matrix operators for the multicomponent state functions at each
band edge; see G. Dresselhaus, Phys. Chem. Solids 1, 14 (1956). In
practice various approximate dodges are often employed to avoid
confronting the complexity of the multicomponent equations.

We now discuss the intensity of optical absorption for a process
in which an allowed (electric dipole) transition creates an exciton
from a filled valence band. We take the bands to be spherical about
k = 0 and nondegenerate. From (14) the exciton wavefunction at
K=0is
(27) ’pOn(x) = Fn(xc - xh)‘?c(xe)‘i’v(xh);
and in this scheme the wavefunction of the initial state is simply
unity.

This is not the clearest way to treat a many-electron problem;
it is better to use the formalism of second quantization, as in Chapter 5.
We denoted the filled valence band by ®,; then we define

@y = o BTud0;

this is a state in which an electron has been raised to the conduction
band at k, leaving a hole in the valence band at —k. The nth exciton
state for K = 0 may be written

(28) &, = ) &(kln) = Y o B Do(k|n),
k k
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The electric dipole absorption is determined by the matrix element
(ck|p|kv) of the momentum p between the state k in the valence band
and the state k in the conduction band. In second quantization the
momentum operator is

(20) p =3 alveu [ & ofi(@)pou(),
k
w

or, with ! denoting the valence band » and I’ the conduction band ¢,
(30) pxy ot B (cke| p|kv).

K
Then the matrix element of p between the vacuum and the nth exciton
state is

(B1)  (®alpl®) = Y, (nlK'}@o|B_wworf BTi|Bo)(cke|plko)
k'k

= 3, (n[i)(ek]plto)

The transition probability is proportional to
(32) |(@alpl®0)|* = [(clplo)|?* (3, (nlk) (g '|n)),
E

if (ck|p|kv) = (c|p|v) over the range of k involved. But the (k|n) are
such that in (32)

(33) Fo(x) = Y e™Xk|n);
k

whence

(34) Fo(0) = Y (kln),
k

and thus the transition probability involves
(35) |(@a[pl®0)|* == |(clplo)]*|F(0)]%.

For spherical masses F,,(0) is nonzero only for s states; for hydrogenic
s states |F',‘(0)[2 o« n73, if n is the principal quantum number.

“First forbidden’ electric dipole transitions arise when the transition
probability is proportional to |6F,.(0)/8x| 2 which is nonzero only for
p states. Thus when electric dipole transitions are forbidden, with
F,(0) = 0, we may still observe excitons because (ck| p|kv) # 0, but the
n = 1 exciton will be absent. There are no p-states forn = 1. This
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appears to be the picture in Cu;0. The n = 1 line can actually be
seen very faintly; Elliott [Phys. Rev. 124, 340 (1961); 108, 1384 (1957)]
suggests the weak transition is by electric quadrupole radiation.

Longitudinal and Transverse Excitons. We have seen in Chapter 3
that the dielectric polarization field of a cubic crystal has longitudinal
and transverse modes, with a frequency splitting determined by the
polarizability. In a covalent crystal the polarizability is determined
by the excited electronic states of the crystal; that is, the polarizability
depends on the nature of the exciton states. An exciton is in fact
the quantum unit of the polarization field. The polarization splitting
of longitudinal and transverse excitons was derived in Chapter 3 on the
assumption that the wavevector of the excitation was small so that the
dispersion of the uncoupled polarization could be neglected. At the
same time we supposed the wavelength was small in comparison with
the dimensions of the crystal, so that shape effects could be neglected.
We continue here to make the same approximation; although the wave-
vector of the incident photon is very small compared with the extent
of the first Brillouin zone, the crystal is supposed to be large in com-
parison with a wavelength.

Photons are transverse and in cubic crystals couple only with
transverse excitons. That is, a photon with k ||  in a crystal with an
s conduction band edge and an z, y, 2 degenerate valence band edge will
couple with the exciton bands made up from hole wavefunctions in the
z or y bands and electron wavefunctions in the s band; there is no 4,p,
term in the interaction. To see this we work in the gauge divA = 0
and consider the electromagnetic wave

(36) A = geiti—kn,
Then the wave is polarized in the § direction:

H = curl A = —ikge i@tk

(37) E 10A L

& ,—i(wt—kz)
e " R

———— = g —

¢ ot

and (36) has A - p coupling only with sy excitons. The polarization
associated with these excitons is purely transverse for k || Z; only sz-
excitons have a longitudinal polarization for this direction of k.

In uniaxial crystals the dielectric polarizability is anisotropic
and a purely longitudinal exciton mode exists only in special symmetry
directions of k. We must consider depolarization effects on the exciton
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spectrum. Let P,, P denote polarization components normal and
parallel, respectively, to the ¢ axis in a uniaxial crystal; 8., B8, are
the static polarizabilities and w,, w; are the resonance frequencies for
transverse waves. We are particularly interested in the special case
By < By; that is, we consider an exciton of frequency near w, and
neglect the contribution to the polarizability of the oscillators at .
Now

1 o%P,

38
( ) (OJ_Z 3t2

+ P, =8,E,,

where E, is the | component of the depolarization field of a polariza-
tion wave.

We find E, from divD = 0, exactly as in Chapter 4 we found the
demagnetization field of a magnon. Let k be the unit vector in the
direction of k. The projection of P, on the wave normal is k-P,
and the depolarization field is

(39) E=—47k-P,; E, = —4x(k-P,) sin 6y,
where 6y is the angle between k and the ¢ axis. Then

1 0P,
OJ_L2 6t2

(40) + P, = —4xB8, (k- P,) sin 6.

This has two solutions:
41) k-P, =0; w?=w,?%; transverse mode;

(42) k-P, = P, sin 6;; w? = w, 2(1 + 478, sin? 4);
mixed mode.

We have neglected ¢, the contribution to the dielectric properties from
other modes; otherwise 4r would be replaced by 47/e. These results
are due to J. J. Hopfield and D. G. Thomas, Phys. Chem. Solids 12,
276 (1960).

The mixed mode is purely longitudinal for 6y = n/2 and it is
asymptotically transverse for 8 = 0 on our assumption 8; = 0. The
photon coupling to the longitudinal or mixed mode therefore vanishes
for 8, = /2, but increases sharply as 6, is varied from this orientation.
This effect has been observed in ZnO. The observation of an energy
difference between transverse and longitudinal excitons is evidence
that the exciton is mobile in the sense that there is a wavevector k
associated with the exciton.

We now discuss observations of excitons in several crystals which
have been studied in detail.
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Germanium.? Both direct and indirect excitons have been studied
ingermanium. The direct excitons are formed at k = 0 by the absorp-
tion of one photon. The direct band gap is between the I's valence
band edge and the I'; band; the energy of the direct gap is 0.898 ev.
The effective mass of the spherical I', band edge is known to be m*/m
0.037 from experiments on Landau transitions. An approximate
effective hole mass can be defined as the mass which reproduces the
binding energy of the lowest acceptor state when calculated from the
hydrogenic relation; this mass is 0.20m. Thus the exciton effective
nass u is given by

m 1 1

1
(43) w0037 T 020 " 0031

The calculated ground-state exciton energy referred to the I', edge is

et

T 272

(44) E, = = —0.0017 ev,
using e = 16. The observed value is —0.0025 ev.

The indirect excitons are excited across the indirect gap with the
emission of a phonon of energy 0.0276 ev. The observed binding
energy of the indirect exciton is 0.002(5) ev.

Cadmium Sulfide. The exciton spectrum of this crystal, including
fine structure and magneto-optic effects, has been investigated rather
fully; see, for example, J. J. Hopfield and D. G. Thomas, Phys. Rev.
122, 35 (1961). The crystal is hexagonal and has the wurtzite struc-
ture; the energy band structure of wurtzite-type crystals is discussed by
R. C. Casella, Phys. Rev. 114, 1514 (1959); Phys. Rev. Letters 5, 371
(1960). It is believed that the band edges in CdS, CdSe, and ZnO are
similar and lie at or very near to k = 0. The energy gap in CdS is
2.53 ev. The valence band is split at k = 0 into three twofold
degenerate states, transforming in order of increasing energy as I', 'z,
and T'y, with separations of 0.057 and 0.016 ev, respectively. The con-
duction band edge transforms as I';. For I'; the energy has the form

(45) ek) = Ak + k) + Bk.2 + C(k,> + k)",

a8 in Problem 14.4. Note that the third term is linear in k, but this
term has never been detected. In CdS the conduction band edge is
almost, isotropic, with m* = 0.20m. The hole masses for the top
valence band are m; = 0.7m and m; ~ 5m; the band edge is ellipsoidal.
The electronic g value is —1.8 and is very nearly isotropic; the holes

?Zwerdling, Lax, Roth, and Button, Phys. Rev. 114, 80 (1959).
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(T'g) have gy = —1.15 and g; = 0. There are three series of exciton
lines, each series associated with one of the three valence bands at
k=0

Perhaps the most interesting feature of the exciton spectrum in
CdS is its dependence on the sense of a magnetic field perpendicular to
the ¢ axis, with the photon wavevector L H and le¢. It isfound that
the intensities of the exciton lines vary markedly when H is reversed
in sign, everything else remaining unchanged. That is, the effect
depends on the sign of ¢ X H, where q is the photon wavevector. Such
an effect is impossible for a free electron, but the absence of a center
of symmetry in the crystal allows it to occur. In the reference system
of the exciton wavepacket the magnetic field appears as an electric
field. The observations are analyzed in the paper by Hopfield and
Thomas cited previously. Only a moving exciton could experience
such an effect. It would not occur for impurity absorption lines.

Cuprous Ozide. This cubic crystal exhibits beautiful hydrogenic
excitons, which have been extensively studied, particularly by E. F.
Gross and his school.? It is unfortunate that the structure of the
band edges are not yet known from cyclotron resonance or other
independent studies, but some strong inferences can be made from the
exciton results. A striking feature of the exciton spectrum is that the
optical transition from the ground state of the crystal to the 1s exciton
state is very weak, as discussed previously.

For a discussion of excitons in ionic crystals, see D. L. Dexter,
Nuovo ctmento supplemento T, 245-286 (1958).

PROBLEMS

1. Discuss for a direct optical transition the dependence of the absorption
coefficient on the energy difference of the photon energy from the threshold
energy.

2. Show that in a uniaxial crystal with nondegenerate band edges at k = C
the exciton wave equation may be written as

ol 1218 19t 8t @
20 2o 3 \2022 " 232 022) er| ¥

3 1 (k2 | k? | k2
‘{E z(MﬁM’ﬁm)l"’

%
€
T=Te—Th; Y=Y~ Y; z=(ﬁ) (26 — 21);

where

3 See, for example, Soviet Physics—Solid State Physics 2, 353, 1518, 2637 (1961).
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My = mey + may;

My = me + may.

8. Treat the term in v in Problem 2 as a small perturbation. Show that
to first order in v the energies of the n = 1 and n = 2 states are, with £ as

the effective rydberg,
18:
28:
2Py:
2P,

E, — Ey

E, — 1Ey;

E, — $E(1 + %7);
E, — $E.(1 + %)

4, In the magnetostark effect as discussed above for CdS, estimate the
magnitude of the quasielectric field for a magnetic field of 30 kilo-oersteds.
6. Show that the transition probability for a “first forbidden” electric
dipole process creating an exciton is proportional to |{(8F,/ 6:0),,.%[2.
=



16 Electrodynamics of metals

Diverse and subtle phenomena are observed when a metal is coupled
to an electromagnetic field. The effects often give important detailed
information about the fermi surface. In this chapter we treat the
anomalous skin effect; cyclotron resonance; the dielectric anomaly;
magnetoplasma resonance; and spin diffusion.

ANOMALOUS SKIN EFFECT

We consider first the normal skin effect. The displacement current
D in a metal may usually be neglected at frequencies w < ¢, where ¢ is
the conductivity in esu. In a good conductor at room temperature
o =~ 10'® sec™’. We note that 4rs = w,’, where w, is the plasma
frequency and 7 the carrier relaxation time. Then the maxwell
equations are

4r 1 .
1) curl H = ?aE; curlE = — ;yH,
or
2 4rou _,
2) curlcurl H = —V*H = — TH’

whence we have the eddy current equation

4ar
(3) k?H = c‘;““’ H,
for H ~ ¢!®* = The wavevector has equal real and imaginary

parts; if o is real and equal to g¢:
4) k= (1 4+ ) (2ruoew/c?)*” = (1 + 7)/8o.
The imaginary part of k is the reciprocal of the classical skin depth

(5) 80 = (c%/2mpoow) ™.
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At room temperature in a good conductor at 3 X 10!° cps we have
80 = 107% cm; in a very pure specimen at helium temperature 8, =~
10~ % em. The results (4) and (5) are written on the supposition that
o is real, which means that wr < 1. The elementary result for the
r-f conductivity is

ne2-r oo

©) T —der) 1 — dwr

for wr < 1 this reduces to the usual static value oo = ne’r/m. The
result (6) follows immediately from a drift velocity or transport
equation treatment. In pure specimens at helium temperature and
microwave frequencies it is possible to have wr >> 1; in this limit

drpwoy (7 — wr) 1
2 ~J . [e————
) ko= e _—_(mr)z ; g{k} 5

II2

But with either (5) or (7) for § there is a serious question of the
validity of the calculation at low temperatures because the carrier
mean free path A at helium temperature may be larger than the skin
depth. Typically r might be 10~ sec, so that for an electron on
the fermi surface the mean free path is

@) A = vpr = (108)(1071%) ~ 10~% cm

much larger than the skin depth 8, =~ 107° cm given by (5) or § =
1075 e¢m given by (7). When A/8 5 1 the electric current density
j(x) can no longer be determined only by the local value E(x) of the
electric field, and our use of ¢E in the maxwell equation is invalid.
The region A > § is called the region of the anomalous skin effect. A
long mean free path has a profound effect on the propagation char-
acteristics of the medium.

SURFACE IMPEDANCE
The observable electrodynamic properties of a metal surface are
described completely by the surface impedance Z(w) defined as

4 Et
9 7 = = L
( ) R X ¢ Ht

where E, H, are the tangential components of E and H evaluated at
the surface of the metal. The real part R of Z is called the surface
resistance; R determines the power absorption by the metal. The
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imaginary part X is called the surface reactance; it determines the
frequency shift of a resonant cavity bounded by the metal. From the
equation for curl E we have

(10) ’I:w[.lHt/C = aEg/aZ,

for permeability u. Then

Ariwp E, ) 4rrou
11 Z =" — R
( ) 02 <3E¢/32 +0 k62

with 2 normal to the surface and directed inward.
For the normal skin effect £ = (1 + 7)/8,, so that

drop ~ 2rwdou _ ~2mu &
(12) Z = e 1—71) =(1—1) . »

02

where A = ¢/w. Thus the ratio of the skin depth to the wavelength
determines the magnitude of Z.

The rate of energy loss per unit area normal to the z direction is
given by the time average of the real part of the poynting vector S of
magnitude

2
c c c
(13) 8= |E x H| = 1 Bty = (47) ZH}?,
when the fields are evaluated at z = 4-0. The time average of the real
part is

2
(1) @ish =1 (L) waiz,

where H is the amplitude of H, at the surface.

We now examine the contribution of the surface to the inductance of
a magnetizing circuit: consider a flat solenoid with inside it a flat
slab of conductor of thickness 2d. Let g be the current per unit length
in the solenoid. Then the inductance per unit length is

d
(15) L = @{flux/g} = @ [é/ dz Hu(z)p'.
Because 9E,/dz = iwuH,/c, we have
. d
(16) 2F,(d) = z_:_, / dz H,(2),,
—d
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with H(d) = 4rg/c. Thus, from the definition (9),
(2¢/iw)E(d) ] 2c . 2c
= —_— = — — Z = — .
(c/4m)H,(d) Ri=iZ} =" #iZ]

w
For a specimen forming one end surface of a rectangular cavity in the
fundamental TE mode the effective change in length of the cavity can
be shown to be

a7 L

c
(18) ol = — %2},

The extreme anomalous skin effect (A/8 >> 1) can be understood
qualitatively in terms of the ineffectiveness concept of Pippard.
Only those electrons traveling nearly parallel to the surface remain in
the electric field long enough to absorb a significant amount of energy.
We suppose that the effective electrons are those in an angle ~é§/A.
Thus the concentration of effective electrons is n. = yné/A, where vy
is a constant of the order of unity. Thus the effective conductivity is

2
Neft€T o
(19) Oeff = —m* =7 Xao.

If we use o for o in (5) and solve for the effective skin depth, we find

2
(20) 5= A

= )
2ryoow

and the surface resistivity ®{Z} is
2 %
@1) R = 2”"—“’( c'A ) .

c? \2ryoow

This indeed is of the form of the correct answer derived below, with
v = 10.

. The most important property of (21) is that the surface resistance
18 independent of the mean free path A, because o9 « A. Thus a
measurement of R determines the momentum at the fermi level in the
direction of the electric field:

(22) Ozz ne ne
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