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Foreword

This is a new era for the electricity sector. The challenges we face in the near
future are greater than at any time since the major network development pro-
grammes of the mid 20th Century. Thankfully, power transmission technology
and its control and protection has made enormous leaps enabling better utilisation
of assets, greater efficiency and improved quality of supply. This will help us meet
the challenges ahead.

From a technology perspective we are now seeing the construction of new
national networks, the formation or integration of regional networks and major
network renewal programmes. There is also the need to develop and integrate new
generation technologies and implement new control and power electronics solu-
tions in more active and integrated transmission and distribution networks. The
technology problem is therefore becoming richer and more complex – and demand-
ing of novel solutions; it also requires a greater understanding of the characteristics
and performance of the systems we need to build.

But technology is not the only development over the last few decades. We
have also seen the development of a more competitive market place for electricity
with second and third generation market models now being implemented, the
unbundling of utility companies all providing benefits for consumers.

And crucially we are now understanding the impact of human activity on the
environment and seeking to reduce emissions and develop more sustainable net-
works. This creates new pressures to incorporate the new greener technologies and
meet planning and amenity constraints.

From a social perspective we know that electricity has entwined itself into the
very heart and veins of society and all the services we now take for granted. We
have learnt this lesson very keenly in the opening of the 21st century with rude
reminders on what can happen when electricity supplies are lost.

Academia and the industry need to help the next generations of engineers to rise
to these challenges. I believe that now is the time for the resurgence in engineering
and electrical engineering disciplines; in particular the power generation, trans-
mission and distribution sectors. It is vital that we develop and equip engineers
with the verve, excitement, knowledge and talent they require to serve society’s
needs.



xx Foreword

This book fills a major gap in providing the tools for this generation of engineers.
It carefully targets the knowledge required by practitioners as well as academics
in understanding power systems and their characteristics and how this can be
modelled and incorporated into the development of the networks of the future.

Nasser Tleis is distinguished as an academic and a senior manager in the indus-
try. Nasser has been at the forefront in developing academic capability as well
as building generations of engineers capable of taking forward this knowledge
and experience in the practical application of the techniques. This book cap-
tures Nasser’s unique blend of the theoretical and applied knowledge to become a
reference text and work book for our academics and engineers.

It gives me great pleasure to write the Forward to this book. It comes at a time
where its contents are most relevant and I am confident it will bridge a gap between
academic treatments and the very real need for application to power systems for
the future by a new breed of practitioners.

Nick Winser
Director of Transmission, National Grid

Warwick, United Kingdom



Preface

The objective of this book is to present a practical treatment of modelling of electri-
cal power systems, and the theory and practice of power system fault analysis. The
treatment is designed to be sufficiently in-depth and generally adequate to serve
the needs of practising electrical power engineers. Practical knowledge of power
systems modelling and analysis techniques is essential for power system engi-
neers working in the planning, design, operation, protection and incident analysis
of generation, transmission, distribution and industrial power systems.

In many universities, undergraduate levels cover very little electrical engineering
and even at postgraduate levels, course contents have become more fundamental,
theoretical and basic. Nowadays, many undergraduate and postgraduate university
teachers have no or very little practical industrial experience. This book is intended
to provide a practical source of material for postgraduate students, researchers and
university teachers in electrical power engineering. Further, over the last 20 years or
so, the ongoing liberalisation and restructuring of electricity supply industries have
been accompanied by significant loss of experienced electrical power engineers,
mostly to retirement. Many new engineers entering industry are neither adequately
equipped academically nor are they finding many experienced engineers to train
them! Technical learned society papers are necessarily concise and specialised.
Though not necessarily brief, books on power system modelling and fault analysis
generally tend to follow a highly theoretical treatment and lack sufficient practical
information and knowledge that leaves the reader with inadequate understanding.
In writing this book, one of my aims has been to attempt to bridge a gap between
those theoretical books and the specialised technical papers.

The aim of this book is to present practical power system modelling and analysis
techniques as applied in modern industry practices. Therefore, strict academic and
basic fundamental theories have largely been omitted to save valuable space. Basic
knowledge is presumed in the following areas: analysis of three-phase alternat-
ing current electrical circuits; theory of electrostatic and electromagnetic fields;
calculation of resistance, inductance and capacitance of lines; basic theories of
electromagnetic transformers and ac rotating machines, complex phasor alge-
bra, matrix algebra, linear differential equations and Laplace transforms. These
basic topics are well covered in many power systems and mathematics textbooks.



xxii Preface

In support of the in-depth material I present in this book, I have included a
comprehensive and most relevant list of technical references.

I have used SI units throughout and I hope this is not seen as a disadvantage
where non-SI units are still in use.

Chapter 1 discusses the nature, causes and effects of faults in power systems,
presents fundamental concepts and definitions of short-circuit currents and circuit-
breaker interruption as well as a practical treatment of per-unit system of analysis.
Chapter 2 presents the theory of symmetrical components and a practical and
detailed treatment of the connection of sequence networks under various fault con-
ditions including simultaneous faults. Chapter 3 is concerned with the advanced
modelling and analysis of practical multi-conductor overhead lines and cables
in the phase coordinates and sequence reference frames. Chapter 4 presents the
modelling, in the phase coordinates and sequence reference frames, of transform-
ers, quadrature boosters, phase shifters, series and shunt reactors, series and shunt
capacitors, static variable compensators and power system load. Chapter 5 presents
the modelling in the phase coordinates, dq0 and sequence reference frames of syn-
chronous generators and induction motors. Modern wind turbine generators such
as squirrel-cage induction generators, wound rotor doubly fed induction genera-
tors and generators connected to the ac grid through power electronics converters
are also covered. In Chapters 3–5, practical measurement techniques of the elec-
trical parameters of various power system equipment are presented. The models
presented in these three chapters can be used in various power system analysis
applications including positive phase sequence (PPS) load flow and PPS tran-
sient stability, multiphase unbalanced load flow and multiphase fault analysis, etc.
Chapter 6 presents methods for the simulation of short-circuit and open-circuit
faults as well as static and dynamic short-circuit analysis techniques in ac power
systems. New and strong emphasis is given to the analysis of the time variation
of the ac and dc components of short-circuit current. This emphasis is impor-
tant in generation, transmission and industrial power systems. In addition, the
expansion in the connection of small-scale distributed generation in distribution
systems is exacerbating short-circuit current problems where switchgear are tra-
ditionally not designed either for make duties or for significant dc short-circuit
current component.

The emphasis on the analysis of the dc short-circuit current component also
reflects the increase in X/R ratios of power system equipment due to the use
of higher system voltages and/or more efficient and lower loss transformers. An
introduction to modern short-circuit analysis in the phase coordinates frame of ref-
erence is given. Chapter 7 describes and highlights the differences among the three
international approaches to the analysis of short-circuit currents: the International
Electro-technical Commission IEC 60909 Standard, the UK Engineering Recom-
mendation ER G7/4 and the American IEEE C37.010 Standard. Chapter 8 presents
the formulation of power system equivalents by network reduction techniques.
It discusses uncertainties present in short-circuit analysis, gives an introduction
to probabilistic short-circuit analysis and to the theory of quantified risk assess-
ment including safety considerations. Chapter 9 presents practical methods for
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the control and limitation of high short-circuit currents in power system design,
operational planning and real-time operation. In addition, the various technolo-
gies of existing and some future short-circuit fault current limiters are described
including their applications. Chapter 10 describes the effects of ac currents on the
human body and its electrical resistance. It describes the components that make
up extended substation earthing systems, and gives an introduction to the analy-
sis of short-circuit earth or ground return current and rise of earth potential. The
phenomenon of electrical interference from power lines is discussed and analysis
techniques of induced voltages are presented with a particular focus on coupling
interference from overhead power lines to metallic pipelines. Two Appendices are
included: the first presents the analysis of multi-conductor lines and cables and
the second presents typical data for power system equipment.

I have used actual power system equipment data and solved practical examples
representing some of the type of problems faced by practising power engineers.
I have solved or shown how to solve the examples using hand calculations and
electronic calculators. I believe in the ‘feel’ and unique insight that hand calcu-
lations provide which can serve as a good foundation for the power engineer to
adequately specify, model, analyse and interpret complex and large power system
analysis results.

Many colleagues in National Grid have given me help and encouragement.
Mr Andy Stevenson who gave his and National Grid’s support at the start of this
project, Mr Tony Johnson, Mr Tom Fairey and Dr Andrew Dixon for reviewing
various chapters and preparing their figures. I am indebted to Dr Zia Emin for
reviewing Chapter 3, for the high quality figures prepared and for our many useful
discussions.
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1

Introduction to power
system faults

1.1 General

In this introductory chapter, we introduce the important terminology of fault current
waveform, discuss the need for power system fault analysis and the effects of fault
currents in power systems. Per-unit analysis concept of single-phase and three-
phase power systems is presented including the base and per-unit equations of self
and mutual impedances and admittances.

1.2 Structure of power systems

Electrical ac power systems consist of three-phase generation systems, transmis-
sion and distribution networks, and loads. The networks supply large three-phase
industrial loads at various distribution and transmission voltages as well as single-
phase residential and commercial loads. In some countries, e.g. North America,
the term subtransmission is used to denote networks with voltage classes between
transmission and distribution. Distribution voltages are typically 10–60 kV, sub-
transmission voltages are typically 66–138 kV and transmission voltages are
typically above 138 kV. Generated voltages are up to 35 kV for generators used
in large electrical power stations. Power station auxiliary supply systems and
industrial power systems supply a significant amount of induction motor load.
Residential and commercial loads include a significant amount of single-phase
induction motor loads.

For over a century, electric power systems used synchronous machines for the
generation of electricity. However, in the twenty-first century, the generation of
electricity from renewable energy sources such as wind has begun to expand at
a large pace. Generally, such generation systems use a variety of asynchronous
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Figure 1.1 Typical structure and components of a generation, transmission and distribution power system

machines as well as machines interfaced to the three-phase network through a
low voltage direct current link or a power electronics converter. Typical ratings of
wind turbine generators are currently up to 5 MW and typical generated voltage
range from 0.4 to 5 kV. The mix of synchronous, asynchronous and converter
isolated electrical generation systems is expected to change the behaviour of three-
phase power systems following disturbances such as short-circuit faults. Figure 1.1
illustrates a typical structure and components of a generation, transmission and
distribution power system and Figure 1.2 illustrates a typical auxiliary electrical
supply system for a large power station representing box A in Figure 1.1.

1.3 Need for power system fault analysis

1.3.1 General
Short-circuit analysis is carried out in electrical power utility systems, industrial
power systems, commercial power systems and power station auxiliary systems.
Other special applications are in concentrated power system installations on board
military and commercial ships and aircraft. Short-circuit calculations are generally
performed for a number of reasons. These are briefly described in the next sections.
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1.3.2 Health and safety considerations
Short-circuit fault analysis is carried out to ensure the safety of workers as well
as the general public. Power system equipment such as circuit-breakers can fail
catastrophically if they are subjected to fault duties that exceed their rating. Other
equipment such as busbars, transformers and cables can fail thermally or mechan-
ically if subjected to fault currents in excess of ratings. In addition, to ensure
safety, short-circuit fault analysis is carried out and used in the calculation of
rise of earth potential at substations and overhead line towers. Other areas where
fault analysis is carried out are for the calculation of induced voltages on adjacent
communication circuits, pipelines, fences and other metallic objects.

1.3.3 Design, operation and protection of
power systems

Short-circuit current calculations are made at the system design stage to determine
the short-circuit ratings of new switchgear and substation infrastructure equip-
ment to be procured and installed. System reinforcements may be triggered by
network expansion and/or the connection of new generating plant to the power
system. Routine calculations are also made to check the continued adequacy of
existing equipment as system operating configurations are modified. In addition,
calculations of minimum short-circuit currents are made and these are used in the
calculation of protection relay settings to ensure accurate and coordinated relay
operations. In transmission systems, short-circuit currents must be quickly cleared
to avoid loss of synchronism of generation plant and major power system black-
outs. Maximum short-circuit current calculations are carried out for the design
of substation earth electrode systems. Short-circuit analysis is also carried out as
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part of initial power quality assessments for the connection of disturbing loads to
electrical power networks. These assessments include voltage flicker, harmonic
analysis and voltage unbalance. Other areas where short-circuit analysis is carried
out is in the modification of an existing system or at the design stage of new elec-
trical power installations such as a new offshore oil platform, new petrochemical
process plant or the auxiliary electrical power system of a new power station. The
aim is to determine the short-circuit rating of new switchgear and other substation
infrastructure equipment that will be procured and installed.

1.3.4 Design of power system equipment
Switchgear manufacturers design their circuit-breakers to ensure that they are
capable of making, breaking and carrying, for a short time, the specified short-
circuit current. Equipment with standardised short-circuit ratings are designed
and produced by manufacturers. Also, manufacturers of substation infrastructure
equipment and other power system plant, e.g. transformers and cables, use the
short-circuit current ratings specified by their customers to ensure that the equip-
ment is designed to safely withstand the passage of these currents for the duration
specified.

1.4 Characteristics of power system faults

1.4.1 Nature of faults
A fault on a power system is an abnormal condition that involves an electrical failure
of power system equipment operating at one of the primary voltages within the
system. Generally, two types of failure can occur. The first is an insulation failure
that results in a short-circuit fault and can occur as a result of overstressing and
degradation of the insulation over time or due to a sudden overvoltage condition.
The second is a failure that results in a cessation of current flow or an open-circuit
fault.

1.4.2 Types of faults
Short-circuit faults can occur between phases, or between phases and earth, or
both. Short circuits may be one-phase to earth, phase to phase, two-phase to
earth, three-phase clear of earth and three-phase to earth. The three-phase fault
that symmetrically affects the three phases of a three-phase circuit is the only
balanced fault whereas all the other faults are unbalanced. Simultaneous faults are
a combination of two or more faults that occur at the same time. They may be of
the same or different types and may occur at the same or at different locations.
A broken overhead line conductor that falls to earth is a simultaneous one-phase
open-circuit and one-phase short-circuit fault at one location. A short-circuit fault
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occurring at the same time on each circuit of a double-circuit overhead line, where
the two circuits are strung on the same tower, is a simultaneous fault condition.
A one-phase to earth short-circuit fault in a high impedance earthed distribution
system may cause a sufficient voltage rise on a healthy phase elsewhere in the
system that a flashover and short-circuit fault occurs. This is known as a cross-
country fault. Most faults do not change in type during the fault period but some
faults do change and evolve from say a one-phase to earth short circuit to engulf a
second phase where it changes to a two-phase to earth short circuit fault. This can
occur on overhead lines or in substations where the flashover arc of the faulted
phase spreads to other healthy phases. Internal short circuits to earth and open-
circuit faults can also occur on windings of transformers, reactors and machines
as well as faults between a number of winding turns of the same phase.

1.4.3 Causes of faults
Open-circuit faults may be caused by the failure of joints on cables or overhead
lines or the failure of all the three phases of a circuit-breaker or disconnector to
open or close. For example, two phases of a circuit-breaker may close and latch
but not the third phase or two phases may properly open but the third remains
stuck in the closed position. Except on mainly underground systems, the vast
majority of short-circuit faults are weather related followed by equipment failure.
The weather factors that usually cause short-circuit faults are: lightning strikes,
accumulation of snow or ice, heavy rain, strong winds or gales, salt pollution
depositing on insulators on overhead lines and in substations, floods and fires
adjacent to electrical equipment, e.g. beneath overhead lines. Vandalism may also
be a cause of short-circuit faults as well as contact with or breach of minimum
clearances between overhead lines and trees due to current overload.

Lightning strikes may discharge currents in the range of a few kiloamps up
to 100 or 200 kA for a duration of several microseconds. If the strike hits an
overhead line or its earth wire, the voltage produced across the insulator may be
so large that a back-flashover and short circuit occurs. This may involve one or
all three phases of a three-phase electrical circuit and as a result a transient power
frequency short-circuit current flows. For example, consider a 132 kV overhead
three-phase transmission line of steel tower construction and one earth wire. The
surge impedances of the tower, line phase conductors and earth wire are given as
220, 350 and 400 �, respectively, and the tower’s earthing or footing resistance
is 50 �. The line’s rated lightning impulse withstand voltage to earth is 650 kV
peak phase to earth (nominal peak phase to earth voltage is (132 kV × √

2)/
√

3 =
107.8 kV). A lightning strike with a reasonably modest peak current of 10 kA hits a
tower on the line. The voltage produced across the line’s insulator is approximately
equal to 10 kA × 105 � = 1050 kV. This significantly exceeds the line’s insulation
strength causing back-flashover on all three phases of the line and a three-phase
to earth short-circuit fault. If the shielding of the earth wire fails and the lightning
strike hits one of the phase conductors near a tower, then the voltage produced
across the line’s insulator is approximately equal to 10 kA × 175 � = 1750 kV.
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In this case, a smaller lightning current in the order of 3.8 kA would be sufficient to
cause a back-flashover and hence a short-circuit fault. On lower voltage distribution
lines, even ‘indirect’ lightning strikes, i.e. those that hit nearby objects to the line
may produce a sufficiently large voltage on the line to cause an insulator flashover
and a short-circuit fault. Other causes of short-circuit faults are fires. The smoke
of fires beneath overhead lines consists of small particles which encourage the
breakdown of the air that is subjected to the intense electric field of a high voltage
power line. The hot air in the flames of a fire has a much lower insulation strength
than air at ambient temperature. A flashover across an insulator to earth or from a
phase conductor to a tree may occur.

Equipment failure, e.g. machines, transformers, reactors, cables, etc., cause
many short-circuit faults. These may be caused by failure of internal insulation
due to ageing and degradation, breakdown due to high switching or lightning over-
voltages, by mechanical incidents or by inappropriate installation. An example is a
breakdown of a cable’s polymer insulation due to ageing or to the creation of voids
within the insulation caused by an external mechanical force being accidentally
applied on the cable.

Short-circuit faults may also be caused by human error. A classical example is
one where maintenance staffs inadvertently leave isolated equipment connected
through safety earth clamps when maintenance work is completed. A three-phase
to earth short-circuit fault occurs when the equipment is reenergised to return it to
service.

On mainly overhead line systems, the majority of short-circuit faults, typically
80–90%, tend to occur on overhead lines and the rest on substation equipment and
busbars combined. Typically, on a high voltage transmission system with overhead
line steel tower construction, such as the England and Wales transmission system,
long-term average short-circuit fault statistics show that around 300 short-circuit
faults occur per annum. Of these, 67% are one-phase to earth, 25% are phase to
phase, 5% are three-phase to earth and three-phase clear of earth, and 3% are two-
phase to earth. About 77% of one-phase to earth faults are caused by lightning
strikes followed by wind and gales then salt pollution on insulators. Although
lightning can cause some phase-to-phase faults, by far the most common causes of
these faults are snow/ice followed by wind/gales that cause two line conductors to
clash. The majority of three-phase to earth and two-phase to earth faults in England
and Wales are caused by lightning then wind and gales. On wood-pole overhead
lines, e.g. some 132 kV and lower in England and Wales, between 50% and 67%
of short-circuit faults are two-phase and three-phase faults.

1.4.4 Characterisation of faults
Because they are unbalanced, one-phase open-circuit and two-phase open-circuit
faults are characterised by the negative and zero phase sequence voltages and
currents they generate at the fault location and elsewhere in the power system
particularly at substations where electrical machines are connected. Machines are
vulnerable to damage by overheating due to excessive negative phase sequence
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currents flowing into them. Short-circuit faults are characterised by the short-
circuit current and its components. These are the ac or symmetrical root mean
square (rms) short-circuit current, dc short-circuit current or dc time constant or
X/R ratio, and the overall asymmetrical short-circuit current. These are described
in the next section.

To characterise the short-circuit infeed from one short-circuit source, a group of
such sources or an entire system, the concept of short-circuit fault level is useful:

Short-circuit fault level(MVA) = √
3VPhase–Phase(kV)Irms(kA) (1.1)

where Irms(kA) is the rms short-circuit current infeed at the point of fault and
VPhase–Phase(kV) is the prefault phase-to-phase voltage at the point of fault. For
example, for an rms short-circuit current of 54 kA and a 404 kV prefault voltage in
a 400 kV system, the short-circuit fault level is equal to 37.786 GVA. The system
short-circuit fault level or infeed gives a measure of the strength or weakness of
the system at the point of fault. For a given system short-circuit fault level or
MVAInfeed at a busbar, the equivalent system impedance seen at the busbar in per
unit on MVABase and phase-to-phase VPrefault

kV is given by

ZS(pu) = MVABase

MVAInfeed
× V2

Prefault(kV)

V2
Base(kV)

(1.2)

where the definition of base quantities is presented in Section 1.7. Where the
prefault and base voltages are equal, we have

ZS(pu) = MVABase

MVAInfeed
(1.3)

High system strength is characterised by a high short-circuit fault level infeed and
thus low system impedance, and vice versa. ZS is also equal to the Thévenin’s
impedance.

Sometimes, an MVA figure is used to describe the short-circuit rating of a circuit-
breaker in MVA. This practice is discouraged as it can easily lead to confusion
and errors. For example, consider a 5000 MVA, 132 kV circuit-breaker that is to
be used in a 110 kV system. The 5000 MVA rating becomes a meaningless and the
correct figure should be

√
3 × 110 kV × 5000 MVA√

3 × 132 kV
= 4166.7 MVA

Another important characteristic of a short-circuit fault in the case of earth faults
is its fault impedance. In general, in the event of a flashover, the fault impedance
consists of the flashover arc resistance and the earthing impedance of the object to
which the flashover occurs. For example, where this object is an overhead line’s
steel tower, the earthing impedance is that of the tower footing resistance in parallel



8 Introduction to power system faults

with the line’s earth wire impedance, where it exists (this is discussed in detail in
Chapter 10). The fault impedance is generally neglected in higher voltage systems
when calculating maximum short-circuit currents to obtain conservative results.
However, earthing impedances are taken into account when calculating rise of
earth potential for short-circuit faults in substations and on overhead lines’ towers.
In lower voltage distribution systems, many short-circuit faults occur due to a
flashover from a line to a tree which may present a significant earthing impedance
depending on earth resistivity. The resistance of the flashover arc can be estimated
using the following empirical formula:

RArc = 1.81 × �

I1.4
rms

� (1.4)

where � is the length of the arc in m in still air and Irms is the rms short-circuit
current in kA. For example, for � = 7.75 m on a typical 400 kV overhead line and
Irms = 30 kA, we obtain RArc = 0.12 �.

1.5 Terminology of short-circuit current
waveform and current interruption

In order to calculate short-circuit current duties on power system equipment, it is
important to define the terminology used in characterising the short-circuit current
waveform. Figure 1.3 shows a simple balanced three-phase electric circuit where
L and R are the circuit inductance and resistance for each phase, and Le and Re are
the earth return path inductance and resistance, respectively.

The balanced three-phase voltage sources are given by

vi(t) = √
2Vrms sin(ωt + ϕi) i = r, y, b (1.5)

�
�

�
�

�

�
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e
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ie(t )

ib(t )
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yy(t )
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R
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R

yb(t )

Figure 1.3 Basic balanced three-phase electric circuit with earth return
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where Vrms is rms voltage magnitude, ω = 2πf in rad/s, f is power frequency in
Hz and ϕi is voltage phase angle in rad given by

ϕy = ϕr − 2π/3 ϕb = ϕr + 2π/3 (1.6)

If a solid three-phase to earth connection or short-circuit fault is made simultan-
eously between phases r, y, b and earth e at t = 0, we can write

L
dii(t)

dt
+ Rii(t) + Le

die(t)

dt
+ Reie(t) = vi(t) i = r, y, b (1.7)

Substituting i = r, y, b in Equation (1.7) and adding the three equations, we obtain

L
d

dt
[ir(t) + iy(t) + ib(t)] + R[ir(t) + iy(t) + ib(t)]

+ 3Le
die(t)

dt
+ 3Reie(t) = vr(t) + vy(t) + vb(t) (1.8)

Since the three-phase voltage sources are balanced we have

vr(t) + vy(t) + vb(t) = 0 (1.9)

Also, from Figure 1.3, we have

ir(t) + iy(t) + ib(t) = ie(t) (1.10)

Therefore, substituting Equations (1.9) and (1.10) into Equation (1.8), we obtain

(L + 3Le)
die(t)

dt
+ (R + 3Re)ie(t) = 0 (1.11)

The solution of Equation (1.11) is given by

ie(t) = K × exp

⎡
⎣ −t(

L+3Le
R+3Re

)
⎤
⎦ (1.12)

where K is a constant that satisfies the initial conditions. Since the three-phase
system is symmetrical and balanced, ie(t = 0) = 0. Thus, Equation (1.12) gives
K = 0 and ie(t) = 0. That is, following a simultaneous three-phase short circuit,
no current will flow in the earth return connection and the three fault currents ii(t)
will flow independently as in single-phase circuits. Therefore, with ie(t) = 0, the
solution of Equation (1.7) is given by

ii(t) = √
2Irms

{
sin

[
ωt + ϕi − tan−1

(
ωL

R

)]

− sin

[
ϕi − tan−1

(
ωL

R

)]
× exp

[ −t

(L/R)

]}
(1.13)
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where

Irms = Vrms√
R2 + (ωL)2

(1.14)

Equation (1.13) can be written as the sum of an ac component and a unidirectional
dc component as follows:

ii(t) = ii(ac)(t) + ii(dc)(t) i = r, y, b (1.15)

where

ii(ac)(t) = √
2Irms sin

[
ωt + ϕi − tan−1

(
ωL

R

)]
(1.16)

and

ii(dc)(t) = −√
2Irms sin

[
ϕi − tan−1

(
ωL

R

)]
× exp

[ −t

(L/R)

]
(1.17)

In this analysis, the magnitude of the ac current component is constant because
we assumed that the source inductance L is constant or time independent. This
assumption is only generally valid if the location of short-circuit fault is electrically
remote from electrical machines feeding short-circuit current into the fault. This
aspect is discussed in detail later in this book where practical time-dependent source
inductance is considered. The initial magnitude of the dc current component in
any phase depends on the instant on the voltage waveform when the short circuit
occurs, i.e. on ϕr and on the magnitude of the ac current component Irms. The rate
of decay of the dc current component in the three phases depends on the circuit
time constant L/R or circuit X/R ratio where X/R = ωL/R. Again, the assumption
of a constant L results in a time-independent X/R ratio or constant rate of decay.

Short-circuit currents are detected by protection relays which initiate the
interruption of these currents by circuit-breakers. Figure 1.4 shows a general asym-
metrical short-circuit current waveform and the terminology used to describe the
various current components as well as the short-circuit current interruption.

From Figure 1.4, the following quantities and terms are defined:

tF = Instant of short-circuit fault.
�t1 = Protection relay time.
tA = Instant of ‘initial peak’ of short-circuit current.
t1 = Instant of energisation of circuit-breaker trip circuit.
�t2 = Circuit-breaker opening time.
t2 = Instant of circuit-breaker contact separation = instant of arc initiation.
�t3 = Circuit-breaker current arcing time.
t3 = Instant of final arc extinction = instant of short-circuit current interruption.
tB = Instant of peak of major current loop just before current interruption.

2
√

2I ′′
k = 2.828I ′′

k = Theoretical current at the instant of short-circuit fault tF where
I ′′
k is the rms short-circuit current at t = tF.
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Figure 1.4 (a) Asymmetrical short-circuit current waveform and current interruption and (b) modern
420 kV SF6 circuit breaker

AA′′ = ‘Initial peak’ short-circuit current at t = tA and is denoted ip. ip is also
termed ‘½ cycle peak’ current, ‘peak make’ current or ‘making’ current.
AA′′ = AA′ + A′A′′ where AA′ = magnitude of dc current component at
t = tA and A′A′′ = peak ac current component at t = tA and is equal to√

2 × rms current at t = tA.
BB′′ = Peak short-circuit current at t = tB and is denoted ib. BB′′ = BB′ + B′B′′

where BB′ = magnitude of dc current component at t = tB and B′B′′ = peak
ac current component at t = tB and is equal to

√
2 × Ib, where Ib is rms

current at t = tB.
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Percentage dc current component at t = tB given by (BB′ × 100)/B′B′′.
A1 + A2 = Area that corresponds to the arc energy measured from instant of contact

separation or arc initiation t2 to instant of final arc extinction or current
interruption t3.

1.6 Effects of short-circuit currents on equipment

1.6.1 Thermal effects
Short-circuit currents flowing through the conductors of various power system
equipment create thermal effects on conductors and equipment due to heating and
excess energy input over time as measured by I2T where I is the short-circuit
current magnitude and T is the short-circuit current duration. Because the short-
circuit duration, including short circuits cleared by protection in back-up clearance
times, is quite short, the heat loss from conductors during the short circuit is
usually very low. Generally, both ac and dc components of the short-circuit current
contribute to the thermal heating of conductors. Extreme values of the time constant
of the dc short-circuit current component may be up to 150 ms so that by 500 ms
from the instant of short circuit, the dc component is nearly vanished and nearly all
its generated heat will have dissipated by around 1 s. For the ac current component,
the heat dissipation depends on the ratio of the initial subtransient rms current to
steady state rms current. For a typical ratio of about 2.5, the amount of conductor
heat dissipation will be around 50% at 1 s and nearly 65% at 3 s. The three-phase
short-circuit fault normally gives rise to the highest thermal effect on equipment.
For cables of larger conductor sizes, the thermal limit is usually imposed by the
sheath/armour as opposed to the core conductor under short-circuit earth fault
conditions. During the making of high short-circuit currents by inadequately rated
circuit-breakers, their contacts may weld together encouraged by a prestriking
flashover arc and possibly contact popping.

1.6.2 Mechanical effects
Short-circuit currents flowing through the conductors of various power system
equipment create electromagnetic forces and mechanical stresses on equipment
such as overhead line conductors, busbars and their supports, cables and trans-
former windings. Mechanical forces on transformer windings are both radial and
axial. The radial force is a repulsion force between the inner and outer wind-
ings and tends to crush the inner winding towards the transformer core and burst
the outer winding outwards. The axial force tends to displace the windings, or
part of the winding, with respect to each other. The transformer windings must
be designed to withstand the mechanical forces created by the short-circuit cur-
rents. The electromagnetic forces produced by short-circuit currents in three-core
unarmoured cables tend to repel the cores from each other and could burst the
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Figure 1.5 Electromagnetic forces on two parallel round current carrying conductors

cable altogether leading to insulation damage if the cores are not adequately
bound.

The electromagnetic forces acting on two parallel, round conductors carrying
currents i1 and i2, as shown in Figure 1.5, are given by

F(t) = μoi1(t)i2(t)

2π

⎡
⎣
√(

�

d

)2

+ 1 − 1

⎤
⎦N (1.18)

where d is the distance between the centres of the conductors in m and � is the
conductor length between supports in m. μo = 4π10−7 H/m is the permeability
of vacuum. Since i1(t) and i2(t) are instantaneous currents in amps as given in
Equation (1.13), the electromagnetic force F(t) is clearly time dependent. In the
general case, F(t) will contain a dc component, a power frequency component and
a double-power frequency component, i.e. a 100 Hz component in a 50 Hz system.
In practical installations, � >> d and d >> a where a is the conductor diameter
in m. Therefore, Equation (1.18) reduces to

F(t) = μoi1(t)i2(t)

2π

�

d
N (1.19)

Where the currents flow in the two conductors in the same direction, the forces
are compressive, i.e. pulling the conductors together but if the currents are flow-
ing in opposite directions, the forces would repel the conductors away from each
other. This is illustrated in Figure 1.5. To illustrate how this equation may be
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Figure 1.6 Electromagnetic forces on three-phase parallel round conductors

used, consider an overhead line with a twin conductor bundle per phase (overhead
lines are discussed in detail in Chapter 3) and d = 0.5 m. The short-circuit current
satisfies Equation (1.13) and has an rms value of 20 kA per phase and an X/R
ratio equal to 15. The maximum attraction forces on each conductor per metre
produced by the first peak of the asymmetrical short-circuit current are to be cal-
culated. Individual conductor rms current is 20/2 = 10 kA. Using Equation (1.13),
the maximum value of the initial peak current is calculated assuming maximum
dc current offset which corresponds to a short-circuit fault that occurs at a voltage
phase angle ϕ = tan−1

(X
R

)− π
2 . Therefore, using Equation (1.13), the initial peak

current is equal to

ip1 = ip2 = √
2 × 10 ×

[
1 + exp

(−π

15

)]
= 2.56 × 10 = 25.6 kA

The attraction forces on each conductor are calculated as

F = 4π10−7(25.6 × 103)2

2π

1

0.5
= 262 N/m

The electromagnetic forces acting on three rigid, parallel and round conductors,
shown in Figure 1.6, under a balanced three-phase short-circuit fault condition can
be calculated approximately using the following equations:

Fr(t) = μo�

4πd
[2ir(t)iy(t) + ir(t)ib(t)] N (1.20)

Fy(t) = μo�

4πd
[2iy(t)ib(t) − 2iy(t)ir(t)] N (1.21)

Fb(t) = −μo�

4πd
[ib(t)ir(t) + 2ib(t)iy(t)] N (1.22)

In Equations (1.20)–(1.22), ir(t), iy(t) and ib(t) are the instantaneous currents given
in Equation (1.13) in amps. Substituting these currents into Equations (1.20)–
(1.22), it can be shown that the maximum force occurs on the middle conductor
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and is given by

Fy =
√

3μo�

4πd
i2p N (1.23)

where ip is the initial peak short-circuit current that corresponds to AA′′ in
Figure 1.4. During a phase-to-phase short-circuit fault, it can be shown that the
maximum electromagnetic force between the two faulted conductors is given by

Fy = μo�

2πd
i2p N (1.24)

where ip is the initial peak short-circuit current.
Where the conductors are not round, e.g. rectangular, d in all the electromagnetic

force equations is replaced by an effective distance deff equal to the effective
geometric mean distance between the rectangular conductors.

1.7 Per-unit analysis of power systems

1.7.1 General
Steady state network analysis on initially balanced three-phase networks generally
employ complex phasors and involve the calculation of active and reactive power
flows, voltages and currents in the network. Usually, such calculations are carried
out using per-unit values of actual physical quantities such as voltages, currents or
impedances. The advantages of per-unit systems of analysis are generally covered
in most introductory power systems textbooks and will not be repeated. However,
as we will discuss later in this book, the use of actual physical units such as volts,
amps, ohms and Siemens is more advantageous in multiphase network analysis.

1.7.2 Single-phase systems
The per-unit system of analysis is based on the application of Ohm’s law to a single
impedance or admittance as illustrated in Figure 1.7(a).

Using actual physical units of kilovolts, kiloamps, ohms and Siemens, the
voltage drop across the impedance and injected current into the admittance are
given by

VActual,kV = ZActual,� × IActual,kA (1.25a)

IActual,kA = YActual,S × VActual,kV (1.25b)

where V , I , Z and Y are complex phasors representing actual physical quantities of
voltage, current, impedance and admittance, respectively. To calculate a per-unit
value for each of these quantities, a corresponding base quantity must be defined
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V
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Y

Star connection

IPhase

VPhase–Phase

ILine
VPhase

ILine
IPhase
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VPhase–Phase
VPhase

(a)

(b)

Figure 1.7 Per-unit analysis of (a) single-phase impedance and admittance and (b) three-phase
connections

first. Let VBase,kV and IBase,kA be the base voltage and base current, respectively.
Therefore, Equations (1.25a) and (1.25b) can be written as follows:

VActual,kV

VBase,kV
= ZActual,�(

VBase,kV
IBase,kA

) × IActual,kA

IBase,kA

and

IActual,kA

IBase,kA
= YActual,S(

IBase,kA
VBase,kV

) × VActual,kV

VBase,kV

or

Vpu = Zpu × Ipu (1.26a)

and

Ipu = Ypu × Vpu (1.26b)

where

Vpu = VActual,kV

VBase,kV
Ipu = IActual,kA

IBase,kA
(1.27)
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and

Zpu = ZActual,�

ZBase,�
ZBase,� = VBase,kV

IBase,kA
(1.28)

Ypu = YActual,S

YBase,S
YBase,S = IBase,kA

VBase,kV
= 1

ZBase,�
(1.29)

By defining VBase,kV and IBase,kA, ZBase,� and YBase,S are also defined as shown
in Equations (1.28) and (1.29), and the per-unit values of the actual voltage and
current are also defined in Equation (1.27). It should be noted that the base quan-
tities VBase,kV and IBase,kA are defined as real numbers so that the phase angles of
Vpu and Ipu remain unchanged from VActual,kV and IActual,kA, respectively. Using
Equation (1.27), we have

VActual,kV × IActual,kA = VBase,kVVpu × IBase,kAIpu

or

Vpu × Ipu = VActual,kV × IActual,kA

VBase,kV × IBase,kA

or

per-unit MVA = MVAActual

MVABase
(1.30a)

where

MVAActual = VActual,kV × IActual,kA

MVABase = VBase,kV × IBase,kA and per-unit MVA = Vpu × Ipu (1.30b)

We note that by defining VBase,kV and IBase,kA, MVABase is also defined according
to Equation (1.30b). In practical power system analysis, it is more convenient
to define or choose MVABase and VBase,kV and calculate IBase,kV if required.
Therefore, using Equations (1.27) and (1.30b), we have

Ipu = IActual,kA(
MVABase
VBase,kV

) and Vpu = VActual,kA(
MVABase
IBase,kA

) (1.31)

Also, using Equations (1.28) and (1.30b), we can write

ZBase,� = VBase,kV

IBase,kA
× VBase,kV

VBase,kV
= V2

Base,kV

VBase,kVIBase,kA

and

YBase,S = 1

ZBase,�
= VBase,kVIBase,kA

V2
Base,kV
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or using Equation (1.30b), we have

ZBase,� = V2
Base,kV

MVABase
and YBase,S = MVABase

V2
Base,kV

(1.32)

Substituting Equation (1.32) in Equations (1.28) and (1.29), we obtain

Zpu = ZActual,�(
V2

Base,kV
MVABase

) and Ypu = YActual,S(
MVABase

V2
Base,kV

) (1.33)

To convert per-unit values to per cent, the per-unit values are multiplied by 100.

1.7.3 Change of base quantities
The per-unit values that are calculated by generator manufacturers and sometimes
transformer manufacturers are usually based on the rated voltage and rated apparent
power of the equipment. However, transmission and distribution system analysis
using per-unit values are based on a single MVA base of typically 100 MVA. In
industrial power systems and power station auxiliary supply systems, 10 MVA
base is generally found more convenient. For transformers, it is almost always the
case that the rated voltage of at least one of the windings is not equal to the base
voltage of the network to which the winding is connected. This is discussed in
detail in Chapter 4. To determine how, in general, per-unit values are calculated
using new base quantities, let the two base quantities be MVABase-1, VBase-1,kV and
MVABase-2, VBase-2,kV, and it is required to convert from Base-1 to the new Base-2.
Using Equation (1.27), we can write

Vpu-1 = VActual,kV

VBase-1,kV
and Vpu-2 = VActual,kV

VBase-2,kV

giving

Vpu-2 = VBase-1,kV

VBase-2,kV
× Vpu-1 (1.34)

Using Equation (1.31), we have

Ipu-1 = IActual,kA(
MVABase-1
VBase-1,kV

) and Ipu-2 = IActual,kA(
MVABase-2
VBase-2,kV

)
giving

Ipu-2 = VBase-2,kV

VBase-1,kV
× MVABase-1

MVABase-2
× Ipu-1 (1.35a)
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or using Equation (1.30b), we have

Ipu-2 = IBase-1,kA

IBase-2,kA
× Ipu-1 (1.35b)

From Equation (1.33), we have

Zpu-1 = ZActual,�(
V2

Base-1,kV
MVABase-1

) and Zpu-2 = ZActual,�(
V2

Base-2,kV
MVABase-2

)
or

Zpu-2 =
(

V2
Base-1,kV

V2
Base-2,kV

)(
MVABase-2

MVABase-1

)
Zpu-1 (1.36)

and similarly for the per-unit admittance

Ypu-2 =
(

V2
Base-2,kV

V2
Base-1,kV

)(
MVABase-1

MVABase-2

)
Ypu-1 (1.37)

1.7.4 Three-phase systems
The above analysis of single-phase systems can be easily extended to three-phase
systems or equipment using the following basic relations that apply irrespective
of whether the equipment is star or delta connected

MVA3-Phase = 3 × MVA1-Phase (1.38)

and

MVA3-Phase = √
3 × VPhase–Phase,kV × ILine,kA (1.39)

where MVA3-Phase is three-phase base apparent power, MVA1-Phase is one-phase
base apparent power, VPhase–Phase,kV is phase-to-phase base voltage and ILine,kA is
base line current. The relationships between base voltages and base currents for
star- and delta-connected three-phase equipment is shown in Figure 1.7(b):

Star: VPhase–Phase,kV = √
3 × VPhase,kV and ILine,kA = IPhase,kA (1.40)

Delta: VPhase–Phase,kV = VPhase,kV and ILine,kA = √
3 × IPhase,kA (1.41)

where VPhase,kV and IPhase,kA correspond to the base voltage and current quantities
as used in Section 1.7.2 for a single-phase system. Using Equations (1.38) and
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(1.40) in Equations (1.31), (1.33), (1.34), (1.35b), (1.36) and (1.37), we obtain

Zpu = ZActual,�(
V2

(Phase–Phase)Base,kV
MVA(3-Phase)Base

) Ypu = YActual,S(
MVA(3-Phase)Base

V2
(Phase–Phase)Base,kV

) (1.42)

Vpu = V(Phase–Phase)Actual,kV(
MVA(3-Phase)Base√

3I (Line)Base,kA

) Ipu = I(Line)Actual,kA(
MVA(3-Phase)Base√

3V (Phase–Phase)Base,kV

) (1.43)

Vpu-2 = V(Phase–Phase)Base-1,kV

V(Phase–Phase)Base-2,kV
× Vpu-1 Ipu-2 = ILine(Base-1),kA

ILine(Base)- 2,kA
× Ipu-1

(1.44)

Zpu-2 =
(

V2
(Phase–Phase)Base-1,kV

V2
(Phase–Phase)Base-2,kV

)(
MVA(3-Phase)Base-2

MVA(3-Phase)Base-1

)
Zpu-1 (1.45)

Ypu-2 =
(

V2
(Phase–Phase)Base-2,kV

V2
(Phase–Phase)Base-1,kV

)(
MVA(3-Phase)Base-1

MVA(3-Phase)Base-2

)
Ypu-1 (1.46)

1.7.5 Mutually coupled systems having different
operating voltages

In many electrical power systems, double-circuit overhead lines are used for the
transport of bulk power. The modelling of these lines is presented in detail in
Chapter 3. For now, we state that these lines consist of two three-phase circuits
strung on the same tower. In this section, we present the general case of the
derivation of the per-unit values of the mutual impedance and mutual susceptance
of two mutually coupled circuits operating at different voltages. The analysis is
general and applies also to mutually coupled cable circuits and mutually coupled
transformer windings.

Base and per-unit values of mutual inductive impedance

Figure 1.8 shows two mutually coupled inductive circuits having different design
and operating voltages. The series voltage drop across each circuit is given by

V1 − V ′
1 = ZS1I1 + ZMI2 (1.47a)

V2 − V ′
2 = ZS2I2 + ZMI1 (1.47b)

where V is in volts, I is in amps, ZS1 and ZS2 are the self-impedances of circuits
1 and 2, respectively, in ohms, and ZM is the mutual impedance between the two
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Circuit 2

Circuit 1
V1

I2

ZS1

ZM

ZS2
V2

I1

V �

V �

1

2

Figure 1.8 Per-unit analysis of two mutually coupled inductive circuits having different design and
operating voltages

circuits in ohms. Using the same base apparent power for both circuits, let the base
quantities of circuits 1 and 2 be defined as follows:

V1(pu) = V1

V1(Base)
I1(pu) = I1

I1(Base)
ZS1(Base) = V1(Base)

I1(Base)
ZS1(pu) = ZS1

ZS1(Base)

V2(pu) = V2

V2(Base)
I2(pu) = I2

I2(Base)
ZS2(Base) = V2(Base)

I2(Base)
ZS2(pu) = ZS2

ZS2(Base)

S(Base) = V1(Base)I1(Base) = V2(Base)I2(Base) (1.48)

We note that for now, we have not yet defined the base or per-unit
values for ZM. Using Equation (1.48) and substituting the actual quantities, e.g.
V1 = V1(pu) × V1(Base), into Equation (1.47), we obtain

V1(Base)[V1(pu) − V ′
1(pu)] = ZS1(pu)

V1(Base)

I1(Base)
I1(Base)I1(pu) + ZMI2(Base)I2(pu) (1.49a)

and

V2(Base)[V2(pu) − V ′
2(pu)] = ZS2(pu)

V2(Base)

I2(Base)
I2(Base)I2(pu) + ZMI1(Base)I1(pu) (1.49b)

Dividing Equation (1.49a) by V1(Base) and Equation (1.49b) by V2(Base), we obtain

V1(pu) − V ′
1(pu) = ZS1(pu)I1(pu) + ZM

I2(Base)

V1(Base)
I2(pu) (1.50a)

and

V2(pu) − V ′
2(pu) = ZS2(pu)I2(pu) + ZM

I1(Base)

V2(Base)
I1(pu) (1.50b)

or

V1(pu) − V ′
1(pu) = ZS1(pu)I1(pu) + ZM(pu)I2(pu) (1.51a)

V2(pu) − V ′
2(pu) = ZS2(pu)I2(pu) + ZM(pu)I1(pu) (1.51b)
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From Equations (1.50) and (1.51), the per-unit value of ZM is defined as

ZM(pu) = ZM

ZM(Base)
= ZM(

V1(Base)
I2(Base)

) = ZM(
V2(Base)
I1(Base)

) (1.52a)

And the base impedance of ZM is defined as

ZM(Base) = V1(Base)

I2(Base)
= V2(Base)

I1(Base)
(1.52b)

From Equation (1.48), S(Base) = V1(Base)I1(Base) = V2(Base)I2(Base) or

I2(Base) = S(Base)

V2(Base)
and I1(Base) = S(Base)

V1(Base)
(1.53)

Substituting Equation (1.53) into Equation (1.52b), and using S(Base) in MVA,
V1(Base) and V2(Base) in kV, we obtain

ZM(Base)-� = V1(Base)-kVV2(Base)-kV

S(Base)-MVA
(1.54)

Substituting Equation (1.54) into Equation (1.52a), we have

ZM(pu) = ZM(�)(
V1(Base)-kVV2(Base)-kV

S(Base)-MVA

) (1.55)

In the above equations, if the voltages are phase to earth then the apparent power
is single-phase power but if the voltages used are phase to phase, then the apparent
power to be used is the three-phase value.

An equivalent alternative approach is to define a per-unit mutual impedance on
the base of each circuit as follows:

ZM1(pu) = ZM(�)(
V1(Base)-kV
I1(Base)-kA

) and ZM2(pu) = ZM(�)(
V2(Base)-kV
I2(Base)-kA

) (1.56)

Now

ZM1(pu) × ZM2(pu) = ZM(�)(
V1(Base)-kV
I1(Base)-kA

) × ZM(�)(
V2(Base)-kV
I2(Base)-kA

) = ZM(�)(
V1(Base)-kV
I2(Base)-kA

) × ZM(�)(
V2(Base)-kV
I1(Base)-kA

)
and using Equation (1.52b), we obtain ZM1(pu) × ZM2(pu) = ZM(pu)ZM(pu) = Z2

M(pu)
or

ZM(pu) = √ZM1(pu) × ZM2(pu) (1.57)

Equations (1.55) and (1.57) are identical.
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Figure 1.9 Per-unit analysis of two mutually coupled capacitive circuits having different design and
operating voltages

Base and per-unit values of mutual capacitive admittance

Figure 1.9 shows two mutually coupled capacitive circuits having different design
and operating voltages. Using self and mutual admittance terms to maintain
generality, the injected current into each circuit at one end of the circuit is given by

I1 = YS1V1 + YM(V1 − V2) + J1 (1.58a)

I2 = YS2V2 + YM(V2 − V1) + J2 (1.58b)

where V is in volts, I is in amps, YS1 and YS2 are the self-admittances of circuits 1
and 2 in Siemens, respectively, and YM is the mutual admittance between the two
circuits in Siemens. Using the same base apparent power for both circuits, let the
base quantities of circuits 1 and 2 be defined as follows:

V1(pu) = V1

V1(Base)
I1(pu) = I1

I1(Base)
YS1(Base) = I1(Base)

V1(Base)
YS1(pu) = YS1

YS1(Base)

V2(pu) = V2

V2(Base)
I2(pu) = I2

I2(Base)
YS2(Base) = I2(Base)

V2(Base)
YS2(pu) = YS2

YS2(Base)

S(Base) = V1(Base)I1(Base) = V2(Base)I2(Base) (1.59)

We note that for now, we have not yet defined the base or per-unit values for YM.
Using Equation (1.59) in Equation (1.58), we obtain

I1(Base)I1(pu) = [YS1(pu)YS1(Base) + YM]V1(pu)V1(Base)

− YMV2(pu)V2(Base) + I1(Base) J1(pu) (1.60a)

and

I2(Base)I2(pu) = [YS2(pu)YS2(Base) + YM]V2(pu)V2(Base)

− YMV1(pu)V1(Base) + I2(Base) J2(pu) (1.60b)
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Dividing Equation (1.60a) by I1(Base) and Equation (1.60b) by I2(Base), we obtain

I1(pu) =
⎡
⎣YS1(pu) + YM(

I1(Base)
V1(Base)

)
⎤
⎦V1(pu) − YM(

I1(Base)
V2(Base)

)V2(pu) + J1(pu) (1.61a)

and

I2(pu) =
⎡
⎣YS2(pu) + YM(

I2(Base)
V2(Base)

)
⎤
⎦V2(pu) − YM(

I2(Base)
V1(Base)

)V1(pu) + J2(pu) (1.61b)

or

I1(pu) = [YS1(pu) + YM1(pu)]V1(pu) − YM(pu)V2(pu) + J1(pu) (1.62a)

and

I2(pu) = [YS2(pu) + YM2(pu)]V2(pu) − YM(pu)V2(pu) + J2(pu) (1.62b)

where

YM(pu) = YM(
I1(Base)
V2(Base)

) = YM(
I2(Base)
V1(Base)

) = YM

YM(Base)
(1.63a)

and the base admittance of YM is given by

YM(Base) = I1(Base)

V2(Base)
= I2(Base)

V1(Base)
(1.63b)

Also

YM1(pu) = YM(
I1(Base)
V1(Base)

) YM2(pu) = YM(
I2(Base)
V2(Base)

) (1.64)

Using SBase = V1(Base)I1(Base) = V2(Base)I2(Base) in Equation (1.63b), S(Base) in
MVA, V1(Base) and V2(Base) in kV, we obtain

YM(Base)-S = S(Base)-MVA

V1(Base)-kVV2(Base)-kV
(1.65)

Substituting Equation (1.65) in Equation (1.63a), we obtain

YM(pu) = YM(S)(
S(Base)-MVA

V1(Base)-kVV2(Base)-kV

) (1.66)
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In the above equations, if the voltages are phase to earth then the apparent power
is single-phase power but if the voltages used are phase to phase, then the apparent
power to be used is the three-phase value. From Equation (1.64), we have

YM1(pu) × YM2(pu) = YM(
I1(Base)-kA
V2(Base)-kV

) × YM(
I2(Base)-kV
V1(Base)-kA

) = YM(pu)YM(pu) = Y2
M(pu)

or

YM(pu) = √YM1(pu) × YM2(pu) (1.67)

For practical overhead line analysis at power frequency, e.g. 50 or 60 Hz,
YM(pu) = jBM(pu), YM1(pu) = jBM1(pu) and YM2(pu) = jBM2(pu) where B is shunt
susceptance. Therefore, Equation (1.67) reduces to

jBM(pu) = j
√

BM1(pu) × BM2(pu) (1.68)

1.7.6 Examples

Example 1.1 Figure 1.10 shows two inductively coupled circuits having oper-
ating (and design) voltages of 275 and 400 kV phase to phase, carrying currents
of 1 and 2 kA, and have actual voltage magnitudes at end A of 270 and 406 kV,
respectively. The self and mutual impedances of the circuits are shown on the
figure. Calculate all quantities shown on the figure in per unit using a 100 MVA
base, 275 and 400 kV base voltages for the circuits. In addition, calculate the
induced voltages in each circuit in actual and in per-unit values.

The per-unit voltages at end A are 270 kV/275 kV = 0.9818 pu and 406 kV/
400 kV=1.015 pu. Circuit 1 base current is 100 MVA/(

√
3×275 kV)=0.21 kA

and circuit 1 current in per unit is 1 kA/0.21 kA = 4.76 pu. Circuit 2 base current
is 100 MVA/(

√
3 × 400 kV) = 0.1443 kA and circuit 2 current in per unit is

2 kA/0.1443 kA = 13.86 pu.
Base impedance of circuit 1 is (275 kV)2/100 MVA = 756.25 �. Per-

unit value of circuit 1 self-impedance is (6 + j30)�/756.25 � = (0.00793 +
j0.0396)pu or (0.793 + j3.96)%.

Circuit 2
400 kV nominal
voltage

Circuit 1
275 kV nominal
voltage

(3.5 � j25)�

(6 � j30)�

(2.5 � j10)�

1 kA

2 kA

End A

3

270 kV

3

406 kV

Figure 1.10 Two inductively coupled circuits having different operating (and design) voltages for use in
Example 1.1
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Base impedance of circuit 2 is (400 kV)2/100 MVA = 1600 �. Per-unit value
of circuit 2 self-impedance is (3.5 + j25)�/1600 � = (0.0022 + j0.0156)pu or
(0.22 + j1.56)%.

Base impedance of mutual impedance is (400 kV × 275 kV)/100 MVA =
1100 � and per-unit value of mutual impedance is (2.5 + j10)�/1100 � =
(0.00227 + j0.00909)pu or (0.227 + j0.909)%. Alternatively,

ZM1(pu) = (2.5 + j10)(
275 kV√

3×0.1433 kA

) and ZM2(pu) = (2.5 + j10)(
400 kV√

3×0.21 kA

)
and

ZM(pu) = √
ZM1(pu) × ZM2(pu)

= (0.00227 + j0.00909)pu or (0.227 + j0.909)%

Induced voltage in circuit 2 due to current in circuit 1 is (2.5 + j10)� × 1 kA =
(2.5+ j10)kV or in per unit (2.5+ j10)kV/(400 kV/

√
3)= (0.0108+ j0.0433)pu.

Alternatively, it can be calculated as (0.00227 + j0.00909)pu × 4.76 pu =
(0.0108 + j0.0433)pu. The induced per-unit voltage in circuit 1 due to circuit 2
current can be similarly calculated.

Example 1.2 Figure 1.11 shows two 400 and 275 kV capacitively coupled cir-
cuits. The actual voltages at end A, the self susceptance of each circuit and the
mutual susceptance between the two circuits are shown on the figure. Calculate
all quantities shown on the figure in per-unit using a 100 MVA base. In add-
ition, calculate the charging current of each circuit at end A including the current
flowing through the mutual susceptance. All calculations are to be carried out
in physical units and in per-unit.

The per-unit voltages at end A are 283 kV/275 kV = 1.029 pu and 404 kV/
400 kV = 1.01 pu. Circuit 1 base current is 0.21 kA and circuit 2 base current
is 0.1443 kA.

�j40 	S
j150 	S

j200 	S

Circuit 2
400 kV nominal
voltage

Circuit 1
275 kV nominal
voltage

End A

3

404 kV

3

283 kV

Figure 1.11 Two capacitively coupled circuits having different operating (and design) voltages for use
in Example 1.2



Per-unit analysis of power systems 27

Base admittance of circuit 1 is 100 MVA/(275 kV)2 = 0.00132 S and per-unit
value of self-susceptance is j150 × 10−6 S/0.00132 S = j0.1136 pu or j11.36%.
Base admittance of circuit 2 is 100 MVA/(400 kV)2 = 6.25 × 10−4 S and
per-unit value of self-susceptance is j200 × 10−6 S/(6.25 × 10−4 S) = j0.32 pu
or j32%.

Base value of mutual susceptance is 100 MVA/(400 kV × 275 kV) =
9.09 × 10−4 S and per-unit value of mutual susceptance is j40 × 10−6 S/
(9.09 × 10−4 S) = j0.044 pu or j4.4%. Alternatively,

YM1(pu) = j40 × 10−6 S

0.00132 S
= j0.0303 pu

and

YM2(pu) = j40 × 10−6 S

6.25 × 10−4 S
= j0.064 pu

thus YM(pu) =√j0.0303 × j0.064 = j0.044 pu or j4.4%.
Circuit 1 charging current due to self susceptance is equal to j150 × 10−6 S ×

(283 × 103 V/
√

3) = j24.51 A or j24.51 A/210 A = j0.1167 pu. Similarly, cir-
cuit 2 charging current due to self susceptance is equal to j46.65 A or j46.65 A/
144.3 A = j0.3230 pu.

Current flowing through the mutual susceptance is equal to j40 × 10−6 S ×
(404 × 103 − 283 × 103)V/

√
3 = j2.79 A.

Charging current of circuit 1 is equal to j24.51 A − j2.79 A = j21.72 A or
j21.72 A/210 A = j0.103 pu.

Charging current of circuit 2 is equal to j46.65 A + j2.79 A = j49.44 A or
j49.44 A/144.3 A = j0.3426 pu.



2

Theory of symmetrical
components and

connection of phase
sequence networks

during faults

2.1 General

The analysis of three-phase ac power systems is greatly simplified if the sys-
tem is assumed perfectly balanced. The three-phase system can then be modelled
and analysed on a per-phase basis because knowledge of voltages and currents
in one phase allows us to calculate those in the other two phases where they
differ by ±120◦ phase displacement from those of the known phase. However,
in practical three-phase power systems, there are a number of sources of unbal-
ance which can be divided into internal and external sources. Internal sources of
unbalance are those due to the inherent small differences in the phase impedances
and susceptances of three-phase power plant such as overhead lines and trans-
formers. Three-phase generators, however, produce, by design, a balanced set
of three-phase voltages. External sources of unbalance are those that impose an
unbalanced condition on the power system network such as the connection of
unbalanced three-phase loads, or single-phase loads, to a three-phase power sys-
tem, the occurrence of unbalanced short-circuit and open-circuit faults. These
external conditions create unbalanced voltages and currents in the three-phase
network even if this network is balanced in terms of impedance and susceptance
elements. The modelling and analysis of external balanced and unbalanced faults
are the core topic of this chapter.
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The analysis of unbalanced short-circuit and open-circuit faults in practical
power systems makes extensive use of the theory of symmetrical components.
Fortescue proposed this general theory in a famous paper in 1918. It applies
to a system of N unbalanced phasors, including the case of three unbalanced
phasors representing three-phase power systems. The theory enables the transfor-
mation of three unbalanced phasors into a three set of balanced phasors called the
positive phase sequence (PPS), negative phase sequence (NPS), and zero-phase
sequence (ZPS) phasors. This property presents an extremely powerful analysis
tool that enables the formation of three separate and uncoupled equivalent net-
works called the PPS, NPS and ZPS networks provided that the three-phase power
system network in physical phase terms is internally balanced. The types of exter-
nal unbalanced conditions imposed on the actual three-phase network determine
the methods of connection of these sequence networks. This chapter introduces
the theory of symmetrical components, the definitions of sequence networks, the
methods of connecting these networks for different fault types, and the analysis
of sequence and phase currents and voltages for various conditions of external
unbalances that may be imposed on the three-phase power system network.

2.2 Symmetrical components of a
three-phase power system

2.2.1 Balanced three-phase voltage and
current phasors

Mathematically, balanced three-phase voltages (or currents) can be defined as
complex instantaneous, real instantaneous or complex phasor quantities. Denoting
the three phases as R, Y and B, three-phase complex instantaneous voltages are
defined as follows:

VR(t) = √
2V rms exp[j(ωt + φ)] = (

√
2V rmse

jφ)e jωt = VRe jωt (2.1a)

VY(t) = √
2V rms exp[j(ωt + φ − 2π/3)] = (

√
2V rmse

j(φ−2π/3)e jωt = VYe jωt

(2.1b)

VB(t) = √
2V rms exp[j(ωt + φ + 2π/3)] = (

√
2V rmse

j(φ+2π/3)e jωt = VBe jωt

(2.1c)

where Vrms is the root mean square (rms) value of any of the three-phase voltage
waveforms and φ is the phase angle that determines the magnitude of the three-
phase voltages at t = 0. From Equation (2.1), the three-phase real instantaneous
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voltages are defined as follows:

vR(t) = Real[VR(t)] = √
2V rms cos(ωt + φ) (2.2a)

vY(t) = Real[VY(t)] = √
2V rms cos(ωt + φ − 2π/3) (2.2b)

vB(t) = Real[VB(t)] = √
2V rms cos(ωt + φ + 2π/3) (2.2c)

and the three-phase complex phasor voltages are defined as follows:

VR = √
2V rmse

jφ (2.3a)

VY = √
2V rmse

j(φ−2π/3) (2.3b)

VB = √
2V rmse

j(φ+2π/3) (2.3c)

and the peak phase voltages are given by V̂R = V̂Y = V̂B = √
2V rms.

From Equation (2.3), it is observed that for a balanced three-phase set of voltage
or current phasors R, Y and B, all three phasors are equal in magnitude and are
displaced from each other by 120◦ in phase.

Figure 2.1 illustrates Equations (2.1)–(2.3) in their instantaneous and phasor
forms. We now define a new complex number h that has a magnitude of unity and
a phase angle of 120◦ such that the effect of multiplying any phasor by h is to
advance or rotate the original phasor counter clockwise by 120◦ whilst keeping its

VR cosfˆ
VR
ˆ

t � 0

t

VR
ˆ vt

Real

Imaginary(a) (b)

(c)

�1

�0.5

0

0.5

1

0 10 20 30 40

Time (ms)

R BYRBY

VY

VB VR

120
 120


120


Phase rotation
vt

(d)

f

f

Figure 2.1 Instantaneous and phasor definitions of balanced three-phase voltages: (a) instantaneous;
(b) phasor at t = 0; (c) balanced set of three-phase voltages or currents with phase rotation RYB,YBR, BRY,
etc. and (d) balanced set of three phasors at t = 0
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magnitude unchanged. h is thus known as an operator and is given by

h = e j2π/3 = −0.5 + j 0.866 j = √−1 (2.4a)

h2 = e−j2π/3 = −0.5 − j 0.866 (2.4b)

h3 = e j2π = 1

and

1 + h + h2 = 0 (2.4c)

Using the operator h, and phase R as the reference phasor, Equations (2.3b) and
(2.3c) can be written as VY = h2VR and VB = hVR. Therefore, we can write the
balanced three-phase voltages in vector form as follows:

VRYB =
⎡
⎣VR

VY

VB

⎤
⎦ =

⎡
⎣VR

h2VR

hVR

⎤
⎦ (2.5)

where VRYB denotes a column vector. The above equation equally applies to three-
phase balanced currents, i.e.

IRYB =
⎡
⎢⎣ IR

IY

IB

⎤
⎥⎦ =

⎡
⎣ IR

h2IR

hIR

⎤
⎦ (2.6)

2.2.2 Symmetrical components of unbalanced
voltage or current phasors

Consider a set of three-phase unbalanced voltage phasors VR, VY and VB that are
unbalanced in both magnitude and phase as shown in Figure 2.2(a). According to
the symmetrical components theory, each one of these phasors can be decomposed
into three balanced phasors known as the PPS, NPS and ZPS sets as shown in
Figure 2.2(b)–(d). The three PPS phasors, shown in Figure 2.2(b), are equal in
magnitude, displaced from each other by an equal phase of 120◦ and have the
same phase sequence or rotation as the original unbalanced set, i.e. RYB, YBR,
BRY, etc. The three NPS phasors, shown in Figure 2.2(c), are equal in magnitude,
displaced from each other by an equal phase of 120◦ and have a phase sequence
or rotation that is opposite to that of the original unbalanced set, i.e. RBY, BYR,
YRB, etc. The three ZPS phasors, shown in Figure 2.2(d), are equal in magnitude
and are all in phase with each other.

We choose the letters P, N, Z as superscripts to denote PPS, NPS and ZPS
quantities, respectively. Therefore, the three unbalanced phasors can be written in
terms of their three PPS, NPS and ZPS symmetrical components as follows:

VR = VP
R + VN

R + VZ
R (2.7a)

VY = VP
Y + VN

Y + VZ
Y (2.7b)

VB = VP
B + VN

B + VZ
B (2.7c)
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Figure 2.2 Unbalanced three-phase voltages and their symmetrical components: (a) unbalanced instant-
aneous voltages and their phasors; (b) balanced PPS phasors; (c) balanced NPS phasors and (d) ZPS
phasors

Using phase R as the reference phase, the h operator, Figures 2.2(b)–(d), the
equations following can be written:

For phase Y For phase B

VP
Y = h2VP

R VP
B = hVP

R (2.8a)

VN
Y = hVN

R VN
B = h2VN

R (2.8b)

VZ
Y = VZ

R VZ
B = VZ

R (2.8c)

Substituting Equations (2.8) in Equations (2.7b) and (2.7c), we obtain

VR = VP
R + VN

R + VZ
R (2.9a)

VY = h2VP
R + hVN

R + VZ
R (2.9b)

VB = hVP
R + h2VN

R + VZ
R (2.9c)

or in matrix form

⎡
⎢⎣

VR

VY

VB

⎤
⎥⎦ =

⎡
⎢⎣

1 1 1

h2 h 1

h h2 1

⎤
⎥⎦
⎡
⎢⎢⎣

VP
R

VN
R

VZ
R

⎤
⎥⎥⎦ = H

⎡
⎢⎢⎣

VP
R

VN
R

VZ
R

⎤
⎥⎥⎦ (2.10a)
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where

H =
⎡
⎣1 1 1

h2 h 1
h h2 1

⎤
⎦ (2.10b)

or

VRYB = HVPNZ
R (2.11)

H is the transformation matrix that transforms PPS, NPS and ZPS quantities
into their corresponding phase quantities. Conversely, if the unbalanced phase
quantities are known, the phase R sequence quantities can be calculated from

VPNZ
R = H−1VRYB (2.12a)

where

H−1 = 1

3

⎡
⎢⎣1 h h2

1 h2 h

1 1 1

⎤
⎥⎦ (2.12b)

It is interesting to note that

H−1 = 1

3
(H∗)t (2.13)

Expanding Equation (2.12a) using Equation (2.12b), we obtain

VP
R = 1

3
(VR + hVY + h2VB) (2.14a)

VN
R = 1

3
(VR + h2VY + hVB) (2.14b)

VZ
R = 1

3
(VR + VY + VB) (2.14c)

The PPS, NPS and ZPS components of phases Y and B phasors can be calculated
using Equation (2.8).

The above analysis applies to an arbitrary unbalanced three-phase set of phasors
so that currents as well as voltage phasors could have been used. When current
phasors are used, Equations (2.11) and (2.12a) can be written as

IRYB = HIPNZ
R (2.15a)

IPNZ
R = H−1IRYB (2.15b)
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2.2.3 Apparent power in symmetrical
component terms

In a three-phase power system, the total apparent power can be expressed in terms
of actual phase voltages and currents as follows:

S3-Phase = P3-Phase + jQ3-Phase = [VR VY VB] ×
⎡
⎢⎣I∗

R

I∗
Y

I∗
B

⎤
⎥⎦ = Vt

RYB × I∗
RYB (2.16)

Substituting Equations (2.11) and (2.15a) into Equation (2.16), we obtain

S3-Phase = P3-Phase + jQ3-Phase = (H × VPNZ
R )

t × (H × IPNZ
R )

∗

= (VPNZ
R )

t
Ht × H∗(IPNZ

R )
∗

(2.17)

It can readily be shown that HtH∗ = 3U, where U is the unit matrix, therefore,
Equation (2.17) can be written as

S3-Phase = P3-Phase + jQ3-Phase = 3(VPNZ
R )

t
(IPNZ

R )
∗

= 3VP
R(IP

R)
∗ + 3VN

R (IN
R )

∗ + 3VZ
R (IZ

R)
∗

= 3(SP
R + SN

R + SZ
R) (2.18)

The total apparent power in the three-phase unbalanced system can be calculated
as three times the sum of the PPS, NPS and ZPS apparent powers. It is interesting
to note that only like sequence terms are involved in each multiplication and that
no cross-sequence terms appear.

2.2.4 Definition of phase sequence component
networks

We have already established that the symmetrical component theory allows us to
replace a three-phase set of unbalanced voltages (or currents) with a three separate
sets of balanced voltages (or currents) defined as the PPS, NPS and ZPS sets.
When an external unbalanced condition, such as a single-phase short-circuit fault,
is imposed on the network, PPS, NPS and ZPS voltages and currents appear on the
network at the point of fault. A phase sequence network is one that carries currents
and voltages of one particular phase sequence such as PPS, NPS or ZPS sequence.
It should be remembered that because the actual three-phase network is assumed
perfectly balanced, the PPS, NPS and ZPS networks are separate, i.e. there is
no intersequence mutual coupling between them, and they are only connected
at the point of unbalance in the system, as will be seen later. In addition, the
assumption of a perfectly balanced three-phase network means that PPS voltage
sources and hence PPS currents exist in the PPS network only. Although the NPS
and ZPS networks still exist and can still be artificially constructed, they are totally
redundant because they carry no NPS or ZPS voltages or currents.
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Each sequence network contains terms of one sequence only and hence
each one can be considered as an independent single-phase network. That is
the active PPS network contains only PPS voltages, PPS currents and PPS
impedances/susceptances. The passive NPS network contains only NPS voltages,
NPS currents and NPS impedances/susceptances. The passive ZPS network con-
tains only ZPS voltages, ZPS currents and ZPS impedances/susceptances. The
NPS and ZPS voltages in the NPS and ZPS networks appear as a result of the
unbalanced condition imposed on the actual three-phase network; they should not
be confused with the voltage sources that exist in the PPS network.

Let us consider first the type of unbalanced conditions that can appear in the
three-phase network at a point F relative to the network neutral point N as shown
in Figure 2.3(a). The three sequence networks can then be constructed from the
actual three-phase network components and network topology, and illustrated as
shown in Figure 2.3(b). It should be noted that the derivation of sequence models
of power system components is the subject of later chapters. For now, it suffices
to state that the entire PPS, NPS and ZPS networks can each be reduced using
Thévenin’s theorem. The reduction results in a single equivalent voltage source at
point F and a single Thévenin’s equivalent impedance seen looking back into the
relevant network from point F as illustrated in Figure 2.3(b). Remembering that
only PPS voltages existed in the network prior to the occurrence of the unbalanced
condition, the resultant PPS, NPS and ZPS equivalent circuits are illustrated in
Figure 2.3(c).

N
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Figure 2.3 Definition of Thévenin’s PPS, NPS and ZPS sequence networks
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From Figure 2.3(c), sequence voltage and current relations at the point of
unbalance F can be written for each sequence network. For the active PPS network:

VP
R = VF − ZPIP

R (2.19)

where VF is the PPS voltage at the point of fault F immediately before the unbalance
condition is applied, VP

R is the resultant PPS voltage at the point of fault, and IP
R is

the PPS current flowing out of the PPS network into the point of fault.
For the passive NPS network:

VN
R = −ZNIN

R (2.20)

where VN
R is the NPS voltage at the point of fault and IN

R is the NPS current flowing
out of the NPS network into the point of fault.

For the passive ZPS network:

VZ
R = −ZZIZ

R (2.21)

where VZ
R is the ZPS voltage at the point of fault and IZ

R is the ZPS current flowing
out of the ZPS network into the point of fault.

As will be seen in later chapters, the PPS and NPS impedances are the same for
most static power system plant but are generally different for rotating machines. In
a ZPS network, because ZPS voltages, and ZPS currents, are co-phasal, the ZPS
currents can only flow if there is a return connection, through either a neutral or
earth wire or the general body of the earth. This is a very important consideration
when determining the ZPS equivalent circuits for transformers and the analysis of
earth return currents as will be seen in Chapters 4 and 10, respectively.

2.2.5 Sequence components of unbalanced
three-phase impedances

Figure 2.4 shows a system of static unbalanced three-phase mutually coupled
impedance elements.

The voltage drop equations across phases R, Y and B, in matrix form, are
given by

R Y B⎡
⎢⎣VR

VY

VB

⎤
⎥⎦ =

R
Y
B

⎡
⎢⎣

ZRR ZRY ZRB

ZYR ZYY ZYB

ZBR ZBY ZBB

⎤
⎥⎦
⎡
⎢⎣IR

IY

IB

⎤
⎥⎦ (2.22a)

or in concise matrix notation form:

VRYB = ZRYBIRYB (2.22b)
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Figure 2.4 Unbalanced static mutually coupled three-phase impedances

where ZRYB is defined as the phase impedance matrix of the unbalanced three-
phase mutually coupled system shown in Figure 2.4. The diagonal elements are
the self-impedances of each phase and the off-diagonal elements are the mutual
impedances between the phases. It is important to note that this is the impedance
matrix in the actual or physical phase frame of reference, RYB, where each
impedance is an actual physical element.

What are the PPS, NPS and ZPS impedances of this system and what light do
they shed on the use of the symmetrical components’ theory in practice? To answer
this question, we substitute Equations (2.11) and (2.15a) into Equation (2.22b),
we obtain

HVPNZ
R = ZRYBHIPNZ

R

and pre-multiplying by H−1, we obtain

VPNZ
R = H−1ZRYBHIPNZ

R = ZPNZIPNZ
R (2.23)

where ZPNZ is defined as the sequence impedance matrix of the unbalanced three-
phase system shown in Figure 2.4 and is given by

ZPNZ = H−1ZRYBH (2.24)

It is important to note that this is the impedance matrix in the sequence frame
of reference obtained by transforming the phase impedance matrix according to
Equation (2.24) using the transformation matrices shown.

Assuming that the mutual phase impedances are bilateral or reciprocal that is
ZRY = ZYR, etc., Equation (2.24) becomes

P N Z

ZPNZ =
P
N
Z

⎡
⎢⎣

ZPP ZPN ZPZ

ZNP ZNN ZNZ

ZZP ZZN ZZZ

⎤
⎥⎦ (2.25)
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where

ZPP = ZNN = 1

3
[(ZRR + ZYY + ZBB) − (ZRY + ZRB + ZYB)]

= SPP − MPP (2.26a)

ZPN = 1

3
[ZRR + h2ZYY + hZBB) + 2(h2ZRB + hZRY + ZYB)]

= SPN + 2MPN (2.26b)

ZPZ = ZZN = 1

3
[(ZRR + hZYY + h2ZBB) − (h2ZRY + hZRB + ZYB)]

= SPZ − MPZ (2.26c)

ZNP = 1

3
[(ZRR + hZYY + h2ZBB) + 2(h2ZRY + hZRB + ZYB)]

= SPZ + 2MPZ (2.26d)

ZNZ = ZZP = 1

3
[(ZRR + h2ZYY + hZBB) − (h2ZRB + hZRY + ZYB)]

= SPN − MPN (2.26e)

ZZZ = 1

3
[(ZRR + ZYY + ZBB) + 2(ZRY + ZRB + ZYB)]

= SPP + 2MPP (2.26f)

Dropping the R notation from the current vector IPNZ
R for convenience and using

Equations (2.23), (2.24) and (2.25), we can write

⎡
⎢⎣

VP

VN

VZ

⎤
⎥⎦ =

⎡
⎢⎣

SPP − MPP SPN + 2MPN SPZ − MPZ

SPZ + 2MPZ SPP − MPP SPN − MPN

SPN − MPN SPZ − MPZ SPP + 2MPP

⎤
⎥⎦
⎡
⎢⎣ IP

IN

IZ

⎤
⎥⎦ (2.27)

which can be written as⎡
⎢⎣VP

VN

VZ

⎤
⎥⎦ =

⎡
⎢⎣aPP bPN cPZ

dNP aPP eNZ

eNZ cPZ f ZZ

⎤
⎥⎦
⎡
⎢⎣ IP

IN

IZ

⎤
⎥⎦ (2.28)

Equation (2.28) is important and requires a physical explanation. The sequence
impedance matrix is full, non-diagonal and non-symmetric. A non-symmetric
matrix is exemplified by the different mutual coupling terms b and d (also c and e)
in the matrix. A non-diagonal matrix means that mutual coupling between the
sequence circuits exist. For example, taking the PPS circuit, the total PPS voltage
drop in this circuit consists of three components as follows:

VP = aPPIP + bPNIN + cPZIZ (2.29)
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The first term on the right is the PPS voltage drop induced by the flow of PPS
current in the PPS circuit. The second term is an additional PPS voltage drop caused
by the flow of NPS current in the NPS circuit acting on the mutual impedance from
the PPS to the NPS circuit. The third term is an additional PPS voltage drop caused
by the flow of ZPS current in the ZPS circuit acting on the mutual impedance from
the PPS to the ZPS circuit.

We have calculated the sequence impedance matrix of a general three-phase
mutually coupled system and this turns out to be non-diagonal and non-symmetric.
What does this mean in practice? Let us remember that the basic principle of
the symmetrical component theory rests on the fact that the PPS, NPS and ZPS
sequence circuits are separate with no mutual coupling between them. In math-
ematical terms, this means that the sequence impedance matrix has to be diagonal
so that a PPS voltage drop is produced by the flow of PPS current only, and likewise
for the NPS and ZPS circuits. The transformation of the phase impedance matrix
of Equation (2.22a) from the phase frame of reference to the sequence frame of
reference, Equation (2.28), produced no advantages whatsoever. In such situations,
the symmetrical component theory may not be used and analysis in the phase frame
of reference is more advantageous.

2.2.6 Sequence components of balanced
three-phase impedances

The application of the symmetrical component theory in practical power system
short-circuit analysis requires the PPS, NPS and ZPS circuits to be separate and
uncoupled. This is achieved by the removal of the off-diagonal mutual elements
in the sequence impedance matrix of Equation (2.28) so that the matrix becomes
diagonal. This can be accomplished if the physical phase impedances of the original
three-phase system shown in Figure 2.4 are assumed to be balanced, i.e. the self-
impedances are assumed to be equal, and the mutual impedances are also assumed
to be equal, i.e.

ZRR = ZYY = ZBB = ZSelf (2.30a)

ZRY = ZYB = ZBR = ZMutual (2.30b)

Substituting Equation (2.30) into Equations (2.26) and (2.27), we obtain⎡
⎢⎣VP

VN

VZ

⎤
⎥⎦ =

⎡
⎢⎣ZSelf − ZMutual 0 0

0 ZSelf − ZMutual 0
0 0 ZSelf + 2 × ZMutual

⎤
⎥⎦
⎡
⎢⎣IP

IN

IZ

⎤
⎥⎦
(2.31)

where,

PPS impedance = NPS impedance = ZP = ZN = ZSelf − ZMutual (2.32a)
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ZPS impedance = ZZ = ZSelf + 2 × ZMutual (2.32b)

Also, if the PPS, NPS and ZPS impedances are known, the balanced self and
mutual phase impedances can be calculated as follows:

ZSelf = 1

3
(ZZ + 2ZP) (2.33a)

ZMutual = 1

3
(ZZ − ZP) (2.33b)

2.2.7 Advantages of symmetrical components frame
of reference

The significant advantage of the symmetrical component theory is that it provides
a mathematical method that allows us to decompose the original complex mutually
coupled three-phase system equations into three separate sets of equations. The
PPS, NPS and ZPS sets of currents and voltages are each calculated from the
PPS, NPS and ZPS circuits, respectively, i.e. in the sequence frame of reference.
The sequence of currents and voltages are then easily transformed back into the
phase frame of reference. However, the creation of three uncoupled single-phase
sequence circuits is based on the assumption that the original three-phase system
is perfectly balanced. In reality, this is not the case, as will be seen in later chapters.
Nonetheless, reasonable assumptions of balance can be made to allow the use of
the symmetrical component theory in practical applications. Nowadays, almost all
large-scale short-circuit analysis in practical power systems is carried out in the
sequence frame of reference with transformation to the phase frame of reference
carried out as a final step in the analysis. There are, nonetheless, specialised short-
circuit applications where analysis in the phase frame of reference is used. This is
discussed in Chapter 6.

2.2.8 Examples

Example 2.1 Prove that a balanced set of three-phase voltages contains only
a PPS voltage component.

Substituting Equations (2.5) and (2.6) into Equation (2.14), we obtain

VP
R = 1

3
(VR + hh2VR + h2hVR) = VR since h3 = 1

VN
R = 1

3
(VR + h2h2VR + hhVR) = 0 since 1 + h + h2 = 0

VZ
R = 1

3
(VR + h2VR + hVR) = 0
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Example 2.2 What is the phase sequence nature of MW and MVAr power
flows in a balanced three-phase power system?

In a balanced three-phase system, NPS and ZPS voltages and currents are
zeroes and only PPS voltages and currents exist. Therefore, and according to
Equation (2.18), only PPS apparent power exists and hence the MW and MVAr
power flows in a balanced three-phase system are PPS quantities.

Example 2.3 What is the relationship between the ZPS current and the neutral
current in a three-phase power system with a neutral wire or neutral connection
to earth.

From Equation (2.7), rewritten for phase currents, we have

IR = IP
R + IN

R + IZ
R IY = IP

Y + IN
Y + IZ

Y IB = IP
B + IN

B + IZ
B

The neutral current is the sum of the currents in phases R, Y and B, thus

INeutral = IR + IY + IB = (IP
R + IP

Y + IP
B) + (IN

R + IN
Y + IN

B ) + (IZ
R + IZ

Y + IZ
B)

or

INeutral = 0 + 0 + (IZ
R + IZ

Y + IZ
B) = 3IZ

R

Since the PPS (and NPS) currents are balanced, by definition, their sum is
zero and thus neither produce any neutral current. Since the ZPS currents are
equal and in phase, the neutral current is the sum of the ZPS currents in each
phase and this is equal to three times the ZPS current in phase R.

Example 2.4 The three voltages of a three-phase system are balanced in phase
but not in magnitude and are

VR = 1∠0 pu VY = 0.97∠−120 pu VB = 1.01∠120 pu

Calculate the PPS, NPS and ZPS voltages of phase R voltage. Express the NPS
and ZPS voltage magnitudes as percentages of the PPS voltage magnitude.

Using Equation (2.14), we obtain

VP
R = 1

3
(1 + 1∠120 × 0.97∠−120 + 1∠−120 × 1.01∠120) = 0.99 pu

VN
R = 1

3
(1 + 1∠−120 × 0.97∠−120 + 1∠120 × 1.01∠120)

= 0.012∠−73.89 pu
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VZ
R = 1

3
(1 + 0.97∠−120 + 1.01∠120) = 0.012∠73.89 pu

∣∣VN
R

∣∣∣∣VP
R

∣∣ =
∣∣VZ

R

∣∣∣∣VP
R

∣∣ = 0.012

0.99
= 0.01212 or 1.212%

Example 2.5 The three voltages of a three-phase system have equal magni-
tudes of 1 pu but phase Y lags phase R by 115◦ and the phase displacement
between phases Y and B is 120◦. Calculate the PPS, NPS and ZPS voltages of
phase R. Express the NPS and ZPS voltage magnitudes as percentages of the
PPS voltage magnitude.

Taking phase R as an arbitrary reference, the phase voltages can be written as

VR = 1∠0 pu VY = 1∠−115 pu VB = 1∠125 pu

Thus, the three voltages are balanced in magnitude but not in phase. Using
Equation (2.14), we obtain

VP
R = 1

3
(1 + 1∠120 × 1∠−115 + 1∠−120 × 1∠125) = 0.9991∠3.3 pu

VN
R = 1

3
(1 + 1∠−120 × 1∠−115 + 1∠120 × 1∠125) = 0.029∠−87.5 pu

VZ
R = 1

3
(1 + 1∠−115 + 1∠125) = 0.029∠−87.5 pu∣∣VN

R

∣∣∣∣VP
R

∣∣ =
∣∣VZ

R

∣∣∣∣VP
R

∣∣ = 0.029

0.999
= 0.02903 or 2.9%

Example 2.6 The three unbalanced voltages of a three-phase system under a
very large unbalanced condition are

VR = 0∠0 pu VY = 1.1∠−140 pu VB = 1.1∠140 pu.

Calculate the PPS, NPS and ZPS voltages of phase R. Express the NPS and
ZPS voltage magnitudes as percentages of the PPS voltage magnitude.

Using Equation (2.14), we obtain

VP
R = 1

3
(0 + 1∠120 × 1.1∠−140 + 1∠−120 × 1.1∠140) = 0.689∠0 pu

VN
R = 1

3
(0 + 1∠−120 × 1.1∠−140 + 1∠120 × 1.1∠140) = −0.1273∠0 pu
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VZ
R = 1

3
(0 + 1.1∠−140 + 1.1∠140) = −0.5617∠0 pu

∣∣VN
R

∣∣∣∣VP
R

∣∣ = 0.1273

0.689
= 0.185 or 18.5%

∣∣VZ
R

∣∣∣∣VP
R

∣∣ = 0.5617

0.689
= 0.815 or 81.5%

2.3 Analysis of balanced and unbalanced faults
in the sequence reference frame

2.3.1 General
In general, there are three types of faults in three-phase power systems. These
are short-circuit faults between one or more phases which may or may not involve
earth, open-circuit faults on one or two phases and simultaneous faults where more
than one fault occurs at the same time at the same or at different locations in the
network. Short-circuit faults are sometimes referred to as shunt faults whereas
open-circuit faults as series faults. When a short-circuit fault occurs at a point
F on the three-phase network, the conditions imposed by the fault at F must be
observed between the relevant phase(s) and the neutral point in the sequence net-
works. However, when an open-circuit fault occurs at a point F in the network,
the conditions imposed by the fault must be observed between the two sides of
the open circuit, say points F and F′, in the sequence networks. In this section, we
will derive methods of connecting the three PPS, NPS and ZPS networks for vari-
ous fault types that can occur in power systems. The unbalanced fault condition
applied in the three-phase network is arranged to be symmetrical with respect to
phase R which is taken as the reference phase. This results in simpler mathematical
derivation as will be shown later.

2.3.2 Balanced three-phase to
earth short-circuit faults

A three-phase to earth short-circuit fault at a point in a three-phase system is a
balanced or symmetrical fault that can still be analysed using the symmetrical
components theory. Figure 2.5(a) shows the representation of this fault. FR, FY

and FB are points in the three-phase system where the three-phase fault is assumed
to occur through the balanced fault impedances ZF, and F′

R, F′
Y and F′

B are the true
points of fault.

From Figure 2.5(a), the voltages at point F are given by

VR = ZFIR VY = ZFIY VB = ZFIB (2.34)
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Figure 2.5 Balanced three-phase to earth short-circuit fault through a fault impedance Z F

Using Equations (2.6), (2.14a) and (2.19), it can be shown that the sequence
voltages and currents at the fault point are given by

VP
R = ZFIP

R = VP
F − ZPIP

R VN
R = 0 VZ

R = 0 (2.35)

and

IP
R = VP

F

ZP + ZF
IN
R = 0 IZ

R = 0 (2.36)

Therefore, the three-phase power system remains balanced and symmetrical after
the occurrence of such a fault because the fault impedances are equal in the three
phases. Therefore, only PPS voltages exist and only PPS currents can flow.

Since phase R is used as the reference, it is convenient from now on to drop the
R notation in the PPS, NPS and ZPS voltage and current equations whilst always
remembering that these sequence quantities are those of phase R.

Using Equations (2.15a) and (2.10b), the phase fault currents are given by

IR = IP = VP
F

ZP + ZF
(2.37a)

Iy = h2IR = h2VP
F

ZP + ZF
(2.37b)
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IB = hIR = hVP
F

ZP + ZF
(2.37c)

and, using Equation (2.34), the phase fault voltages at the fault point F are
given by

VR = IPZF = VP
F

ZP + ZF
ZF (2.38a)

VY = h2VR = h2VP
F

ZP + ZF
ZF (2.38b)

VB = hVR = hVP
F

ZP + ZF
ZF (2.38c)

As expected for a balanced and symmetrical short-circuit fault, the sum of the three-
phase currents IR + IY + IB is equal to zero hence the net fault current flowing into
earth is zero. Similarly, the sum of the three-phase voltages VR + VY + VB is equal
to zero. Figure 2.5(b) shows the connections of the Thévenin’s PPS, NPS and ZPS
equivalent circuits that satisfy Equations (2.35) and (2.36).

The case of a solid or bolted three-phase to earth short-circuit fault is obtained
by setting ZF = 0.

2.3.3 Balanced three-phase clear of
earth short-circuit faults

A three-phase short-circuit fault clear of earth at a point F in a three-phase system
is represented by connecting an equal fault impedance between each pair of phases
as shown in Figure 2.6(a), i.e., as a delta connection.

In order to calculate the equivalent fault impedance ‘seen’ in each phase, a
transformation of delta to star with isolated neutral is needed as follows:

ZR = ZY = ZB = ZF × ZF

ZF + ZF + ZF
= 1

3
ZF (2.39)

The fault representation is illustrated in Figure 2.6(b).
The phase fault currents and voltages are given by

IR + IY + IB = 0 (2.40a)

and

VR = VY = VB = 0 at point F′ (2.40b)
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Figure 2.6 Balanced three-phase short-circuit fault clear of earth through a fault impedance Z F

and

VR = 1

3
ZFIR VY = 1

3
ZFIY VB = 1

3
ZFIB (2.40c)

Using Equations (2.14), (2.19), (2.20) and (2.21), we obtain

VP = 1

3
ZFIP = VP

F − ZPIP VN = 0 VZ = 0 (2.41a)

IP = VP
F

ZP + 1
3 ZF

IN = 0 IZ = 0 (2.41b)

The phase fault currents are given by

IR = IP = VP
F

ZP + 1
3 ZF

(2.42a)

IY = h2IR = h2VP
F

ZP + 1
3 ZF

(2.42b)
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IB = hIR = hVP
F

ZP + 1
3 ZF

(2.42c)

The phase fault voltages at point F are given by

VR = IP 1

3
ZF = VP

F

1 + 3ZP

ZF

(2.43a)

VY = h2VR = h2VP
F

1 + 3ZP

ZF

(2.43b)

VY = hVR = hVP
F

1 + 3ZP

ZF

(2.43c)

Figure 2.6(c) shows the connections of the PPS, NPS and ZPS equivalent networks
that satisfy the fault condition at the fault point F. The case of a solid or bolted
three-phase clear of earth short-circuit fault is obtained by setting ZF = 0.

2.3.4 Unbalanced one-phase to
earth short-circuit faults

Figure 2.7(a) shows a representation of an unbalanced one-phase to earth fault on
phase R through a fault impedance ZF.

For ease of notation in the rest of this chapter, we will replace VP
F with VF. The

conditions at the point of fault are

IY = IB = 0 (2.44a)

and
VR = ZFIR (2.44b)

Using Equation (2.14) for currents instead of voltages, we obtain

IP = IN = IZ = 1

3
IR or IR = 3 × IZ (2.45)

Substituting Equations (2.19), (2.20) and (2.21) into Equation (2.9a) and using
Equation (2.45), we obtain

VR = ZF × 3IP = VP + VN + VZ = VF − (ZP + ZN + ZZ)IP

or

VF = (ZP + ZF)IP + (ZN + ZF)IN + (ZZ + ZF)IZ (2.46)
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Figure 2.7 Unbalanced one-phase to earth short-circuit fault through a fault impedance Z F

Thus, the sequence fault currents are given by

IP = IN = IZ = VF

[(ZP + ZF) + (ZN + ZF) + (ZZ + ZF)]

= VF

(ZP + ZN + ZZ + 3ZF)
(2.47)

Equations (2.45) and (2.46) show that the PPS, NPS and ZPS networks should
be connected in series as shown in Figure 2.7(b) with the fault impedance ZF

appearing as an external impedance in series with each sequence network.
The PPS, NPS and ZPS voltages at the fault point are calculated using Figure

2.7(b) or (c) giving

VP = (ZN + ZZ + 3ZF)

(ZP + ZN + ZZ + 3ZF)
VF (2.48)
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VN = −ZN

(ZP + ZN + ZZ + 3ZF)
VF (2.49)

VZ = −ZZ

(ZP + ZN + ZZ + 3ZF)
VF (2.50)

The phase fault current is calculated using Equations (2.45) and (2.47) giving

IR = 3VF

(ZP + ZN + ZZ + 3ZF)
(2.51)

The phase fault voltage is calculated from Equation (2.44) giving

VR = 3ZF

(ZP + ZN + ZZ + 3ZF)
VF (2.52)

The phase voltages on the healthy or unfaulted phases at the point of fault can be
calculated using Equation (2.9) and Equations (2.48), (2.49) and (2.50) giving

VY = KE1 × h2VF (2.53)

where

KE1 = 1 − (ZP + h2ZN + hZZ)

(ZP + ZN + ZZ + 3ZF)
(2.54)

and

VB = KE2 × hVF (2.55)

where

KE2 = 1 − (ZP + hZN + h2ZZ)

(ZP + ZN + ZZ + 3ZF)
(2.56)

KE1 and KE2 are termed the earth fault factors and have a magnitude that typically
range from 1 to 1.8 depending on the method of system earthing used. This factor is
the ratio of the rms phase to earth voltage at the fault point during the fault to the rms
phase to earth voltage without a fault. This factor determines the extent of voltage
rise on the healthy phases during the fault. Systems that are defined as ‘effectively
earthed’ are those where the earth fault factor is less than or equal to 1.4.

The case of a solid or bolted single-phase to earth short-circuit fault is obtained
by setting ZF = 0.

2.3.5 Unbalanced phase-to-phase or
two-phase short-circuit faults

Figure 2.8(a) shows a representation of an unbalanced two-phase fault on phases
Y and B through a fault impedance ZF.
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Figure 2.8 Unbalanced two-phase short-circuit fault through a fault impedance Z F

The conditions at the point of fault are

IR = 0 IY = −IB VY − VB = ZFIY (2.57a)

Substituting the above phase currents into Equation (2.15b), we obtain

IZ = 0 and IP = −IN (2.57b)

Substituting IZ = 0 into Equation (2.21) gives VZ = 0 and using Equations (2.7)
and (2.8), we can write

VY − VB = (h2 − h)(VP − VN) (2.58a)

Also, using Equations (2.7b) and (2.8) for phase currents, we obtain

ZFIY = ZF(h2IP + hIN) (2.58b)

Equating VY − VB from Equations (2.57a) and (2.58a), using Equation (2.58b) and
IP = −IN, we obtain

VP − VN = ZFIP (2.59a)

Substituting Equations (2.19) and (2.20) into Equation (2.59a), and using
IP = −IN, we obtain

VF −
(

ZP + 1

2
ZF

)
IP = −

(
ZN + 1

2
ZF

)
IN (2.59b)
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The sequence fault currents are calculated from Equation (2.59b) using IP = −IN

giving

IP = −IN = VF

[(ZP + 1
2 ZF) + (ZN + 1

2 ZF)]
= VF

(ZP + ZN + ZF)
(2.60)

Equations (2.57b) and (2.59b) show that the PPS and NPS networks should be
connected in parallel as shown in Figure 2.8(b) with half the fault impedance, 1

2 ZF,
appearing as an external impedance in series with the PPS and NPS networks. The
ZPS currents and voltages are zero.

The phase fault currents are calculated using Equation (2.15a) giving

IY = −IB = −j
√

3IP = −j
√

3VF

(ZP + ZN + ZF)
(2.61)

The phase voltages on the faulted phases Y and B are calculated using Equations
(2.9b), (2.9c), (2.19), (2.20), (2.21) and (2.60) giving

VY =
(

h2ZF − ZN

ZP + ZN + ZF

)
VF (2.62a)

VB =
(

hZF − ZN

ZP + ZN + ZF

)
VF (2.62b)

The phase voltage on the healthy or unfaulted phase R can be calculated using
Equation (2.9a) giving

VR =
(

2ZN + ZF

ZP + ZN + ZF

)
VF (2.63)

The case of a solid or bolted two-phase short-circuit fault is obtained by setting
ZF = 0.

2.3.6 Unbalanced two-phase to
earth short-circuit faults

Figure 2.9(a) shows a representation of an unbalanced two-phase to earth fault on
phases Y and B through a fault impedance ZF.

The conditions at the point of fault are given by

IR = 0 VY = ZFIY VB = ZFIB (2.64)

From Equation (2.7a) for currents, and IR = 0, we obtain

IP + IN + IZ = 0 or IZ = −(IP + IN) (2.65)
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Figure 2.9 Unbalanced two-phase to earth short-circuit fault through a fault impedance Z F

Rewriting Equations (2.9b) and (2.9c), and using Equation (2.64), we have

VY = h2VP + hVN + VZ = ZFIY = ZF(h2IP + hIN + IZ) (2.66a)

VB = hVP + h2VN + VZ = ZFIB = ZF(hIP + h2IN + IZ) (2.66b)

Subtracting Equation (2.66b) from Equation (2.66a), we obtain

VY − VB = (h2 − h)VP + (h − h2)VN = ZF[(h2 − h)IP + (h − h2)IN]

which, using h2 − h = −j
√

3, reduces to

VP − ZFIP = VN − ZFIN (2.67)

Now, substituting Equations (2.19) and (2.20) into Equation (2.67), we obtain

−(ZN + ZF)IN = VF − (ZP + ZF)IP (2.68)
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Adding Equations (2.66a) and (2.66b), we obtain

VY +VB = (h2 +h)VP +(h2 +h)VN +2VZ = ZF[(h2 + h)IP + (h2 + h)IN + 2IZ]

which, using h2 + h = −1 and Equations (2.20), (2.21) and (2.67), reduces to

VN − ZFIN = VZ − ZFIZ (2.69a)

and

−(ZZ + ZF)IZ = −(ZN + ZF)IN = VF − (ZP + ZF)IP (2.69b)

Equations (2.65) and (2.69) show that the PPS, NPS and ZPS networks should
be connected in parallel, as shown in Figure 2.9(b), with the fault impedance ZF

appearing as an external impedance in each sequence network.
The sequence fault currents are calculated using Equations (2.65) and (2.69), or

alternatively from Figure 2.9(b). The use of the equations is illustrated for deriving
the sequence currents. Using Equation (2.69) and expressing IN and IZ in terms
of IP then substituting into Equation (2.65), we obtain

IP + (ZP + ZF)IP − VF

(ZN + ZF)
+ (ZP + ZF)IP − VF

(ZZ + ZF)
= 0

which after a little algebra gives

IP = [(ZN + ZF) + (ZZ + ZF)]VF

(ZN + ZF)(ZZ + ZF) + (ZN + ZF)(ZP + ZF) + (ZP + ZF)(ZZ + ZF)

(2.70a)

IN = −(ZZ + ZF)VF

(ZN + ZF)(ZZ + ZF) + (ZN + ZF)(ZP + ZF) + (ZP + ZF)(ZZ + ZF)

(2.70b)

and

IZ = −(ZN + ZF)VF

(ZN + ZF)(ZZ + ZF) + (ZN + ZF)(ZP + ZF) + (ZP + ZF)(ZZ + ZF)

(2.70c)

The phase fault currents are calculated from the sequence currents using Equation
(2.15a) giving

IY = −j
√

3VF[(ZZ + ZF) − h(ZN + ZF)]

(ZN + ZF)(ZZ + ZF) + (ZN + ZF)(ZP + ZF) + (ZP + ZF)(ZZ + ZF)

(2.71a)
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and

IB = j
√

3VF[(ZZ + ZF) − h2(ZN + ZF)]

(ZN + ZF)(ZZ + ZF) + (ZN + ZF)(ZP + ZF) + (ZP + ZF)(ZZ + ZF)

(2.71b)

The total fault current flowing into earth at the point of fault is the sum of the phase
fault currents IY and IB giving

IE = IY + IB

= 3IZ = −3(ZN + ZF)VF

(ZN + ZF)(ZZ + ZF) + (ZN + ZF)(ZP + ZF) + (ZP + ZF)(ZZ + ZF)

(2.72)

The phase voltage on the healthy or unfaulted phase R can be calculated using
Equation (2.9a) giving

VR = 3VF[ZNZZ + ZF(ZN + ZZ + ZF)]

(ZN + ZF)(ZZ + ZF) + (ZN + ZF)(ZP + ZF) + (ZP + ZF)(ZZ + ZF)

(2.73)

The phase voltages on the faulted phases Y and B can be calculated using Equation
(2.64) giving

VY = −j
√

3VFZF[(ZZ + ZF) − h(ZN + ZF)]

(ZN + ZF)(ZZ + ZF) + (ZN + ZF)(ZP + ZF) + (ZP + ZF)(ZZ + ZF)

(2.74a)

VB = j
√

3VFZF[(ZZ + ZF) − h2(ZN + ZF)]

(ZN + ZF)(ZZ + ZF) + (ZN + ZF)(ZP + ZF) + (ZP + ZF)(ZZ + ZF)

(2.74b)

The case of a solid or bolted two-phase to earth short-circuit fault is obtained by
setting ZF = 0. Also, in the case where an earth impedance ZE is present in the
common connection to earth, as shown in Figure 2.9(c), it can be shown that ZZ in
Figure 2.9(b) must be replaced by (ZZ + 3ZE). The reader is encouraged to prove
this statement.
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2.3.7 Unbalanced one-phase open-circuit faults
Figure 2.10(a) shows the representation of an unbalanced one-phase open-circuit
fault occurring on phase R and creating points F and F′ in a balanced three-phase
power system.

The conditions imposed by the fault are

IR = 0 hence IP + IN + IZ = 0 (2.75)

Equation (2.75) represents the sequence currents of the phase current IR from
points F to F′. In addition, since these two points are still connected together on
phases Y and B, we have

VFF′
Y = 0 and VFF′

B = 0 (2.76)

The sequence components of the voltages in Equation (2.76) can be calculated
using Equation (2.14) giving

VP = VN = VZ = 1

3
VFF′

R (2.77)

Equations (2.75) and (2.77) are satisfied by connecting the PPS, NPS and ZPS
equivalent networks in parallel at points F to F′ as shown in Figure 2.10(b). It
should be noted that ZP, ZN, and ZZ are the PPS, NPS and ZPS equivalent Thévenin
impedances, respectively, as ‘seen’ looking back into the respective sequence
network from between the points F and F′. The voltage source in the PPS equivalent
network in Figure 2.10(b) has not been derived yet. This voltage source is the open-
circuit PPS voltage appearing across F and F′. This voltage is calculated as the
multiplication of the prefault load current in phase R, i.e. the current flowing before
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Figure 2.10 Unbalanced one-phase open-circuit fault
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the open circuit occurs (note that this is a PPS current because the three-phase power
system is balanced), and ZP, i.e.

VFF′
R = ILZP (2.78)

From Figure 2.10(b), the PPS current is given by

IP = ILZP(
ZP + ZNZZ

ZN+ZZ

) = (ZN + ZZ)

(ZPZN + ZNZZ + ZZZP)
ILZP (2.79)

The NPS current is given by

IN = −IP ZZ

(ZN + ZZ)

or

IN = −ZZ

(ZPZN + ZNZZ + ZZZP)
ILZP (2.80)

The ZPS current is given by

IZ = −IP ZN

(ZN + ZZ)

or

IZ = −ZN

(ZPZN + ZNZZ + ZZZP)
ILZP (2.81)

The sequence voltages are given by

VP = VN = VZ = ZNZZ

(ZPZN + ZNZZ + ZZZP)
ILZP (2.82)

and the phase voltage across the open circuit is given by

VR = ZNZZ

(ZPZN + ZNZZ + ZZZP)
(3ILZP) (2.83)

2.3.8 Unbalanced two-phase open-circuit faults
Figure 2.11(a) shows a representation of an unbalanced two-phase open-circuit
fault occurring on phases Y and B and creating points F and F′ in a balanced
three-phase power system.

The conditions imposed by the fault are given by

IY = 0 and IB = 0 (2.84a)
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The sequence current components in Equation (2.84a) are given by

IP = IN = IZ = 1

3
IR (2.84b)

In addition, since points F to F′ are still connected together on phase R

VFF′
R = VP + VN + VZ = 0 (2.85)

Equations (2.84b) and (2.85) are satisfied by connecting the PPS, NPS and ZPS
equivalent networks in series at the points F to F′ as shown in Figure 2.11(b). From
this, the sequence currents are given by

IP = IN = IZ = ILZP

ZP + ZN + ZZ
(2.86)

where IL is the prefault current flowing in phase R between F and F′ just before
the open-circuit fault occurs on phases Y and B.

The sequence voltages are given by

VP = IP(ZN + ZZ) = (ZN + ZZ )

(ZP + ZN + ZZ)
ILZP (2.87a)

VN = −INZN = −ZN

(ZP + ZN + ZZ)
ILZP (2.87b)

VZ = −IZZZ = −ZZ

(ZP + ZN + ZZ)
ILZP (2.87c)
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The phase voltages on the faulted phases Y and B are calculated using Equa-
tions (2.9b) and (2.9c) giving

VFF′
Y = j

√
3(hZZ − ZN)

(ZP + ZN + ZZ)
ILZP (2.88a)

VFF′
B = −j

√
3(h2ZZ − ZN)

(ZP + ZN + ZZ)
ILZP (2.88b)

The case of a three-phase open-circuit fault does not require any consideration
since this is not normally a fault but rather a normal switching operation in power
systems such as the opening of the three phases of a circuit-breaker. Only PPS
currents and voltages continue to exist in the resulting balanced power system.
Such studies that involve the opening of the three phases of circuit-breakers, for
example, to simulate the disconnection of a circuit and calculate the resultant
currents, voltages active and reactive power flows, are known as PPS power flow
studies.

2.3.9 Example

Example 2.7 In this example, we assume ZF = 0 and ZP = ZN:

(a) Compare the relative magnitudes of a two-phase short-circuit fault and a
three-phase short-circuit fault.
From Equations (2.36) and (2.61), we have

|I3φ| = VF

ZP
and |I2φ| =

√
3

2

VF

ZP
hence |I2φ| = 0.866 × |I3φ|

(b) For both one-phase to earth and two-phase to earth faults, derive general
expressions for the earth fault currents in terms of three-phase fault currents
and expressions for residual voltages. Comment on the effect of ZPS to PPS
impedance ratio.

Let KZP = ZZ/ZP. The residual voltage is the sum of the three-phase volt-
age phasors. In actual three-phase power systems, both residual voltages and
earth fault currents are measured using current and voltage transformers. These
measurements are used for the detection of earth faults by protection relays.

One-phase short-circuit fault
The earth fault current is given by Equation (2.48). Hence,

I1φ = 3

2ZP + ZZ

VF

ZP
= 3

2 + KZP
I3φ or

I1φ

I3φ

= 3

2 + KZP
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Using Equations (2.50) and (2.51), the residual voltage is equal to

VE(1φ) = VR + VY + VB = −3KZP

2 + KZP
VF or

VE(1φ)

VF
= −3KZP

2 + KZP

Two-phase to earth short-circuit fault
The earth fault current is given by Equation (2.72). Hence,

IE(2φ−E) = −3

1 + 2KZP

VF

ZP
= −3

1 + 2KZP
I3φ or

IE(2φ−E)

I3φ

= −3

1 + 2KZP

Using Equation (2.73), the residual voltage is equal to

VE(2φ−E) = VR + VY + VB = 3KZP

1 + 2KZP
VF or

VE(2φ−E)

VF
= 3KZP

1 + 2KZP

KZP = ZZ

ZP
= RZ + jXZ

RP + jXP
≈ RZ + jXZ

jXP
= XZ

XP
− j

RZ

XP

The complex ratio KZP has been simplified assuming that in high voltage net-
works, the PPS XP/RP ratio is generally larger than 5. It is quite interesting to
examine the variation of

I1φ

I3φ

= 3

2 + KZP

IE(2φ−E)

I3φ

= −3

1 + 2KZP

VE(1φ)

VF
= −3KZP

2 + KZP

VE(2φ−E)

VF
= 3KZP

1 + 2KZP

as functions of KZP where the latter varies from 0 to 5.
For KZP = 0, 1, 5 and ∞, I1φ/I3φ = 1.5, 1, 0.43 and 0, respectively,

and |IE(2φ−E)/I3φ| = 3, 1, 0.27 and 0, respectively. In other words, for
KZP = (ZZ/ZP) < 1, I1φ > I3φ and IE(2φ−E) > I3φ, and IE(2φ−E) > I1φ, and vice
versa. For KZP = 0, 1, 5 and ∞, |VE(1φ)/VF| = 0, 1, 2.14 and 3, respectively,
and |VE(2φ−E)/VF| = 0, 1, 1.36 and 1.5, respectively.

2.4 Fault analysis and choice of reference frame

2.4.1 General
The mathematical equations derived in previous sections for unbalanced short-
circuit and open-circuit faults were based on arranging the unbalance conditions
to be symmetrical about phase R which was taken as the reference phase. In this
section, we will show that whilst any phase could be chosen as the reference, the
choice of phase R results in the simplest mathematical derivations.
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2.4.2 One-phase to earth short-circuit faults
In the case of a one-phase to earth short circuit on phase R with phase R chosen
as the reference, the symmetrical components of the faulted phase are given by

VP
R + VN

R + VZ
R = 0 and IP

R = IN
R = IZ

R (2.89)

The above equations are represented in Figure 2.7.
However, for a one-phase to earth short circuit on phase Y with phase Y chosen

as the reference, the symmetrical components of the faulted phase are given by

VP
Y + VN

Y + VZ
Y = 0 and IP

Y = IN
Y = IZ

Y (2.90)

Expressing the sequence currents and voltages of Equation (2.90) in terms of phase
R using Equation (2.8), we obtain

h2VP
R + hVN

R + VZ
R = 0 and h2IP

R = hIN
R = IZ

R (2.91)

Similarly, for a one-phase to earth short circuit on phase B with phase B chosen
as the reference, the symmetrical components of the faulted phase are given by

VP
B + VN

B + VZ
B = 0 and IP

B = IN
B = IZ

B (2.92)

Expressing the sequence currents and voltages of Equation (2.92) in terms of phase
R using Equation (2.8), we obtain

hVP
R + h2VN

R + VZ
R = 0 and hIP

R = h2IN
R = IZ

R (2.93)

Equations (2.89), (2.91) and (2.93) can be represented by the connection of the
PPS, NPS and ZPS networks as shown in Figure 2.12. The sequence networks
are still connected in series but through three complex multipliers kP, kN and kZ.
These multipliers are applied to the sequence voltages and currents and are equal
to either 1, h or h2 according to Equations (2.89), (2.91) and (2.93) and as shown
in Case 1 in Figure 2.12. The function of the multiplier is to apply the same phase
shift to the relevant sequence current and voltage whilst keeping their magnitudes
unchanged. In describing this multiplier, we have deliberately avoided the use of
the term phase shifting transformer so as to avoid confusion with the property
of physical transformers that transform voltages and currents by inverse ratios or
multipliers.

Figure 2.12 shows that the phase shifts are applied to the PPS and NPS voltages
and currents for faults on either phase Y or B. However, the ZPS current and
voltage multiplier is always equal to unity.

For convenience in practical analysis, it is normal to avoid applying phase shifts
to the active PPS network, which contains generating or voltage sources, and
instead apply the phase shifts to the passive NPS and ZPS networks. This is easily
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Figure 2.12 One-phase short-circuit fault on either phase R, Y or B

accomplished by dividing Equations (2.91) and (2.93) by h2 and h, respectively,
and the resulting multipliers kP, kN and kZ are as shown in Case 2 in Figure 2.12.

In summary, in the case of a single-phase to earth short-circuit fault on any phase
in a three-phase network, the assumption of the fault being on phase R results in
the simplest mathematical equations because the three multipliers kP, kN and kZ

are all equal to unity.

2.4.3 Two-phase to earth short-circuit faults
For a two-phase to earth short-circuit fault, we have three cases as follows:

(a) Phase Y to B to earth short-circuit fault, phase R is the reference phase

VP
R = VN

R = VZ
R and IP

R + IN
R + IZ

R = 0 (2.94)

(b) Phase R to B to earth short-circuit fault, phase Y is the reference phase

VP
Y = VN

Y = VZ
Y and IP

Y + IN
Y + IZ

Y = 0 (2.95a)

or expressed in terms of phase R

h2VP
R = hVN

R = VZ
R and h2IP

R + hIN
R + IZ

R = 0 (2.95b)
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(c) Phase R to Y to earth short-circuit fault, phase B is the reference phase

VP
B = VN

B = VZ
B and IP

B + IN
B + IZ

B = 0 (2.96a)

or expressed in terms of phase R

hVP
R = h2VN

R = VZ
R and hIP

R + h2IN
R + IZ

R = 0 (2.96b)

Equations (2.94), (2.95b) and (2.7b) can be represented by the connection of the
PPS, NPS and ZPS networks as shown in Figure 2.13. The sequence networks
are still connected in parallel but through three complex multipliers kP, kN and kZ

that are equal to either 1, h or h2 according to Equations (2.95b) and (2.96b) as
shown in Case 1 in Figure 2.13. Again, applying phase shifts to the active PPS
network can be avoided by dividing Equations (2.95b) and (2.96b) by h2 and h,
respectively, and the resulting multipliers kP, kN and kZ are as shown in Case 2 in
Figure 2.13.

A comparison of the tables showing the complex multipliers kP, kN and kZ in
Figures 2.12 and 2.13 show that for the same reference phase, each multiplier, kP,
kN or kZ, has the same value irrespective of the fault type.

The methodology presented can be easily extended to any other unbalanced
short-circuit or unbalanced open-circuit fault. The reader is encouraged to repeat
the analysis for other fault conditions. These include: (a) a one-phase open-circuit
fault on any phase, i.e. R or Y or B; (b) a two-phase open-circuit fault on any two
phases, i.e. R–Y or Y–B or R–B; and (c) a two-phase short-circuit fault on any two
phases, i.e. R–Y or Y–B or R–B.
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2.5 Analysis of simultaneous faults

2.5.1 General
Simultaneous faults are more than one fault that occur at the same time in a three-
phase power system either at the same or at different locations. Because there is a
very large theoretical combination of such faults, we will limit our attention to a
representative number of cases that are of practical interest. These are three cases
of two simultaneous faults and one case of three simultaneous faults. The analysis
of simultaneous faults can be simplified by deriving the conditions at the fault
locations with respect to the same reference phase, i.e. phase R. These conditions
determine the method of connection of the PPS, NPS and ZPS networks. In this
analysis, we assume that the full network has been reduced to an equivalent as
seen from the faulted boundary locations and the latter, denoted as nodes J and L,
have been retained. Network reduction is discussed in detail in Chapter 8.

2.5.2 Simultaneous short-circuit faults at the
same location

The two-simultaneous faults we consider are illustrated in Figure 2.14(a) and
consist of a solid one-phase to earth short-circuit fault and a solid two-phase short-
circuit fault. Conceptually, since all three phases are faulted, the two faults can
also be considered as a single three-phase unbalanced fault! Using phase R as the
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Figure 2.14 Simultaneous one-phase to earth and two-phase short-circuits at the same location, or
three-phase unbalanced short-circuit fault
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reference phase, the single-phase short circuit assumed to occur on phase R and
the two-phase short circuit assumed to occur on phases Y and B, the conditions at
the fault location are given by

VR = 0 IY + IB = 0 VY = VB (2.97)

Using Equations (2.9b) and (2.9c) for IY and IB instead of voltages, we obtain

IP + IN = 2IZ (2.98)

Substituting Equations (2.19), (2.20) and (2.21) for PPS, NPS and ZPS voltages
at the fault point into Equations (2.9), we have

VR = (VF − ZPIP) + (−ZNIN) + (−ZZIZ) = 0 (2.99a)

VY = h2(VF − ZPIP) + h(−ZNIN) + (−ZZIZ) (2.99b)

and

VB = h(VF − ZPIP) + h2(−ZNIN) + (−ZZIZ) (2.99c)

Adding Equations (2.99), we obtain VR + VY + VB = −3ZZIZ = 2VY = 2VB or

VY = VB = −3ZZIZ

2
(2.100)

Also, using Equations (2.99b) and (2.99c) as well as VY = VB from Equation
(2.97), we have VY − hVB = (1 − h)VY = (1 − h)(ZNIN − ZZIZ) or

VY = ZNIN − ZZIZ (2.101)

Equating Equations (2.100) and (2.101), we obtain

IZ = −2ZN

ZZ
IN (2.102)

Substituting Equation (2.102) into Equation (2.98), we obtain

IN = ZZ

4ZN + ZZ
IP and IZ = 2ZN

4ZN + ZZ
IP (2.103)
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Substituting Equations (2.103) into Equation (2.99a), the sequence fault
currents are

IP = 4ZN + ZZ

4ZPZN + ZNZZ + ZZZP
VF (2.104a)

IN = −ZZ

4ZPZN + ZNZZ + ZZZP
VF (2.104b)

IZ = 2ZN

4ZPZN + ZNZZ + ZZZP
VF (2.104c)

Using Equation (2.9), the phase fault currents are given by

IR = 6ZN

4ZPZN + ZNZZ + ZZZP
VF (2.105a)

IY = IB = −j
√

3(2ZN + ZZ)

4ZPZN + ZNZZ + ZZZP
VF (2.105b)

Subtracting Equation (2.9c) from Equation (2.9b) and using VY = VB, we obtain
VP = VN. Using Equation (2.9a) with VR = 0 and VP = VN, we obtain VZ = −2VP.
Using Equation (2.20), we obtain

VP = VN = ZNZZ

4ZPZN + ZNZZ + ZZZP
VF (2.106a)

and

VZ = −2ZNZZ

4ZPZN + ZNZZ + ZZZP
VF (2.106b)

Finally, using Equation (2.100), the phase voltages on phases Y and B are given by

VY = VB = −3ZNZZ

4ZPZN + ZNZZ + ZZZP
VF (2.106c)

Using Equation (2.98) or IZ = (IP + IN)/2 and VZ = −2VP = −2VN, the equiva-
lent circuit of this simultaneous fault condition is shown in Figure 2.14(b).

It should be noted that the real transformation ratio acts on voltage and current
as a normal ideal transformer does.

2.5.3 Cross-country faults or simultaneous faults
at different locations

A cross-country fault is a condition where there are two simultaneous one-phase
to earth short-circuit faults affecting the same circuit but at different locations and
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possibly involving different phases. Therefore, the fault conditions are a one-phase
to earth, phase R–Earth (E) short-circuit fault at location J and one-phase to earth
short-circuit fault on either R–E, Y–E or B–E at location L. The fault conditions
at both fault locations are given as follows:

Location J: R–E short-circuit fault

VP
J + VN

J + VZ
J = 0 and IP

J = IN
J = IZ

J (2.107)

Location L: R–E short-circuit fault

VP
L + VN

L + VZ
L = 0 and IP

L = IN
L = IZ

L (2.108)

Location L: Y–E short-circuit fault

h2VP
L + hVN

L + VZ
L = 0 and h2IP

L = hIN
L = IZ

L

or

VP
L + h2VN

L + hVZ
L = 0 and IP

L = h2IN
L = hIZ

L (2.109)

Location L: B–E short-circuit fault

hVP
L + h2VN

L + VZ
L = 0 and hIP

L = h2IN
L = IZ

L

or

VP
L + hVN

L + h2VZ
L = 0 and IP

L = hIN
L = h2IZ

L (2.110)

Figure 2.15 shows the connection of the PPS, NPS and ZPS networks at the two
fault locations J and L using the three sets of Equations (2.107) and (2.108), (2.107)
and (2.109), and (2.107) and (2.110).

Straightforward analysis using Kirchoff’s voltage and current laws can be
carried out using Figure 2.15.

2.5.4 Simultaneous open-circuit and short-circuit
faults at the same location

We now consider a one-phase open-circuit fault on phase R at location J and a
one-phase to earth short-circuit fault R–E or Y–E or B–E at the same location.

The conditions created by the open-circuit fault on phase R at location J creating
open-circuit J–J′ are given by

VP
JJ′ = VN

JJ′ = VZ
JJ′ and IP

JJ′ + IN
JJ′ + IZ

JJ′ = 0 (2.111)
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Figure 2.15 Cross-country simultaneous one-phase to earth short-circuit faults

The conditions created by a R–E short-circuit fault at location J are given by

VP
J + VN

J + VZ
J = 0 and IP

J = IN
J = IZ

J (2.112)

The conditions created by a Y–E short-circuit fault at location J are given by

h2VP
J + hVN

J + VZ
J = 0 and h2IP

J = hIN
J = IZ

J

or

VP
J + h2VN

J + hVZ
J = 0 and IP

J = h2IN
J = hIZ

J (2.113)

The conditions created by a B–E short-circuit fault at location J are given by

hVP
J + h2VN

J + VZ
J = 0 and hIP

J = h2IN
J = IZ

J

or

VP
J + hVN

J + h2VZ
J = 0 and IP

J = hIN
J = h2IZ

J (2.114)

Figure 2.16 shows the connection of the PPS, NPS and ZPS networks using the
three sets of equations (2.111) and (2.112), (2.111) and (2.113), and (2.111) and
(2.114).
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Figure 2.16 Simultaneous one-phase open-circuit and one-phase short-circuit faults

Straightforward analysis using Kirchoff’s voltage and current laws can be
carried out using Figure 2.16.

2.5.5 Simultaneous faults caused by broken and
fallen to earth conductors

Figure 2.17 illustrates a one-phase open-circuit fault on phase R caused by a broken
phase conductor. The conductors on both sides of the open circuit are assumed to
fall to earth thus creating a one-phase to earth short-circuit fault on each side.

The conditions created by the open-circuit fault on phase R creating open-circuit
J–J′ are given by

VP
JJ′ = VN

JJ′ = VZ
JJ′ and IP

JJ′ + IN
JJ′ + IZ

JJ′ = 0 (2.115)

Short-circuit fault on phase R at location J

VP
J + VN

J + VZ
J = 0 and IP

J = IN
J = IZ

J (2.116)

Short-circuit fault on phase R at location J′

VP
J′ + VN

J′ + VZ
J′ = 0 and IP

J′ = IN
J′ = IZ

J′ (2.117)
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Figure 2.17 Three simultaneous faults caused by a broken and fallen to earth conductor

Figure 2.17 shows the connection of the PPS, NPS and ZPS networks using
Equations (2.115), (2.116) and (2.117).

Straightforward analysis using Kirchoff’s voltage and current laws can be
carried out using Figure 2.17.

2.5.6 Simultaneous short-circuit and open-circuit
faults on distribution transformers

We will now analyse in detail a simultaneous fault case that involves a two-winding
distribution transformer that is extensively used in distribution substations. The
high voltage winding is delta connected with fuses being used as incoming pro-
tection against high currents. The low voltage winding is star connected with
the neutral solidly earthed and the transformer supplies a balanced three-phase
load. The simultaneous faults may be created when a short-circuit fault occurs on
the transformer low voltage side which causes one fuse to blow and clear before
the other fuses, or a circuit-breaker upstream, open and clear the fault. This can
lead to a situation where the short-circuit currents are too low to operate any fur-
ther protection so that the prolonged duration of such currents may overstress
or even damage power plant. The transformer is assumed to supply a balanced
star-connected three-phase static load having an impedance per phase of ZL and
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therefore the corresponding load PPS, NPS and ZPS impedances are all equal to
ZL. The detailed sequence modelling of transformers will be covered in Chapter 4,
but we will present this case now because of its practical importance and relevance
in this chapter. We will also make use of the transformer phase shifts introduced
by the star–delta winding connections and presented in Chapter 4, and we will
consider the transformer vector group to be D11yn or in accordance with Ameri-
can ANSI standard. This means that when stepping up from the low voltage to the
high voltage side, the transformer’s PPS currents (and voltages) are advanced by
30◦ whereas the NPS currents (and voltages) are retarded by 30◦. The simultan-
eous faults are illustrated in Figure 2.18(a) and the equivalent sequence network
connections are shown in Figure 2.18(b).
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Figure 2.18 Simultaneous one-phase short circuit on transformer low voltage side and one-phase open
circuit on transformer high voltage side
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From Figure 2.18(b), the following relations can be written

IP
S = IP

HV = IP
LVe j30◦

and VP
HV = VP

LVe j30◦
(2.118)

IN
S = IN

HV = IN
LVe−j30◦

and VN
HV = VN

LVe−j30◦
(2.119)

IP
S = −IN

S (2.120)

kPIP
F = kNIN

F = kZIZ
F and kPVP

F + kNVN
F + kZVZ

F = 0 (2.121)

Therefore, from the above current equations, we obtain

IP
LVe j30◦ = −IN

LVe−j30◦
IN
LV = −IP

LVe j60◦
(2.122)

and

IP
F = kNIN

F IZ
F = kN

kZ
IN
F kP = 1 (2.123)

Applying Kirchoff’s voltage law to the high voltage side of the PPS network of
Figure 2.18(b), we obtain VS = IP

S ZP
S − IN

S ZN
S + VP

HV − VN
HV or using Equations

(2.118)–(2.121)

VS = (ZP
S + ZN

S )IP
LVe j30◦ + VP

LVe j30◦ − VN
LVe−j30◦

(2.124)

Applying Kirchoff’s voltage law to the low voltage side of the PPS network of
Figure 2.18(b), and after a little algebra, we obtain

VP
LV = IP

LV(ZHL + ZL) − IP
F ZL (2.125)

Applying Kirchoff’s voltage law to the low voltage side of the NPS network of
Figure 2.18(b), and using Equation (2.122), we obtain

VN
LV = −(ZHL + ZL)IP

LVe j60◦ − IN
F ZL (2.126)

Substituting Equations (2.125) and (2.126) into Equation (2.124), and using
Equation (2.123), we obtain, after a little algebra

VS = [(ZP
S + ZN

S ) + 2(ZHL + ZL)]IP
LVe j30◦ − ZLIN

F (kNe j30◦ − e−j30◦
) (2.127)

Using Equations (2.122) and (2.123) as well as Figure 2.18(b), the PPS, NPS and
ZPS voltages at the short-circuit fault point are given by

VP
F = ZL(IP

LV − kNIN
F ) (2.128)

VN
F = −ZL(IP

LVe j60◦ + IN
F ) (2.129)



72 Symmetrical components and connection of phase sequence networks

From the low voltage side of the ZPS network of Figure 2.18(b), we have
VZ

F = ZZ
L (IZ

LV − IZ
F ) = −ZZ

HLIZ
LV which, using Equation (2.123) and Figure 2.18(b)

becomes

VZ
F = −kN

kZ

ZZ
L ZZ

HL

ZZ
L + ZZ

HL

IN
F (2.130)

Now, by substituting Equations (2.128), (2.129) and (2.130) into the sequence
voltages of Equation (2.121), we can express IN

F in terms of IP
LV as

IN
F = ZL(1 − kNe j60◦

)

kN
(

2ZL + ZZ
L ZZ

HL

ZZ
L +ZZ

HL

) IP
LV (2.131)

Substituting Equation (2.131) into Equation (2.127) and solving for IP
LV, we obtain

IP
LV = VSe−j30◦

[(ZP
S + ZN

S ) + 2(ZHL + ZL)] − Z2
L[kN(2−kNe j60◦ )−e−j60◦]

kN

(
2ZL+ ZZ

L ZZ
HL

ZZ
L +ZZ

HL

) (2.132)

The calculation of IP
LV enables us to calculate the required sequence currents and

voltages in Figure (2.18b) using Equations (2.118) to (2.131) by back substitution.
We will present in Chapter 6 that the voltage source VS is calculated from the initial
load flow solution just before the occurrence of the short-circuit fault as follows:

VS = (ZP
S + ZHL)ILoad + VLoad (2.133)

The short-circuit fault current on the faulted phase can be calculated from Equation
(2.123) as follows:

IF = 3kNIN
F (2.134)

The corresponding currents on the high voltage side can be calculated using
Equations (2.15a), (2.118), (2.119) and (2.122) to give

IY = √
3 IP

LVe−j60◦
(2.135)

and

IB = √
3 IP

LVe j120◦ = −IY (2.136)

The reader is encouraged to repeat the above analysis for a solid two-phase to earth
short-circuit fault on the transformer low voltage side considering all three fault
combinations of R–Y–E, R–B–E and Y–B–E.
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3

Modelling of
multi-conductor

overhead lines and
cables

3.1 General

In this chapter, we present the modelling of multi-conductor overhead lines and
cables both in the phase and sequence frames of reference. Calculations and meas-
urement techniques of the electrical parameters, or constants, of lines and cables are
described. Transposition analysis of single-circuit and multiple-circuit overhead
lines, and sheaths and cores of cables are presented as well as their π models in
the sequence and phase frames of reference.

3.2 Phase and sequence modelling of
three-phase overhead lines

3.2.1 Background
The transmission and distribution of three-phase electrical power on overhead lines
requires the use of at least three-phase conductors. Most low voltage lines use
three-phase conductors forming a single three-phase circuit. Many higher voltage
lines consist of a single three-phase circuit or two three-phase circuits strung or
suspended from the same tower structure and usually called a double-circuit line.
The two circuits may be strung in a variety of configurations such as vertical,
horizontal or triangular configurations. Figure 3.1 illustrates typical single-circuit
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Figure 3.1 (a) Typical single-circuit and double-circuit overhead lines and (b) double-circuit overhead
lines with one earth wire: twin bundle = 2 conductors per phase and quad bundle = 4 conductors per
phase

lines and double-circuit lines in horizontal, triangular and vertical phase conductor
arrangements. A line may also consist of two circuits running physically in parallel
but on different towers. In addition, a few lines have been built with three, four
or even six three-phase circuits strung on the same tower structure in various
horizontal and/or triangular formations. In England and Wales, almost 99% of
the 400 kV and 275 kV overhead transmission system consists of vertical or near
vertical double-circuit line configurations.

In addition to the phase conductors, earth wire conductors may be strung to the
tower top and normally bonded to the top of the earthed tower. Earth wires perform
two important functions; shielding the phase conductors from direct lightning
strikes and providing a low impedance path for the short-circuit fault current in the
event of a back flashover from the phase conductors to the tower structure. The
ground itself over which the line runs is an important additional lossy conductor
having a complex and distributed electrical characteristics. In the case of high
resistivity or lossy earths, it is usual to use a counterpoise, i.e. a wire buried
underground beneath the tower base and connected to the footings of the towers.
This serves to reduce the effective tower footing resistance. Where a metallic
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pipeline runs in close proximity to an overhead line, a counterpoise may also be
used in parallel with the pipeline in order to reduce the induced voltage on the
pipeline from the power line.

Therefore, a practical overhead transmission line is a complex arrangement of
conductors all of which are mutually coupled not only to each other but also to
earth. The mutual coupling is both electromagnetic (i.e. inductive) and electrostatic
(i.e. capacitive). The asymmetrical positions of the phase conductors with respect
to each other, the earth wire(s) and/or the surface of the earth cause some unbalance
in the phase impedances, and hence currents and voltages. This is undesirable and
in order to minimise the effect of line unbalance, it is possible to interchange the
conductor positions at regular intervals along the line route, a practice known as
transposition. The aim of this is to achieve some averaging of line parameters
and hence balance for each phase. However, in practice, and in order to avoid
the inconvenience, costs and delays, most lines are not transposed along their
routes but transposition is carried out where it is physically convenient at the line
terminals, i.e. at substations.

Bundled phase conductors are usually used on transmission lines at 220 kV and
above. These are constructed with more than one conductor per phase separated
at regular intervals along the span length between two towers by metal spacers.
Conductor bundles of two, three, four, six and eight are in use in various countries
and in Great Britain, two, three (triangle) and four (square or rectangle) conductor
bundles are used at 275 and 400 kV. The purpose of bundled conductors is to reduce
the voltage gradients at the surface of the conductors because the bundle appears
as an equivalent conductor of much larger diameter than that of the component
conductors. This minimises active losses due to corona, reduces noise generation,
e.g. radio interference, reduces the inductive reactance and increases the capacitive
susceptance or capacitance of the line. The latter two effects improve the steady
state power transfer capability of the line. Figure 3.1(a)(ii) shows a typical 400 kV
double-circuit line of vertical phase conductor arrangement having four bundled
conductors per phase, one earth wire and one counterpoise wire. The total num-
ber of conductors in such a multi-conductor system is (4 × 3) × 2 + 1 + 1 = 26
conductors, all of which are mutually coupled to each other and to earth.

3.2.2 Overview of the calculation of
overhead line parameters

General

A line is a static power plant that has electrical parameters distributed along its
length. The basic parameters of the line are conductor series impedance and shunt
admittance. Each conductor has a self-impedance and there is a mutual impedance
between any two conductors. The impedance generally consists of a resistance
and a reactance. The shunt admittance consists of the conductor’s conductance to
ground and the susceptance between conductors and between each conductor and



Phase and sequence modelling of three-phase overhead lines 77

earth. The conductance of the air path to earth represents the leakage current along
the line insulators due to corona. This is negligibly small and is normally ignored
in short circuit, power flow and transient stability analysis.

Practical calculations of multi-conductor line parameters with series impedance
expressed in pu length (e.g. �/km) and shunt susceptance in μS/km are carried out
using digital computer programs. These parameters are then used to form the line
series impedance and shunt admittance matrices in the phase frame of reference
as will be described later. The line capacitances or susceptances are calculated
from the line potential coefficients which are essentially dependent on the line and
tower physical dimensions and geometry. The calculations use the method of image
conductors, assumes that the earth is a plane at a uniform zero potential and that
the conductor radii are much smaller than the spacings among the conductors. The
self and mutual impedances depend on the conductor material, construction, tower
or line physical dimensions or geometry, and on the earth’s resistivity. Figure 3.2
is a general illustration of overhead line tower physical dimensions and spacings
of conductors above the earth’s surface as well as conductor images below earth
used for the calculation of line electrical parameters.

The fundamental theories used in the calculations of resistance, inductance and
capacitance parameters of overhead lines are extensively covered in most basic
power system textbooks and will not be repeated here. Practical digital computer
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Figure 3.2 A general illustration of an overhead line physical dimensions and conductor spacings relative
to tower centre and earth
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based calculations used in industry consider the effect of earth as a lossy conducting
medium. The equations used in the calculation of line parameters are presented
below.

Potential coefficients, shunt capacitances and susceptances

Using Figure 3.2, given a set of N conductors, the potential V of conductor i due
to conductor’s own charge and charges on all other conductors is given by

Vi|i=1,...,N =
N∑

j=1

PijQj V (3.1)

where Pij is the Maxwell’s potential coefficient expressed in km/F and Qj is the
charge in C/km. The equations assume an infinitely long perfectly horizontal
conductors above earth whose effect is included using the method of electrostatic
images. This method is generally valid up to a frequency of about 1 MHz. The
potential of a conductor i above earth due to its own charge and an equal but negative
charge on its own image enables us to calculate the self-potential coefficient of
conductor i as follows:

Pii = 17.975109 × loge

(
2yi

ri

)
km/μF (3.2a)

where yi is the height of conductor i above earth in m and ri is the radius of
conductor i in m. Clearly yi is much greater than ri. The potential of conductor
i due to a charge on conductor j and an equal but negative charge on the image
of conductor j enables us to calculate the mutual potential coefficient between
conductor i and conductor j as follows:

Pij = 17.975109 × loge

(
Dij

dij

)
and Pji = Pij km/μF (3.2b)

where Dij is the distance between conductor i and the image beneath the earth’s sur-
face of conductor j in m, and dij is the distance between conductor i and conductor j
in m. Equation (3.1) can be rewritten in matrix form as

V = PQ V (3.3a)

where P is a potential coefficient matrix of N × N dimension. Multiplying both
sides of Equation (3.3a) by P−1, we obtain

Q = CV C (3.3b)

where

C = P−1 μF/km (3.3c)
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C is line’s shunt capacitance matrix and is equal to the inverse of the potential
coefficient matrix P. Under steady state conditions, the current and voltage vectors
are phasors and are related by

I = YV = jBV = jωCV amps (3.4a)

since the line’s conductance is negligible at power frequency f . The line’s shunt
susceptance matrix is given by

B = ωC = 2πf C μS/km (3.4b)

Series self and mutual impedances

Self impedance
The equations assume infinitely long and perfectly horizontal conductors above
a homogeneous conducting earth having a uniform resistivity ρc(�m) and a unit
relative permeability. Proximity effect between conductors is neglected. Using
Figure 3.2, the series voltage drop in V of each conductor due to current flowing
in the conductor itself and currents flowing in all other conductors in the same
direction is given by

Vi|i=1,...,N =
N∑

j=1

ZijIj V/km (3.5a)

where Z is the impedance expressed in �/km and I is the current in amps. The
self-impedance of conductor i is given by

Zii = [Ri(c) + jXi(c)] + jXi(g) + [Ri(e) + jXi(e)] �/km (3.5b)

where subscript c represents the contribution of conductor i resistance and internal
reactance, g represents a reactance contribution to conductor i due to its geom-
etry, i.e. an external reactance contribution and e represents correction terms to
conductor i resistance and reactance due to the contribution of the earth return
path. If skin effect is neglected, i.e. assuming a direct current (dc) condition or
zero frequency, the internal dc impedance of a solid magnetic round conductor,
illustrated in Figure 3.3(a), is given by

Zi(c) = Ri(c) + jXi(c) = 1000ρc

πr2
c

+ j4π10−4f (μr/4) �/km (3.6)

where μr and ρc are the relative permeability and resistivity of the conductor,
respectively, and rc is the conductor’s radius.

Where skin effect is to be taken into account, the following exact equation for
the internal impedance of a solid round conductor can be used

Zi(c) = 1000ρc

2πrc
× (

√
2δ−1ejπ/4) × I0[(

√
2δ−1rc)ejπ/4]

I1[(
√

2δ−1rc)ejπ/4]
�/km (3.7a)
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Figure 3.3 Illustration of some conductor types: cross-section of a (a) solid round conductor, (b) tubular
round conductor and (c) 30/7 stranded conductor (30 Aluminium, 7 inner steel stands)

where √
2 δ−1ejπ/4 = 1

δ
+ j

1

δ

is defined as the complex propagation constant and δ is skin depth or depth of
penetration into the conductor and is given by

δ = 503.292 ×
√

ρc

f μr
m (3.7b)

and Ii are modified Bessel functions of the first kind of order i. For calculation
of line parameters close to power frequency, the following alternative equation,
suitable for hand calculations using electronic calculators, is found accurate up to
about 200 Hz:

Zi(c) = 1000ρc

πr2
c

(
1 + π4r4

c f 2μ2
c

3×1014ρ2
c

)
+ j4π10−4f

μr

4

(
1 − π4r4

c f 2μ2
c

6×1014ρ2
c

)
�/km

(3.8)

Equation (3.8) shows that skin effect causes an increase in the conductor’s effective
ac resistance and a decrease in its effective ac internal reactance. Also, at f = 0,
Equation (3.8) reduces to Equation (3.6).

In the case of a tubular or hollow conductor, illustrated in Figure 3.3(b), the dc
internal impedance is given by

Zi(c) = 1000ρc

π(r2
o − r2

i )
+ j4π10−4f

μr

4

[
1 − 2r2

i

(r2
o − r2

i )
+ 4r4

i

(r2
o − r2

i )
2

loge

(
ro

ri

)]
�/km

(3.9)

Mathematically, the case of a solid round conductor is a special case of the hollow
conductor since by setting ri = 0, Equation (3.9) reduces to Equation (3.6). Alu-
minium conductor steel reinforced (ACSR) or modern gapped-type conductors can
be represented as hollow conductors if the effect of steel saturation can be ignored.
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Saturation may be caused by the flow of current through the helix formed by each
Aluminium strand that produces a magnetic field within the steel.

Where skin effect of a hollow conductor is to be taken into account, the following
exact equation for the internal impedance of such a conductor can be used

Zi(c) = 1000ρc

2π(r2
o − r2

i )

(
1 − r2

i

r2
o

)
(
√

2δ−1ro)j
D1

D2
�/km (3.10a)

D2 = I0[(
√

2δ−1ro)ejπ/4] × K1[(
√

2δ−1ri)e
jπ/4] + I1[(

√
2δ−1ri)e

jπ/4]

× K0[(
√

2δ−1ro)ejπ/4]

D2 = I1[(
√

2δ−1ro)ejπ/4] × K1[(
√

2δ−1ri)e
jπ/4] − I1[(

√
2δ−1ri)e

jπ/4]

× K1[(
√

2δ−1ro)ejπ/4] (3.10b)

where Ii and Ki are modified Bessel functions of the first and second kind of order i,
respectively. Mathematical solutions suitable for digital computations that provide
sufficient accuracy are available in standard handbooks of mathematical functions
and also in modern libraries of digital computer programs. Equation (3.7a) that
represents the case of a solid conductor can be obtained from Equation (3.10a) by
substituting ri = 0.

The external reactance of conductor i due to its geometry is given by

Xi(g) = 4π10−4f loge

(
2yi

ri

)
�/km (3.11)

In practice, the internal reactance of a conductor is much smaller than its external
reactance except in the case of very large conductors at high frequencies. Generally,
precision improvements in the former would have very small effect on the total
reactance.

The contribution of the earth’s correction terms to the self-impedance of
conductor i is presented after the next section.

Mutual impedances
The mutual impedance between conductor i and conductor j is given by

Zij = jXij(g) + [Rij(e) + jXij(e)] �/km (3.12a)

and

Xij(g) = 4π10−4f loge

(
Dij

dij

)
�/km (3.12b)

Earth return path impedances
The contributions of correction terms to the self and mutual impedances, due to
the earth return path, are generally given as infinite series. The resistance and
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reactance general correction terms are calculated in terms of two parameters mij

and θij as follows

Rij(e) = 4π10−4f × 2

[
π

8
− b1mij cos θij + b2m2

ij

×
{

loge

(
eC2

mij

)
cos (2θij) + θij sin (2θij)

}
+ b3m3

ij cos (3θij)

− d4m4
ij cos (4θij) − b5m5

ij cos (5θij) + · · ·
]

(3.13a)

Xij(e) = 4π10−4f × 2

[
1

2
loge

(
1.85138

mij

)
+ b1mij cos θij − d2m2

ij cos (2θij)

+ b3m3
ij cos (3θij) − b4m4

ij

{
loge

(
eC4

mij

)
cos (4θij)

+ θij sin (4θij)

}
+ b5m5

ij cos (5θij) − · · ·
]

(3.13b)

where

mij =

⎧⎪⎪⎨
⎪⎪⎩

√
2 × 2yi

δ
for the self-impedance terms or i = j

√
2 × Dij

δ
for the mutual impedance terms or i �= j

(3.14a)

θij =

⎧⎪⎨
⎪⎩

0 for the self-impedance terms or i = j

cos−1
(

yi + yj

Dij

)
for the mutual impedance terms or i �= j

(3.14b)

and δ is the skin depth defined in Equation (3.7b). The coefficients used in Equation
(3.13) are given by

b1 = 1

3
√

2
b2 = 1

16
bn = bn−2

sign

n(n + 2)
C2 = 1.3659315

Cn = Cn−2 + 1

n
+ 1

n + 2
and dn = π

4
bn

The sign in bn alternates every four terms that is sign = +1 for n = 1, 2, 3, 4 then
sign = −1 for n = 5, 6, 7, 8 and so on.

Various forms of Equation (3.13) can be given depending on the value of mij.
For short-circuit, power flow and transient stability analysis, the line parameters
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are calculated at power frequency, i.e. 50 or 60 Hz. For such calculations, mij is
normally less than unity and generally one term in the series would be sufficient
to give good accuracy. At higher frequencies, two cases are distinguished; the first
is for 1 < mij ≤ 5, where the full series is usually used whereas for mij > 5, the
series converges to an asymptotic form and simple finite expressions that provide
acceptable accuracy may be used provided that θij < 45◦. Generally, the number
of correction terms required increases with frequency if sufficient accuracy is to
be maintained.

Using the skin depth δ of Equation (3.7b), and an earth relative permeability
of unity, the effect of earth return path is defined as an equivalent conductor at a
depth given by

Derc = 1.309125 × δ

or

Derc = 658.87 ×
√

ρe

f
m (3.15)

Therefore, for the self-impedance, the resistance and reactance correction terms
are given by

Ri(e) = π210−4f − f

911.812 × Derc

2yi

+ · · · �/km (3.16a)

Xi(e) = 4π10−4f loge

(
Derc

2yi

)
+ f

911.812 × Derc

2yi

+ · · · �/km (3.16b)

and for the mutual impedance, the correction terms are given by

Rij(e) = π210−4f − f

911.812 × Derc

yi + yj

+ · · · �/km (3.17a)

and

Xij(e) = 4π10−4f loge

(
Derc

Dij

)
+ f

911.812 × Derc

yi + yj

+ · · · �/km (3.17b)

Typical values of earth resistivity are: 1–20 �m for garden and marshy soil,
10–100 �m for loam and clay, 60–200 �m for farmland, 250–500 �m for sand,
300–1000 �m for pebbles, 1000–10 000 �m for rock and 109 �m for sandstone.
Resistivity of sea water is typically 0.1–1 �m. Using an average earth resistivity of
a reasonably wet soil of 20 �m, the depth of the equivalent earth return conductor
Derc given in Equation (3.15) is equal to 416.7 m at 50 Hz and 380.4 m at 60 Hz.
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Summary of self and mutual impedances
Substituting Equations (3.11), (3.16a) and (3.16b) in Equation (3.5), the self-
impedance of conductor i with earth return is given by

Zii = Ri(c) + π210−4f − f

911.812 × Derc

2yi

+ · · ·

+ j

⎡
⎢⎢⎣Xi(c) + 4π10−4f loge

(
2yi

ri

)
+ 4π10−4f loge

(
Derc

2yi

)

+ f

911.812 × Derc

2yi

+ · · ·

⎤
⎥⎥⎦�/km (3.18a)

Substituting Equations (3.12) and (3.17) in Equation (3.12), the mutual impedance
between conductor i and conductor j with earth return is given by

Zij = π210−4f − f

911.812 × Derc

yi + yj

+ · · ·

+ j

[
4π10−4f loge

(
Dij

dij

)
+ 4π10−4f loge

(
Derc

Dij

)

+ f

911.812 × Derc

yi + yj

+ · · ·

⎤
⎥⎥⎦�/ km (3.18b)

For non-digital computer calculations of impedances at power frequency, e.g. using
electronic hand calculators, the use of the first earth correction term for resistance
and reactance is usually sufficient. Assuming that the power frequency inductance
of a general tubular conductor does not appreciably reduce below its dc value given
in Equation (3.9), Equation (3.18a) reduces to

Zii = Ri(c) + π210−4f + j4π10−4f

[
μr

4
× f (ro, ri) + loge

(
Derc

ro

)]
�/km

(3.19a)

where

f (ro, ri) = 1 − 2r2
i

(r2
o − r2

i )
+ 4r4

i

(r2
o − r2

i )
2

loge

(
ro

ri

)
(3.19b)

For a non-magnetic solid conductor with μr = 1 and ri = 0, we obtain from
Equation (3.19b), f (ro, ri) = 1 giving a value for the internal inductance in
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Equation (3.19a) of 1/4. Combining this with the logarithmic term, the latter
changes to loge[Derc/(0.7788 × ro)] where 0.7788 × ro is known as the geometric
mean radius of the conductor.

Similarly, combining its two logarithmic terms, Equation (3.18b) reduces to

Zij = π210−4f + j4π10−4f loge

(
Derc

dij

)
�/km (3.20a)

When calculating mutual impedances between conductors of circuits that are
separated by a distance d, Equation (3.20a) is generally sufficiently accurate for

dij ≤ Derc

7.32
m (3.20b)

For an earth resistivity of 20 �m and f = 50 Hz, Derc = 416.7 m and dij ≤ 57 m.

Stranded conductors

Overhead lines with stranded conductors are extensively used and their effect is
important in calculating power frequency line parameters. Figure 3.3(c) illustrates
a conductor that consists of N strands. Even a tightly packed bundle of a large
number of strands will still leave small unfilled gaps between the strands. The total
cross-sectional area of the strands is smaller than the equivalent cross-sectional area
of a solid conductor. This reduction factor is the area of the conductors divided
by the area of the equivalent solid conductor and can be used to increase the
equivalent conductor effective resistivity whilst keeping its overall radius the same.
However, for line parameter calculations, the equivalent geometric mean radius of
the conductor is calculated and for a general conductor that consists of N strands
each having a radius r, this is given by

GMRc =
⎛
⎝rN

N−1∏
i=1

N∏
j=i+1

D2
ij

⎞
⎠N−2

(3.21)

The effect of stranding causes a reduction in the outer radius of the equivalent
conductor of the bundle of strands. A reduction factor, termed the stranding factor,
is defined as the ratio of the geometric mean radius, GMRc, of the conductor to
the conductor’s outer radius and this can be calculated for any known stranding
arrangement. For example, for a homogeneous conductor that consists of seven
strands arranged on a hexagonal array, it can be shown that the area reduction
factor is equal to 0.77778 and the stranding factor is equal to 0.72557.

Bundled phase conductors

Figure 3.4 illustrates a general case of a phase bundle consisting of N conductors
per phase with asymmetrical spacings between the conductors. Practical examples
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Figure 3.4 General asymmetrical bundle of phase conductors

of such asymmetrical arrangement are rectangular and non-equilateral triangu-
lar bundles. Asymmetrical conductor bundles of two or more conductors can be
represented by an equivalent single conductor. The radius of the equivalent con-
ductor can be calculated by applying the GMR technique to an arbitrary set of axes
and origin as shown in Figure 3.4. The GMR of the equivalent conductor of the
entire bundle is given by

GMREq =
⎧⎨
⎩(GMRc)N

N−1∏
i=1

N∏
j=i+1

[
(xi − xj)

2 + (yi − yj)
2
]⎫⎬
⎭

N−2

(3.22)

where N is ≥2 and is the number of conductors in the bundle. When impedance
calculations are carried out, GMRc is the geometric mean radius of one conductor
in the bundle. When potential coefficient calculations are carried out, GMRc is
equal to the conductor’s outer radius.

Special cases of symmetrical conductor bundles are shown in Figure 3.5. This
shows bundles of two, three, four and six conductors, with circles drawn through
the centres of the individual conductors. It can be shown that the general Equation
(3.22) of the equivalent GMREq reduces to

GMREq = N
√

N × GMRc × AN−1 (3.23a)

where A is the radius of a circle through the centres of the bundled conductors and
is given by

A = d

2 × sin
(π

N

) (3.23b)
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Figure 3.5 Typical symmetrical bundles of phase conductors

and d is the spacing between any two adjacent conductors in the symmetrical
bundle.

It should be noted that for N subconductors in a bundle, the internal resistance
and inductance included in Equation (3.19a) must be divided by N .

An alternative method of bundling phase conductors is to form the full phase
impedance and susceptance matrices from the parameters of all conductors includ-
ing bundled subconductors and earth wires. For example, for a single-circuit
line with one earth wire and four conductors per phase, the dimension of the
resultant phase impedance matrix is 13 × 13. The bundled conductors are effec-
tively short-circuited by zero impedance so the voltages are equal for all the
subconductors in the bundle and the sum of currents in all subconductors is
equal to the equivalent phase current. For example, for phase R, the subconduc-
tor voltages are V1 = V2 = V3 = V4 = VR whereas for the subconductor currents,
I1 + I2 + I3 + I4 = IR. Using these voltage and current constraints, the bundle
conductors can then be combined using standard matrix reduction techniques to
produce a 4 × 4 matrix that represents three equivalent phase conductors and one
earth wire.

Average height of conductor above earth

The calculation of line parameters is based on the assumption of perfectly horizon-
tal conductors above the earth’s plane. The average sag of phase conductors and
earth wires between towers together with the height of the conductor at the tower
can be used to calculate an average conductor height for use in the calculation of
line’s electrical parameters. Using Figure 3.6, it can be shown that the average
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Figure 3.6 Average conductor height above earth between two towers

height of the earth wire conductor above ground is given by

Hav =
√

(2H t − Sav)Sav

loge

(
Ht+√

(2H t−Sav)Sav
Ht−Sav

)m (3.24)

where Ht is the conductor height at the tower in m and Sav is the average con-
ductor sag in m measured at mid-span between two suspension towers and usually
assumed to apply to the entire line length, i.e. ignoring the effect of angle or tension
towers. For span lengths of up to 400 to 500 m, a simple formula can be derived
by assuming that the variation of conductor height with distance between the two
towers is a parabola, that is

y = Ht − 2Sav

xms
x + Sav

x2
ms

x2 m (3.25)

where xms is half the span length. The average height above ground between the
two towers is calculated by integrating Equation (3.25) over the span length, i.e.

Hav = yav = 1

2xms
×
∫ 2xms

0
y dx

Thus,

Hav = Ht − 2

3
Sav m (3.26)

The calculation of average conductor height should take into account the different
sags of phase and earth wire conductors.



Phase and sequence modelling of three-phase overhead lines 89

Figure 3.7 Multi-conductor single-circuit three-phase line with two earth wires

3.2.3 Untransposed single-circuit three-phase lines
with and without earth wires

Consider a general case of a multi-conductor single-circuit three-phase overhead
line with asymmetrical spacings between the conductors, two earth wires and with
earth return as shown in Figure 3.7.

Phase and sequence series impedance matrices

Figure 3.8(a) shows the coupled series inductive circuit of Figure 3.7 where each
phase and earth wire conductors, and earth are represented as equivalent self and
mutually coupled impedances.

To derive a general formulation of the series phase impedance matrix for such
a line, the phase R series impedance voltage drop equation can be written as

VR − V ′
R = �VR = ZRRIR + ZRYIY + ZRBIB − ZRS1IS1 − ZRS2IS2

− ZREIE + VE (3.27a)

VE = ZEEIE − ZERIR − ZEYIY − ZEBIB + ZES1IS1 + ZNS2IS2 (3.27b)

With the phases at the receiving end all earthed, IR + IY + IB = IE + IS1 + IS2 and
using Equation (3.27b) in Equation (3.27a), we have

�VR = (ZRR − 2ZRE + ZEE)IR + (ZRY − ZRE − ZYE + ZEE)IY

+ (ZRB − ZRE − ZBE + ZEE)IB + (ZRE − ZRS1 + ZS1E − ZEE)IS1

+ (ZRE − ZRS2 + ZS2E − ZEE)IS2
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Figure 3.8 Series impedance and shunt susceptance circuits of Figure 3.7: (a) three-phase coupled
series impedance circuit; (b) three-phase coupled shunt capacitance circuit; (c) reduced three-phase shunt
capacitance circuit with earth wires eliminated and (d) three-phase shunt capacitance circuit in sequence
terms
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or

�VR = ZRR–EIR + ZRY–EIY + ZRB–EIB + ZRS1–EIS1 + ZRS2–EIS2 (3.28a)

where

ZRR–E = ZRR − 2ZRE + ZEE ZRY–E = ZRY − (ZRE + ZYE) + ZEE

ZRB–E = ZRB − (ZRE + ZBE) + ZEE ZRS1–E = ZRE − (ZRS1 − ZS1E) − ZEE

ZRS2–E = ZRE − (ZRS2 − ZS2E) − ZEE

(3.28b)

The self and mutual phase impedances defined in Equation (3.28b) as well as
those of the earth wires include the effect of earth impedance ZEE. We can write
similar equations for �VY, �VB, �VS1, �VS2 and combine them all to obtain
the following series voltage drop and partitioned series phase impedance matrix:

⎡
⎢⎢⎢⎢⎣

�VR

�VY

�VB

�VS1

�VS2

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

ZRR–E ZRY–E ZRB–E ZRS1–E ZRS2–E

ZYR–E ZYY–E ZYB–E ZYS1–E ZYS2–E

ZBR–E ZBY–E ZBB–E ZBS1–E ZBS2–E

ZS1R–E ZS1Y–E ZS1B–E ZS1S1–E ZS1S2–E

ZS2R–E ZS2Y–E ZS2B–E ZS2S1–E ZS2S2–E

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

IR

IY

IB

IS1

IS2

⎤
⎥⎥⎥⎥⎦ (3.29)

In large-scale power system short-circuit analysis, we are interested in the calcu-
lation of short-circuit currents on the faulted phases R, Y or B or a combination of
these but generally not in the currents flowing in the earth wires. One exception is
the calculation of earth fault return currents covered in Chapter 10. For the elimi-
nation of the earth wires, the partitioned Equation (3.29) is rewritten as follows:

[
�VRYB

�VS1S2

]
=
[
ZAA ZAS

ZSA ZSS

][
IRYB

IS1S2

]
(3.30a)

where

�VRYB = [VR VY VB]t IRYB = [IR IY IB]
t

�VS1S2 =
[

�VS1

�VS2

]
IS1S2 =

[
IS1

IS2

]

ZAA =
⎡
⎣ ZRR–E ZRY–E ZRB–E

ZYR–E ZYY–E ZYB–E

ZBR–E ZBY–E ZBB–E

⎤
⎦ ZAS =

⎡
⎣ ZRS1–E ZRS2–E

ZYS1–E ZYS2–E

ZBS1–E ZBS2–E

⎤
⎦

ZSA =
[

ZS1R–E ZS1Y–E ZS1B–E

ZS2R–E ZS2Y–E ZS2B–E

]
ZSS =

[
ZS1–S1–E ZS1–S2–E

ZS2–S1–E ZS2–S2–E

]
(3.30b)
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ZAA consists of the self and mutual impedances of phase conductors R, Y and
B with earth return. ZAS consists of the mutual impedances between the phase
conductors R, Y and B, and earth wires S1 and S2, with earth return. ZSA = Zt

AS
noting that the individual impedances are symmetric, i.e. ZRS1–E = ZS1R–E. ZSS

consists of the self and mutual impedances of the earth wires S1 and S2 with earth
return. The earth return effect is shown in Equation (3.28b). Expanding Equation
(3.30a), we obtain

�VRYB = ZAAIRYB + ZASIS1S2 (3.31a)

�VS1S2 = Zt
ASIRYB + ZSSIS1S2 (3.31b)

In the majority of line installations, the earth wires are bonded to the tower tops
and are only partially earthed by the footing resistance of each tower to which they
are connected but solidly earthed at substations. However, it is usual to assume
zero tower footing resistances and that the earth wires are at zero voltage at all
points. Thus, using �VS1S2 = 0 in Equation (3.31b) and substituting the result in
Equation (3.31a), we obtain

�VRYB = ZRYB(S–E)IRYB (3.32a)

where

ZRYB(S–E) = ZAA − ZASZ−1
SS Zt

AS (3.32b)

and

ZRYB(S–E) =
⎡
⎢⎣ ZRR(S–E) ZRY(S–E) ZRB(S–E)

ZYR(S–E) ZYY(S–E) ZYB(S–E)

ZBR(S–E) ZBY(S–E) ZBB(S–E)

⎤
⎥⎦ (3.32c)

Equation (3.32b) shows that the self and mutual phase impedances of the phase
conductors of matrix ZAA are reduced by the presence of the earth wires. Equation
(3.32c) indicates the elements of the phase impedance matrix of the single-circuit
three-phase line with both earth wires eliminated and including the effect of the
earth impedance. It is noted that the mathematical elimination of the earth wires
only eliminates their presence from the full matrix but not their effects which are
included in the modified elements of the reduced matrix, i.e. ZRR(S−E) �= ZRR−E.

Although far less common, segmented earth wires may be used to prevent circu-
lating currents in earth wires and associated I2R losses. This is a ‘T’ arrangement
where the earth wires are bonded to the top of the middle tower but insulated at the
adjacent towers on either side. This is equivalent to IS1 = IS2 = 0 in Equation (3.29)
and hence the reduced phase impedance matrix ZRYB(S−E) is directly obtained from
Equation (3.29) by deleting the last two rows and columns that correspond to the
earth wires. This results in ZRYB(S–E) = ZAA. The impedance matrix of Equation
(3.32c) is symmetric about the diagonal and in the case of asymmetrical spac-
ings between the conductors, the self or diagonal terms are generally not equal
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to each other, and neither are the mutual or off-diagonal terms. Currents flowing
in any one conductor will induce voltage drops in the other two conductors and
these may be unequal even if the currents are balanced. This is because the mutual
impedances, which are dependent on the physical spacings of the conductors, are
unequal. Rewriting the voltage drop equation using Equation (3.32c) and dropping
the S and E notation for convenience, we can write

⎡
⎢⎣

�VR

�VY

�VB

⎤
⎥⎦ =

⎡
⎢⎣

ZRR ZRY ZRB

ZYR ZYY ZYB

ZBR ZBY ZBB

⎤
⎥⎦
⎡
⎢⎣

IR

IY

IB

⎤
⎥⎦ (3.33)

Assuming balanced three-phase currents, i.e. IY = h2IR and IB = hIR where
h = ej2π/3, we obtain from Equation (3.33)

�VR = (ZRR + h2ZRY + hZRB)IR (3.34a)

�VY = (ZYY + h2ZYB + hZYR)IY (3.34b)

�VB = (ZBB + h2ZBR + hZBY)IB (3.34c)

Equation (3.34) describes the per-phase or single-phase representation of the
three-phase system when balanced currents flow. However, the three per-phase
equivalent impedances are clearly unequal and a single per-phase representation
cannot be used.

The sequence impedance matrix of the phase impedance matrix given in
Equation (3.33) can be calculated, assuming a phase rotation of RYB, using
VRYB = HVPNZ and IRYB = HIPNZ where H is the sequence to phase transform-
ation matrix given in Chapter 2. Therefore,

P N Z

ZPNZ = H−1ZRYBH =
P
N
Z

⎡
⎣ ZPP ZPN ZPZ

ZNP ZNN ZNZ

ZZP ZZN ZZZ

⎤
⎦ (3.35)

where the nine sequence impedance elements of this matrix are as given by
Equation (2.26) in Chapter 2.

The conversion to the sequence reference frame still produces a full and even
asymmetric sequence impedance matrix that includes intersequence mutual coup-
ling. Where this intersequence coupling is to be eliminated, the circuit has to be
perfectly transposed. Transposition is dealt with in Section 3.2.4.

Phase and sequence shunt susceptance matrices

Figure 3.8(b) shows the shunt capacitance circuit of Figure 3.7 involving phase
conductors and earth. To derive the shunt phase susceptance matrix, we use the
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potential coefficients calculated from the line’s dimensions. Thus, the voltage on
each conductor to ground as a function of the electric charges on all the conductors
is given by

⎡
⎢⎢⎢⎢⎢⎣

VR

VY

VB

VS1

VS2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣

PRR PR–Y ZR–B PR–S1 PR–S2

PY–R PYY ZY–B PY–S1 PY–S2

PB–R PB–Y ZBB PB–S1 PB–S2

PS1–R PS1–Y ZS1–B PS1S1 PS1–S2

PS2–R PS2–Y ZS2–B PS2–S1 PS2S2

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

QR

QY

QB

QS1

QS2

⎤
⎥⎥⎥⎥⎥⎦ (3.36a)

which can be written as[
VRYB

VS1S2

]
=
[

PAA PAS

PSA PSS

][
QRYB

QS1S2

]
(3.36b)

Again, with the earth wires at zero voltage, they are eliminated from Equation
(3.36b) as follows

VRYB = PRYB(S)QRYB (3.37a)

where

PRYB(S) = PAA − PASP−1
SS Pt

AS (3.37b)

Again, PRYB(S) is the reduced potential coefficient matrix that includes the effects
of the eliminated earth wires. Equation (3.37b) shows that the self and mutual
potential coefficients of the phase conductors of the matrix PAA are reduced by
the presence of the earth wires. To derive the shunt phase capacitance matrix of
the line, multiplying Equation (3.37a) by P−1

RYB(S), we obtain

QRYB = CRYB(S)VRYB (3.38a)

where
CRYB(S) = P−1

RYB(S) (3.38b)

and CRYB(S) is the shunt phase capacitance matrix.
Expanding Equation (3.38b), and noting that the capacitance matrix elements

include the effect of the eliminated earth wires, we have

CRYB(S) =
⎡
⎣ CRR–S −CRY(S) −CRB(S)

−CYR(S) CYY–S −CYB(S)

−CBR(S) −CBY(S) CBB(S)

⎤
⎦ (3.38c)

In Equation (3.38c), the elements of this capacitance matrix are increased by
the presence of the earth wires which reduce the potential coefficients. Equa-
tion (3.38c) is illustrated in the reduced shunt capacitance equivalent shown in
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Figure 3.8(c) after the elimination of the earth wires but not their effects. Using
Equations (3.4b) and (3.38c) and dropping the S notation for convenience, the
nodal admittance matrix of Figure 3.8(c) is given by⎡

⎢⎣ IR

IY

IB

⎤
⎥⎦ =

⎡
⎢⎣ jBRR −jBRY −jBRB

−jBYR jBYY −jBYB

−jBBR −jBBY jBBB

⎤
⎥⎦
⎡
⎢⎣VR

VY

VB

⎤
⎥⎦ (3.39a)

or

IRYB = jBRYBVRYB (3.39b)

The negative signs for the off-diagonal capacitance or susceptance terms are due
to the matrices being in nodal form. For example, from Figure 3.8(c), and using
susceptances instead of capacitances, the injected current into node R is given by

IR = jBR–EVR + jBRY(VR − VY) + jBRB(VR − VB)

= jBRRVR − jBRYVY − jBRBVB (3.40a)

where
BRR = BR–E + BRY + BRB (3.40b)

and similarly for IY and IB. The off-diagonal terms represent shunt susceptances
between two-phase conductors, e.g. R and Y, etc. The diagonal terms, e.g. that
for conductor R, represent the sum of the shunt capacitances between conductor
R and all other conductors including earth as shown in Figure 3.8(c).

The shunt susceptance matrix of Equation (3.39a) is symmetric about the diag-
onal but in the case of asymmetrical spacings between the conductors, the self that
is diagonal terms are generally not equal to each other, and neither are the mutual
or off-diagonal terms. Therefore, as for the series phase impedance matrix, the
sequence shunt susceptance matrix is given by

P N Z

BPNZ = H−1BRYBH =
P

N

Z

⎡
⎢⎣

BPP BPN BPZ

BNP BNN BNZ

BZP BZN BZZ

⎤
⎥⎦ (3.41)

where the nine sequence susceptance elements of this matrix are as given by
Equation (2.26) in Chapter 2 but with Z replaced by B.

As for the series sequence impedance matrix, the intersequence mutual coupling
present can be eliminated by assuming the line to be perfectly transposed. This is
dealt with in the Section 3.2.4.

An alternative method to obtain the reduced 3 × 3 capacitance matrix of Equa-
tion (3.38c) is to calculate the inverse of the 5 × 5 potential coefficient matrix of
Equation (3.36a) which gives a 5 × 5 shunt capacitance matrix. The 3 × 3 shunt
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capacitance matrix can then be directly obtained by simply deleting the last two
rows and columns that correspond to the earth wires. The reader is encouraged to
prove this statement.

We have presented in this section the general case of an untransposed single-
circuit three-phase line with two earth wires. The cases where the line has only one
earth wire or no earth wires become special cases from a mathematical viewpoint.
The 5 × 5 matrices of Equations (3.29) and (3.36a) become 4 × 4 matrices in the
case of one earth wire and 3 × 3 matrices in the case of no earth wires and the
rest of the analysis is similar. If the earth wires are identical and are symmetrical
with respect to the three-phase circuit, they can be initially analytically replaced
by an equivalent single earth wire whose equivalent impedance is half the sum of
the self-impedance of one earth wire and the mutual impedance between the earth
wires. However, analytical calculations are not necessary because of the extensive
use in industry of digital computer calculations of line parameters or constants.

3.2.4 Transposition of single-circuit three-phase lines
We have shown in Section 3.2.3 that the calculated sequence series impedance and
shunt susceptance matrices include full intersequence mutual couplings. How-
ever, as presented in Chapter 2, sequence component reference frame analysis is
based on separate positive phase sequence (PPS), negative phase sequence (NPS)
and zero phase sequence (ZPS) circuits. To eliminate the intersequence mutual
couplings, an assumption can be made that the line is perfectly transposed. The
objective of transposition is to produce equal series self-impedances, and equal
series mutual impedances in the phase frame of reference and similarly for the
shunt self-susceptances and shunt mutual susceptances. Perfect phase transposi-
tion means that each phase conductor occupies successively the same physical
positions as the other two conductors in two successive line sections as shown in
Figure 3.9.

Figure 3.9 shows three sections of a transposed line. This represents a perfectly
transposed line where the three sections have equal length. Perfect transposition
results in the same total voltage drop for each phase conductor and hence equal
average series self-impedances of each phase conductor. This effect also applies to
the average series phase mutual impedances, average shunt phase self-susceptances
and average shunt phase mutual susceptances. Figure 3.9(a) illustrates a complete
forward transposition cycle, i.e. three transpositions where the line is divided
into three sections and t, m and b are used to designate the conductor physical
positions on the tower. If the three conductors of the circuit are designated C1,
C2 and C3, then a forward transposition is defined as one where the conductor
positions for the three sections are C1C2C3, C3C1C2 then C2C3C1 as shown in
Figure 3.9(a).

Using Equation (3.33), the series voltage drops per-unit length across conductors
C1, C2 and C3 for each section of the line can be calculated taking into account the
changing positions of the three conductors on the tower and hence their changing
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Figure 3.9 Transposition of a single-circuit three-phase line: (a) forward successive phase transpositions
and (b) reverse successive phase transpositions

impedances. With equal section lengths, i.e. �1 = �2 = �3 = 1
3�, the voltage drops

for each section of the line are given as⎡
⎢⎣

VC1

VC2

VC3

⎤
⎥⎦

Section-1

= 1

3

C1

C2

C3

⎡
⎢⎣

Ztt Ztm Ztb

Zmt Zmm Zmb

Zbt Zbm Zbb

⎤
⎥⎦
⎡
⎢⎣

IC1

IC2

IC3

⎤
⎥⎦ or VCSection-1 = 1

3
ZSection-1IC

(3.42a)⎡
⎢⎣

VC1

VC2

VC3

⎤
⎥⎦

Section-2

= 1

3

C1

C2

C3

⎡
⎢⎣

Zmm Zmb Zmt

Zbm Zbb Zbt

Ztm Ztb Ztt

⎤
⎥⎦
⎡
⎢⎣

IC1

IC2

IC3

⎤
⎥⎦ or VCSection-2 = 1

3
ZSection-2IC

(3.42b)⎡
⎢⎣

VC1

VC2

VC3

⎤
⎥⎦

Section-3

= 1

3

C1

C2

C3

⎡
⎢⎣

Zbb Zbt Zbm

Ztb Ztt Ztm

Zmb Zmt Zmm

⎤
⎥⎦
⎡
⎢⎣

IC1

IC2

IC3

⎤
⎥⎦ or VCSection-3 = 1

3
ZSection-3IC

(3.42c)

where Z is a total impedance of the line. Therefore, the voltage drop across each
conductor of the line is given by

VTotal =
3∑

i=1

VSection-i = 1

3
(ZSection-1 + ZSection-2 + ZSection-3)IC = ZPhaseIC

(3.43a)
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where

ZPhase = 1

3
(ZSection-1 + ZSection-2 + ZSection-3) =

⎡
⎣ ZS ZM ZM

ZM ZS ZM

ZM ZM ZS

⎤
⎦ (3.43b)

and

ZS = 1

3
(Ztt + Zmm + Zbb) ZM = 1

3
(Ztm + Zmb + Zbt) (3.43c)

ZPhase is the phase impedance matrix of the perfectly transposed line, noting that
individual conductor impedances are symmetric.

We have shown how to calculate the phase impedance matrix for each line
transposition section from first principles. However, a general matrix analysis
approach is more suitable for modern calculations by digital computers. Let us
define a transposition matrix that has the following characteristics:

T =
⎡
⎣ 0 0 1

1 0 0
0 1 0

⎤
⎦ T−1 = Tt = T2 =

⎡
⎣0 1 0

0 0 1
1 0 0

⎤
⎦ T3 = U the identity matrix

(3.44)

Using Equation (3.42) and noting the successive changing positions of the three
conductors in Figure 3.9(a), Equation (3.42) can be rewritten as

⎡
⎣VC1

VC2

VC3

⎤
⎦

Section-1

= 1

3

⎡
⎣ Ztt Ztm Ztb

Zmt Zmm Zmb

Zbt Zbm Zbb

⎤
⎦
⎡
⎣ IC1

IC2

IC3

⎤
⎦ = 1

3
ZSection-1

⎡
⎣ IC1

IC2

IC3

⎤
⎦

⎡
⎣VC3

VC1

VC2

⎤
⎦

Section-2

= 1

3
ZSection-1

⎡
⎣ IC3

IC1

IC2

⎤
⎦ and

⎡
⎣VC2

VC3

VC1

⎤
⎦

Section-3

= 1

3
ZSection-1

⎡
⎣ IC2

IC3

IC1

⎤
⎦

(3.45)

Using the transposition matrix defined in Equation (3.44), we can write for
Section 2 ⎡

⎢⎣
VC3

VC1

VC2

⎤
⎥⎦

Section-2

= T

⎡
⎢⎣

VC1

VC2

VC3

⎤
⎥⎦

Section-2

= 1

3
ZSection-1T

⎡
⎢⎣

IC1

IC2

IC3

⎤
⎥⎦

or ⎡
⎢⎣

VC1

VC2

VC3

⎤
⎥⎦

Section-2

= VC(Section-2) = 1

3
T tZSection-1T IC = 1

3
ZSection-2IC
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or

ZSection-2 = T t ZSection-1T (3.46)

Similarly for Section 3, we can write

⎡
⎢⎣

VC2

VC3

VC1

⎤
⎥⎦

Section-3

= T −1

⎡
⎢⎣

VC1

VC2

VC3

⎤
⎥⎦

Section-2

= 1

3
ZSection-1T −1

⎡
⎢⎣

IC1

IC2

IC3

⎤
⎥⎦

or ⎡
⎢⎣

VC1

VC2

VC3

⎤
⎥⎦

Section-3

= VC(Section-3) = 1

3
T ZSection-1T t IC = 1

3
ZSection-3IC

or
ZSection-3 = T ZSection-1T t (3.47)

In summary, the phase impedance matrices of the first, second and third line
transposition sections are given by

ZSection-i =
⎧⎨
⎩

ZSection-1 for i = 1
T t ZSection-1T for i = 2
T ZSection-1Tt for i = 3

(3.48a)

and the phase impedance matrix of the perfectly transposed line is given by

ZPhase = 1

3

[
ZSection-1 + T tZSection-1T + T ZSection-1T t] (3.48b)

This analysis approach is straightforward if the effect of the matrix T is recognised.
The effect of pre-multiplying matrix ZSection-1 by matrix T is to shift its row 2
elements up to row 1, row 3 elements up to row 2 and row 1 elements to row 3.
Also, the effect of post-multiplying matrix ZSection-1 by matrix T t is to shift its
column 2 elements to column 1, column 3 elements to column 2 and column 1
elements to column 3. A reverse successive transposition cycle could also be used
to obtain the same result as illustrated in Figure 3.9(b). The reader is encouraged
to show that the phase impedance matrix of each transposition section, using
transposition matrix T, is given by

ZSection-i =
⎧⎨
⎩

ZSection-1 for i = 1
T ZSection-1T t for i = 2
T tZSection-1T for i = 3

(3.49a)
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and the phase impedance is given by

ZPhase = 1

3

[
ZSection-1 + T ZSection-1T t + T t ZSection-1T

]
(3.49b)

Equation (3.43b) is the phase impedance matrix of our balanced or perfectly trans-
posed single-circuit line. Assuming R, Y, B is the electrical phase rotation of
conductors 1, 2 and 3, respectively, the sequence impedance matrix, calculated as
shown in Chapter 2, using ZPNZ = H−1ZPhaseH, is given by

ZPNZ =
⎡
⎣ZP 0 0

0 ZN 0
0 0 ZZ

⎤
⎦ (3.50a)

where

ZP = ZN = ZS − ZM = 1

3
[(Ztt + Zmm + Zbb) − (Ztm + Zmb + Zbt)]

ZZ = ZS + 2ZM = 1

3
[(Ztt + Zmm + Zbb) + 2(Ztm + Zmb + Zbt)] (3.50b)

Combining Equation (3.50a) with sequence voltage and current vectors, the
sequence voltage drops are given by

�VP = ZPIP �VN = ZNIN �VZ = ZZIZ (3.51)

Equation (3.51) shows that the three sequence voltage drop equations are
decoupled.

For the shunt phase susceptance matrix, we follow the same method as for the
series phase impedance matrix. Therefore, using Figure 3.9(a), we can write

BSection-i =

⎧⎪⎨
⎪⎩

BSection-1 for i = 1

T tBSection-1T for i = 2

T BSection-1T t for i = 3

(3.52a)

and the transposed shunt phase susceptance matrix is given by

BPhase = 1

3
[BSection-1 + T tBSection-1T + T BSection-1T t] (3.52b)

The resultant shunt phase susceptance matrix of our perfectly transposed line is
given by

BPhase =
⎡
⎣ BS −BM −BM

−BM BS −BM

−BM −BM BS

⎤
⎦ (3.53a)

where

BS = 1

3
(Btt + Bmm + Bbb) and BM = 1

3
(Btm + Bmb + Bbt) (3.53b)
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Using BPNZ = H−1BPhaseH, the shunt sequence susceptance matrix is given by

BPNZ =
⎡
⎣BP 0 0

0 BN 0
0 0 BZ

⎤
⎦ (3.54a)

where

BP = BN = BS + BM = 1

3
[(Btt + Bmm + Bbb) + (Btm + Bmb + Bbt)] (3.54b)

and

BZ = BS − 2BM = 1

3
[(Btt + Bmm + Bbb) − 2(Btm + Bmb + Bbt)] (3.54c)

Combining Equation (3.54a) with sequence voltages and currents, the nodal
sequence currents are given by

IP = jBPVP IN = jBNVN IZ = jBZVZ (3.55)

Equation (3.55) shows that the three sequence current equations are decoupled.
It is instructive to view the capacitance parameters of the three-phase reduced

capacitance equivalent of Figure 3.8(c) in sequence terms noting that for the
balanced line represented by Equation (3.53), the shunt and mutual terms of Fig-
ure 3.8(c) become CS − 2CM and CM, respectively. Using Equations (3.54b) and
(3.54c) for capacitance, we obtain

CM = CP − CZ

3
and CS − 2CM = CZ

The result is shown in Figure 3.8(d).
We have assumed in this section that the line is perfectly transposed that is each

unit length is divided into three sections of equal lengths. In practice, lines are rarely
perfectly transposed because of the expense and inconvenience. The general case
where the line may be semi-transposed at one or two locations some distance(s)
along the line route can be considered as follows. From Figure 3.9(a), we assume
that the lengths of the three line sections are �1, �2 and �3 where �1 + �2 + �3 = �

and � is the total line unit length. Thus, from Equation (3.42), we can write

ZSection-1 = �1

�

⎡
⎣ Ztt Ztm Ztb

Zmt Zmm Zmb

Zbt Zbm Zbb

⎤
⎦ ZSection-2 = �2

�

⎡
⎣Zmm Zmb Zmt

Zbm Zbb Zbt

Ztm Ztb Ztt

⎤
⎦

and

ZSection-3 = �3

�

⎡
⎣ Zbb Zbt Zbm

Ztb Ztt Ztm

Zmb Zmt Zmm

⎤
⎦ (3.56a)
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Therefore, the phase impedance matrix of the general case of a transposed
line is

ZPhase = 1

�

⎡
⎢⎢⎣

�1Ztt + �2Zmm + �3Zbb �1Ztm + �2Zmb + �3Zbt �1Ztb + �2Zmt + �3Zbm

�1Zmt + �2Zbm + �3Ztb �1Zmm + �2Zbb + �3Ztt �1Zmb + �2Zbt + �3Ztm

�1Zbt + �2Ztm + �3Zmb �1Zbm + �2Ztb + �3Zmt �1Zbb + �2Ztt + �3Zmm

⎤
⎥⎥⎦

(3.56b)

or

ZPhase =
⎡
⎢⎣ ZS1 ZM1 ZM2

ZM1 ZS2 ZM3

ZM2 ZM3 ZS3

⎤
⎥⎦ (3.56c)

The matrix of Equation (3.56c) is symmetric but the self or diagonal terms are
unequal to each other, and the mutual or off-diagonal terms on a given row or col-
umn are unequal to each other. Therefore, the corresponding sequence impedance
matrix will be full with intersequence mutual coupling. This result should be
expected as the line is no longer perfectly transposed since perfect transposition
occurs only when �1 = �2 = �3 = �/3. Similar analysis applies to the susceptance
matrix.

3.2.5 Untransposed double-circuit lines with
earth wires

For double-circuit three-phase lines with earth wires strung on the same tower,
there is mutual coupling between the conductors of the two circuits besides that
between the conductors within each circuit. The self-circuit and inter-circuit mutual
coupling needs to be defined, together with its significance, in sequence component
terms, for use in large-scale power frequency steady state analysis.

Phase and sequence series impedance matrices

Figure 3.10 illustrates a typical double-circuit line with two earth wires. For circuit
A, the phase conductors are numbered 1, 2 and 3 and occupy positions t1, m1 and b1.
For circuit B, the phase conductors are numbered 4, 5 and 6 and occupy positions
t2, m2, b2. The earth wires are numbered 7 and 8.

The general formulation of the series phase impedance matrix for this line can
be derived from the voltage drops across each conductor in a manner similar to
that presented in Section 3.2.2. Let Zii be the self-impedance of conductor i with
earth return and Zij be the mutual impedance between conductors i and j with
earth return. The series voltage drops across all phase and earth wire conductors,
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Circuit A Circuit B

1

2

3

5

4

6

7 8S1 S2

t1 t2

m1

b1 b2

m2

Earth

Figure 3.10 Typical double-circuit three-phase overhead line with two earth wires

denoted C1 to C8, are given by
Circuit A Circuit B Earth wires

C1 C2 C3 C4 C5 C6 C7 C8⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�V1(A)

�V2(A)

�V3(A)

�V4(B)

�V5(B)
�V6(B)

�V7(S)

�V8(S)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

Circuit A

Circuit B

C1

C2

C3

C4

C5

C6

C7

C8

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Z11 Z12 Z13 Z14 Z15 Z16 Z17 Z18

Z21 Z22 Z23 Z24 Z25 Z26 Z27 Z28

Z31 Z32 Z33 Z34 Z35 Z36 Z37 Z38

Z41 Z42 Z43 Z44 Z45 Z46 Z47 Z48

Z51 Z52 Z53 Z54 Z55 Z56 Z57 Z58

Z61 Z62 Z63 Z64 Z65 Z66 Z67 Z68

Z71 Z72 Z73 Z74 Z75 Z76 Z77 Z78

Z81 Z82 Z83 Z84 Z85 Z86 Z87 Z88

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I1(A)

I2(A)

I3(A)

I4(B)

I5(B)

I6(B)

I7(S)

I8(S)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.57a)
or ⎡

⎢⎣�VA

�VB

�VS

⎤
⎥⎦ =

⎡
⎢⎣ZAA ZAB ZAS

ZBA ZBB ZBS

ZSA ZSB ZSS

⎤
⎥⎦
⎡
⎢⎣ IA

IB

IS

⎤
⎥⎦ (3.57b)

where

�VA =
⎡
⎢⎣�V1(A)

�V2(A)

�V3(A)

⎤
⎥⎦ �VB =

⎡
⎢⎣�V4(B)

�V5(B)

�V6(B)

⎤
⎥⎦ �VS =

[
�V7(S)

�V8(S)

]
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IA =
[ I1(A)

I2(A)
I3(A)

]
IB =

[ I4(B)
I5(B)
I6(B)

]
IS =

[
I7(S)
I8(S)

]
ZSS =

[
Z77 Z78
Z87 Z88

]

ZAA =
⎡
⎣ Z11 Z12 Z13

Z21 Z22 Z23
Z31 Z23 Z33

⎤
⎦ ZAB =

⎡
⎣ Z14 Z15 Z16

Z24 Z25 Z26
Z34 Z35 Z36

⎤
⎦ ZAS = Zt

SA =
⎡
⎣ Z17 Z18

Z27 Z28

Z37 Z38

⎤
⎦

ZBA = Z t
AB =

⎡
⎢⎣ Z41 Z42 Z43

Z51 Z52 Z53

Z61 Z62 Z63

⎤
⎥⎦ ZBB =

⎡
⎢⎣ Z44 Z45 Z46

Z54 Z55 Z56

Z64 Z65 Z66

⎤
⎥⎦ ZBS = Z t

SB =
⎡
⎢⎣ Z47 Z48

Z57 Z58

Z67 Z68

⎤
⎥⎦

(3.57c)

ZAA consists of the self and mutual impedances of circuit A phase conductors
1, 2 and 3. ZBB consists of the self and mutual impedances of circuit B phase
conductors 4, 5 and 6. ZBA = Z t

AB consists of the mutual impedances between the
phase conductors of circuit A and the phase conductors of circuit B. ZAS = Z t

SA
consists of the mutual impedances between circuit A phase conductors 1, 2 and 3
and the earth wires 7 and 8. ZBS = Z t

SB consists of the mutual impedances between
circuit B phase conductors 4, 5 and 6 and the earth wires 7 and 8. ZSS consists of
the self and mutual impedances of conductors 7 and 8 that represent the earth wires.

To eliminate the two earth wires, we set �VS = 0 in Equation (3.57b), and after
a little matrix algebra, we obtain

[
�VA

�VB

]
=
[

Z′
AA Z′

AB

Z′
BA Z′

BB

][
IA

IB

]
= ZPhase

[
IA

IB

]
(3.58a)

where

Z′
AA = ZAA − ZASZ−1

SS Z t
AS Z′

AB = ZAB − ZASZ−1
SS Z t

BS

Z′
BA = ZBA − ZBSZ−1

SS Z t
AS Z′

BB = ZBB − ZBSZ−1
SS Z t

BS

and

Circuit A Circuit B
C1 C2 C3 C4 C5 C6

ZPhase =
Circuit A

Circuit B

C1

C2

C3
C4

C5

C6

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Z11−S Z12−S Z13−S Z14−S Z15−S Z16−S

Z21−S Z22−S Z23−S Z24−S Z25−S Z26−S

Z31−S Z32−S Z33−S Z34−S Z35−S Z36−S

Z41−S Z42−S Z43−S Z44−S Z45−S Z46−S

Z51−S Z52−S Z53−S Z54−S Z55−S Z56−S

Z61−S Z62−S Z63−S Z64−S Z65−S Z66−S

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(3.58b)
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Equation (3.58b) is the series phase impedance matrix of the double-circuit line
containing the impedance elements of the two circuits A and B with earth return,
and with both earth wires eliminated. In the general case of asymmetrical spacings
between the conductors within each circuit and between the two circuits, the self-
impedance matrices of each circuit, Z′

AA of circuit A and Z′
BB of circuit B, and

the mutual impedance matrices between the two circuits, Z′
AB and Z′

BA, are not
balanced within themselves. Currents flowing in any one conductor will induce
voltage drops in the five other conductors and these may be unequal even if
the currents are balanced. The sequence impedance matrix of the 6 × 6 phase
impedance matrix of Equation (3.58b) can be calculated by applying the phase-
to-sequence transformation matrix to each voltage and current matrix vector in
Equation (3.58a). Assuming an electrical phase sequence of R, Y, B for conduc-
tors 1, 2, 3 of circuit A and similarly for conductors 4, 5, 6 of circuit B, we can
apply VRYB = H VPNZ and IRYB = H IPNZ to circuit A and circuit B voltage and
current vectors. Therefore, the sequence voltage drop equation is given by

[
�VPNZ

A

�VPNZ
B

]
=
[

H−1 0

0 H−1

][
Z′

AA Z′
AB

Z′
BA Z′

BB

][
H 0

0 H

][
IPNZ

A

IPNZ
B

]
= ZPNZ

[
IPNZ

A

IPNZ
B

]

(3.59a)

where

ZPNZ =
[

H−1Z′
AAH H−1Z′

ABH

H−1Z′
BAH H−1Z′

BBH

]
(3.59b)

Equation (3.59b) shows that both the self-impedance matrices of each circuit
and the mutual impedance matrices between the two circuits must be pre-and-
post multiplied by the appropriate transformation matrix viz ZPNZ = H−1Z′

PhaseH.
In each case of Equation (3.59b), this conversion will produce, in the general
case of asymmetrical spacings, a full asymmetric sequence matrix. Even if the
two circuits are identical, the inter-circuit sequence matrices will not be equal
(the reader is encouraged to prove this statement). Consequently, in order to
derive appropriate sequence impedances for a double-circuit line, including equal
inter-circuit parameters, for use in large-scale power frequency steady state analy-
sis, certain transposition assumptions need to be made. This is dealt with in
Section 3.2.6.

Phase and sequence shunt susceptance matrices
We now derive the shunt phase susceptance matrix of our double-circuit line using
the potential coefficients calculated from the line’s physical dimensions or geome-
try. The voltage on each conductor to ground is a function of the electric charges on
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all conductors, thus

Circuit A Circuit B Earth wires
C1 C2 C3 C4 C5 C6 C7 C8⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

V1(A)

V2(A)

V3(A)

V4(B)

V5(B)

V6(B)

V7(S)

V8(S)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

Circuit A

Circuit B

C1

C2

C3

C4

C5

C6

C7

C8

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

P11 P12 P13 P14 P15 P16 P17 P18

P21 P22 P23 P24 P25 P26 P27 P28

P31 P32 P33 P34 P35 P36 P37 PP38

P41 P42 P43 P44 P45 P46 P47 P48

P51 P52 P53 P54 P55 P56 P57 P58

P61 P62 P63 P64 P65 P66 P67 P68

P71 P72 P73 P74 P75 P76 P77 P78

P81 P82 P83 P84 P85 P86 P87 P88

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Q1(A)

Q2(A)

Q3(A)

Q4(B)

Q5(B)

Q6(B)

Q7(S)

Q8(S)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.60a)

or ⎡
⎢⎣VA

VB

VS

⎤
⎥⎦ =

⎡
⎢⎣PAA PAB PAS

PBA PBB PBS

PSA PSB PSS

⎤
⎥⎦
⎡
⎢⎣QA

QB

QS

⎤
⎥⎦ (3.60b)

where

PAA =
⎡
⎢⎣P11 P12 P13

P21 P22 P23

P31 P23 P33

⎤
⎥⎦ PAB =

⎡
⎢⎣P14 P15 P16

P24 P25 P26

P34 P35 P36

⎤
⎥⎦ PAS = Pt

SA =
⎡
⎢⎣P17 P18

P27 P28

P37 P38

⎤
⎥⎦

PBA = Pt
AB PBB =

⎡
⎢⎣P44 P45 P46

P54 P55 P56

P64 P65 P66

⎤
⎥⎦ PBS = Pt

SB =
⎡
⎢⎣P47 P48

P57 P58

P67 P68

⎤
⎥⎦

PSS =
[

P77 P78

P87 P88

]
(3.60c)

To eliminate the earth wires, we set VS = 0 in Equation (3.60b), and after a little
matrix algebra, we obtain

[
VA

VB

]
=
[

P′
AA P′

AB

P′
BA P′

BB

][
QA

QB

]
= PPhase

[
QA

QB

]
(3.61a)

where

P′
AA = PAA − PASP−1

SS Pt
AS P′

AB = PAB − PASP−1
SS Pt

BS

P′
BA = PBA − PBSP−1

SS Pt
AS P′

BB = PBB − PBSP−1
SS Pt

BS



Phase and sequence modelling of three-phase overhead lines 107

and

PPhase =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

P11−S P12−S P13−S P14−S P15−S P16−S

P21−S P22−S P23−S P24−S P25−S P26−S

P31−S P32−S P33−S P34−S P35−S P36−S

P41−S P42−S P43−S P44−S P45−S P46−S

P51−S P52−S P53−S P54−S P55−S P56−S

P61−S P62−S P63−S P64−S P65−S P66−S

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.61b)

The Maxwell’s or capacitance coefficient matrix of the double-circuit line is given
by CPhase = P−1

Phase. Dropping the S notation for convenience and remembering that
this has the form of a nodal admittance matrix, we have

CPhase =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

C11 −C12 −C13 −C14 −C15 −C16

−C21 C22 −C23 −C24 −C25 −C26

−C31 −C32 C33 −C34 −C35 −C36

−C41 −C42 −C43 C44 −C45 −C46

−C51 −C52 −C53 −C54 C55 −C56

−C61 −C62 −C63 −C64 −C65 C66

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.62a)

or

CPhase =
[

CAA CAB

CBA CBB

]
(3.62b)

and using BPhase = ωCPhase, the nodal shunt phase susceptance matrix is given by

⎡
⎣ IA

IB

⎤
⎦ =

⎡
⎣ jBAA jBAB

jBBA jBBB

⎤
⎦
⎡
⎣VA

VB

⎤
⎦ = jBPhase

⎡
⎣VA

VB

⎤
⎦ (3.62c)

Again, in the general case of asymmetrical spacings between the conductors within
each circuit and between the two circuits, the self-susceptance matrices of each
circuit, BAA of circuit A and BBB of circuit B, and the mutual susceptance matrices
between the two circuits, BAB and BBA, are not balanced within themselves. The
sequence susceptance matrix of Equation (3.62c) is calculated by applying the
phase-to-sequence transformation matrix to each voltage and current matrix vector.
Thus, using VRYB = HVPNZ and IRYB = HIPNZ, we obtain

⎡
⎣IPNZ

A

IPNZ
B

⎤
⎦ =

⎡
⎣H−1 0

0 H−1

⎤
⎦
⎡
⎣jBAA jBAB

jBBA jBBB

⎤
⎦
⎡
⎣H 0

0 H

⎤
⎦
⎡
⎣VPNZ

A

VPNZ
B

⎤
⎦ = BPNZ

⎡
⎣VPNZ

A

VPNZ
B

⎤
⎦

(3.63a)
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where

BPNZ =
[

H−1BAAH H−1BABH

H−1BBAH H−1BBBH

]
(3.63b)

This conversion will produce, in each case, a full asymmetric sequence matrix and
even if the two circuits are identical, the inter-circuit sequence matrices will not
be equal. Consequently, in order to derive appropriate sequence susceptances for a
double-circuit line, including equal inter-circuit parameters, certain transposition
assumptions need to be made. This is dealt with in Section 3.2.6.

An alternative method to obtain the 6 × 6 capacitance or susceptance matrix is
to calculate the inverse of the 8 × 8 potential coefficient matrix of Equation (3.60a)
giving a 8 × 8 shunt capacitance matrix including, explicitly, the earth wires. The
required 6 × 6 shunt phase capacitance matrix can be directly obtained by simply
deleting the last two rows and columns that correspond to the earth wires. The
reader is encouraged to prove this statement.

3.2.6 Transposition of double-circuit overhead lines
The transformation of a balanced 3 × 3 phase matrix of a single-circuit line to
the sequence reference frame produces a diagonal sequence matrix with no inter-
sequence mutual coupling. Therefore, when the perfect three-cycle transposition
presented in Section 3.2.4 is applied to each circuit of a double-circuit line, we
obtain balanced Z ′

AA and Z ′
BB in Equation (3.58a) and similarly for each circuit

susceptance matrix. However, will such independent circuit transpositions pro-
duce balanced inter-circuit Z ′

AB and Z ′
BA matrices, as well as balanced inter-circuit

susceptance matrices? If not, what should the transposition assumptions be in
order to produce balanced inter-circuit phase impedance and susceptance matrices
so that following transformation to the sequence reference frame, the inter-circuit
sequence mutual coupling is either of like sequence or of zero sequence only? Like
sequence coupling means that only PPS mutual coupling exists between the PPS
impedances of the two circuits and similarly for the NPS and ZPS impedances.
The answer can be illustrated by formulating the inter-circuit mutual impedance
matrix for each section and obtaining the average for the total per-unit length of
the line. Figure 3.11 shows independent circuit transpositions of a double-circuit
line with either triangular or near vertical arrangements of phase conductors for
each circuit.

In Figure 3.11, the conductors within each circuit are independently and per-
fectly transposed by rotating them in a forward direction as in the case of the
single-circuit line of Figure 3.9(a). Let us designate t1, m1 and b1 as the conductor
positions of circuit A, and t2, m2 and b2 as the conductor positions of circuit B.
The self-matrices of each circuit and the inter-circuit matrices can be derived as
in the case of a single-circuit line. The average self-phase impedance matrix of
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Figure 3.11 Typical double-circuit lines with perfect within circuit transpositions

circuit A per-unit length is given by

ZAA =
⎡
⎢⎣

ZS(A) ZM(A) ZM(A)

ZM(A) ZS(A) ZM(A)

ZM(A) ZM(A) ZS(A)

⎤
⎥⎦ (3.64a)

where

ZS(A) = 1

3

(
Zt1t1 + Zm1m1 + Zb1b1

)
and ZM(A) = 1

3

(
Zt1m1 + Zm1b1 + Zb1t1

)
(3.64b)

and similarly for the self-phase impedance matrix of circuit B except that suffices
A and 1 change to B and 2, respectively. The inter-circuit series mutual phase
impedance matrices in per-unit length for the three line sections can be written by
inspection as follows:

C4 C5 C6 C4 C5 C6

ZAB−1 =
C1

C2

C3

⎡
⎢⎣

Zt1t2 Zt1m2 Zt1b2

Zm1t2 Zm1m2 Zm1b2

Zb1t2 Zb1m2 Zb1b2

⎤
⎥⎦ ZAB−2 =

C1

C2

C3

⎡
⎢⎣

Zm1m2 Zm1b2 Zm1t2

Zb1m2 Zb1b2 Zb1t2

Zt1m2 Zt1b2 Zt1t2

⎤
⎥⎦
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and

C4 C5 C6

ZAB−3 =
C1

C2

C3

⎡
⎢⎣ Zb1b2 Zb1t2 Zb1m2

Zt1b2 Zt1t2 Zt1m2

Zm1b2 Zm1t2 Zm1m2

⎤
⎥⎦ (3.65a)

Therefore, the average inter-circuit mutual impedance matrix per-unit length is
given by

ZAB = 1

3

3∑
i=1

ZAB−i

= 1

3

⎡
⎢⎣

Zt1t2 + Zm1m2 + Zb1b2 Zt1m2 + Zm1b2 + Zb1t2 Zt1b2 + Zm1t2 + Zb1m2

Zm1t2 + Zb1m2 + Zt1b2 Zm1m2 + Zb1b2 + Zt1t2 Zm1b2 + Zb1t2 + Zt1m2

Zb1t2 + Zt1m2 + Zm1b2 Zb1m2 + Zt1b2 + Zm1t2 Zb1b2 + Zt1t2 + Zm1m2

⎤
⎥⎦

or

C4 C5 C6

ZAB =
C1

C2

C3

⎡
⎢⎣ZS(AB) ZM(AB) ZN(AB)

ZN(AB) ZS(AB) ZM(AB)

ZM(AB) ZN(AB) ZS(AB)

⎤
⎥⎦ and ZBA = Zt

AB
(3.65b)

Therefore, using Equations (3.64a) and (3.65b), the 6 × 6 series phase impedance
matrix of the double-circuit line with three-phase transpositions shown in
Figure 3.11 is

Circuit A Circuit B

ZPhase =
Circuit A

Circuit B

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

ZS(A) ZM(A) ZM(A) ZS(AB) ZM(AB) ZN(AB)

ZM(A) ZS(A) ZM(A) ZN(AB) ZS(AB) ZM(AB)

ZM(A) ZM(A) ZS(A) ZM(AB) ZN(AB) ZS(AB)

ZS(AB) ZN(AB) ZM(AB) ZS(B) ZM(B) ZM(B)

ZM(AB) ZS(AB) ZN(AB) ZM(B) ZS(B) ZM(B)

ZN(AB) ZM(AB) ZS(AB) ZM(B) ZM(B) ZS(B)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(3.66)

Examining the inter-circuit mutual phase impedance matrix, the self or diagonal
terms are all equal, as expected, but the off-diagonal terms are generally not equal.
However, these terms will be equal in the special case where circuits A and B are
symmetrical with respect to each other and have vertical or near vertical phase
conductor arrangement where the spacings within circuit A and B are equal. For
the transpositions shown in Figure 3.11, the off-diagonal terms will not be equal in
the case of triangular phase conductor arrangements even if the internal spacings
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of circuit A are equal to the corresponding ones of circuit B. See Example 3.5 for
an alternative conductor numbering arrangement.

We will now consider the case where the inter-circuit matrix of Equation (3.65b)
is balanced, i.e. ZM(AB) = ZN(AB). The transformation of Equation (3.66) to the
sequence reference frame requires knowledge of the electrical phasing of the con-
ductors of both circuits. If conductors 1, 2, 3 of circuit A are phased R, Y, B,
and conductors C4, C5, C6 of circuit B are similarly phased, the sequence matrix
transformation can be calculated using Equation (3.59b). The result is given as

Circuit A Circuit B
P N Z P N Z

ZPNZ =
Circuit A

Circuit B

P

N

Z

P

N

Z

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ZP
A 0 0 ZP

AB 0 0

0 ZN
A 0 0 ZN

AB 0

0 0 ZZ
A 0 0 ZZ

AB

ZP
AB 0 0 ZP

B 0 0

0 ZN
AB 0 0 ZN

B 0

0 0 ZZ
AB 0 0 ZZ

B

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.67a)

where

ZP
A = ZN

A = ZS(A) − ZM(A) = 1

3
[(Zt1t1 + Zm1m1 + Zb1b1) − (Zt1m1 + Zm1b1 + Zb1t1)]

(3.67b)

ZZ
A = ZS(A) + 2ZM(A) = 1

3
[(Zt1t1 + Zm1m1 + Zb1b1) + 2(Zt1m1 + Zm1b1 + Zb1t1)]

(3.67c)

and similarly for circuit B except that the suffices A and 1 are replaced with B
and 2, respectively. Also

ZP
AB = ZN

AB = ZS(AB) − ZM(AB) = 1

3
[(Zt1t2 + Zm1m2 + Zb1b2) − (Zt1m2 + Zm1b2 + Zb1t2)]

(3.68a)
and

ZZ
AB = ZS(AB) + 2ZM(AB) = 1

3
[(Zt1t2 + Zm1m2 + Zb1b2) + 2(Zt1m2 + Zm1b2 + Zb1t2)]

(3.68b)

Equation (3.67a) requires a physical explanation. Each three-phase circuit has
self-PPS/NPS and ZPS impedances. In addition, there is an equal mutual PPS
impedance coupling between circuits A and B. Also, similar NPS and ZPS inter-
circuit impedance coupling exists. There is no intersequence coupling between
the two circuits. In other words, a PPS current flowing in circuit B will induce a
PPS voltage only in circuit A and similarly for NPS and ZPS currents. Further,
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as will be presented in Section 3.4, the PPS, NPS and ZPS mutual impedances
between the two circuits create a physical circuit for the double-circuit line that
can be represented by an appropriate π equivalent circuit.

In the above analysis, circuits A and B were assumed to be similarly phased, i.e.
RYB/RYB. However, will we obtain the same desired result of Equation (3.67a) if
the conductors of circuit B were phased differently? In England and Wales 400 kV
and 275 kV transmission system, double-circuit overhead lines are generally of
vertical or near vertical construction sometimes with an offset middle arm tower.
These lines are not transposed between substations and in order to reduce their
degree of unbalance, measured in NPS and ZPS voltages and/or currents, it is
standard British practice to use electrical phase transposition at substations. That
is for RYB phasing of the top, middle and bottom conductors on circuit A, circuit
B would be phase BYR of the top, middle and bottom conductors. This means that
circuit B has the same middle phase as circuit A but the top and bottom phases
are interchanged with respect to circuit A. In order to transform Equation (3.66) to
the sequence frame, we need to determine the applicable transformation matrices.
For circuit A, using RYB phase sequence of conductors 1, 2, 3, and for circuit B,
using BYR phase sequence of conductors 4, 5, 6, we have

Circuit A: VRYB = HVPNZ and IRYB = HIPNZ where H =
⎡
⎢⎣

1 1 1

h2 h 1

h h2 1

⎤
⎥⎦

(3.69a)

Circuit B: VBYR = H1VPNZ and IBYR = H1IPNZ where H1 =
⎡
⎢⎣

h h2 1

h2 h 1

1 1 1

⎤
⎥⎦

(3.69b)

Therefore, applying Equation (3.69) to Equation (3.58a), we obtain

[
�VPNZ

A

�VPNZ
B

]
=
[

H−1 0

0 H−1
1

][
Z′

AA Z′
AB

Z′
BA Z′

BB

][
H 0

0 H1

][
IPNZ

A

IPNZ
B

]
= ZPNZ

[
IPNZ

A

IPNZ
B

]

(3.70a)

where

ZPNZ =
[

H−1Z′
AAH H−1Z′

ABH1

H−1
1 Z′

BAH H−1
1 Z ′

BBH1

]
=
[

ZPNZ
AA ZPNZ

AB

ZPNZ
BA ZPNZ

BB

]
(3.70b)

Applying Equation (3.70b) to Equation (3.66), we find that ZPNZ
AA is clearly

diagonal. ZPNZ
BB is also diagonal of a form similar to ZPNZ

AA . ZPNZ
AB and

ZPNZ
BA are obtained through multiplication by different transformation matrices.
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Dropping the prime for convenience and with ZM(AB) = ZN(AB), that is
ZBA = Zt

AB = ZAB, the sequence matrices of ZAB and ZBA are given by

P N Z

ZPNZ
AB = H−1ZAB H1 =

P

N

Z

⎡
⎢⎣ 0 Z PN

AB 0

ZNP
AB 0 0

0 0 ZZZ
AB

⎤
⎥⎦ (3.71a)

where

ZPN
AB = h2[ZS(AB) − ZM(AB)] ZNP

AB = h[ZS(AB) − ZM(AB)]

ZZZ
AB = ZS(AB) + 2ZM(AB) (3.71b)

and

ZPNZ
BA = ZPNZ

AB (3.71c)

Therefore, the full sequence impedance matrix, including voltage and current
vectors, is given by

Circuit A Circuit B

P N Z P N Z⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�VP
A

�VN
A

�VZ
A

�VP
B

�VN
B

�VZ
B

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

Circuit A

Circuit B

P

N

Z

P

N

Z

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ZP
A 0 0 0 ZPN

AB 0

0 ZN
A 0 ZNP

AB 0 0

0 0 ZZ
A 0 0 ZZZ

AB

0 ZPN
AB 0 ZP

B 0 0

ZNP
AB 0 0 0 ZN

B 0

0 0 ZZZ
AB 0 0 ZZ

B

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

IP
A

IN
A

IZ
A

IP
B

IN
B

IZ
B

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.72)

This undesirable result shows that there is PPS to NPS mutual coupling between
circuit A and circuit B. This means that a NPS current in circuit B will produce a
PPS voltage drop in circuit A by acting on the impedance ZPN

AB. Similarly, a PPS
current in circuit B will produce a NPS voltage drop in circuit A by acting on the
impedance ZNP

AB. It should be noted that ZPN
AB �= ZNP

AB as seen in Equation (3.71b).
However, the two self-ZPS impedances of circuit A and B are coupled by the
same inter-circuit ZPS mutual impedance and that this is equal to that where both
circuits A and B had the same phasing rotation of RYB.

We have shown that three transpositions may be sufficient to produce balanced
inter-circuit mutual phase impedance matrices in very special cases of tower
geometry, conductor arrangements and conductor electrical phasing. However,
in general, the transformation of Equation (3.65b) into the sequence reference
frame, after three-phase transpositions, can produce either a full mutual sequence
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Figure 3.12 Double-circuit line with six-phase transpositions within each circuit; both circuits are
phased RYB

impedance matrix between the two circuits or mutual coupling of unlike sequence
terms, as shown in Equation (3.72).

Examination of Equation (3.65b) reveals that this unbalanced matrix can be
made balanced if the off-diagonal terms ZM(AB) and ZN(AB) can each be changed
to ZM(AB) + ZN(AB). This can be achieved by using three further transpositions,
i.e. a total of six transpositions as follows: circuit A fourth, fifth and sixth trans-
positions retain the same conductor sequence in the middle positions, i.e. C2, C1
and C3. Also, the conductors in the t and b positions of the fourth, fifth and sixth
transpositions are obtained by interchanging the conductors of the first, second
and third transpositions, respectively. Similar transpositions are also applied to
circuit B fourth, fifth and sixth transpositions. The resultant six transpositions are
shown in Figure 3.12.

The inter-circuit mutual impedance matrices for the first three transposition
sections are given in Equation (3.65a) and those for the fourth, fifth and sixth
transposition sections can be written by inspection using Figure 3.12 as follows

C4 C5 C6 C4 C5 C6

ZAB−4 =
C1

C2

C3

⎡
⎢⎢⎣

Zb1b2 Zb1m2 Zb1t2

Zm1b2 Zm1m2 Zm1t2

Zt1b2 Zt1m2 Zt1t2

⎤
⎥⎥⎦ ZAB−5 =

C1

C2

C3

⎡
⎢⎢⎣

Zm1m2 Zm1t2 Zm1b2

Zt1m2 Zt1t2 Zt1b2

Zb1m2 Zb1t2 Zb1b2

⎤
⎥⎥⎦

and

C4 C5 C6

ZAB−6 =
C1

C2

C3

⎡
⎢⎣

Zt1t2 Zt1b2 Zt1m2

Zb1t2 Zb1b2 Zb1m2

Zm1t2 Zm1b2 Zm1m2

⎤
⎥⎦ (3.73)
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Therefore, using Equations (3.65a) and (3.73), the series mutual phase impedance
matrix per-unit length between circuits A and B for the six-line sections is
given by

ZAB = 1

6

6∑
i=1

ZAB−i =
⎡
⎢⎣ZS(AB) ZM(AB) ZM(AB)

ZM(AB) ZS(AB) ZM(AB)

ZM(AB) ZM(AB) ZS(AB)

⎤
⎥⎦ (3.74a)

where

ZS(AB) = 1

3
(Zt1t2 + Zm1m2 + Zb1b2) (3.74b)

and

ZM(AB) = 1

6
(Zt1m2 + Zt1b2 + Zm1t2 + Zm1b2 + Zb1t2 + Zb1m2) (3.74c)

The 6 × 6 series phase impedance matrices of the double-circuit line with the
six-phase transpositions shown in Figure 3.12 are given by

Circuit A Circuit B

ZPhase =
Circuit A

Circuit B

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ZS(A) ZM(A) ZM(A) ZS(AB) ZM(AB) ZM(AB)

ZM(A) ZS(A) ZM(A) ZM(AB) ZS(AB) ZM(AB)

ZM(A) ZM(A) ZS(A) ZM(AB) ZM(AB) ZS(AB)

ZS(AB) ZM(AB) ZM(AB) ZS(B) ZM(B) ZM(B)

ZM(AB) ZS(AB) ZM(AB) ZM(B) ZS(B) ZM(B)

ZM(AB) ZM(AB) ZS(AB) ZM(B) ZM(B) ZS(B)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.75a)

where

ZS(A) = 1

3
(Zt1t1 + Zm1m1 + Zb1b1) ZS(B) = 1

3
(Zt2t2 + Zm2m2 + Zb2b2)

ZM(A) = 1

3
(Zt1m1 + Zm1b1 + Zb1t1) ZM(B) = 1

3
(Zt2m2 + Zm2b2 + Zb2t2)

ZS(AB) = 1

3
(Zt1t2 + Zm1m2 + Zb1b2)

ZM(AB) = 1

6
(Zt1m2 + Zt1b2 + Zm1t2 + Zm1b2 + Zb1t2 + Zb1m2) (3.75b)



116 Modelling of multi-conductor overhead lines and cables

The corresponding sequence impedance matrix with both circuits A and B having
the same electrical phasing RYB is given by

Circuit A Circuit B
P N Z P N Z

ZPNZ =
Circuit A

Circuit B

P

N

Z

P

N

Z

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ZP
A 0 0 ZP

AB 0 0

0 ZN
A 0 0 ZN

AB 0

0 0 ZZ
A 0 0 ZZ

AB

ZP
AB 0 0 ZP

B 0 0

0 ZN
AB 0 0 ZN

B 0

0 0 ZZ
AB 0 0 ZZ

B

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.76a)

where

ZP
A = ZN

A = ZS(A) − ZM(A) = 1

3
[(Zt1t1 + Zm1m1 + Zb1b1) − (Zt1m1 + Zm1b1 + Zb1t1)]

ZZ
A = ZS(A) + 2ZM(A) = 1

3
[(Zt1t1 + Zm1m1 + Zb1b1) + 2(Zt1m1 + Zm1b1 + Zb1t1)]

(3.76b)

and similarly for circuit B except suffices A and 1 are replaced by B and 2,
respectively. For the inter-circuit parameters

ZP
AB = ZN

AB = ZS(AB) − ZM(AB)

= 1

3
(Zt1t2 + Zm1m2 + Zb1b2) − 1

6
(Zt1m2 + Zt1b2 + Zm1t2 + Zm1b2 + Zb1t2 + Zb1m2)

ZZ
AB = ZS(AB) + 2ZM(AB)

= 1

3
[(Zt1t2 + Zm1m2 + Zb1b2) + (Zt1m2 + Zt1b2 + Zm1t2 + Zm1b2 + Zb1t2 + Zb1m2)]

(3.76c)

Equation (3.76a) shows that each circuit is represented by a self-PPS/NPS
impedance and a self-ZPS impedance but with no mutual sequence coupling
within each circuit. In addition, there is like sequence PPS/NPS and ZPS mutual
impedance coupling between the two circuits. It is important to note that this inter-
circuit sequence mutual coupling is of the same sequence type that is only PPS
coupling appears in the PPS circuits, NPS coupling in the NPS circuits and ZPS
coupling in the ZPS circuits.

The reader is encouraged to show that for the six-phase transpositions
shown in Figure 3.12, the transposed 6 × 6 shunt phase susceptance matrix
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can be obtained as

Circuit A Circuit B

BPhase =
Circuit A

Circuit B

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

BS(A) −BM(A) −BM(A) −BS(AB) −BM(AB) −BM(AB)

−BM(A) BS(A) −BM(A) −BM(AB) −BS(AB) −BM(AB)

−BM(A) −BM(A) BS(A) −BM(AB) −BM(AB) −BS(AB)

−BS(AB) −BM(AB) −BM(AB) −BS(B) −BM(B) −BM(B)

−BM(AB) −BS(AB) −BM(AB) −BM(B) −BS(B) −BM(B)

−BM(AB) −BM(AB) −BS(AB) −BM(B) −BM(B) BS(B)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.77a)

where

BS(A) = 1

3
(Bt1t1 + Bm1m1 + Bb1b1) BS(B) = 1

3
(Bt2t2 + Bm2m2 + Bb2b2)

BM(A) = 1

3
(Bt1m1 + Bm1b1 + Bb1t1) BM(B) = 1

3
(Bt2m2 + Bm2b2 + Bb2t2)

BS(AB) = 1

3
(Bt1t2 + Bm1m2 + Bb1b2)

BM(AB) = 1

6
(Bt1m2 + Bt1b2 + Bm1t2 + Bm1b2 + Bb1t2 + Bb1m2) (3.77b)

and the corresponding shunt sequence susceptance matrix is given by

Circuit A Circuit B
P N Z P N Z

BPNZ =
Circuit A

Circuit B

P

N

Z

P

N

Z

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

BP
A 0 0 BP

AB 0 0

0 BN
A 0 0 BN

AB 0

0 0 BZ
A 0 0 BZ

AB

BP
AB 0 0 BP

B 0 0

0 BN
AB 0 0 BN

B 0

0 0 BZ
AB 0 0 BZ

B

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.78a)

where

BP
A = BN

A = BS(A) + BM(A) = 1

3
[(Bt1t1 + Bm1m1 + Bb1b1) + (Bt1m1 + Bm1b1 + Bb1t1)]

BZ
A = BS(A) − 2BM(A) = 1

3
[(Bt1t1 + Bm1m1 + Bb1b1) − 2(Bt1m1 + Bm1b1 + Bb1t1)]

(3.78b)
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and similarly for circuit B except suffices A and 1 are replaced by B and 2,
respectively.

BP
AB = BN

AB = BS(AB) + BM(AB)

= 1

3
(Bt1t2 + Bm1m2 + Bb1b2) + 1

6
(Bt1m2 + Bt1b2 + Bm1t2 + Bm1b2 + Bb1t2 + Bb1m2)

BZ
AB = BS(AB) − 2BM(AB) = 1

3
(Bt1t2 + Bm1m2 + Bb1b2) − 1

3
(Bt1m2 + Bt1b2

+ Bm1t2 + Bm1b2 + Bb1t2 + Bb1m2) (3.78c)

As for the series sequence impedance matrix, Equation (3.78a) shows that there is
inter-circuit mutual sequence susceptance coupling of like sequence only.

We have shown that the six transpositions shown in Figure 3.12 result in diagonal
sequence self and inter-circuit mutual impedance/susceptance matrices for the gen-
eral case of asymmetrical spacing of conductors provided that the two circuits have
the same electrical phasing. If one circuit has different phasing from the other, then
the sequence inter-circuit mutual impedance/susceptance matrices will result in
intersequence coupling as shown in the case of RYB/BYR phasing that resulted in
Equation (3.72). Therefore, the six transpositions applied for a double-circuit line
of general asymmetrical spacings required to produce like sequence coupling, or
diagonal sequence inter-circuit impedance/susceptance matrices, are dependent on
the actual electrical phasing used for both circuits. Using the common RYB/BYR
phasing arrangement employed on over 90% of 400 and 275 kV double-circuit
lines in England and Wales, Figure 3.13 shows the six transpositions required.

The general transposition analysis using the matrix analysis method presented
for single-circuit lines will now be extended and applied to double-circuit lines.
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Using Figure 3.13, the series phase impedance matrix of Section 1 is given as

Circuit A Circuit B

R Y B B Y R

ZSection-1 =
Circuit A

Circuit B

R

Y

B

B

Y

R

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Zt1t1 Zt1m1 Zt1b1 Zt1t2 Zt1m2 Zt1b2

Zm1t1 Zm1m1 Zm1b1 Zm1t2 Zm1m2 Zm1b2

Zb1t1 Zb1m1 Zb1b1 Zb1t2 Zb1m2 Zb1b2

Zt2t1 Zt2m1 Zt2b1 Zt2t2 Zt2m2 Zt2b2

Zm2t1 Zm2m1 Zm2b1 Zm2t2 Zm2m2 Zm2b2

Zb2t1 Zb2m1 Zb2b1 Zb2t2 Zb2m2 Zb2b2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.79)

We note in Figure 3.13 the forward and reverse transpositions at the first junction
of circuit A and circuit B, respectively. Therefore, using the transposition matrix
T defined in Equation (3.44) for circuit A, and using its transpose for circuit B, we
define a new 6 × 6 transposition matrix for our double-circuit line as follows:

TAB =
Circuit A

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 0 0

0 0 1 0 0 0

1 0 0 0 0 0
0 0 0 0 0 1

0 0 0 1 0 0

0 0 0 0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦Circuit B

T−1
AB = Tt

AB = T2
AB

(3.80)
Applying the transposition matrix at the first junction in Figure 3.13, we obtain

ZSection-2 = TABZSection-1Tt
AB (3.81a)

Applying the transposition matrix again at the second in Figure 3.13 junction, we
obtain

ZSection-3 = TABZSection-2Tt
AB = TAB(TABZSection-1Tt

AB)Tt
AB

= T2
ABZSection-1(Tt

AB)
2 = Tt

ABZSection-1TAB

(3.81b)

The impedance matrices for Sections 4, 5 and 6 can be derived in terms of ZSection-1

noting that new transposition matrices need to be defined for junctions 3 and 4.
Alternatively, the impedance matrix of one section can be derived in terms of the
impedance matrix of the previous section. That is the impedance matrix of section
n is derived as a function of that of the (n − 1) section and so on. The reader is
encouraged to attempt both derivations and prove that they give the same result.
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However, for us, we will follow a third alternative approach. We note that in the
first three transpositions, circuit A is phased with a PPS order namely RYB, BRY
and YBR whereas circuit B is phased with a NPS order BYR, YRB and RBY.
Let the impedance matrix resulting from these first three transpositions be Z123.
Therefore, using Equation (3.81), we have

Z123 = ZSection-1 + TABZSection-1Tt
AB + Tt

ABZSection-1TAB (3.82)

To complete the six transpositions, the matrix Z123 is connected in series with a
new matrix Z456 so that circuit A is now phased with a NPS order RBY, BYR and
YRB whereas circuit B is now phased with a PPS order YBR, RYB and BRY. This
means that matrix Z456 has the top and bottom conductors of circuit A, and the
top and bottom conductors of circuit B, interchanged with respect to matrix Z123.
For this, a new transposition matrix I is defined as follows:

I =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1 0 0 0

0 1 0 0 0 0

1 0 0 0 0 0
0 0 0 0 0 1

0 0 0 0 1 0

0 0 0 1 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

where I = It = I−1 and I2 = U (3.83)

To clarify this approach, we note that the effect of pre-multiplying a column

matrix

⎡
⎣C1

C2
C3

⎤
⎦, or a 3 × 3 square matrix

⎡
⎣Z11 Z12 Z13

Z21 Z22 Z23

Z31 Z32 Z33

⎤
⎦, by the matrix

⎡
⎣ 0 0 1

0 1 0
1 0 0

⎤
⎦ is to produce a new column matrix

⎡
⎣C3

C2
C1

⎤
⎦, or a new 3 × 3 square

matrix

⎡
⎣Z31 Z32 Z33

Z21 Z22 Z23

Z11 Z12 Z13

⎤
⎦, so that the middle row retains its position but the

top and bottom rows interchange their positions. Similarly, the effect of post-

multiplying our 3 × 3 matrix by

⎡
⎣0 0 1

0 1 0
1 0 0

⎤
⎦ is to produce a new 3 × 3 square

matrix with the middle column retaining its position but columns 1 and 3 inter-
change their positions. Therefore, the new impedance matrix of the fourth, fifth
and sixth transpositions is given by

Z456 = IZ123I (3.84)

Finally, the series phase impedance matrix per-unit length of our double-circuit
line with six transpositions and circuit A phased RYB and circuit B phased
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BYR is given by

ZPhase = 1

6
(Z123 + Z456) (3.85)

After some algebra, it can be shown that ZPhase is given by

Circuit A Circuit B

R Y B B Y R

ZPhase =
Circuit A

Circuit B

R

Y

B

B

Y

R

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ZS(A) ZM(A) ZM(A) ZM(AB) ZM(AB) ZS(AB)

ZM(A) ZS(A) ZM(A) ZM(AB) ZS(AB) ZM(AB)

ZM(A) ZM(A) ZS(A) ZS(AB) ZM(AB) ZM(AB)

ZM(AB) ZM(AB) ZS(AB) ZS(B) ZM(B) ZM(B)

ZM(AB) ZS(AB) ZM(AB) ZM(B) ZS(B) ZM(B)

ZS(AB) ZM(AB) ZM(AB) ZM(B) ZM(B) ZS(B)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.86)

where the elements of ZPhase are as given by Equation (3.75b).
It is interesting to note the positions of the diagonal and off-diagonal elements

of the inter-circuit mutual impedance matrix in comparison with those obtained in
Equation (3.75a). The sequence impedance matrix of Equation (3.86) is calculated,
noting the RYB/BYR phasing of circuits A and B, as follows:

ZPNZ = H−1
dc ZPhaseHdc (3.87a)

where

Hdc =
[

H 0
0 H1

]
=

Circuit A

R

Y

B

B

Y

R

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 0 0 0
h2 h 1 0 0 0
h h2 1 0 0 0

0 0 0 h h2 1

0 0 0 h2 h 1
0 0 0 1 1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦Circuit B

(3.87b)
and

H−1
dc =

[
H−1 0

0 H−1
1

]
=

Circuit A

1

3

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 h h2 0 0 0
1 h2 h 0 0 0
1 1 1 0 0 0

0 0 0 h2 h 1
0 0 0 h h2 1
0 0 0 1 1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦Circuit B

(3.87c)
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Figure 3.14 Double-circuit line ideal nine transpositions with ZPS inter-circuit mutual coupling only

Hdc is the transformation matrix for a double-circuit or two mutually coupled
circuit line. The result takes the form of Equation (3.76a) with diagonal self-circuit
and inter-circuit impedance matrices. The value of the sequence elements of the
matrices are as given in Equation (3.76).

The above phase and sequence impedance matrix analysis for double-circuit
lines applies equally to the line’s shunt phase and sequence susceptance matrices.

We have shown that with the use of six transpositions, the effect of mutual
sequence coupling between the two circuits is not entirely eliminated with like
sequence coupling between the two circuits remaining and this may indeed be the
desired result. However, if required, it is even possible to eliminate the PPS and
NPS coupling and retain ZPS coupling only between the two circuits. Because
there are two three-phase circuits of conductors, each phase conductor has to be
transposed within its circuit and with respect to the parallel circuit. In other words,
if one circuit is subject to three transpositions, then for each one of its sections,
the other circuit should undergo full three section transpositions. This produces a
total of nine transpositions for our double-circuit line as shown in Figure 3.14.

It can be shown analytically by inspection or by matrix analysis that the effect
of this nine transposition assumption is to produce the following 6 × 6 phase
impedance matrix:

Circuit A Circuit B

ZPhase = 1

9

9∑
i=1

ZPhase (Section-i) =
Circuit A

Circuit B

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

ZS(A) ZM(A) ZM(A) ZAB ZAB ZAB

ZM(A) ZS(A) ZM(A) ZAB ZAB ZAB

ZM(A) ZM(A) ZS(A) ZAB ZAB ZAB

ZAB ZAB ZAB ZS(B) ZM(B) ZM(B)

ZAB ZAB ZAB ZM(B) ZS(B) ZM(B)

ZAB ZAB ZAB ZM(B) ZM(B) ZS(B)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(3.88a)

where ZS(A), ZM(A), ZS(B) and ZM(B) are given in Equation (3.75b) and ZAB is
given by

ZAB = 1

9
(Zt1t2 + Zt1m2 + Zt1b2 + Zm1t2 + Zm1m2 + Zm1b2 + Zb1t2

+ Zb1m2 + Zb1b2) (3.88b)
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The elements of the inter-circuit mutual matrix are all equal to ZAB given in Equa-
tion (3.88b). This is equal to the average of all nine mutual impedances between the
six conductors of the two circuits. The corresponding sequence matrix of Equation
(3.88a) calculated using any electrical phasing of circuits A and B, e.g. RYB/RYB
or RYB/BYR, is given by

Circuit A Circuit B

P N Z P N Z

ZPNZ =
Circuit A

Circuit B

P

N

Z

P

N

Z

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ZP
A 0 0 0 0 0

0 ZN
A 0 0 0 0

0 0 ZZ
A 0 0 ZZ

AB

0 0 0 ZP
B 0 0

0 0 0 0 ZN
B 0

0 0 ZZ
AB 0 0 ZZ

B

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.89a)

ZZ
AB = 3ZAB = 1

3

(
Zt1t2 + Zt1m2 + Zt1b2 + Zm1t2 + Zm1m2 + Zm1b2 + Zb1t2

+Zb1m2 + Zb1b2

)
(3.89b)

Equation (3.88a) shows that the effect of this ultimate nine transposition assump-
tion is to equalise all nine elements of the inter-circuit phase matrix. In the sequence
reference frame, this eliminates the PPS and NPS mutual coupling between the
two circuits but not the ZPS mutual coupling which will always be present. It
is informative for the reader to derive the mutual phase impedance/susceptance
matrices between the two circuits for all nine transpositions and show that the total
has the form shown in Equation (3.88a).

3.2.7 Untransposed and transposed
multiple-circuit lines

Multiple that is three or more three-phase circuits strung on the same tower or
running in parallel in close proximity in a corridor are sometimes used in electrical
power networks. Similar to double-circuit lines, mutual inductive and capacitive
coupling exists between all conductors in such a complex multi-conductor system.
Figure 3.15 illustrates typical three and four circuit tower arrangements. Two
double-circuit lines may also run in close physical proximity to each other along the
same route or right of way. The coupling between these lines is usually neglected
in practice if the lines are electromagnetically coupled for a short distance only
relative to the shortest circuit so that the effect on the overall electrical parameters
of such a circuit is negligible. Where this is not the case the formulation of the
phase impedance and susceptance matrices of the entire multi-conductor system
and elimination of the earth wire(s) follows a similar approach to that presented in
Section 3.2.5 for double-circuit lines. After the elimination of the earth wire(s), the
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Circuit 2 Circuit 3

Circuit 1

(a) (b)

1 2 3 4

Figure 3.15 Typical (a) three and (b) four-circuit towers

dimension of the resultant phase matrix would be 3 × N where N is the number of
coupled three-phase circuits. As in the case of double-circuit lines, the sequence
impedance and susceptance matrices can be derived by introducing appropriate
transposition assumptions to retain like sequence PPS, NPS and ZPS inter-circuit
coupling but not intersequence coupling. Alternatively, ideal transpositions may
be chosen so as to retain ZPS inter-circuit mutual coupling only.

Lines with three coupled circuits

Consider a line with three mutually coupled circuits 1, 2 and 3 erected on the
same tower as illustrated in Figure 3.15(a). The transposed and balanced 9 × 9
series phase impedance matrix that retains PPS, NPS and ZPS inter-circuit mutual
coupling can be derived using the technique presented for double-circuit lines. Each
circuit is perfectly transposed within itself and the inter-circuit mutual impedance
matrices between any two circuits result in equal self and equal mutual impedances.
However, the inter-circuit mutual coupling impedances between circuits 1 and 2,
circuits 1 and 3, and circuits 2 and 3 are assumed unequal to maintain generality.
It can be shown that the resultant balanced phase impedance matrix is given by

Circuit 1 Circuit 2 Circuit 3

R Y B R Y B R Y B

ZPhase =

Circuit 1

Circuit 2

Circuit 3

R
Y
B
R
Y
B
R
Y
B

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ZS1 ZM1 ZM1 ZS12 ZM12 ZM12 ZS13 ZM13 ZM13

ZM1 ZS1 ZM1 ZM12 ZS12 ZM12 ZM13 ZS13 ZM13

ZM1 ZM1 ZS1 ZM12 ZM12 ZS12 ZM13 ZM13 ZS13

ZS12 ZM12 ZM12 ZS2 ZM2 ZM2 ZS23 ZM23 ZM23

ZM12 ZS12 ZM12 ZM2 ZS2 ZM2 ZM23 ZS23 ZM23

ZM12 ZM12 ZS12 ZM2 ZM2 ZS2 ZM23 ZM23 ZS23

ZS13 ZM13 ZM13 ZS23 ZM23 ZM23 ZS3 ZM3 ZM3

ZM13 ZS13 ZM13 ZM23 ZS23 ZM23 ZM3 ZS3 ZM3

ZM13 ZM13 ZS13 ZM23 ZM23 ZS23 ZM3 ZM3 ZS3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.90)
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The elements of this matrix can be calculated as for a double or two mutually
coupled circuits given in Section 3.2.6 by averaging the appropriate self and mutual
phase impedance terms of the original untransposed matrix.

For the ideal transposition the inter-circuit impedance matrices have all nine
elements equal thereby retaining only ZPS inter-circuit mutual coupling. The
ideal transposition assumption results in ZS12 = ZM12 = A12 for circuits 1 and 2,
ZS13 = ZM13 = A13 for circuits 1 and 3, and ZS23 = ZM23 = A23 for circuits 2 and 3.
The sequence impedance matrix can be calculated based on knowledge of the elec-
trical phasings of the three circuits. The above series impedance matrix assumes
that all circuits are phased RYB and the corresponding sequence impedance matrix
can be calculated using

ZPNZ =
⎡
⎢⎣H−1 0 0

0 H−1 0

0 0 H−1

⎤
⎥⎦ZPhase

⎡
⎢⎣H 0 0

0 H 0

0 0 H

⎤
⎥⎦ (3.91)

giving

Circuit 1 Circuit 2 Circuit 3

P N Z P N Z P N Z

ZPNZ =

Circuit 1

Circuit 2

Circuit 3

P
N
Z

P
N
Z

P
N
Z

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ZP
1 0 0 ZP

12 0 0 ZP
13 0 0

0 ZN
1 0 0 ZN

12 0 0 ZN
13 0

0 0 ZZ
1 0 0 ZZ

12 0 0 ZZ
13

ZP
12 0 0 ZP

2 0 0 ZP
23 0 0

0 ZN
12 0 0 ZN

2 0 0 ZN
23 0

0 0 ZZ
12 0 0 ZZ

2 0 0 ZZ
23

ZP
13 0 0 ZP

23 0 0 ZP
3 0 0

0 ZN
13 0 0 ZN

23 0 0 ZN
3 0

0 0 ZZ
13 0 0 ZZ

23 0 0 ZZ
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.92a)

where

ZP
i = ZN

i = ZSi − ZMi and ZZ
i = ZSi + 2ZMi for i = 1 to 3

ZP
12 = ZN

12 = ZS12 − ZM12 ZP
13 = ZN

13 = ZS13 − ZM13

ZP
23 = ZN

23 = ZS23 − ZM23

ZZ
12 = ZS12 + 2ZM12 ZZ

13 = ZS13 + 2ZM13

ZZ
23 = ZS23 + 2ZM23 (3.92b)

In the ideal transposition case where only ZPS inter-circuit mutual coupling is
retained, we have ZP

12 = ZN
12 = ZP

13 = ZN
13 = ZP

23 = ZN
23 = 0.

The 9 × 9 transposed and balanced shunt phase susceptance matrix that retains
PPS, NPS and ZPS inter-circuit mutual coupling, or ZPS inter-circuit mutual
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coupling only, is similar in form to the series phase impedance matrix. Similarly,
the sequence susceptance matrix is similar in form to the sequence impedance
matrix.

Lines with four coupled circuits

We now briefly outline for the most interested of readers the balanced phase
impedance matrix for an unusual case of identical four circuits or two double-
circuit lines running in close proximity to each other. In deriving such a matrix, it
is assumed that each circuit is perfectly transposed and hence represented by a self
and a mutual impedance. The inter-circuit mutual impedance matrices between
any two circuits are also assumed balanced reflecting a transposition assumption
similar to that for double-circuit lines. Further, the inter-circuit mutual coupling
matrices between any two pair of circuits are assumed unequal to maintain gen-
erality. It can be shown that the balanced series phase impedance matrix of such
a complex multi-conductor system with transpositions that retain PPS/NPS and
ZPS inter-circuit mutual coupling is given by

Circuit 1 Circuit 2 Circuit 3 Circuit 4

R Y B R Y B R Y B R Y B

ZPhase =

Circuit 1

Circuit 2

Circuit 3

Circuit 4

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A1 B1 B1 C D D E F F G H H

B1 A1 B1 D C D F E F H G H

B1 B1 A1 D D C F F E H H G
C D D A2 B2 B2 J K K L M M

D C D B2 A2 B2 K J K M L M

D D C B2 B2 A2 K K J M M L
E F F J K K A3 B3 B3 U W W

F E F K J K B3 A3 B3 W U W

F F E K K J B3 B3 A3 W W U
G H H L M M U W W A4 B4 B4

H G H M L M W U W B4 A4 B4

H H G M M L W W U B4 B4 A4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.93)

Alternatively, an ideal transposition assumption results in C = D, E = F, G = H,
J = K , L = M and U = W . The sequence impedance matrix that corresponds to
Equation (3.93) can be calculated with all circuits phased RYB using

ZPNZ =

⎡
⎢⎢⎢⎢⎣

H−1 0 0 0

0 H−1 0 0

0 0 H−1 0

0 0 0 H−1

⎤
⎥⎥⎥⎥⎦ZPhase

⎡
⎢⎢⎢⎢⎣

H 0 0 0

0 H 0 0

0 0 H 0

0 0 0 H

⎤
⎥⎥⎥⎥⎦ (3.94)
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giving

Circuit 1 Circuit 2 Circuit 3 Circuit 4

P N Z P N Z P N Z P N Z

ZPNZ =

P

Circuit 1 N

Z

P

Circuit 2 N

Z

P

Circuit 3 N

Z

P

Circuit 4 N

Z

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ZP
1 0 0 ZP

12 0 0 ZP
13 0 0 ZP

14 0 0

0 ZN
1 0 0 ZN

12 0 0 ZN
13 0 0 ZN

14 0

0 0 ZZ
1 0 0 ZZ

12 0 0 ZZ
13 0 0 ZZ

14

ZP
12 0 0 ZP

2 0 0 ZP
23 0 0 ZP

24 0 0

0 ZN
12 0 0 ZN

2 0 0 ZN
23 0 0 ZN

24 0

0 0 ZZ
12 0 0 ZZ

2 0 0 ZZ
23 0 0 ZZ

24

ZP
13 0 0 ZP

23 0 0 ZP
3 0 0 ZP

34 0 0

0 ZN
13 0 0 ZN

23 0 0 ZN
3 0 0 ZN

34 0

0 0 ZZ
13 0 0 ZZ

23 0 0 ZZ
3 0 0 ZZ

34

ZP
14 0 0 ZP

24 0 0 ZP
34 0 0 ZP

4 0 0

0 ZN
14 0 0 ZN

24 0 0 ZN
34 0 0 ZN

4 0

0 0 ZZ
14 0 0 ZZ

24 0 0 ZZ
34 0 0 ZZ

4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.95a)

where

ZP
i = ZN

i = Ai − Bi and ZZ
i = Ai + 2Bi for i = 1 to 4

ZP
12 = ZN

12 = C − D ZZ
12 = C + 2D ZP

13 = ZN
13 = E − F ZZ

13 = E + 2F

ZP
14 = ZN

14 = G − H ZZ
14 = G + 2H ZP

23 = ZN
23 = J − K ZZ

23 = J + 2K

ZP
24 = ZN

24 = L − M ZZ
24 = L + 2M ZP

34 = ZN
34 = U − W ZZ

34 = U + 2W

(3.95b)

In the ideal transposition case where only ZPS inter-circuit mutual coupling is
retained, we have ZP

12 = ZN
12 = ZP

13 = ZN
13 = ZP

14 = ZN
14 = ZP

23 = ZN
23 = ZP

24 = ZN
24 = 0.

3.2.8 Examples

Example 3.1 Consider a single-circuit overhead line with solid non-magnetic
conductors and no earth wire. Using the self and mutual impedance expressions
for the phase conductors, and assuming the line is perfectly transposed, derive
expressions for the PPS/NPS and ZPS impedances of the circuit. Ignore the
conductor’s internal inductance skin effect.

Using Equation (3.19), the self and mutual impedances with earth return are
given by

Zii = Ri(c) + π210−4f + j4π10−4f

[
1

4
+ loge

(
Derc

ro

)]
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and

Zij = π210−4f + j4π10−4f loge

(
Derc

dij

)

The nine elements of the original phase impedance matrix are calculated using
Equation (3.50). Therefore, the PPS/NPS impedance is given by

ZP = ZN = 1

3
[(Z11 + Z22 + Z33) − (Z12 + Z23 + Z13)]

= Ri(c) + j4π10−4f loge

(
GMD

GMR

)

where GMD = 3
√

d12d23d13 and GMR = 0.7788 × ro. It is interesting to note
that the earth return resistance and reactance present in the self and mutual
impedances with earth return cancel out and are not present in the PPS/NPS
impedance. Using Equation (3.50), the ZPS impedance is given by

ZZ = 1

3
[(Z11 + Z22 + Z33) + 2(Z12 + Z23 + Z13)]

= Ri(c) + 3π210−4f + j4π10−4f loge

(
D3

erc

GMR × GMD2

)

Example 3.2 Consider the double-circuit line shown in Figure 3.16 hav-
ing a triangular conductor arrangement within each circuit and symmetrical
arrangement with respect to the tower.

For the conductor numbering and electrical phasing given, prove that a three-
cycle reverse transposition of circuit A and a similar but forward transposition
of circuit B is sufficient to produce a balanced inter-circuit phase matrix and a
diagonal inter-circuit sequence matrix.

Figure 3.16 Double-circuit line configuration used in Example 3.2
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From the geometry of the two circuits, the inter-circuit mutual impedance
matrix of the three transposition sections can be written by inspection as follows:

R Y B

ZAB−1 =
R
Y
B

⎡
⎢⎣

Z14 Z15 Z16

Z24 Z25 Z26

Z34 Z35 Z36

⎤
⎥⎦

R Y B

ZAB−2 =
R
Y
B

⎡
⎢⎣

Z25 Z26 Z24

Z35 Z36 Z34

Z15 Z16 Z14

⎤
⎥⎦

R Y B

ZAB−3 =
R
Y
B

⎡
⎢⎣

Z36 Z34 Z35

Z16 Z14 Z15

Z26 Z24 Z25

⎤
⎥⎦

ZAB = 1

3

3∑
i=1

ZAB−i = 1

3

⎡
⎢⎣

Z14 + Z25 + Z36 Z15 + Z26 + Z34 Z16 + Z24 + Z35

Z24 + Z35 + Z16 Z25 + Z36 + Z14 Z26 + Z34 + Z15

Z34 + Z15 + Z26 Z35 + Z16 + Z24 Z36 + Z14 + Z25

⎤
⎥⎦

Again, from the geometry of the circuits, we can write Z24 = Z15, Z26 = Z35,
Z34 = Z16 and Z16 = Z34. Therefore, the inter-circuit phase impedance matrix
is given by

ZAB =
⎡
⎢⎣ZS ZM ZM

ZM ZS ZM

ZM ZM ZS

⎤
⎥⎦

and is balanced, and the corresponding diagonal sequence matrix is given by

ZPNZ
AB =

⎡
⎢⎣ZS − ZM 0 0

0 ZS − ZM 0

0 0 ZS + 2ZM

⎤
⎥⎦

Example 3.3 Consider a 275 kV single-circuit overhead line with a symmet-
rical horizontal phase conductor configuration and two earth wires. The spacing
of the conductors relative to the centre of the tower and earth are shown in
Figure 3.17. The crosses numbered 1–5 represent the mid span conductor
positions due to conductor sag.

The physical data of conductors is as follows:

Phase conductors: 2 × 175 mm2 ACSR per phase, 30/7 strands (30
Aluminium, 7 Steel), conductor stranding factor = 0.82635, conductor
outer radius = 9.765 mm, conductor ac resistance = 0.1586 �/km, height at
tower = 19.86 m, average sag = 10.74 m.
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Figure 3.17 Single-circuit line used in Example 3.3

Earth wire conductor: 1 × 175 mm2 ACSR, 30/7 strands, outer radius =
9.765 mm, ac resistance = 0.1489 �/km, height at tower = 25.9 m, average
sag = 8.25 m.

Earth resistivity = 20 �m. Nominal frequency f = 50 Hz.
Calculate the potential coefficient and capacitance matrices, phase sus-

ceptance matrix with earth wires eliminated, perfectly transposed phase
susceptance matrix and corresponding sequence susceptance matrix. Calcu-
late the full phase impedance matrix, reduced phase impedance matrix with
earth wires eliminated, perfectly transposed balanced phase impedance matrix,
and sequence impedance matrices for the untransposed and balanced phase
impedance matrices.

Average height of phase conductors = 19.86 − (2/3) ×10.74 = 12.7 m
Average height of earth wire conductor = 25.9 − (2/3) × 8.25 = 20.4 m

Potential coefficients, capacitance, phase and sequence susceptance matrices
The GMR of each stranded conductor is equal to its radius i.e.
GMRC = 9.765 mm. We have two subconductors per phase so GMREq =√

2 × 9.765 × 150 = 54.1248 mm where the radius of a circle through the
centres of the two conductors is equal to 300/2 = 150 mm.

P11 = 17.975109 loge

(
2 × 12.7

54.1248 × 10−3

)
= 110.568 km/μF = P22 = P33

P44 = 17.975109 loge

(
2 × 20.4

9.765 × 10−3

)
= 149.8698 km/μF = P55

P12 = 17.975109 loge

(√
9.912 + (2 × 12.7)2

9.91

)

= 18.19 km/μF = P21 = P23 = P32
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P13 = 17.975109 loge

(√
(2 × 9.91)2 + (2 × 12.7)2

2 × 9.91

)
= 8.733 km/μF = P31

P14 = 17.975109 loge

(√
(20.4 + 12.7)2 + (9.91 − 6.75)2√
(20.4 − 12.7)2 + (9.91 − 6.75)2

)

= 24.896 km/μF = P41 = P35 = P53

P15 = 17.975109 loge

(√
(20.4 + 12.7)2 + (9.91 + 6.75)2√
(20.4 − 12.7)2 + (9.91 + 6.75)2

)

= 12.629 km/μF = P51 = P34 = P43

P24 = 17.975109 loge

(√
(20.4 + 12.7)2 + 6.752√
(20.4 − 12.7)2 + 6.752

)

= 21.4556 km/μF = P42 = P25 = P52

P45 = 17.975109 loge

(√
(2 × 6.75)2 + (2 × 20.4)2

2 × 6.75

)
= 20.814 km/μF = P54.

Therefore, the potential coefficient matrix is equal to

P =

1

2

3

4

5

⎡
⎢⎢⎢⎢⎢⎢⎣

110.568 18.19 8.733 24.896 12.629

18.19 110.568 18.19 21.455 21.455

8.733 18.19 110.568 12.629 24.896
24.896 21.455 12.629 149.869 20.814

12.629 21.455 24.896 20.814 149.869

⎤
⎥⎥⎥⎥⎥⎥⎦km/μF

and the full phase capacitance matrix is equal to

C = P−1 =

1
2
3
4
5

⎡
⎢⎢⎢⎢⎢⎢⎣

9.614E −3 −1.191E −3 −3.199E −4 −1.344E −3 −3.999E −4

−1.191E −3 9.813E −3 −1.191E −3 −9.718E −4 −9.718E −4

−3.199E −4 −1.191E −3 9.614E −3 −3.999E −4 −1.344E −3
−1.344E −3 −9.718E −4 −3.999E −4 7.162E −3 −6.759E −4

−3.999E −4 −9.718E −4 −1.344E −3 −6.759E −4 7.162E −3

⎤
⎥⎥⎥⎥⎥⎥⎦μF/km

Eliminating the two earth wires, the phase capacitance and susceptance matrices
of the untransposed line are equal to

CPhase =
1

2

3

⎡
⎢⎣ 9.614E −3 −1.191E −3 −3.199E −4

−1.191E −3 9.813E −3 −1.191E −3

−3.199E −4 −1.191E −3 9.614E −3

⎤
⎥⎦μF/km
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and

BPhase = ωC =
1

2

3

⎡
⎢⎣ 3.02 −0.374 −0.1

−0.374 3.083 −0.374

−0.1 −0.374 3.02

⎤
⎥⎦μS/km

Assume phase conductors 1, 2 and 3 are phased R, Y and B, respectively,

BPNZ = H−1BPhaseH and H =
⎡
⎢⎣

1 1 1

h2 h 1

h h2 1

⎤
⎥⎦

Thus, the sequence susceptance matrix of the untransposed line is equal to

BPNZ =
⎡
⎢⎣ 3.324 −0.102 − j0.176 0.035 − j0.061

−0.102 + j0.176 3.324 0.035 + j0.061

0.035 + j0.061 0.035 − j0.061 2.475

⎤
⎥⎦μS/km

The self and mutual elements of the susceptance matrix of the perfectly
transposed line are equal to

BSelf = 1

3
(3.02 + 3.083 + 3.02) = 3.041

and

BMutual = 1

3
(−0.374 − 0.1 − 0.374) = −0.283

Thus, the balanced phase susceptance matrix is equal to

BPhase =
⎡
⎢⎣ 3.041 −0.283 −0.283

−0.283 3.041 −0.283

−0.283 −0.283 3.041

⎤
⎥⎦μS/km

and the corresponding sequence susceptance matrix is equal to

BPNZ =
⎡
⎣3.324 0 0

0 3.324 0
0 0 2.475

⎤
⎦μS/km

Phase and sequence impedance matrices
The GMR of each stranded conductor is equal to GMRc = 0.82635 ×
9.765 =8.0693 mm. We have two subconductors per phase so GMREq =√

2 × 8.0693 × 150 = 49.2015 mm. The ac resistance per phase is equal to
0.1586/2 = 0.0793 �/km. The depth of equivalent earth return conductor
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Derc = 658.87 × √
20/50 = 416.7 m. The phase impedances with earth return

are equal to

Z11 = 0.0793 + π210−4 × 50 + j4π10−4 × 50

[
1

4 × 2
+ loge

(
416.7

49.2015 × 10−3

)]
= (0.12865 + j0.5761)�/km = Z22 = Z33

Z44 = 0.1489 + π210−4 × 50 + j4π10−4 × 50

[
1

4
+ loge

(
416.7

8.0693 × 10−3

)]
= (0.19825 + j0.6975)�/km = Z55

Z12 = π210−4 × 50 + j4π10−4 × 50 loge

(
416.7

9.91

)
= (0.04935 + j0.2349)�/km = Z21 = Z23 = Z32

Z13 = 0.04935 + j4π10−4 × 50 loge

(
416.7

2 × 9.91

)
= (0.04935 + j0.19136)�/km = Z31

Z14 = 0.04935 + j4π10−4 × 50 loge

(
416.7√

(9.91 − 6.75)2 + (20.4 − 12.7)2

)

= (0.04935 + j0.24588)�/km = Z41 = Z35 = Z53

Z15 = 0.04935 + j4π10−4 × 50 loge

(
416.7√

(20.4 − 12.7)2 + (9.91 + 6.75)2

)

= (0.04935 + j0.1962)�/km = Z51 = Z34 = Z43

Z24 = 0.04935 + j4π10−4 × 50 loge

(
416.7√

(20.4 − 12.7)2 + 6.752

)

= (0.04935 + j0.23286)�/km = Z42 = Z25 = Z52

Z45 = 0.04935 + j4π10−4 × 50 loge

(
416.7

2 × 6.75

)
= (0.04935 + j0.2155)�/km = Z54

Therefore, the full phase impedance matrix is equal to

Z =

1

2

3

4

5

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0.1286 + j0.584 0.0493 + j0.235 0.0493 + j0.191 0.0493 + j0.246 0.0493 + j0.196

0.0493 + j0.235 0.1286 + j0.584 0.0493 + j0.235 0.0493 + j0.233 0.0493 + j0.233

0.0493 + j0.191 0.0493 + j0.235 0.1286 + j0.584 0.0493 + j0.196 0.0493 + j0.246
0.0493 + j0.246 0.0493 + j0.233 0.0493 + j0.196 0.198 + j0.697 0.0493 + j0.215

0.0493 + j0.196 0.0493 + j0.233 0.0493 + j0.246 0.0493 + j0.215 0.198 + j0.697

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

�/km
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Eliminating the two earth wires, 4 and 5, the untransposed phase impedance
matrix is calculated as follows

ZPhase =

⎡
⎢⎢⎣

0.1286 + j0.584 0.0493 + j0.235 0.0493 + j0.191

0.0493 + j0.235 0.1286 + j0.584 0.0493 + j0.235

0.0493 + j0.191 0.0493 + j0.235 0.1286 + j0.584

⎤
⎥⎥⎦

−

⎡
⎢⎢⎣

0.0493 + j0.246 0.0493 + j0.196

0.0493 + j0.233 0.0493 + j0.233

0.0493 + j0.196 0.0493 + j0.246

⎤
⎥⎥⎦×

[
0.198 + j0.697 0.0493 + j0.215

0.0493 + j0.215 0.198 + j0.697

]−1

×
[

0.0493 + j0.246 0.0493 + j0.233 0.0493 + j0.196

0.0493 + j0.196 0.0493 + j0.233 0.0493 + j0.246

]

ZPhase =
⎡
⎢⎣

0.111 + j0.475 0.031 + j0.123 0.03 + j0.086

0.031 + j0.122 0.11 + j0.465 0.031 + j0.122

0.03 + j0.086 0.031 + j0.122 0.111 + j0.475

⎤
⎥⎦�/km

The corresponding sequence impedance matrix is equal to

ZPNZ =
⎡
⎢⎣ 0.08 + j0.362 −0.023 + j0.014 −0.008 − j0.004

0.024 + j0.013 0.08 + j0.362 0.007 − j0.004

0.008 − j0.005 −0.008 − j0.004 0.171 + j0.692

⎤
⎥⎦�/km

The self and mutual elements of the impedance matrix of the perfectly
transposed line are equal to

ZSelf = 1

3
(0.111 + j0.475 + 0.11 + j0.465 + 0.111 + j0.475)

= 0.11 + j0.472

and

ZMutual = 1

3
(0.031 + j0.123 + 0.03 + j0.086 + 0.031 + j0.122)

= 0.03 + j0.110

Thus balanced phase and corresponding sequence impedance matrices are

ZPhase =
⎡
⎢⎣

0.11 + j0.472 0.03 + j0.110 0.03 + j0.110

0.03 + j0.110 0.11 + j0.472 0.03 + j0.110

0.03 + j0.110 0.03 + j0.110 0.11 + j0.472

⎤
⎥⎦�/km

and

ZPNZ =
⎡
⎢⎣

0.08 + j0.362 0 0

0 0.08 + j0.362 0

0 0 0.171 + j0.692

⎤
⎥⎦�/km
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Example 3.4 Consider a 400 kV double-circuit overhead line with a near ver-
tical phase conductor configuration and one earth wire. The conductors are
numbered 1–7 and their spacings including average conductor sag relative to
the centre of the tower and earth are shown in Figure 3.18.

The conductors of the two circuits have the following physical data.

Phase conductors: 4 × 400 mm2 ACSR per phase, 54/7 strands (54
Aluminium, 7 Steel), conductor stranding factor = 0.80987, conductor outer
radius = 14.31 mm, conductor ac resistance = 0.0684 �/km, Figure 3.18
shows average height of the centre of phase conductor bundle including
average sag.
Earth wire conductor: 1 × 400 mm2 ACSR, 54/7 strands, outer radius =
9.765 mm, ac resistance = 0.0643 �/km, Figure 3.18 shows average height
of earth wire including average sag.

Earth resistivity = 20 �m. Nominal frequency f = 50 Hz.
Calculate the 7 × 7 potential coefficient and capacitance matrices, 6 × 6

phase susceptance matrix with earth wire eliminated, the 6 × 6 phase suscep-
tance matrix for six and ideal nine transpositions. Calculate the corresponding
6 × 6 sequence susceptance matrix in each case. Calculate the full 7 × 7 and
reduced 6 × 6 phase impedance matrices with earth wire eliminated as well as
the 6 × 6 phase matrices for six and ideal nine transpositions. Calculate the
corresponding sequence impedance matrices in each case.

Potential coefficients, capacitance, phase and sequence susceptance matrices
For each stranded conductor, the GMR is equal to GMRC = 14.31 mm. For the
four conductor bundle, GMREq = 4

√
4 × 14.31 × (353.553)3 = 224.267 mm

R

B

Y Y

R

B

Similar phasing

R

B

Y Y

B

R

Circular phasing

400 kV double-
circuit line

0.5 m

0.5 m

c

f

d

a

b

e

g

a � 6.93 m

Conductor position
including sag

1

2

3

4

5

6

7

Quad
bundle

d � 32.26 m
e � 21.79 m
f � 12.95 m
g � 43.09 m

b � 10.16 m
c � 8.33 m

Figure 3.18 Double-circuit line used in Example 3.4
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where the radius of a circle through the centres of the four conductors is equal
to R = 500 mm/

√
2 = 353.553 mm.

P11 = 17.975109 loge

(
2 × 32.26

224.267 × 10−3

)
= 101.773 km/μF = P44

P12 = 17.975109 loge

(√
[2 × 21.79 + (32.26 − 21.79)]2 + (10.16 − 6.93)2√

(32.26 − 21.79)2 + (10.16 − 6.93)2

)

= 28.719 km/μF

= P21 = P45 = P54

The rest of the self and mutual potential coefficients are calculated similarly.
Therefore, the potential coefficient matrix is equal to

P =

1

2
3
4

5
6
7

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

101.773 28.719 15.253 28.05 18.69 11.9 30.985

28.719 94.72 22.165 18.69 15.48 11.727 18.0

15.253 22.165 85.366 11.9 11.727 11.043 10.46
28.05 18.69 11.9 101.773 28.719 15.253 30.985

18.69 15.48 11.727 28.719 94.72 22.165 18.0

11.9 11.727 11.043 15.253 22.165 85.366 10.46
30.985 18.0 10.46 30.985 18.0 10.46 156.833

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

km/μF

and the full-phase capacitance matrix is equal to C = P−1 or

C =

1

2

3

4

5

6

7

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.012 −2.542E−3 −8.323E−4 −1.948E−3 −8.449E−4 −4.475E−4 −1.485E−3

−2.542E−3 0.012 −2.394E−3 −8.449E−4 −7.262E−4 −6.351E−4 −4.617E−4

−8.323E−4 −2.394E−3 0.013 −4.475E−4 −6.351E−4 −9.402E−4 −1.891E−4

−1.948E−3 −8.449E−4 −4.475E−4 0.012 −2.542E−3 −8.323E−4 −1.485E−3

−8.449E−4 −7.262E−4 −6.351E−4 −2.542E−3 0.012 −2.394E−3 −4.617E−4
−4.475E−4 −6.351E−4 −9.402E−4 −8.323E−4 −2.394E−3 0.013 −1.891E−4

−1.485E−3 −4.617E−4 −1.891E−4 −1.485E−3 −4.617E−4 −1.891E−4 7.094E−3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
μF/km

Eliminating the earth wire, the phase capacitance and susceptance matrices of
the untransposed line are equal to

CPhase =

1

2

3

4

5

6

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.012 −2.542E−3 −8.323E−4 −1.948E−3 −8.449E−4 −4.475E−4

−2.542E−3 0.012 −2.394E−3 −8.449E−4 −7.262E−4 −6.351E−4

−8.323E−4 −2.394E−3 0.013 −4.475E−4 −6.351E−4 −9.402E−4

−1.948E−3 −8.449E−4 −4.475E−4 0.012 −2.542E−3 −8.323E−4

−8.449E−4 −7.262E−4 −6.351E−4 −2.542E−3 0.012 −2.394E−3

−4.475E−4 −6.351E−4 −9.402E−4 −8.323E−4 −2.394E−3 0.013

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
μF/km
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and

BPhase =

1

2

3

4

5

6

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

3.77 −0.799 −0.261 −0.612 −0.265 −0.141

−0.799 3.77 −0.752 −0.265 −0.228 −0.2

−0.261 −0.752 4.084 −0.141 −0.2 −0.295
−0.612 −0.265 −0.141 3.77 −0.799 −0.261

−0.265 −0.228 −0.2 −0.799 3.77 −0.752

−0.141 −0.2 −0.295 −0.261 −0.752 4.084

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

μS/km

The corresponding sequence susceptance matrix is calculated using BPNZ =
H−1

dc BPhaseHdc. For the similar phasing of the two circuits, i.e. RYB/RYB, as
illustrated in Figure 3.18, Hdc can be obtained by modifying Equation (3.87)
appropriately giving

BPNZ =

1

2

3

4

5

6

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4.479 −0.2 − j0.219 0.022 − j0.246 −0.177 −0.114 − j0.091 −0.118 − j0.017

−0.2 + j0.219 4.479 0.022 + j0.246 −0.114 + j0.091 −0.177 −0.118 + j0.017

0.022 + j0.246 0.022 − j0.246 2.667 −0.118 + j0.017 −0.118 − j0.017 −0.782

−0.177 −0.114 − j0.091 −0.118 − j0.017 4.479 −0.2 − j0.219 0.022 − j0.246

−0.114 + j0.091 −0.177 −0.118 + j0.017 −0.2 + j0.219 4.479 0.022 + j0.246

−0.118 + j0.017 −0.118 − j0.017 −0.782 0.022 + j0.246 0.022 − j0.246 2.667

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

For the circular phasing of the two circuits of RYB/BYR, as illustrated in Figure
3.18, Hdc is given in Equation (3.87). Therefore,

BPNZ =

1

2

3

4

5

6

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4.479 −0.2 − j0.219 0.022 − j0.246 0.136 − j0.053 0.088 + j0.153 −0.118 − j0.017

−0.2 + j0.219 4.479 0.022 + j0.246 0.088 − j0.153 0.136 + j0.053 −0.118 + j0.017

0.022 + j0.246 0.022 − j0.246 2.667 0.073 − j0.094 0.073 + j0.094 −0.782

0.136 + j0.053 0.088 + j0.153 0.073 + j0.094 4.479 −0.09 − j0.283 0.202 − j0.142

0.088 − j0.153 0.136 − j0.053 0.073 − j0.094 −0.09 + j0.283 4.479 0.202 + j0.142

−0.118 + j0.017 −0.118 − j0.017 −0.782 0.202 + j0.142 0.202 − j0.142 2.667

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

For the circular RYB/BYR phasing, and for a six-phase transposition cycle, the
balanced phase susceptance and corresponding sequence susceptance matrices
are equal to

BPhase =

1
2
3

4
5
6

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

3.875 −0.604 −0.604 −0.306 −0.306 −0.170
−0.604 3.875 −0.604 −0.306 −0.170 −0.306
−0.604 −0.604 3.875 −0.170 −0.306 −0.306

−0.306 −0.306 −0.170 3.875 −0.604 −0.604
−0.306 −0.170 −0.306 −0.604 3.875 −0.604
−0.170 −0.306 −0.306 −0.604 −0.604 3.875

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

μS/km

and

BPNZ =

1
2
3

4
5
6

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

4.479 0 0 0.136 0 0
0 4.479 0 0 0.136 0
0 0 2.667 0 0 −0.782

0.136 0 0 4.479 0 0
0 0.136 0 0 4.479 0
0 0 −0.782 0 0 2.667

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

μS/km
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For the ideal nine transpositions, the balanced phase susceptance and corre-
sponding sequence susceptance matrices are equal to

BPhase =

1

2

3

4

5

6

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3.875 −0.604 −0.604 −0.261 −0.261 −0.261

−0.604 3.875 −0.604 −0.261 −0.261 −0.261

−0.604 −0.604 3.875 −0.261 −0.261 −0.261

−0.261 −0.261 −0.261 3.875 −0.604 −0.604

−0.261 −0.261 −0.261 −0.604 3.875 −0.604

−0.261 −0.261 −0.261 −0.604 −0.604 3.875

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

μS/km

and

BPNZ =

1

2

3

4

5

6

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

4.479 0 0 0 0 0

0 4.479 0 0 0 0

0 0 2.667 0 0 −0.782
0 0 0 4.479 0 0

0 0 0 0 4.479 0

0 0 −0.782 0 0 2.667

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

μS/km

Phase and sequence impedance matrices
The GMR of a stranded phase conductor is GMRC = 0.80987 × 14.31 =
11.589 mm. We have four subconductors per phase so GMREq =
4
√

4 × 11.589 × (353.553)3 = 212.75 mm. The ac resistance per phase = 0.0684/
4=0.0171 �/km. The depth of equivalent earth return conductor Derc=658.87×√

20/50 = 416.7 m.
The GMR of the stranded earth wire is GMRC = 0.80987 × 9.765 = 7.91 mm.
The phase impedances with earth return are equal to

Z11 = 0.0171 + π210−4 × 50 + j4π10−4 × 50

[
1

4 × 4
+ loge

(
416.7

212.75 × 10−3

)]
= (0.0664 + j0.480)�/km = Z22 = Z33 = Z44 = Z55 = Z66

Z77 = 0.0643 + π210−4 × 50 + j4π10−4 × 50

[
1

4
+ loge

(
416.7

7.91 × 10−3

)]
= (0.1136 + j0.6988)�/km

Z12 = π210−4 × 50 + j4π10−4 × 50 loge

(
416.7√

(32.26 − 21.79)2 + (10.16 − 6.93)2

)

= (0.0493 + j0.2286)�/km = Z21 = Z45 = Z54
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The rest of the self and mutual phase impedances are calculated similarly. The
full phase impedance matrix in �/km is equal to

Z =

1

2

3

4

5

6

7

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.0664 + j0.480 0.0493 + j0.2286 0.0493 + j0.1928 0.0493 + j0.2138 0.0493 + j0.1906 0.0493 + j0.1777 0.0493 + j0.2147

0.0493 + j0.2286 0.0664 + j0.480 0.0493 + j0.2407 0.0493 + j0.1906 0.0493 + j0.1898 0.0493 + j0.1892 0.0493 + j0.1780

0.0493 + j0.1928 0.0493 + j0.2407 0.0664 + j0.480 0.0493 + j0.1777 0.0493 + j0.1892 0.0493 + j0.2023 0.0493 + j0.1609

0.0493 + j0.2138 0.0493 + j0.1906 0.0493 + j0.1777 0.0664 + j0.480 0.0493 + j0.2286 0.0493 + j0.1928 0.0493 + j0.2147

0.0493 + j0.1906 0.0493 + j0.1898 0.0493 + j0.1892 0.0493 + j0.2286 0.0664 + j0.480 0.0493 + j0.2407 0.0493 + j0.1780

0.0493 + j0.1777 0.0493 + j0.1892 0.0493 + j0.2023 0.0493 + j0.1928 0.0493 + j0.2407 0.0664 + j0.480 0.0493 + j0.1609

0.0493 + j0.2147 0.0493 + j0.1780 0.0493 + j0.1609 0.0493 + j0.2147 0.0493 + j0.1780 0.0493 + j0.1609 0.1136 + j0.6988

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Eliminating the earth wire, the phase impedance matrix of the untransposed
double-circuit-line is equal to

ZPhase =

1

2

3

4

5

6

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.047 + j0.414 0.03 + j0.174 0.031 + j0.144 0.030 + j0.148 0.030 + j0.136 0.031 + j0.129

0.03 + j0.174 0.049 + j0.435 0.032 + j0.200 0.030 + j0.136 0.031 + j0.145 0.032 + j0.149

0.031 + j0.144 0.032 + j0.200 0.05 + j0.444 0.031 + j0.129 0.032 + j0.149 0.032 + j0.166

0.030 + j0.148 0.030 + j0.136 0.031 + j0.129 0.047 + j0.414 0.03 + j0.174 0.031 + j0.144

0.030 + j0.136 0.031 + j0.145 0.032 + j0.149 0.03 + j0.174 0.049 + j0.435 0.032 + j0.200

0.031 + j0.129 0.032 + j0.149 0.032 + j0.166 0.031 + j0.144 0.032 + j0.200 0.05 + j0.444

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The corresponding sequence impedance matrix is ZPNZ = H−1
dc ZPhaseHdc. For

similar phasing of the two circuits, i.e. RYB/RYB, as illustrated in Figure 3.18:

ZPNZ =

1

2

3

4

5

6

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.017 + j0.258 −0.020 + j0.019 −0.008 − j0.023 0.00 + j0.015 −0.010 + j0.009 0.003 − j0.008

0.020 + j0.019 0.017 + j0.258 0.005 − j0.022 0.011 + j0.008 0.00 + j0.015 −0.005 − j0.008

0.005 − j0.022 −0.008 − j0.023 0.11 + j0.777 −0.005 − j0.008 0.003 − j0.008 0.093 + j0.429

0.00 + j0.015 −0.010 + j0.009 0.003 − j0.008 0.017 + j0.258 −0.020 + j0.019 −0.008 − j0.023

0.011 + j0.008 0.00 + j0.015 −0.005 − j0.008 0.020 + j0.019 0.017 + j0.258 0.005 − j0.022

−0.005 − j0.008 0.003 − j0.008 0.093 + j0.429 0.005 − j0.022 −0.008 − j0.023 0.11 + j0.777

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

For the circular phasing of the two circuits of RYB/BYR, as illustrated in
Figure 3.18, we obtain

ZPNZ =

1

2

3

4

5

6

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.017 + j0.258 −0.020 + j0.019 −0.008 − j0.023 −0.002 − j0.013 0.013 − j0.008 0.003 − j0.008

0.020 + j0.019 0.017 + j0.258 0.005 − j0.022 −0.013 − j0.007 0.002 − j0.013 −0.005 − j0.008

0.005 − j0.022 −0.008 − j0.023 0.11 + j0.777 0.006 + j0.006 −0.004 + j0.008 0.093 + j0.429

0.002 − j0.013 0.013 − j0.008 −0.004 + j0.008 0.017 + j0.258 −0.027 + j0.008 −0.021 + j0.006

−0.013 − j0.007 −0.002 − j0.013 0.006 + j0.006 0.027 + j0.008 0.017 + j0.258 0.023 + j0.005

−0.005 − j0.008 0.003 − j0.008 0.093 + j0.429 0.023 + j0.005 −0.021 + j0.006 0.11 + j0.777

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

For the RYB/BYR phasing, and for a six-phase transposition cycle, the balanced
phase impedance and corresponding sequence impedance matrices are

ZPhase =

1

2

3

4

5

6

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.048 + j0.431 0.031 + j0.173 0.031 + j0.173 0.031 + j0.147 0.031 + j0.147 0.031 + j0.134

0.031 + j0.173 0.048 + j0.431 0.031 + j0.173 0.031 + j0.147 0.031 + j0.134 0.031 + j0.147

0.031 + j0.173 0.031 + j0.173 0.048 + j0.431 0.031 + j0.134 0.031 + j0.147 0.031 + j0.147

0.031 + j0.147 0.031 + j0.147 0.031 + j0.134 0.048 + j0.431 0.031 + j0.173 0.031 + j0.173

0.031 + j0.147 0.031 + j0.134 0.031 + j0.147 0.031 + j0.173 0.048 + j0.431 0.031 + j0.173

0.031 + j0.134 0.031 + j0.147 0.031 + j0.147 0.031 + j0.173 0.031 + j0.173 0.048 + j0.431

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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and

ZPNZ =

1

2

3

4

5

6

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.017 + j0.258 0 0 0 − j0.013 0 0

0 0.017 + j0.258 0 0 0 − j0.013 0

0 0 0.110 + j0.777 0 0 0.093 + j0.429

0 − j0.013 0 0 0.017 + j0.258 0 0

0 0 − j0.013 0 0 0.017 + j0.258 0

0 0 0.093 + j0.429 0 0 0.110 + j0.777

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

For the ideal nine transpositions, the balanced phase impedance and corre-
sponding sequence impedance matrices are

ZPhase =

1

2

3

4

5

6

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.048 + j0.431 0.031 + j0.173 0.031 + j0.173 0.031 + j0.143 0.031 + j0.143 0.031 + j0.143

0.031 + j0.173 0.048 + j0.431 0.031 + j0.173 0.031 + j0.143 0.031 + j0.143 0.031 + j0.143

0.031 + j0.173 0.031 + j0.173 0.048 + j0.431 0.031 + j0.143 0.031 + j0.143 0.031 + j0.143

0.031 + j0.143 0.031 + j0.143 0.031 + j0.143 0.048 + j0.431 0.031 + j0.173 0.031 + j0.173

0.031 + j0.143 0.031 + j0.143 0.031 + j0.143 0.031 + j0.173 0.048 + j0.431 0.031 + j0.173

0.031 + j0.143 0.031 + j0.143 0.031 + j0.143 0.031 + j0.173 0.031 + j0.173 0.048 + j0.431

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

ZPNZ =

1

2

3

4

5

6

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.017 + j0.258 0 0 0 0 0

0 0.017 + j0.258 0 0 0 0

0 0 0.110 + j0.777 0 0 0.093 + j0.429

0 0 0 0.017 + j0.258 0 0

0 0 0 0 0.017 + j0.258 0

0 0 0.093 + j0.429 0 0 0.110 + j0.177

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The reader will benefit from carefully studying the results of the above
examples which provide several insights of significant practical importance
on natural overhead line unbalance and the effects of transpositions in the
practice of electrical power systems engineering.

3.3 Phase and sequence modelling of
three-phase cables

3.3.1 Background
Cables are generally classified as underground, submarine or aerial. Underground
cables may be buried directly in the ground, laid in trenches, pipes or in under-
ground tunnels. Cables are also classified depending on the type of core insulation,
e.g. oil-impregnated paper, ethylene propylene rubber (EPR), or cross-linked
polyethylene (XLPE), etc. Some cables may have a protective armour in addition to
the metallic sheath or screen. Other classification is based on the number of cores,
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e.g. single core, two core or three core, etc. Single-core cables are coaxial cables
with insulation that can either be extruded, e.g. XLPE or oil-impregnated paper.
Self-contained fluid-filled cables consist of three single-core cables each having a
hollow copper core which permits the flow of pressurised dielectric. High voltage
cables are always designed with a metallic sheath conductor which may be cop-
per, corrugated aluminium or lead. Three-core cables consist of three single-core
cables contained within a common shell which may be an insulating shell or a steel
pipe. There are a large number of different cable types, designs and layouts in use
for the transmission and distribution of electrical energy and operating at voltages
from 1 to 500 kV. It is therefore impossible to cover but a few cables focussing
on those designs and layouts that are most commonly used. In some countries,
e.g. the UK, distribution networks in large cities are almost entirely underground
cable networks. Even at transmission voltage levels, increasing environmental and
visual amenity pressures are resulting in more undergrounding of cables in add-
ition to some of the usual requirements imposed by wide rivers and sea crossings.
At the lower end of distribution voltages, belted-type cables have been used and
these are three-core cables usually insulated with solid oil-impregnated paper with
the three conductors covered in a single metallic sheath. At operating voltages
between 10 and 36 kV, three-core cables are becoming mainly of the screened type
with polymeric insulation and outer sheath applied to each core. Above 36 kV,
cables have historically been fluid-filled paper-insulated but more recently, the
use of such cables has mainly been above 132 kV. In the last few years, XLPE-
insulated cables are increasingly being used at voltages up to 500 kV. Cables used
at transmission voltages are mostly single-core cables that may be laid in a variety
of configurations in the ground, tunnels or pipes.

The ac submarine cables are similar to underground cables except that they
invariably have a steel armour for mechanical protection and this consists of a
number of steel wires or tapes. Submarine cables may be three-core cables buried
underneath the seabed at between 1 to 2 m depth to avoid damage by ships’ anchors,
fishing trawlers or possibly physical displacement in areas of high sea currents.
Submarine cables may also be single core and buried under the seabed but where
this is not the case, e.g. in deep water installations, the individual phases may be
laid a significant distance away from each other to minimise the risk of anchors
damaging more than one phase. Pipe-type cables consist of three single-core cables
each usually having a stranded copper conductor, impregnated paper insulation and
a metallic sheath. The three cables may be installed asymmetrically or in a trefoil
formation inside a steel pipe which is filled with pressurised low-viscosity oil or
gas. The three sheaths are in contact with the pipe inside wall and they may touch
each other. The steel pipe is normally coated on the outside to prevent corrosion. In
the USA, over 90% of underground cables from 69 kV up to 345 kV are of pipe-type
design but many modern replacement and new installations are employing oil-free
XLPE cables with forced water cooling inside the pipe. In England and Wales,
almost all transmission cables are of the self-contained single-core design laid
either directly in trenches underground or in tunnels. At the time of writing, single-
core XLPE cables up to 500 kV and three-core XLPE cables up to 245 kV are in use.



142 Modelling of multi-conductor overhead lines and cables

Figure 3.19 Solidly bonded three-phase cable

3.3.2 Cable sheath bonding and
earthing arrangements

Cable sheaths are metallic conductors that perform a variety of important functions.
The sheaths prevent moisture ingress into the insulation, contain cable pressure
in fluid-filled cables, provide a continuous circuit for short-circuit fault current
return and help prevent mechanical damage. Three cables form a three-phase
single circuit and two such three-phase circuits may be laid in close proximity to
each other. The ac current flowing in the core of one cable, as well as the currents
flowing in adjacent cores, induce voltages on the metallic sheath(s) of the cable(s).
In order to limit these voltages and prevent cable damage, the conducting sheaths
may be bonded in a variety of methods. The three most common methods are
briefly described below.

Solidly bonded cables

Solid bonding of cable sheaths is where both ends of the cable are bonded and
connected to earth as shown in Figure 3.19.

Under PPS voltage conditions, voltages are induced in the sheaths and because
these are solidly bonded and earthed at both ends, circulating currents flow such
that the sheaths are at zero voltage along their entire length. However, these currents
can cause significant sheath losses and heating which can adversely affect the
thermal rating of the cable’s core conductor. This arrangement is most suitable
for three-core cables and is not usually used at voltages above 66 kV. Under ZPS
conditions, the sheaths provide an excellent path for the earth fault return current.

Single-point bonded cables

Bonding the cable sheaths to earth at one end and using sheath voltage limiters
at the other end is a good arrangement for short cable lengths. This limits the
sheath voltages and prevents circulation of sheath currents during normal operation
because of the absence of a closed sheath circuit. A similar arrangement that
provides similar benefits and allows doubling the cable length is bonding and
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Figure 3.20 Single-point bonded three-phase cable: (a) end-point bonded cable; (b) mid-point bonded
cable and (c) end-point bonded cable with a transposed earth continuity conductor

earthing the cable sheath at the cable mid-point and using sheath voltage limiters
at the ends. Because no sheath current can flow, no sheath losses occur. However,
in practical installations, a transposed earth continuity conductor earthed at both
ends is also used in order to provide a return path for the current under ZPS earth
fault conditions. Under PPS conditions, the transposed earth continuity conductor
carries no current. Figure 3.20 illustrates these three earthing arrangements.

Cross-bonded cables

For long cable circuits, cross-bonding is commonly used. This method aims at
minimising the total induced voltages in the sheath in order to minimise circulating
currents and losses. The cable circuit is divided into major and minor sections so
that each major section consists of three minor sections of equal length. Figure 3.21
illustrates a major section of a cross-bonded cable.

The best arrangement is where the cores of the three minor sections within each
major section are perfectly transposed but the sheaths are not. The sheaths at both
ends of the major section are solidly bonded and earthed but at the other two
positions within the major section, they are bonded to sheath voltage limiters. The
bonding and earthing at the ends of a major section eliminate the need for the earth
continuity conductor required in single-point bonded and earthed arrangements.
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Figure 3.21 (a) Cross-bonded three-phase cable; (b) 275 kV oil-filled paper insulated cable and
(c) 400 kV cross-linked polyethylene (XLPE) cable



Phase and sequence modelling of three-phase cables 145

Under PPS conditions, voltages are induced in the sheaths, but because the cores
are perfectly transposed, the resulting voltages in each minor section are separated
by 120◦ and thus sum to zero. Therefore, no sheath currents flow. Under ZPS
conditions, e.g. earthed faults, the cross-bonding does not affect the excellent
path which the sheaths provide for the return current. The earlier and rather less
satisfactory cross-bonding method of transposing the sheaths but not the cores
cannot achieve a good balance of induced sheath voltages unless the cables are
laid in a trefoil formation. Therefore, the cores of cross-bonded cables laid in flat
formations are generally transposed. Cross-bonding with core transposition is a
general practice in the UK at 275 and 400 kV.

3.3.3 Overview of the calculation of cable parameters

General

Single-core and three-core cables are characterised by close coupling between the
core conductor and the conducting sheath. Also, for buried self-contained single-
core cables, there is a conducting earth path between the three adjacent conductors.
In pipe-type cables, the steel pipe is also a conducting medium. Therefore, a single
circuit self-contained three-phase cable is a multi-conductor system that consists
of three cores and three sheaths (six conductors) together with the earth path. If the
three cables are in a steel pipe, induced voltages in the pipe will cause currents to
circulate. For single-core submarine cables where each has a conducting armour,
a three further conductors are present. Therefore, for N three-phase cable circuits,
the number of coupled conductors is 6N for core–sheath single-core or three-core
cables, and 9N for core–sheath–armour single-core cables. For core–sheath–
armour single-circuit three-core cables, the total number of coupled conductors is
seven.

Similar to an overhead line, the basic electrical parameters of cables are the self
and mutual impedances between conductors, and conductor shunt admittances.
For power frequency steady state analysis, the small conductance of the insulation
is usually neglected. Practical calculations of multi-conductor cable parameters
with series impedance expressed in � per-unit length and shunt susceptance in
μS unit length, are carried out using digital computer programs. These parameters
are then used to form the cable series impedance and shunt admittance matrices
in the phase frame of reference as will be described later. The cable capacitances
or susceptances are calculated from the cable physical dimensions and geom-
etry. The self and mutual impedances are calculated from the conductor material,
construction, physical dimensions and earth resistivity. The significant variety of
available cable designs and installations cannot be covered here. The equations of
the parameters for some widely used cable designs are presented below.

Shunt capacitances and susceptances

For single-core screened cables where the phases are laid parallel to each other and
to the earth’s surface, the earth the screens are connected to acts as an electrostatic
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Figure 3.22 Cross-section of one phase of a self-contained armoured cable

shield so that there is no electrostatic coupling between the phases. This also
applies to three-phase three-core screened cables where each core is individually
screened. Therefore, there is no mutual capacitance among the three phases and the
individual cable capacitance is independent of the spacings between the phases.
Figure 3.22 is a cross-section of a general cable showing a hollow core conductor,
core insulation, sheath/screen conductor, sheath insulation, armour conductor and
a further insulation layer such as a plastic sheath.

Using Figure 3.22, the capacitance between the core and sheath of a screened
single core or a screened three-core cable is given by

Ccs = 0.0556325 × εcs

loge

(
ris
roc

) μF/km/phase (3.96a)

and the corresponding susceptance is given by

Bcs = 0.34954933 × f × εcs

loge

(
ris
roc

) μS/km/phase (3.96b)

The capacitance between the sheath and armour, where present, is given by

Csa = 0.0556325 × εsa

loge

(
ria
ros

) μF/km/phase (3.97a)
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and the corresponding susceptance is given by

Bsa = 0.34954933 × f × εsa

loge

(
ria
ros

) μS/km/phase (3.97b)

Similarly, the capacitance between the armour and earth is given by

Cae = 0.0556325 × εae

loge

(
roa+tps

roa

) μF/km/phase (3.98a)

and the corresponding susceptance is given by

Cae = 0.34954933 × f × εae

loge

(
roa+tps

roa

) μS/km/phase (3.98b)

where
ric = inner radius of core tubular conductor
roc = outer radius of core conductor = inner radius of core conductor insulation

assuming no core semiconductor tape
ris = outer radius of core conductor insulation = inner radius of metallic sheath

assuming no tape over insulation
ros = outer radius of metallic sheath = inner radius of sheath insulation
ria = inner radius of metallic armour = outer radius of sheath insulation
roa = outer radius of metallic armour = inner radius of metallic armour’s plastic

sheath
tps = thickness of metallic armour’s plastic sheath
εcs, εsa and εae are the relative permittivities of core-to-sheath, sheath-to-armour

and armour-to-earth insulation.

The capacitance between the armour and earth would be redundant if there
were no armour insulation or where the armour is directly earthed. Similarly,
this capacitance would not exist for cables that have no armour and in this case,
the cable would generally be characterised by two capacitances only. The relative
permittivity of insulation is in general a complex number with frequency dependent
real and imaginary parts, i.e. εr = ε′( f ) − jε′′( f ). However, for power frequency
steady state analysis, only the real part of εr is of significance and this is equivalent
to assuming zero shunt conductance. Typical values for the real part of εr are: 4 for
solid-impregnated paper, 3.5 for oil-filled-impregnated paper, 3.7 for oil-pressure
pipe-type, 3.5 for gas-pressure, 4 for butyl rubber (BR), 3 for EPR, 2.5 for XLPE,
2.3 for polyethylene (PE) and 8 for polyvinyl chloride (PVC).

For three-phase pipe-type cables, the cables inside the pipe may be laid in a
touching triangular or a cradle formation as illustrated in Figure 3.23. The core-to-
sheath capacitance of each cable phase can be calculated using Equation (3.96a).
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Figure 3.23 Pipe-type three-phase cables

Mutual capacitances between the sheaths of the three phases and between the
sheath of each phase and the pipe can be calculated using

Css(ik) = 0.0556325 × εp

loge

[
q√

d2
i +d2

k−2didk cos θik

]
−

∞∑
n=1

(
didk
q2

)n × cos (nθik)
n

μF/km/phase

(3.99a)
and

Csp(ii) = 0.0556325 × εp

loge

(
q2−d2

i
q×ri

) μF/km/phase (3.99b)

where q is the inner radius of the steel pipe, εp is the permittivity of insulation
inside the pipe, di is the distance between cable i core centre and pipe centre, ri is
the outer radius of cable i core conductor and θik is the angle subtended between
the pipe’s centre and the centres of cables i and k. The infinite series term in
Equation (3.99a) is usually very small and for most di and q distances encountered
in practical installations, it may be neglected with insignificant loss of accuracy. It
should be noted that the mutual sheath capacitance would be short-circuited where
the sheaths are in contact with each other, and the pipe’s inside wall. This applies
for both cradle and triangular formations.

For three-core unscreened or belted cables, there is no simple reasonably accur-
ate formula that can be used because of the effect of two insulation layers that
have to be considered namely the core insulation and the belt insulation. For these
cables, it is recommended that resort is made either to empirical design data from
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Figure 3.24 Illustration of spatial dimensions of two underground cable phases

the manufacturers or better still to field test measurements. This is dealt with in
Section 3.6.3.

Series self and mutual impedances

For a three-phase screened cable buried underground and having armour protec-
tion, the core, sheath and armour will each have a self-impedance with earth return.
Electromagnetic coupling, and hence mutual impedances, exist between the core,
sheath and armour within each phase. Even though the three phases are usually
laid parallel to each other and the earth’s surface, the earth does not act as an elec-
tromagnetic shield between them. Therefore, mutual impedances exist between all
the conductors of all the phases. Figures 3.22 and 3.24 are used in the calculation
of self and mutual impedances of underground cables for use in steady state power
frequency analysis.

The self-impedance of a core conductor with earth return is given by

Zcc = Rc(ac) + π210−4f + j4π10−4f

[
μc

4
× f (roc, ric) + loge

(
Derc

roc

)]
�/km

(3.100a)

where

f (roc, ric) = 1 − 2r2
ic

(r2
oc − r2

ic)
+ 4r4

ic

(r2
oc − r2

ic)
2

loge

(
roc

ric

)
(3.100b)

and Derc is the depth of equivalent earth return conductor given in Equation (3.15)
and μc is the relative permeability of the core conductor.

The self-impedance of a sheath with earth return is given by

Zss = RS(ac) + π210−4f + j4π10−4f

[
μs

4
× f (ros, ris) + loge

(
Derc

ros

)]
�/km

(3.101a)
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where

f (ros, ris) = 1 − 2r2
is

(r2
os − r2

is)
+ 4r4

is

(r2
os − r2

is)
2

loge

(
ros

ris

)
(3.101b)

and μs is the relative permeability of the sheath conductor.
The self-impedance of an armour with earth return is

Zaa = Ra(ac) + π210−4f + j4π10−4f

[
μa

4
× f (roa, ria) + loge

(
Derc

roa

)]
�/km

(3.102a)

where

f (ros, ris) = 1 − 2r2
is

(r2
os − r2

is)
+ 4r4

is

(r2
os − r2

is)
2

loge

(
ros

ris

)
(3.102b)

and μa is the relative permeability of the armour conductor.
The mutual impedance between core or sheath or armour i, and core or sheath

or armour j, with earth return, is given by

Zij = π210−4f + j4π10−4f × loge

(
Derc

Sij

)
�/km (3.103)

where Sij is the distance between the centres of cables i and j if the conductors
belong to different cables. If the conductors belong to the same cable, Sij is the
geometric mean distance between the two conductors, e.g. the GMD between the
core and the sheath of cable j is given by Sjj = (ros + ris)/2 which is sufficiently
accurate for practical cable dimensions.

ac resistance
The ac resistance of the core, sheath or armour can be calculated from the dc
resistance using the following formula:

R(ac) = R(dc)[1 + y(kS + kP)]�/km (3.104a)

where y = 1 for single-core, two-core and three-core cables but y = 1.5 for pipe-
type cables. kS and kP are skin and proximity effect factors, respectively. Also,

R(dc) = 1000ρ

A
[1 + α20 × (T − 20)] �/km (3.104b)

ρ is the conductor resistivity in �m, A is conductor nominal cross-sectional area
in m2, T is conductor temperature in ◦C and α20 in ◦C−1 is the constant mass
temperature coefficient at 20◦C. Table 3.1 illustrates typical values for α20 and
resistivity at 20◦C.
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Table 3.1 Typical values of α20 and conductor resistivity at 20◦C

Temperature coefficient Resistivity
Material α20(◦C−1) at 20◦C ρ20 (�m) at 20◦C

Cores
Copper 3.93 × 10−3 1.7241 × 10−8

Aluminium 4.03 × 10−3 2.8264 × 10−8

Sheaths or armour
Lead 4 × 10−3 21.4 × 10−8

Bronze 3 × 10−3 3.5 × 10−8

Steel 4.5 × 10−3 13.8 × 10−8

Stainless steel 0 70 × 10−8

The skin effect factor is the incremental resistance factor produced by ac current
in an isolated conductor due to skin effect and is given by

kS =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

z4

0.8 × z4 + 192
0 < z ≤ 2.8

0.0563 × z2 − 0.0177 × z − 0.136 2.8 < z ≤ 3.8

0.354 × z − 0.733 z > 3.8

(3.105)

where z =
√

8πf az/(104Rdc). For copper conductors, az = 1 for normally
stranded circular and sector-shaped conductors but az = 0.43 for seg-
mental or Milliken shaped conductors. For stranded annular conductors,
az = [(ro − ri)/(ro + ri)][(ro + 2ri)/(ro + ri)]2, where ri and ro are the conductor’s
inner and outer radii, respectively. Generally, z is less than 2.8 for the majority of
practical applications. Although based on a simplified approach, Equation (3.105)
for the skin effect factor involves an error of less than 0.5% at power frequency.

The proximity effect factor is the incremental resistance factor due to the
proximity of other ac current carrying conductors and is given by

kP =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

2.9 × F( p)

(
dc

S

)2

for two-core and two
single-core cables

F( p)

(
dc

S

)2
[

0.312

(
dc

S

)2

+ 1.18

F(p) + 0.27

]
for three-core and three
single-core cables

(3.106a)

where

F( p) = p4

0.8 × p4 + 192
and p =

√
8πf ap

104Rdc
(3.106b)
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dc is conductor diameter and S is the axial spacing between conductors. For both
copper and Aluminium, ap is equal to 0.8 for round stranded, sector shaped and
annular stranded conductors. ap is equal to 0.37 for round segmental conductors.

The values of the various factors used in Equations (3.104), (3.105) and (3.106)
are usually supplied by the cable manufacturer.

For a three-phase submarine cable, the power frequency equations given for
underground cables can be used. However, the sea will now predominantly replace
earth as the return path and is represented as follows:

RSea = 399.63 ×
√

ρSea

f
m (3.107)

where RSea is the outer radius of sea return represented as an equivalent conductor
and ρSea is the resistivity of sea water. This concept is derived from the calculation
of sea return impedance where the cable is assumed to be completely surrounded by
an indefinite sea that acts as an equivalent return conductor having an outer radius
of RSea. For example, for a typical value of sea water resistivity of ρSea = 0.5 �m,
RSea ∼= 40 m at 50 Hz. It is interesting to note that in deep sea water, where the
cable phases are laid 100 to 500 m apart, electromagnetic coupling between the
phases would be very weak and can be normally ignored. The internal impedance
of the sea return represented as an equivalent conductor of radius RSea is given by

ZSea = π210−4f

[
1 + 4

π
kei(α)

]
+ j4π10−4f

[
loge

(
RSea

r

)
− ker(α)

]
�/km

(3.108)

where α = 1.123 × D/RSea, D is mean spacing between the cable’s phases in m,
r is conductor radius in m, and ker(α) and kei(α) are Kelvin functions with a real
argument α.

For pipe-type cables, the calculation of the self and mutual impedances is more
complex than for buried underground cables. The calculation of the flux linkages
within the wall of the steel pipe and outside the pipe is further complicated by the
non-linear permeability of the steel pipe which itself varies with the magnitude
of ZPS current flowing through the pipe under earth fault conditions due to pipe
saturation. The effect of saturation is to cause a reduction in the effective ZPS
impedance of the cable; the larger the ZPS current, the larger the reduction in
ZPS impedance. Cable manufacturers are usually required to provide such data
to network utilities. For power frequency analysis, a usual assumption is that the
pipe’s thickness is greater than the depth of penetration into the pipe wall and that
this assumption remains approximately true under increased pipe ZPS current.
This means that besides the sheaths of the three cables, the pipe is the only current
return path and that no current returns through the earth. The cables inside the
pipe can then be considered as three self-contained single-core cables but with
the pipe replacing the earth as the current return path. The depth of penetration
into the pipe can be calculated using the skin depth formula of Equation (3.7b)



Phase and sequence modelling of three-phase cables 153

δ = 503.292 ×√ρp/f μp where ρp and μp are the pipe’s resistivity and relative
permeability respectively. To illustrate the assumption of infinite pipe thickness,
consider a steel pipe of a 132 kV pipe-type cable having a thickness of 6.3 mm, a
resistivity of ρp = 3.8 × 10−8 �m and a relative permeability μp = 400. The depth
of penetration into the pipe at 50 Hz is equal to δ = 1.32 mm. This is smaller than
the pipe’s thickness and illustrates that the return current will flow towards the
inner wall of the pipe and that the earth return can be ignored. In Figure 3.23, we
assume that each cable phase consists of a solid core conductor of radius rc, core
insulation and a sheath conductor of inner and outer radii ris and ros, respectively.
From Figure 3.23, the self-impedance matrix of cable phase k inside the pipe is
given by

Zk =
[

Zcc−k Zcs−k

Zcs−k Zss−k

]
=
[

Z1 + Z2 + Z3 + Z4 + Z5 − 2Z6 Z4 + Z5 − Z6

Z4 + Z5 − Z6 Z4 + Z5

]

(3.109)

where Z1 is as given in Equation (3.7), and

Z2 = j4πf 10−4 loge(ris/rc)

Z3 = 1000ρm

2πrisD
[Io(mris)K1(mros) + Ko(mris)I1(mros)] (3.110a)

Z4 = 1000ρm

2πrosD
[Io(mros)K1(mris) + Ko(mros)I1(mris)]

Z5 = j4πf 10−4 loge

(
q2 − d2

k

qros

)
(3.110b)

Z6 = 1000ρ

2πrisrosD
m = √

2δ−1ejπ/4

D = I1(mros)K1(mris) − K1(mros)I1(mris) (3.110c)

where Z1 to Z6 are in �/km. Ii and Ki are modified Bessel functions of the first
and second kind of order i, respectively. The pipe’s internal impedance with the
return path being the inside wall of the pipe is given by

Zp−int = j4πf μp10−4

{
Ko(mq)

mqK1(mq)
+ 2

∞∑
n=1

[(
di

q

)2n Kn(mq)

nμpKn(mq) − K ′
n(mq)

]}
�/km

(3.111)
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The mutual impedance in �/km between the ith and kth conductor with respect to
the pipe’s inner wall is given by

Zi−k = j4πf 10−4

⎧⎪⎨
⎪⎩

μpKo(mq)

mqK1(mq)
+ loge

⎡
⎢⎣ q√

d2
i + d2

k − 2didk cos θik

⎤
⎥⎦

+
∞∑

n=1

(
didk

q2

)n

cos (nθik)

[
2μp

Kn(mq)

nμpKn(mq) − mqK ′
n(mq)

− 1

n

]⎫⎪⎬
⎪⎭

(3.112)

where K ′
n is the derivative of Kn.

3.3.4 Series phase and sequence impedance matrices
of single-circuit cables

General

Having calculated the basic phase parameters in Section 3.3.3, we will now derive
the cable’s phase and sequence impedance matrices. We use the suffixes C, S and
A to denote core, sheath and armour conductors respectively for cable phases 1, 2
and 3. Figure 3.25 shows six practical cable layouts for three-core and single-core
cables. Pipe-type cables were shown in Figure 3.23.

c3
s3

s1 c1

c2
s2

Three core

c3

s3

s1

c1

c2

s2

Single-core in a
touching trefoil

c3

s3

d

d d

s1
c1

c2

s2

Single-core equilateral

h2 � d2

c3

s3

s1
c1

c2 s2

d d

h

Single-core trefoil

c1 c2 c3s1 s2 s3
d d

Single-core flat symmetrical

c1 c3s1
c2 s2

s3
d1 d2

Single-core flat asymmetrical

Figure 3.25 Typical practical single- and three-core cable layouts
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Cables with no armour

A three-phase single-core or shielded three-core cable has a total of six conductors;
three cores and three sheaths as shown in Figure 3.26a.

The series voltage drop per-unit length across the cores and sheaths is calculated
from the cable’s full impedance matrix, core and sheath conductor currents and is
given by

Cores Sheaths

C1 C2 C3 S1 S2 S3⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

VC1

VC2

VC3

VS1

VS2

VS3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

C1

Cores C2

C3

S1

Sheaths S2

S3

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

ZC1C1 ZC1C2 ZC1C3 ZC1S1 ZC1S2 ZC1S3

ZC2C1 ZC2C2 ZC2C3 ZC2S1 ZC2S2 ZC2S3

ZC3C1 ZC3C2 ZC3C3 ZC3S1 ZC3S2 ZC3S3

ZS1C1 ZS1C2 ZS1C3 ZS1S1 ZS1S2 ZS1S3

ZS2C1 ZS2C2 ZS2C3 ZS2S1 ZS2S2 ZS2S3

ZS3C1 ZS3C2 ZS3C3 ZS3S1 ZS3S2 ZS3S3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

IC1

IC2

IC3

IS1

IS2

IS3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.113)

where ZCC and ZSS are the core and sheath self-impedances with earth return,
respectively, and ZCS is the mutual impedance between core and sheath with earth

Figure 3.26 Multi-conductor cables with sheaths and armours: (a) cable conductors, no armour and
(b) cable conductors, with armour
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return. Equation (3.113) can be simplified depending on the cable layout and
spacings between the phases as shown in Figure 3.25.

Three-core cables, three single-core cables in touching trefoil
layout and three-single-core cables in equilateral layout
These three cable layouts, shown in Figure 3.25 are fully symmetrical. From the
configuration of these cables, a number of practical equalities can be deduced as
follows:

a = ZC1S1 = ZC2S2 = ZC3S3 = ZS1C1 = ZS2C2 = ZS3C3

b = ZC1C2 = ZC2C1 = ZC1C3 = ZC3C1 = ZC2C3 = ZC3C2 = ZC1S2 = ZS2C1

= ZC1S3 = ZS3C1 = ZC2S1 = ZS1C2 = ZC2S1 = ZS1C2 = ZC2S3 = ZS3C2

= ZC3S1 = ZS1C3 = ZC3S2 = ZS2C3 = ZS1S2 = ZS2S1 = ZS1S3 = ZS3S1

= ZS2S3 = ZS3S2

e = ZC1C1 = ZC2C2 = ZC3C3 f = ZS1S1 = ZS2S2 = ZS3S3 (3.114)

Therefore, the cable full impedance matrix of Equation (3.113) can be written as

C1 C2 C3 S1 S2 S3⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

VC1

VC2

VC3

VS1

VS2

VS3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

C1

C2

C3

S1

S2

S3

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

e b b a b b

b e b b a b

b b e b b a

a b b f b b

b a b b f b

b b a b b f

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

IC1

IC2

IC3

IS1

IS2

IS3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.115a)

or [
VC

VS

]
=
[

ZCC ZCS

ZCS ZSS

][
IC

IS

]
(3.115b)

where

VC =
⎡
⎢⎣VC1

VC2

VC3

⎤
⎥⎦ VS =

⎡
⎢⎣VS1

VS2

VS3

⎤
⎥⎦ IC =

⎡
⎢⎣IC1

IC2

IC3

⎤
⎥⎦ and IS =

⎡
⎢⎣IS1

IS2

IS3

⎤
⎥⎦ (3.115c)

ZCC =
⎡
⎣ e b b

b e b
b b e

⎤
⎦ ZCS =

⎡
⎣a b b

b a b
b b a

⎤
⎦ ZSS =

⎡
⎣ f b b

b f b
b b f

⎤
⎦

It is interesting to observe that the matrices ZCC, ZCS and ZSS are all balanced
matrices since all diagonal terms are equal and all off-diagonal terms are equal. This
is due to the symmetrical cable layouts. Where the cable sheaths are solidly bonded
and earthed at both ends, the sheaths can be eliminated. Therefore, the phase
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impedance matrix involving the cores only can be calculated by setting VS = 0 in
Equation (3.115b). The resultant core or phase impedance matrix is given by

ZPhase = ZCC − ZCSZ−1
SS ZCS =

⎡
⎢⎣ZC(Self) ZC(Mut) ZC(Mut)

ZC(Mut) ZC(Self) ZC(Mut)

ZC(Mut) ZC(Mut) ZC(Self)

⎤
⎥⎦ (3.116)

Because the individual impedance matrices ZCC, ZCS and ZSS are all balanced, the
resultant phase impedance matrix ZPhase, that includes the effect of the eliminated
sheaths, will also be balanced. The reader is encouraged to prove this statement.
Therefore, the sequence impedance matrix is given by ZPNZ = H−1ZPhaseH or

ZPNZ =
⎡
⎢⎣ZP 0 0

0 ZN 0

0 0 ZZ

⎤
⎥⎦ (3.117a)

where

ZP = ZN = ZC(Self) − ZC(Mut) and ZZ = ZC(Self) + 2ZC(Mut) (3.117b)

Single-core cables in a trefoil layout
Using Figure 3.25 and following similar steps, it can be shown that the cable full
impedance matrix of Equation (3.113) can be written as

C1 C2 C3 S1 S2 S3⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

VC1

VC2

VC3

VS1

VS2

VS3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

C1

C2

C3

S1

S2

S3

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

e b b a b b

b e c b a c

b c e b c a

a b b f b b

b a c b f c

b c a b c f

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

IC1

IC2

IC3

IS1

IS2

IS3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.118a)

where

e = ZC1C1 = ZC2C2 = ZC3C3 f = ZS1S1 = ZS2S2 = ZS3S3

a = ZC1S1 = ZC2S2 = ZC3S3 = ZS1C1 = ZS2C2 = ZS3C3

c = ZC2C3 = ZC3C2 = ZC2S3 = ZS3C2 = ZS2C3 = ZS3C2 = ZS2S3 = ZS3S2

b = ZC1C2 = ZC2C1 = ZC1C3 = ZC3C1 = ZC1S2 = ZS2C1 = ZC1S3 = ZC2S1

= ZS1C2 = ZC3S1 = ZS1C3 = ZS1S2 = ZS2S1 = ZS1S3 = ZS3S1 (3.118b)

The calculation of the phase impedance matrix involving the cores only and the
corresponding sequence impedance matrix follows the same steps as above. How-
ever, in this case, the phase impedance matrix will not be balanced and as a result,
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the sequence impedance matrix will contain off-diagonal intersequence mutual
terms.

Single-core cables in a flat layout
The general asymmetrical flat layout of single-core three-phase cables is shown
in Figure 3.25. From the configuration of the cable, we can write the following
equalities

a = ZC1S1 = ZC2S2 = ZC3S3 = ZS1C1 = ZS2C2 = ZS3C3

b = ZC1C2 = ZC2C1 = ZC1S2 = ZS2C1 = ZC2S1 = ZS1C2 = ZS1S2 = ZS2S1

c = ZC2C3 = ZC3C2 = ZC2S3 = ZS3C2 = ZC3S2 = ZS2C3 = ZS2S3 = ZS3S2

d = ZC1C3 = ZC3C1 = ZC1S3 = ZS3C1 = ZC3S1 = ZS1C3 = ZS1S3 = ZS3S1

e = ZC1C1 = ZC2C2 = ZC3C3 f = ZS1S1 = ZS2S2 = ZS3S3 (3.119)

Therefore, the cable full impedance matrix of Equation (3.113) can be written as

C1 C2 C3 S1 S2 S3

Z =

C1

C2

C3

S1

S2

S3

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

e b d a b d

b e c b a c

d c e d c a

a b d f b d

b a c b f c

d c a d c f

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.120a)

For cross-bonded cables shown in Figure 3.21, the cores of the minor sections are
transposed so that each occupies the three positions, but the sheaths are not. This
is illustrated in Figure 3.27.

C1, S1

C2, S2

C3, S3

C3, S1

C1, S2

C2, S3

C2, S1

C3, S2

C1, S3

1

2

3

Section 1 Section 2 Section 3

Core Sheath

Figure 3.27 Core transposition of cross-bonded cables
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Equation (3.120a) is the full impedance matrix of the first minor section. The
full impedance matrices of the second and third minor sections are given by

ZSection-2 =

⎡
⎢⎢⎢⎢⎢⎢⎣

e c b b a c
c e d d c a
b d e a b d

b d a f b d
a c b b f c
c a d d c f

⎤
⎥⎥⎥⎥⎥⎥⎦ ZSection-3 =

⎡
⎢⎢⎢⎢⎢⎢⎣

e d c d c a
d e b a b d
c b e b a c

d a b f b d
c b a b f c
a d c d c f

⎤
⎥⎥⎥⎥⎥⎥⎦

(3.120b)

Using Equation (3.120) and all impedances are in per unit length i.e. �/km, the
full impedance matrix of a cross-bonded cable with transposed cores in each major
section is given by

Z = 1

3

3∑
i=1

ZSection-i

or

Z = 1

3

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

3e b + c + d b + c + d a + b + d a + b + c a + c + d

b + c + d 3e b + c + d a + b + d a + b + c a + c + d

b + c + d b + c + d 3e a + b + d a + b + c a + c + d

a + b + d a + b + d a + b + d 3f 3b 3d

a + b + c a + b + c a + b + c 3b 3f 3c

a + c + d a + c + d a + c + d 3d 3c 3f

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(3.121a)

or including core and sheath voltage vectors[
VC

VS

]
=
[

ZCC ZCS

Zt
CS ZSS

][
IC

IS

]
(3.121b)

As expected, the core matrix ZCC is balanced, due to the perfect core transpositions
assumed but the sheath matrix ZSS is not because the sheaths are untransposed. The
mutual impedance matrix between the cores and the sheaths ZCS is also unbalanced.

In both cases of a solidly bonded cable where the sheaths are bonded and earthed
at the cable ends, and the case of a cross-bonded cable where the sheaths are bonded
and earthed at the ends of major sections, the phase impedance matrix involving
the cores only can be calculated by setting VS = 0 in Equation (3.121b). Therefore,
the core or phase impedance matrix takes the following general form

ZPhase = ZCC − ZCSZ−1
SS Zt

CS =
⎡
⎢⎣ZC1C1–Sheath ZC1C2–Sheath ZC1C3–Sheath

ZC2C1–Sheath ZC2C2–Sheath ZC2C3–Sheath

ZC3C1–Sheath ZC3C2–Sheath ZC3C3–Sheath

⎤
⎥⎦

(3.122)
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The elements of the matrix ZPhase are the self-impedances of each phase (core)
and the mutual impedances between phases (cores) with the sheaths and earth
return included. Generally, for solidly bonded cables, the self or diagonal terms
of ZPhase are not equal among each other nor are the off-diagonal mutual terms.
In other words, the matrix is generally not balanced. This might also be expected
to be the case for cross-bonded cables but in practical cable spacings and lay-
outs, the core transposition eliminates the unbalance. The general sequence
impedance matrix equation that corresponds to Equation (3.122), calculated using
ZPNZ = H−1ZPhaseH, is given by

ZPNZ =
⎡
⎢⎣ZPP ZPN ZPZ

ZNP ZNN ZNZ

ZZP ZZN ZZZ

⎤
⎥⎦ (3.123)

where ZPP, ZNN and ZZZ are the PPS, NPS and ZPS impedances of the cable
and ZPP = ZNN. The off-diagonal terms are intersequence mutual terms which are
normally small in comparison with the diagonal terms for solidly bonded cables
and practically negligible for cross-bonded cables.

For a cable that is solidly bonded and earthed at its centre and a transposed earth
continuity conductor is used, two full impedance matrices would need to be built
for each half of the cable including the earth continuity conductor then combined
into a single matrix. The calculation of the phase impedance matrix of such a
cable makes use of the fact that no current can flow in the sheath that is IS = 0. The
derivation of the phase impedance matrix for such a cable is left for the reader.

Cables with armour

Some land based cables and almost all submarine cables have metallic armour.
The armour acts as a third conductor in addition to the core and the sheath.

Single-core armoured cables
Using Figure 3.26(b)(i) for single-core armoured cables, the series voltage drop
per-unit length is given by

Cores Sheaths Armours

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

VC1

VC2

VC3

VS1

VS2

VS3

VA1

VA2

VA3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

Cores

Sheaths

Armours

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ZC1C1 ZC1C2 ZC1C3 ZC1S1 ZC1S2 ZC1S3 ZC1A1 ZC1A2 ZC1A3

ZC2C1 ZC2C2 ZC2C3 ZC2S1 ZC2S2 ZC2S3 ZC2A1 ZC2A2 ZC2A3

ZC3C1 ZC3C2 ZC3C3 ZC3S1 ZC3S2 ZC3S3 ZC3A1 ZC3A2 ZC3A3

ZS1C1 ZS1C2 ZS1C3 ZS1S1 ZS1S2 ZS1S3 ZS1A1 ZS1A2 ZS1A3

ZS2C1 ZS2C2 ZS2C3 ZS2S1 ZS2S2 ZS2S3 ZS2A1 ZS2A2 ZS2A3

ZS3C1 ZS3C2 ZS3C3 ZS3S1 ZS3S2 ZS3S3 ZS3A1 ZS3A2 ZS3A3

ZA1C1 ZA1C2 ZA1C3 ZA1S1 ZA1S2 ZA1S3 ZA1A1 ZA1A2 ZA1A3

ZA2C1 ZA2C2 ZA2C3 ZA2S1 ZA2S2 ZA2S3 ZA2A1 ZA2A2 ZA2A3

ZA3C1 ZA3C2 ZA3C3 ZA3S1 ZA3S2 ZA3S3 ZA3A1 ZA3A2 ZA3A3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

IC1

IC2

IC3

IS1

IS1

IS1

IA1

IA1

IA1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.124)
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In order to control the voltages between the sheath and the armour, the sheath is
usually bonded to the armour at a number of points along the route. The armour
covering is not normally an electric insulation so that the armour, and the sheath
bonded to it, are effectively earthed. Therefore, the calculation of the cable’s
phase (core) impedance matrix requires the elimination of both sheath and armour.
Writing Equation (3.124) in partitioned matrix form, we have⎡

⎣VC

VS

VA

⎤
⎦ =

⎡
⎣ZCC ZCS ZCA

Zt
CS ZSS ZSA

Zt
CA Zt

SA ZAA

⎤
⎦
⎡
⎣IC

IS

IA

⎤
⎦ (3.125)

The sheaths and armours are eliminated by setting VS = VA = 0 in Equa-
tion (3.125) and combining their matrices as follows:[

VC(3×1)

0S,A(6×1)

]
=
[

ZCC(3×3) ZCS,CA(3×6)

(ZCS,CA(3×6))t ZSS,AA(6×6)

][
IC(3×1)

IS,A(6×1)

]
(3.126a)

Therefore, the phase (core) impedance matrix of the cable with sheaths, armours
and earth, or sea water in the case of a submarine cable, constituting the current
return path, is obtained as follows:

ZPhase(3×3) = ZCC(3×3) − ZCS,CA(3×6)Z
−1
SS,AA(6×6)

(ZCS,CA(3×6) )
t (3.126b)

For single-core submarine cables where the individual phases are laid physically
far apart from each other, the mutual electromagnetic coupling between the phases
may be so weak that it can be neglected. Therefore, from the configuration of such
three-phase submarine cables, a number of practical equalities can be deduced as
follows:

a = ZC1S1 = ZC2S2 = ZC3S3 = ZS1C1 = ZS2C2 = ZS3C3 = ZCS

b = ZC1A1 = ZC2A2 = ZC3A3 = ZA1C1 = ZA2C2 = ZA3C3 = ZCA

c = ZS1A1 = ZS2A2 = ZS3A3 = ZA1S1 = ZA2S2 = ZA3S3 = ZSA

d = ZC1C1 = ZC2C2 = ZC3C3 = ZCC e = ZS1S1 = ZS2S2 = ZS3S3 = ZSS

f = ZA1A1 = ZA2A2 = ZA3A3 = ZAA (3.127)

and all mutual terms between the three phases of the cables are zero. Therefore,
Equation (3.124) simplifies to

Cores Sheaths Armours

Z =

Cores

Sheaths

Armours

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

d 0 0 a 0 0 b 0 0
0 d 0 0 a 0 0 b 0
0 0 d 0 0 a 0 0 b

a 0 0 e 0 0 c 0 0
0 a 0 0 e 0 0 c 0
0 0 a 0 0 e 0 0 c

b 0 0 c 0 0 f 0 0
0 b 0 0 c 0 0 f 0
0 0 b 0 0 c 0 0 f

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.128)
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Using Equation (3.126b), the phase (cores) impedance matrix is given by

ZPhase(3×3) =
⎡
⎣Zα 0 0

0 Zα 0
0 0 Zα

⎤
⎦ (3.129a)

where Zα = d − (a2f + b2e − 2abc) or using Equation (3.127),

Zα = ZCC − (Z2
CSZAA + Z2

CAZSS − 2ZCSZCAZSA) (3.129b)

Zα is the impedance of each core or phase including the effect of the com-
bined sheath, armour and sea water return. The corresponding PPS/NPS and ZPS
sequence impedances for the cable are all equal to Zα which is a direct result of
the absence of mutual coupling between the three phases.

In the case where the distances between the phases are not so large that the mutual
coupling between them cannot be ignored, three further impedance parameters
need to be defined to account for the interphase coupling. Let the mutual impedance
parameter between phases 1 and 2 be g such that

g = ZC1C2 = ZC1S2 = ZC1A2 = ZS1C2 = ZS1S2 = ZS1A2 = ZA1C2 = ZA1S2 = ZA1A2

= ZC2C1 = ZS2C1 = ZA2C1 = ZC2S1 = ZS2S1 = ZA2S1 = ZC2A1 = ZS2A1 = ZA2A1

The mutual impedances between phases 1 and 3, and phase 2 and 3 are similarly
defined. The analysis for calculating the cable phase impedance matrix proceeds
as above.

Three-core armoured cables
Using Figure 3.26(ii) for three-core armoured cables, there are three cores and
three sheaths but only one armour. Thus, the series voltage drop per-unit length is
given by

Cores Sheaths Armour⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

VC1

VC2

VC3

VS1

VS2

VS3

VA

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

Cores

Sheaths

Armour

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ZC1C1 ZC1C2 ZC1C3 ZC1S1 ZC1S2 ZC1S3 ZC1A

ZC2C1 ZC2C2 ZC2C3 ZC2S1 ZC2S2 ZC2S3 ZC2A

ZC3C1 ZC3C2 ZC3C3 ZC3S1 ZC3S2 ZC3S3 ZC3A

ZS1C1 ZS1C2 ZS1C3 ZS1S1 ZS1S2 ZS1S3 ZS1A

ZS2C1 ZS2C2 ZS2C3 ZS2S1 ZS2S2 ZS2S3 ZS2A

ZS3C1 ZS3C2 ZS3C3 ZS3S1 ZS3S2 ZS3S3 ZS3A

ZAC1 ZAC2 ZAC3 ZAS1 ZAS2 ZAS3 ZAA

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

IC1

IC2

IC3

IS1

IS2

IS3

IA

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.130)
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Using the equalities of Equation (3.114) for the case with no armour, and the new
equalities

c = ZC1A = ZC2A = ZC3A = ZAC1 = ZAC2 = ZAC3 = ZS1A = ZS2A = ZS3A

= ZAS1 = ZAS2 = ZAS3, and d = ZAA

we can write

Cores Sheaths Armour⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

VC1

VC2

VC3

VS1

VS2

VS3

VA

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

Cores

Sheaths

Armour

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

e b b a b b c

b e b b a b c

b b e b b a c

a b b f b b c

b a b b f b c

b b a b b f c

c c c c c c d

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

IC1

IC2

IC3

IS1

IS2

IS3

IA

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.131)

As for the single-core cable, where the sheaths and armours are bonded and earthed,
we can now eliminate the sheaths and armour by combining the matrices that cor-
respond to them by setting VS = VA = 0. Writing Equation (3.131) in partitioned
form, we have

[
VC(3×1)

0S,A(4×1)

]
=
[

ZCC(3×3) ZCS,CA(3×4)

(ZCS,CA(3×4))t ZSS,AA(4×4)

][
IC(3×1)

IS,A(4×1)

]
(3.132a)

The phase (core) impedance matrix of the cable with sheath, armour and earth, or
sea water in the case of a submarine cable, constituting the current return path, is
given by

ZPhase(3×3) = ZCC(3×3) − ZCS,CA(3×4)Z
−1
SS,AA(4×4)

(ZCS,CA(3×4) )
t (3.132b)

The phase (core) impedance matrix will virtually be balanced. The corresponding
sequence impedance matrix calculated using ZPNZ = H−1ZPhaseH will be a diag-
onal matrix, i.e. having virtually no intersequence terms. The diagonal terms are
the required PPS/NPS and ZPS impedances.

Pipe-type cables
Using Figure 3.23 for a three-phase pipe-type cable, there are three cores, three
sheaths and one pipe which represents the return path, i.e. a total of seven conduct-
ors. Therefore, the full cable impedance matrix takes the form of Equation (3.130)
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with armour ‘A’ replaced with pipe ‘P’. The elimination of the pipe only or pipe
and sheaths can be carried out as described above.

3.3.5 Shunt phase and sequence susceptance matrices
of single-circuit cables

In this section, we derive the cable phase and sequence susceptance matrices using
the basic phase parameters calculated in Section 3.3.3.

Screened cables with no armour

For screened three-core and screened single-core cables, we have already estab-
lished that there is no capacitance between one cable phase and another. From
Figure 3.22, we note that there are two capacitances, or susceptances, corres-
ponding to the core insulation and the sheath insulation layers and these are
illustrated in Figure 3.28(a).

For each phase, the core and sheath current/voltage equations can be written
as IC = jBCS(VC − VS) and IC + IS = jBSEVS where BCS and BSE are the core-
to-sheath and sheath-to-earth susceptances, respectively. Therefore, writing
similar equations for the three cores and three sheaths, the full shunt susceptance
matrix is given by

Cores Sheaths⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

IC1

IC2

IC3

IS1

IS2

IS3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

Cores

Sheaths

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

jBCS 0 0 −jBCS 0 0

0 jBCS 0 0 −jBCS 0

0 0 jBCS 0 0 −jBCS

−jBCS 0 0 j(BCS + BSE) 0 0

0 −jBCS 0 0 j(BCS + BSE) 0

0 0 −jBCS 0 0 j(BCS + BSE)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

VC1

VC2

VC3

VS1

VS2

VS3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.133)

jBCS

jBCS

jBSA

jBAE

Core

Sheath

IC

IC

IS

IS

IA

IC + IS

IC + IS

IC + IS + IA

VC

VC

VS

VS

VA
jBSE

(a)
Core

Sheath

Armour

(b)

Figure 3.28 Equivalent capacitances of screened cables: (a) no armour and (b) with armour
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For solidly bonded and cross-bonded cables, the sheaths can be eliminated
using VS1 = VS2 = VS3 = 0. The resultant shunt phase (cores) susceptance matrix
is given by

BPhase =
⎡
⎢⎣BCS 0 0

0 BCS 0

0 0 BCS

⎤
⎥⎦ (3.134)

that is the PPS, NPS and ZPS susceptances are all equal, and equal to BCS.
For cables that are bonded and earthed at one end only or at the cable centre,

there will also be a capacitance or susceptance between the earth continuity con-
ductor and earth with IECC = jBECC–EVECC. This increases the dimension of the
full admittance matrix given in Equation (3.133) by one row and one column, i.e.
from 6 × 6 to 7 × 7. The calculation of the 3 × 3 phase susceptance matrix for
such cables, the constraint that no sheath current can flow, i.e. IS1 = IS2 = IS3 = 0
is applied. The resultant phase (cores) susceptance matrix is given by

BPhase =

⎡
⎢⎢⎢⎢⎢⎢⎣

BCSBSE

BCS + BSE
0 0

0
BCSBSE

BCS + BSE
0

0 0
BCSBSE

BCS + BSE

⎤
⎥⎥⎥⎥⎥⎥⎦ (3.135a)

This result shows that the cable-to-sheath capacitance and the sheath-to-earth
capacitance of each core are effectively in series as can be seen from Figure 3.28(a).

The corresponding shunt sequence susceptance matrix of Equations (3.134) and
(3.135a) is given by

BPNZ = BPhase (3.135b)

that is the PPS, NPS and ZPS susceptances are all equal to the relevant phase
susceptances.

Screened cables with armour

From Figure 3.22, we note that there are three capacitances, or susceptances,
corresponding to the core insulation layer, the sheath insulation layer and the
armour coating where this is made of insulation material. These are illustrated
in Figure 3.28(b). For each phase, the core, sheath and armour current/voltage
equations can be written as

IC = jBCS(VC − VS) IC + IS = jBSA(VS − VA)

and

IC + IS + IA = jBAEVA
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Therefore, writing similar equations for the three cores, three sheaths and three
armours, the full shunt susceptance matrix B is given by

Cores Sheaths Armours
C1 C2 C3 S1 S2 S3 A1 A2 A3

C1

C2

C3

S1

S2

S3

A1

A2

A3

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

BCS 0 0 −BCS 0 0 0 0 0

0 BCS 0 0 −BCS 0 0 0 0

0 0 BCS 0 0 −BCS 0 0 0
−BCS 0 0 BCS + BSA 0 0 −BSA 0 0

0 −BCS 0 0 BCS + BSA 0 0 −BSA 0

0 0 −BCS 0 0 BCS + BSA 0 0 −BSA

0 0 0 −BSA 0 0 BSA + BAE 0 0

0 0 0 0 −BSA 0 0 BSA + BAE 0

0 0 0 0 0 −BSA 0 0 BSA + BAE

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.136)

If the sheath and armour are bonded together and earthed at both ends, then circu-
lating currents can flow through the sheath and armour in parallel with earth return,
or sea water return in the case of a submarine cable. The phase (core) susceptance
matrix is easily obtained by deleting the last six rows and columns that correspond
to the sheath and armours. The earthing of the sheath and armour, in effect, short
circuits the sheath-to-armour and armour-to-earth capacitances as can be seen in
Figure 3.28(b). The PPS, NPS and ZPS susceptances in equal to the phase sus-
ceptance BCS. If the sheath and armour are unearthed or earthed at one point only,
then no sheath or armour current would flow and the equivalent core or phase
capacitance is equal to the three capacitances of Figure 3.28(b) in series that is

BPhase = 1
1

BCS
+ 1

BSA
+ 1

BAE

The PPS, NPS and ZPS susceptances are equal to BPhase.

Unscreened or belted cables

Belted cables are three-core cables where each core has an insulation layer but
no screen or metallic sheath. There is also a belt insulation layer around all three
cores and a single metallic sheath cover as illustrated in Figure 3.29(a).

There are capacitances among the three cores, between each core and
sheath and between the sheath and earth. Figure 3.29(b) shows the
equivalent capacitance circuit of the cable where CCC is the core-to-core
capacitance, CCS is the core-to-sheath capacitance and CSE is the sheath-to-earth
capacitance. Where the sheath is solidly earthed, as is usually the case, the equiv-
alent capacitance circuit reduces to that shown in Figure 3.29(c). The injected
currents into the three cores can be expressed as follows:

IC1 = jBCSVC1 + jBCC(VC1 − VC2) + jBCC(VC1 − VC3)
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Core

Filler

Insulation

Sheath

Belt insulation

(a)

CCC

CCC

CCS CCS

CCS

CSE

CCC

C1 C3

C2

Sheath

(b)

VC1IC1

IC2

IC3

VC2

VC3

jBCC

jBCC

jBCSjBCSjBCS

jBCC

(c)

Figure 3.29 Three-core belted cable and capacitance equivalent circuits: (a) cross-section of a
three-phase belted cable; (b) capacitance equivalent circuit and (c) capacitance equivalent circuit with
earthed sheath

or
IC1 = j(BCS + 2BCC)VC1 − jBCCVC2 − jBCCVC3 (3.137)

and similarly for the two remaining cores. The nodal phase susceptance matrix is

⎡
⎢⎣IC1

IC2

IC3

⎤
⎥⎦ = j

⎡
⎢⎣BCS + 2BCC −BCC −BCC

−BCC BCS + 2BCC −BCC

−BCC −BCC BCS + 2BCC

⎤
⎥⎦
⎡
⎢⎣VC1

VC2

VC3

⎤
⎥⎦ (3.138a)

and the corresponding sequence susceptance matrix is given by

BPNZ =
⎡
⎣BP 0 0

0 BN 0
0 0 BZ

⎤
⎦ (3.138b)

where

BP = BN = BCS + 3BCC and BZ = BCS (3.138c)
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It is interesting to note that the ZPS susceptance of a belted cable is smaller
than its PPS/NPS susceptance. This contrasts with the equal PPS/NPS and ZPS
susceptances of screened three-core and single-core cables. It is useful to calculate
the core-to-core cable susceptance in terms of the sequence susceptances giving
BCC = (BP − BZ)/3.

3.3.6 Three-phase double-circuit cables
In some installations, double-circuit cables may be laid close to each other. These
may be three-core circuits or single-core circuits laid in flat or trefoil arrangements.
Near vertical arrangements may be used in tunnels. We will describe the case of
single-core unarmoured cables. As each circuit consists of six conductors, three
cores and three sheaths, twelve conductors form this complex mutually coupled
multi-conductor arrangement. Let the two circuits be designated A and B and let
C1, C2, C3, S1, S2 and S3 be the cores and sheaths of circuit A, C4, C5, C6, S4,
S5 and S6 be the cores and sheaths of circuit B. The full 12 × 12 impedance matrix
is given by

Circuit A Cores Circuit B Cores Circuit A Sheaths Circuit B Sheaths

C1 C2 C3 C4 C5 C6 S1 S2 S3 S4 S5 S6

Z =

A

B

A

B

C1

C2

C3
C4

C5

C6
S1

S2

S3
S4

S5

S6

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ZC1C1 ZC1C2 ZC1C3 ZC1C4 ZC1C5 ZC1C6 ZC1S1 ZC1S2 ZC1S3 ZC1S4 ZC1S5 ZC1S6

ZC2C1 ZC2C2 ZC2C3 ZC2C4 ZC2C5 ZC2C6 ZC2S1 ZC2S2 ZC2S3 ZC2S4 ZC2S5 ZC2S6

ZC3C1 ZC3C2 ZC3C3 ZC3C4 ZC3C5 ZC3C6 ZC3S1 ZC3S2 ZC3S3 ZC3S4 ZC3S5 ZC3S6

ZC4C1 ZC4C2 ZC4C3 ZC4C4 ZC4C5 ZC4C6 ZC4S1 ZC4S2 ZC4S3 ZC4S4 ZC4S5 ZC4S6

ZC5C1 ZC5C2 ZC5C3 ZC5C4 ZC5C5 ZC5C6 ZC5S1 ZC5S2 ZC5S3 ZC5S4 ZC5S5 ZC5S6

ZC6C1 ZC6C2 ZC6C3 ZC6C4 ZC6C5 ZC6C6 ZC6S1 ZC6S2 ZC6S3 ZC6S4 ZC6S5 ZC6S6

ZS1C1 ZS1C2 ZS1C3 ZS1C4 ZS1C5 ZS1C6 ZS1S1 ZS1S2 ZS1S3 ZS1S4 ZS1S5 ZS1S6

ZS2C1 ZS2C2 ZS2C3 ZS2C4 ZS2C5 ZS2C6 ZS2S1 ZS2S2 ZS2S3 ZS2S4 ZS2S5 ZS2S6

ZS3C1 ZS3C2 ZS3C3 ZS3C4 ZS3C5 ZS3C6 ZS3S1 ZS3S2 ZS3S3 ZS3S4 ZS3S5 ZS3S6

ZS4C1 ZS4C2 ZS4C3 ZS4C4 ZS4C5 ZS4C6 ZS4S1 ZS4S2 ZS4S3 ZS4S4 ZS4S5 ZS4S6

ZS5C1 ZS5C2 ZS5C3 ZS5C4 ZS5C5 ZS5C6 ZS5S1 ZS5S2 ZS5S3 ZS5S4 ZS5S5 ZS5S6

ZS6C1 ZS6C2 ZS6C3 ZS6C4 ZS6C5 ZS6C6 ZS6S1 ZS6S2 ZS6S3 ZS6S4 ZS6S5 ZS6S6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.139a)

or in concise matrix form, including voltage drop and current vectors

⎡
⎢⎢⎢⎣

VC(A)

VC(B)

VS(A)

VS(B)

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

ZCC(A) ZC(A)C(B) ZC(A)S(A) ZC(A)S(B)

Zt
C(A)C(B) ZCC(B) Zt

C(A)S(B) ZC(B)S(B)

Zt
C(A)S(A) Zt

C(B)S(A) ZSS(A) ZS(A)S(B)

Zt
C(A)S(B) Zt

C(B)S(B) Zt
S(A)S(B) ZSS(B)

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣

IC(A)

IC(B)

IS(A)

IS(B)

⎤
⎥⎥⎥⎦

(3.139b)

In practical installations, various double-circuit cable earthing arrangements may
be used. Some of these are: circuit A and circuit B are solidly bonded, circuit A and
circuit B are cross-bonded, circuit A and circuit B are single-point bonded, circuit
A is solidly bonded in a trefoil formation and circuit B is single-point bonded in a
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Figure 3.30 Double-circuit cross-bonded cables

flat formation, etc. The matrix of Equation (3.139) can be modified for any of these
arrangements to calculate the reduced 6 × 6 phase impedance matrix for the two
circuits that include their cores only. Figure 3.30 shows one arrangement where
circuit A and circuit B are both cross-bonded with identical core transposition
arrangements.

It is instructive for the reader to use the methodology presented in the single-
circuit case to calculate the average 12 × 12 impedance matrix for the transposed
double-circuit cable from the 12 × 12 matrix of each minor section. Using Equation
(3.139b), this average 12×12 matrix can be written as follows:

[
VC(AB)6×1

VS(AB)6×1

]
=
[

ZCC(AB)6×6 ZCS(AB)6×6

Zt
CS(AB)6×6 ZSS(AB)6×6

][
IC(AB)6×1

IS(AB)6×1

]
(3.140a)

The calculation of the 6 × 6 phase impedance matrix of the cores only, with both
circuits loaded, makes use of VS(A) = VS(B) = 0 or VS(AB) = 0 in Equation (3.140a)
giving

VC(AB)6×1 = ZPhase6×6IC(AB)6×1 (3.140b)

where

ZPhase6×6 = ZCC(AB)6×6 − ZCS(AB)6×6Z−1
SS(AB)6×6Zt

CS(AB)6×6 (3.140c)

Equation (3.140b) can be rewritten as follows:[
VC(A)3×1

VC(B)3×1

]
=
[

ZPhase(A)3×3 ZPhase(AB)3×3

Zt
Phase(AB)3×3 ZPhase(B)3×3

][
IC(A)3×1

IC(B)3×1

]
(3.141a)



170 Modelling of multi-conductor overhead lines and cables

If one circuit, e.g. circuit A, is open-circuited, i.e. the cores carry no cur-
rents, IC(A) = 0 and the resultant 3 × 3 matrix for circuit B is directly obtained as
ZPhase(B)3×3. If circuit A is open and earthed, then the resultant 3 × 3 impedance
matrix of circuit B is derived using VC(A) = 0 in Equation (3.141a) giving

ZEq(B)3×3 = ZPhase(B)3×3 − Zt
Phase(AB)3×3Z−1

Phase(A)3×3ZPhase(AB)3×3 (3.141b)

These are practical cases that can arise in normal power system design and
operation for which the cable impedance parameters would be required.

3.3.7 Examples

Example 3.5 A 275 kV underground self-contained three-phase cable laid out
in a symmetrical flat arrangement as shown in Figure 3.31.

The cable’s geometrical and physical data are as follows:

Copper core: inner radius = oil duct radius = 6.8 mm, outer radius =
21.9 mm, relative permeability = 1.0, ac resistance = 0.01665 �/km.
Core insulation: paper, relative permeability=1.0, relative permittivity=3.8.
Lead sheath: inner radius = 37.9 mm, outer radius = 40.9 mm, relative
permeability = 1.0, ac resistance = 0.28865 �/km.
PVC over-sheath: thickness = 3mm, relative permittivity = 3.5, relative
permeability = 1.0.

Earth resistivity = 20 �m. Nominal frequency f = 50 Hz.
Calculate the phase and sequence susceptance and impedance parameters

for a solidly bonded cable and a cross-bonded cable whose cores are perfectly
transposed in each major section.

PVC oversheath

Sheath

Insulation

Core

21.9 mm

37.9 mm

40.9 mm

43.9 mm

127 mm

1

127 mm

32

1000 mm

R BY

6.8 mm

Figure 3.31 Self-contained single-core cable layout used in Example 3.5
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Cable’s susceptances
The core insulation susceptance is equal to

BCS = 0.34954933 × 50 × 3.8

loge

( 37.9
21.9

) = 121.091 μS/km

and the PVC over-sheath susceptance is

BSE = 0.34954933 × 50 × 3.5

loge

( 43.9
40.9

) = 864.191 μS/km

The full susceptance matrix of the cable is equal to

B =

C1

C2

C3

S1

S2

S3

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

121.091 0 0 −121.091 0 0

0 121.091 0 0 −121.091 0

0 0 121.091 0 0 −121.091

−121.091 0 0 985.282 0 0

0 −121.091 0 0 985.282 0

0 0 −121.091 0 0 985.282

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

The phase and sequence susceptance matrix for a solidly bonded or cross-
bonded cable is given by

BPhase = BPNZ =
⎡
⎢⎣

121.091 0 0

0 121.091 0

0 0 121.091

⎤
⎥⎦

Cable’s impedances
Depth of earth return conductor = 658.87

√
20/50 = 416.7 m. For the tubular

core conductor

f (ro, ri) = 1 − 2 × (6.82)

21.92 − 6.82
+ 4 × (6.84)

(21.92 − 6.82)
2

loge

(
21.9

6.8

)
= 0.839863

thus

ZC1C1 = 0.01665 + π210−4 × 50 + j4π10−4

× 50

[
1

4
× 0.839863 + loge

(
416.7

21.9 × 10−3

)]
= (0.066 + j0.632)�/km = ZC2C2 = ZC3C3
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For the sheath,

f (ro, ri) = 1 − 2 × (37.92)

40.92 − 37.92
+ 4 × (37.94)

(40.92 − 37.92)2
loge

(
40.9

37.9

)
= 0.09774

ZS1S1 = 0.28865 + π210−4 × 50 + j4π10−4

× 50

[
1

4
× 0.09774 + loge

(
416.7

40.9 × 10−3

)]
= (0.338 + j0.5814)�/km = ZS2S2 = ZS3S3

ZC1S1 = π210−4 × 50 + j4π10−4 × 50 loge

(
416.7

(40.9+37.9)
2 × 10−3

)
= (0.0493 + j0.5822)�/km = ZS1C1 = ZC2S2 = ZS2C2

= ZC3S3 = ZS3C3

ZC1C2 = π210−4 × 50 + j4π10−4 × 50 loge

(
416.7

127 × 10−3

)
= (0.0493 + j0.5086)�/km

ZC1C3 = π210−4 × 50 + j4π10−4 × 50 loge

(
416.7

2 × 127 × 10−3

)
= (0.0493 + j0.4651)�/km

All mutual impedances between cable phase 1 core and sheath conductors,
and cable phase 2 core and sheath conductors are equal, and similarly for those
impedances between cable phases 2 and 3. The full impedance matrix is equal to

Z =

C1

C2

C3

S1

S2

S3

⎡
⎢⎢⎢⎢⎢⎢⎣

0.066 + j0.632 0.0493 + j0.508 0.0493 + j0.465 0.0493 + j0.582 0.0493 + j0.508 0.0493 + j0.465

0.0493 + j0.508 0.066 + j0.632 0.0493 + j0.508 0.0493 + j0.508 0.0493 + j0.582 0.0493 + j0.508

0.0493 + j0.465 0.0493 + j0.508 0.066 + j0.632 0.0493 + j0.465 0.0493 + j0.508 0.0493 + j0.582

0.0493 + j0.582 0.0493 + j0.508 0.0493 + j0.465 0.338 + j0.5814 0.0493 + j0.508 0.0493 + j0.465

0.0493 + j0.508 0.0493 + j0.582 0.0493 + j0.508 0.0493 + j0.508 0.338 + j0.5814 0.0493 + j0.508

0.0493 + j0.465 0.0493 + j0.508 0.0493 + j0.582 0.0493 + j0.465 0.0493 + j0.508 0.338 + j0.5814

⎤
⎥⎥⎥⎥⎥⎥⎦

For a solidly bonded cable, the phase impedance matrix is equal to

ZPhase = ZCC − ZCSZ−1
SS ZCS =

C1

C2

C3

⎡
⎢⎣

0.129 + j0.126 0.089 − j0.003 0.072 − j0.025

0.089 − j0.003 0.12 + j0.104 0.089 − j0.003

0.072 − j0.025 0.089 − j0.003 0.129 + j0.126

⎤
⎥⎦
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and the corresponding sequence impedance matrix is equal to

ZPNZ = H−1ZPhaseH =
P

N

Z

⎡
⎢⎣ 0.043 + j0.129 −0.012 + j0.023 −0.001 + j0.002

0.026 − j0.002 0.043 + j0.129 −0.001 − j0.002

−0.001 − j0.002 −0.001 + j0.002 0.292 + j0.1

⎤
⎥⎦

ZP = ZN = (0.043 + j0.129)�/km and ZZ = (0.292 + j0.1)�/km.
For a cross-bonded cable, the full impedance matrix for a major cable section that

includes three perfectly transposed minor sections is equal to

Z =

C1

C2

C3

S1

S2

S3

⎡
⎢⎢⎢⎢⎢⎢⎣

0.066 + j0.632 0.0493 + j0.494 0.0493 + j0.494 0.0493 + j0.518 0.0493 + j0.533 0.0493 + j0.518

0.0493 + j0.494 0.066 + j0.632 0.0493 + j0.494 0.0493 + j0.518 0.0493 + j0.533 0.0493 + j0.518

0.0493 + j0.494 0.0493 + j0.494 0.066 + j0.632 0.0493 + j0.518 0.0493 + j0.533 0.0493 + j0.518

0.0493 + j0.518 0.0493 + j0.518 0.0493 + j0.518 0.338 + j0.5814 0.0493 + j0.508 0.0493 + j0.465

0.0493 + j0.533 0.0493 + j0.533 0.0493 + j0.533 0.0493 + j0.508 0.338 + j0.5814 0.0493 + j0.508

0.0493 + j0.518 0.0493 + j0.518 0.0493 + j0.518 0.0493 + j0.465 0.0493 + j0.508 0.338 + j0.5814

⎤
⎥⎥⎥⎥⎥⎥⎦

The phase impedance matrix is equal to

ZPhase = ZCC − ZCSZ−1
SS ZSC =

C1

C2

C3

⎡
⎢⎢⎣

0.108 + j0.125 0.092 − j0.013 0.092 − j0.013

0.092 − j0.013 0.108 + j0.125 0.092 − j0.013

0.092 − j0.013 0.092 − j0.013 0.108 + j0.125

⎤
⎥⎥⎦

and the corresponding sequence impedance matrix is equal to

ZPNZ = H−1ZPhaseH =
P

N

Z

⎡
⎢⎢⎣

0.017 + j0.138 0 0

0 0.017 + j0.138 0

0 0 0.292 + j0.100

⎤
⎥⎥⎦

ZP = ZN = (0.017 + j0.138)�/km and ZZ = (0.292 + j0.1)�/km.

3.4 Sequence π models of single-circuit and
double-circuit overhead lines and cables

3.4.1 Background
In Section 3.3, we presented calculations of the PPS/NPS and ZPS impedances and
susceptances of overhead lines and cables per km of circuit length. The electrical
parameters of lines and cables are distributed over their length. The derivation of
T and π equivalent circuits using lumped parameters for the entire length of a
line or a cable is covered in most basic power system textbooks and will not be
repeated here. The π equivalent circuit is most extensively used in practical applic-
ations. Figure 3.32(a) illustrates the distributed nature of the parameters of a line or
cable.
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Figure 3.32 Representation of lines and cables: (a) distributed parameter circuit; (b) accurate π lumped
parameter equivalent circuit and (c) nominal π lumped parameter equivalent circuit

Figure 3.32(c) is the nominal π lumped parameter equivalent circuit of the line
or cable where the total impedance and susceptance are calculate by multiplying
the per km parameters by the line/cable length. In Figure 3.32b, the terms in
brackets represent correction terms that allow for the distributed nature of the
circuit parameters over the entire circuit length. These terms can be represented
as infinite series as follows:

sinh
√

Z ′Y ′�√
Z ′Y ′�

= 1 + Z ′�Y ′�
6

+
(
Z ′�Y ′�

)2
120

+
(
Z ′�Y ′�

)3
5040

+ · · · (3.142a)

tanh
√

Z ′Y ′�
2√

Z ′Y ′�
2

= 1 − Z ′�Y ′�
12

+
(
Z ′�Y ′�

)2
120

− 17
(
Z ′�Y ′�

)3
20 160

+ · · · (3.142b)
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The hyperbolic sine and tangent of a complex argument are equal to the complex
argument itself when this has small values. For a lossless line or cable, the complex
argument is equal to (2π/λ)� where λ is the wavelength in km and is given by
λ ∼= 3 × 105/( f × √

εr) where εr is the relative permittivity of the dielectric. For
overhead lines (εr = 1 for air), the wavelength is approximately 6000 km at 50 Hz
and 5000 km at 60 Hz. The definition of an ‘electrically short’ line or cable for
which a nominal π circuit can be used depends on the acceptable error magnitude
in the total series impedance and total shunt susceptance, and this determines the
physical length in km for such a short line or cable. For an error of less than
1% in these parameters, the physical length should be less than about 3% of the
wavelength. For overhead lines, this corresponds to 180 km for 50 Hz and 150 km
for 60 Hz systems. For underground cables, with εr being typically between 2.4
and 4.2, the corresponding cable lengths using εr = 4.2 are 88 km for 50 Hz and
73 km for 60 Hz systems. In practice, these cable lengths are not reached above
voltages of around 220 kV due to the adverse impact of the cable charging current
on the cable thermal rating. For such lines or cables, the first term in the infinite
series expansion of Equation (3.142), which is equal to unity, is taken and all other
terms are neglected. Therefore, the exact equivalent π circuit of Figure 3.32(b)
reduces to that shown in Figure 3.32(c).

3.4.2 Sequence π models of single-circuit overhead
lines and cables

Overhead lines

The PPS, NPS and ZPS impedances and susceptances of perfectly transposed
single-circuit overhead lines were derived in Section 3.2.4. Recalling the sequence
impedance and susceptance matrices of Equations (3.50a) and (3.54a), denoting
1 and 2 as the sending and receiving ends of the line or cable circuit and connecting
½ the susceptance at each end, as shown in Figure 3.33, we can write

⎡
⎢⎢⎣

VP
1 − VP

2

VN
1 − VN

2

VZ
1 − VZ

2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

ZP 0 0

0 ZN 0

0 0 ZZ

⎤
⎥⎥⎦
⎡
⎢⎢⎣

IP
S

IN
S

IZ
S

⎤
⎥⎥⎦

⎡
⎢⎢⎣

IP
1

IN
1

IZ
1

⎤
⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣

j
BP

2
0 0

0 j
BN

2
0

0 0 j
BZ

2

⎤
⎥⎥⎥⎥⎥⎦
⎡
⎢⎢⎣

VP
1

VN
1

VZ
1

⎤
⎥⎥⎦

and

⎡
⎢⎢⎣

IP
2

IN
2

IZ
2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣

j
BP

2
0 0

0 j
BN

2
0

0 0 j
BZ

2

⎤
⎥⎥⎥⎥⎥⎦
⎡
⎢⎢⎣

VP
2

VN
2

VZ
2

⎤
⎥⎥⎦ (3.143a)
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For the PPS, NPS and ZPS circuits, the total injected current at ends 1 and 2 are
given by

It1 = IS + I1 and It2 = −IS + I2 (3.143b)

Therefore, using Equation (3.143), we obtain three separate PPS, NPS and ZPS
sequence π models for the line or cable as follows:

[
Ix
t1

Ix
t2

]
=
⎡
⎢⎣

1

Zx
+ j

Bx

2
− 1

Zx

− 1

Zx

1

Zx
+ j

Bx

2

⎤
⎥⎦
[

Vx
1

Vx
2

]
x = P, N or Z (3.144)

As the PPS and NPS impedances and susceptances are equal, only two sequence
π models are needed as shown in Figure 3.32. For convenience, we will only refer
to the PPS and ZPS sequence parameters and models in subsequent sections.

Cables

The sequence impedance matrices of single-circuit cables of various sheath earth-
ing arrangements were derived in Section 3.3.4. The sequence impedance matrix of
Equation (3.123), combined with the circuit sequence currents and voltages, gives

⎡
⎢⎣VP

1 − VP
2

VN
1 − VN

2

VZ
1 − VZ

2

⎤
⎥⎦ =

⎡
⎢⎣

ZPP ZPN ZPZ

ZNP ZNN ZNZ

ZZP ZZN ZZZ

⎤
⎥⎦
⎡
⎢⎣

IP

IN

IZ

⎤
⎥⎦ (3.145)

The mutual intersequence terms are normally much smaller than the self-terms
for solidly bonded cables and practically zero for cross-bonded cables. For the
former, it is usual practice to ignore the mutual terms and use the self-terms only
for the PPS, NPS and ZPS impedances of the cable. In the case of submarine
cables where the three phases are laid a significant distance apart, the sequence
impedance matrix is diagonal with no mutual intersequence terms. This is also the
case for three-core cables, and single-core cables in touching trefoil or equilateral
arrangements. The sequence susceptance matrix of all shielded and belted cables
is diagonal and hence the PPS, NPS and ZPS susceptances are equal to the phase
terms unaffected by any intersequence terms. Therefore, as in the case of single-
circuit overhead lines, PPS and ZPS sequence π models can be derived as shown in
Figure 3.33.
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Figure 3.33 (a) PPS/NPS and (b) ZPS π models for single-circuit overhead line or cable

3.4.3 Sequence π models of double-circuit
overhead lines

The PPS, NPS and ZPS impedances and susceptances of double-circuit overhead
lines were derived in Section 3.2.6. We recall the sequence impedance and sus-
ceptance matrices of Equations (3.76a) and (3.78a) and illustrate their physical
meaning as shown in Figure 3.34(a). Equation (3.76a) suggests that each circuit
has a self PPS, NPS and ZPS impedance. In addition, PPS, NPS and ZPS inter-
circuit mutual coupling exists between the PPS, NPS and ZPS impedances of each
circuit. Importantly, we note that the three PPS, NPS and ZPS circuits are separate
and independent. Equation (3.78a) contains similar information for susceptances.
Allocating ½ the susceptances to each circuit end, Equations (3.76a) and (3.78b)
of circuit 1 and circuit 2 are represented in Figure 3.34 as a π model.

Using Figure 3.34 and Equations (3.76a) and (3.78a), we can write⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

V ′P
1 − V ′′P

1

V ′N
1 − V ′′N

1

V ′Z
1 − V ′′Z

1

V ′P
2 − V ′′P

2

V ′N
2 − V ′′N

2

V ′Z
2 − V ′′Z

2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ZP
1 0 0 ZP

12 0 0

0 ZP
1 0 0 ZP

12 0

0 0 ZZ
1 0 0 ZZ

12

ZP
12 0 0 ZP

2 0 0

0 ZP
12 0 0 ZP

2 0

0 0 ZZ
12 0 0 ZZ

2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

IP
1

IN
1

IZ
1

IP
2

IN
2

IZ
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
[

ZPNZ
1 ZPNZ

12

ZPNZ
12 ZPNZ

2

][
IPNZ

1

IPNZ
2

]

(3.146a)⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I ′P
1,SH

I ′N
1,SH

I ′Z
1,SH

I ′P
2,SH

I ′N
2,SH

I ′Z
2,SH

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= j
1

2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

BP
1 0 0 BP

12 0 0

0 BP
1 0 0 BP

12 0

0 0 BZ
1 0 0 BZ

12

BP
12 0 0 BP

2 0 0

0 BP
12 0 0 BP

2 0

0 0 BZ
12 0 0 BZ

2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

V ′P
1

V ′N
1

V ′Z
1

V ′P
2

V ′N
2

V ′Z
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= j
1

2

[
BPNZ

1 BPNZ
12

BPNZ
12 BPNZ

2

][
V′PNZ

1

V′PNZ
2

]

(3.146b)
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Figure 3.34 Double-circuit overhead line model in the sequence reference frame using sequence
matrices: (a) schematic and (b) sequence π model

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I ′′P
1,SH

I ′′N
1,SH

I ′′Z
1,SH

I ′′P
2,SH

I ′′N
2,SH

I ′′Z
2,SH

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= j
1

2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

BP
1 0 0 BP

12 0 0

0 BP
1 0 0 BP

12 0

0 0 BZ
1 0 0 BZ

12

BP
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2 0 0
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12 0 0 BP

2 0
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2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

V ′′P
1

V ′′N
1

V ′′Z
1

V ′′P
2

V ′′N
2

V ′′Z
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= j
1

2

[
BPNZ

1 BPNZ
12

BPNZ
12 BPNZ

2

][
V′′PNZ

1

V′′PNZ
2

]

(3.146c)

The equivalent admittance matrix can be derived for each sequence circuit inde-
pendently because the PPS, NPS and ZPS circuits are separate. The form of the
admittance matrix is the same for the PPS, NPS and ZPS circuits so the derivation
of one would suffice. Collecting the PPS terms from Equation (3.146a), we have

[
V ′P

1 − V ′′P
1

V ′P
2 − V ′′P

2

]
=
[

ZP
1 ZP

12

ZP
12 ZP

2

][
IP
1

IP
2

]

or [
IP
1

IP
2

]
= 1

D

[
ZP

2 −ZP
12

−ZP
12 ZP

1

][
V ′P

1 − V ′′P
1

V ′P
2 − V ′′P

2

]
(3.147a)
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where D = ZP
1 ZP

2 − (ZP
12)

2
. Similarly, collecting the shunt PPS terms from

Equations (3.146b) and (3.146c), we have

[
I ′P

1,SH

I ′P
2,SH

]
= j

1

2

[
BP

1 BP
12

BP
12 BP

2

][
V ′P

1

V ′P
2

]
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[
I ′′P

1,SH

I ′′P
2,SH

]
= j

1

2

[
BP

1 BP
12

BP
12 BP

2

][
V ′′P

1

V ′′P
2

]

(3.147b)

The total injected currents into circuit 1 and circuit 2 at both ends are given by

⎡
⎢⎢⎢⎢⎢⎣

I ′P
1,t

I ′′P
1,t

I ′P
2,t

I ′′P
2,t

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣

I ′P
1,SH

I ′′P
1,SH

I ′P
2,SH

I ′′P
2,SH

⎤
⎥⎥⎥⎥⎥⎦+

⎡
⎢⎢⎢⎢⎣

IP
1

−IP
1

IP
2

−IP
2

⎤
⎥⎥⎥⎥⎦ (3.148a)

Substituting Equations (3.147a) and (3.147b) into Equation (3.148a), we obtain

⎡
⎢⎢⎢⎢⎢⎣
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⎡
⎢⎢⎢⎢⎢⎣

V ′P
1

V ′′P
1

V ′P
2

V ′′P
2

⎤
⎥⎥⎥⎥⎥⎦

(3.148b)

The NPS and ZPS admittance matrices of the double-circuit line with NPS and
ZPS impedance and susceptance coupling between the two circuits are identical
to that given in Equation (3.148b) except that the ZPS parameters are different.

The sequence model for a double-circuit overhead line derived above repre-
sents the case where the line is assumed to have had six transpositions. However,
as we showed in Equation (3.89), when the line is assumed to be ideally trans-
posed with nine transpositions, there would only be ZPS coupling between the
two circuits. In this case, the ZPS admittance matrix would be identical to that
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of Equation (3.148b) but the PPS/NPS admittance matrices would have zero
inter-circuit mutual impedances and susceptances as follows:

⎡
⎢⎢⎢⎢⎢⎢⎢⎣
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⎡
⎢⎢⎢⎢⎢⎢⎢⎣

V ′P
1

V ′′P
1

V ′P
2

V ′′P
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
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3.4.4 Sequence π models of double-circuit cables
As presented in Section 3.3.3, the series sequence impedance matrix of each cable
circuit in a double-circuit cable will effectively be diagonal. There will also be
inter-circuit mutual inductive coupling between the two circuits but the inter-
circuit phase impedance mutual matrix is in general not balanced. For cross-bonded
single-core double circuit cables, there would be very small intersequence mutual
coupling between the two circuits in the PPS and NPS but a non-negligible coup-
ling in the ZPS depending on spacing between the two circuits. The same applies
for a three-core double-circuit cable. As presented in Section 3.3.4, the shunt
sequence susceptance matrix of a single-circuit cable is diagonal, i.e. there is no
intersequence mutual coupling. The presence of a second cable circuit has no effect
other than introducing a second diagonal shunt sequence susceptance matrix for
this circuit. Therefore, the PPS and ZPS sequence π models shown in Figure 3.33
for a single-circuit cable may also be used for double-circuit cables. Where ZPS
impedance coupling between the two cable circuits is significant and needs to
be represented, then the approach described in Section 3.4.3 for double-circuit
overhead lines can be used.

3.5 Sequence π models of three-circuit
overhead lines

Using a similar approach to that of Section 3.4.3, Figure 3.35 illustrates three mutu-
ally coupled circuits and their self and mutual sequence impedance and susceptance
matrices.
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Figure 3.35 Three-circuit overhead line model in the sequence reference frame: (a) schematic and
(b) ZPS π model

The sequence π model represents either the PPS, NPS or ZPS equivalent circuits.
Where ideal transposition is used with only ZPS inter-circuit mutual coupling, the
PPS and NPS π model of each circuit is completely independent from the other
circuits. We will now derive the admittance matrix for the general case where
inter-circuit mutual coupling exists and we will use the ZPS π model parameters
but drop the superscript Z to simplify notation.
From Figure 3.35(b), we can write

⎡
⎢⎣V ′

1 − V ′′
1

V ′
2 − V ′′
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⎡
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1,2,3 −Z−1
1,2,3

][V′
1,2,3

V′′
1,2,3

]
(3.150a)
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where

Z1,2,3 =
⎡
⎣ Z1 Z12 Z13

Z12 Z2 Z23

Z13 Z23 Z3

⎤
⎦ (3.150b)

The total injected currents into each circuit at both ends are given by
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or written in concise matrix form using Equation (3.150a), we have
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(3.152a)

where

B1,2,3 =
⎡
⎣ B1 B12 B13

B12 B2 B23

B13 B23 B3

⎤
⎦ (3.152b)

3.6 Three-phase modelling of overhead lines and
cables (phase frame of reference)

3.6.1 Background
In advanced studies such as multiphase loadflow and short-circuit fault analysis
where the natural unbalance of untransposed lines and cables is to be taken into
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account, the modelling and analysis may be carried out in the phase frame of refer-
ence. Such analysis allows the calculation of the current distribution on overhead
line earth wires and cable sheaths under unbalanced power flow and short-circuit
faults.

3.6.2 Single-circuit overhead lines and cables
For single-circuit overhead lines, the series phase impedance matrices with earth
wires present and eliminated were given in Equations (3.29) and (3.32c), respect-
ively. The corresponding shunt phase susceptance matrices are obtained from the
inverse of Equation (3.36) and from Equation (3.39). Considering the case of an
overhead line with one earth wire, the line can be represented by a three-phase
equivalent nominal π model as shown in Figure 3.36(a).

In Figure 3.36, the line is represented by its series phase impedance matrix and
½ its shunt phase susceptance matrix connected at each end. We denote as 1 and
2 the two ends of the line, and we use ‘ph’ for ‘phase’ quantities, which also
include the earth wires if these have not been eliminated. From Figure 3.36(b),
we have

Vph
1 − Vph

2 = ZphIph
S Iph

SH(1) = j
Bph

2
Vph

1 Iph
SH(2) = j

Bph

2
Vph

2 (3.153a)
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Figure 3.36 Three-phase model of a single-circuit line including earth wire(s): (a) π equivalent circuit
and (b) π model (matrices)
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Figure 3.37 Three-phase π equivalent of a single-circuit solidly bonded underground cable

Therefore, the nodal phase admittance matrix is given by

[
Iph

1

Iph
2

]
=
⎡
⎢⎣j

Bph

2
+ (Zph)

−1 −(Zph)
−1

−(Zph)
−1

j
Bph

2
+ (Zph)

−1

⎤
⎥⎦
[

Vph
1

Vph
2

]
(3.153b)

If the earth wire has already been eliminated, then it is simply removed from
Figure 3.36(a) and the dimension of the series phase impedance and shunt phase
susceptance matrices is reduced accordingly. The series phase impedance and shunt
phase admittance matrices for cables, with their sheaths present or eliminated, can
be represented using a similar approach taking into account the particular sheath
earthing arrangement. Figure 3.37 shows a three-phase model for a single-circuit
underground cable with a solidly bonded sheath.

3.6.3 Double-circuit overhead lines and cables
For double-circuit overhead lines, the series phase impedance matrices with earth
wires present and eliminated are given in Equations (3.57a) and (3.58b), respect-
ively. The corresponding shunt phase susceptance matrices are obtained from the
inverse of Equation (3.60a) and (3.62c), respectively. Using the π matrix model
shown in Figure 3.36(b) together with the inter-circuit mutual impedance and
susceptance matrices, we obtain the π model representation of a double-circuit
overhead line in the phase frame of reference as shown in Figure 3.38.

We denote 1 and 1′, and 2 and 2′ as the two ends of circuit 1 and circuit 2,
respectively. We assume that the inter-circuit mutual coupling is bilateral, i.e.
B21 = Bt

12. From Figure 3.38, the series voltage drop across the two circuits is
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and (b) π model (matrices)

given by ⎡
⎣V

ph
1 − V

ph
1′

V
ph
2 − V

ph
2′

⎤
⎦ =

⎡
⎣Z

ph
11 Z

ph
12

Z
ph
21 Z

ph
22

⎤
⎦
⎡
⎣ I

ph
S(1)

I
ph
S(2)

⎤
⎦

or ⎡
⎣ I

ph
S(1)

I
ph
S(2)

⎤
⎦ =

⎡
⎣Y

ph
11 Y

ph
12

Y
ph
21 Y

ph
22

⎤
⎦
⎡
⎣V

ph
1 − V

ph
1′

V
ph
2 − V

ph
2′

⎤
⎦ (3.154)

The shunt susceptance currents are given by

[
I

ph
SH(1)

I
ph
SH(2)

]
= j

2

[
B

ph
11 B

ph
12

B
ph
21 B

ph
22

][
V

ph
1

V
ph
2

]
and

[
I

ph
SH(1′)

I
ph
SH(2′)

]
= j

2

[
B

ph
11 B

ph
12

B
ph
21 B

ph
22

][
V

ph
1′

V
ph
2′

]

(3.155)
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Since the total current injected into each circuit end is the sum of the series and
shunt currents, it can be shown that the nodal phase admittance matrix equation of
the mutually coupled double-circuit line is given by⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
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All quantities in Equation (3.156) are matrices. Where the earth wires are elimin-
ated, the dimensions of the impedances and susceptances are 3 × 3 and those of the
current and voltage vectors are 3 × 1. Therefore, the dimension of the nodal current
and voltage vectors are 12 × 1 and the dimension of the admittance matrix of the
double-circuit line is 12 × 12. The same approach presented above can be followed
in the case of double-circuit cables although the dimensions of the matrices will be
increased to a greater extent by the number of sheaths and armours as appropriate.

3.7 Computer calculations and measurements
of overhead line and cable parameters

3.7.1 Computer calculations of overhead line and
cable parameters

The days of hand or analytical calculations of overhead line and cable phase and
sequence impedances and susceptances have long gone together with, unfortu-
nately, some of the great insight such methods provided. The calculations of
overhead line and cable electrical parameters at power frequency, i.e. 50 or 60 Hz,
as well as higher frequencies, are nowadays efficiently carried out using digi-
tal computer programs. For overhead lines, the input data are phase conductor
and earth wire material and resistivity, physical dimensions, dc or ac resistance,
conductor bundle data, tower geometry, i.e. spacing between conductors and con-
ductor height above ground, average conductor sag and earth resistivity. The output
information usually comprises the line’s ac resistance matrix, inductance matrix,
series phase reactance matrix, series phase impedance matrix, potential coeffi-
cient matrix, shunt capacitance matrix and shunt susceptance matrix, all including
and excluding the earth wires. Assumptions of phase transpositions can be easily
implemented using efficient matrix analysis techniques. The sequence data calcu-
lated consists of the series sequence impedance and shunt sequence susceptance
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matrices. The dimension of these sequence matrices is 3N where N is the number
of three-phase circuits. The output information is usually calculated in physical
units, e.g. μF/km/phase or �/km/phase and in pu or % on some defined voltage
and MVA base.

For cables, the input data are core, sheath and, where applicable, armour con-
ductor material and resistivity, their physical dimensions, dc or ac resistance,
the cable layout or spacing between phases, relative permittivity of core, sheath
and, where applicable, armour insulation, as well as earth resistivity. The output
information usually comprises the cable’s full and reduced series phase impedance
shunt susceptance matrices, i.e. including and excluding the sheaths and armour(s).
The sequence data calculated consists of the sequence series impedance matrix and
sequence shunt susceptance matrix.

3.7.2 Measurement of overhead line parameters

General

Measurements of overhead lines power frequency electrical parameters or con-
stants can be made at the time of commissioning when the line construction
has been completed so that the tests replicate the line in normal service oper-
ation. The parameters that may be measured are phase conductor self and mutual
impedances with earth return, and self and mutual susceptances. The series phase
impedance and shunt phase susceptance matrices are then constructed and the
sequence impedances and susceptances calculated. There are numerous designs
of overhead lines used in practical installations but we will illustrate the techniques
that can be used for single-circuit line with one earth wire and double-circuit line
with one earth wire. The technique can be extended for application to any other
line construction.

Single-circuit overhead lines with one earth wire

Figures 3.39(a) illustrates a technique for phase impedance measurements where
the three-phase conductors are earthed at the far end of the line but kept free from
earth at the near measurement end.

A test voltage is applied to one-phase conductor and the current flowing through
it is measured. The induced voltages to earth on the remaining conductors are also
measured. In addition to the calculation of the impedances from the measured
voltages and currents, a wattmeter or phase angle meter can be used to find the
phase angle of these voltages with respect to the injected current. This allows the
calculation of the resistance and reactance components of the impedance using
R = P/I2 (P is measured phase power in Watts) and X = √

Z2 − R2 in the case
of a wattmeter, but R = Z × cos φ and X = Z × sin φ in the case of a phase angle
meter measurement. The process is repeated for all other conductors. Where earth
wire(s) are present, the measured impedances should represent values with the
earth wire in parallel with earth return path to represent normal service operation.
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Figure 3.39 Measurement of the electrical parameters of a single-circuit overhead line: meas-
urement of self and mutual (a) series phase impedances with earth return and (b) shunt phase
susceptances

Using the single-circuit phase impedance matrix including the effect of earth wire
that is with the earth wire mathematically eliminated, we have

V1 = Z11I1 + Z12I2 + Z13I3 (3.157a)

V2 = Z21I1 + Z22I2 + Z23I3 (3.157b)

V3 = Z31I1 + Z32I2 + Z33I3 (3.157c)

With the voltage source applied to conductor 1, V1 is known and the measured
values are I1, V2 and V3 with I2 = I3 = 0. Using the measured values in Equations
(3.157), we obtain

Z11 = V1

I1
Z21 = V2

I1
Z31 = V3

I1
(3.158a)

Applying the voltage source to conductor 2 then conductor 3, we obtain

Z12 = V1

I2
Z22 = V2

I2
Z32 = V3

I2
(3.158b)
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and

Z13 = V1

I3
Z23 = V2

I3
Z33 = V3

I3
(3.158c)

For sequence impedance calculations, and with the line assumed to be perfectly
transposed, the self and mutual impedances per phase are calculated as the average
of the measured self and mutual impedances as follows:

ZS = Z11 + Z22 + Z33

3
(3.159a)

and

ZM = Z12 + Z21 + Z13 + Z31 + Z23 + Z32

6
(3.159b)

Therefore, the PPS and ZPS impedances are given by

ZP = 2(Z11 + Z22 + Z33) − (Z12 + Z21 + Z13 + Z31 + Z23 + Z32)

6
(3.160a)

ZZ = (Z12 + Z22 + Z33) + (Z12 + Z21 + Z13 + Z31 + Z23 + Z32)

3
(3.160b)

Figure 3.39(b) illustrates a technique for phase susceptance measurements where
the three-phase conductors are earthed through milliammeters at the near mea-
surement end of the line but kept free from earth, i.e. open circuit at the far end.
A test voltage is applied in series with one-phase conductor and the currents flow-
ing through all conductors are measured. The process is repeated for all other
conductors. As in the case of impedance measurements the measured suscep-
tances should include the effect of the earth wire. Using the single-circuit phase
susceptance matrix including the effect of earth wire that is with the earth wire
mathematically eliminated, we have

I1 = jB11V1 − jB12V2 − jB13V3 (3.161a)

I2 = −jB21V1 + jB22V2 − jB23V3 (3.161b)

I3 = −jB31V1 − jB32V2 + jB33V3 (3.161c)

With the test voltage source applied to conductor 1, V1 is known and the measured
values are I1, I2 and I3 with V2 = V3 = 0. Using the measured values in Equations
(3.161), we obtain

jB11 = I1

V1
jB21 = −I2

V1
jB31 = −I3

V1
(3.162a)
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Applying the test voltage source to conductor 2 then conductor 3, we obtain

jB12 = −I1

V2
jB22 = I2

V2
jB32 = −I3

V2
(3.162b)

and

jB13 = −I1

V3
jB23 = −I2

V3
jB33 = I3

V3
(3.162c)

For sequence susceptance calculations and with the line assumed to be perfectly
transposed, the self and mutual susceptances per phase are calculated as the average
of the measured self and mutual susceptances as follows:

BS = B11 + B22 + B33

3
(3.163a)

and

BM = B12 + B21 + B13 + B31 + B23 + B32

6
(3.163b)

Therefore, the PPS and ZPS impedances are given by

BP = 2(B11 + B22 + B33) + (B12 + B21 + B13 + B31 + B23 + B32)

6
(3.164a)

BZ = (B12 + B22 + B33) − (B12 + B21 + B13 + B31 + B23 + B32)

3
(3.164b)

The measured voltages and currents inherently take into account the distributed
nature of the line’s impedances and susceptances. However, we have used lumped
linear impedance and susceptance matrix models for the line which will introduce
small errors in the calculated impedances and susceptances depending on line
length. The calculated impedances and susceptances can be corrected for the line
length effect if the equivalent π circuit of a distributed multi-conductor line derived
in Appendix 1 is used. The impedance and susceptance constants now become
impedance and susceptance matrices and the general nodal admittance equations
for a multi-conductor line are given by

IS = A × VS − B × VR (3.165a)

IR = −B × VS + A × VR (3.165b)
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where

A = Y(
√

ZY)
−1

coth (
√

ZY�) and B = Y(
√

ZY)
−1

cosech(
√

ZY�)
(3.165c)

and IS and IR are the line’s sending and receiving end current vectors, respec-
tively; and VS and VR are the line’s sending and receiving end voltage vectors,
respectively.

In the impedance measurement technique, the voltage and current vectors VS

and IS are known from the measurements, VR = 0 but IR is unknown. Therefore,
from Equation (3.165), we can write VS = A−1IS = [Y−1

√
YZ tanh(

√
YZ�)]IS.

Expanding the hyperbolic tangent into an infinite series, we obtain

VS =
[
Z − 1

3
ZYZ�

2 + 2

15
ZYZYZ�

4 − · · · ·
]

× � × IS (3.166)

In the susceptance measurement technique, the voltage and current vectors VS and
IS are known from the measurements, IR = 0 but VR is unknown. Therefore, from
Equation (3.165), we can write IS = (A − B × A−1 × B) × VS. Using the values
of A and B from Equation (3.165) and expanding the hyperbolic tangent into an
infinite series, we obtain

IS =
[
Y − 1

3
YZY�

2 + 2

15
YZYZY�

4 − · · · ·
]

× � × VS (3.167)

We can use the voltages and currents obtained from the test measurements to
calculate to a first approximation of the elements of the impedance and susceptance
matrices using the approximate lumped parameter equations as follows:

VS ≈ Z1 × � × IS and IS ≈ Y1 × � × VS (3.168)

Z1 and Y1 can now be equated to the series impedance and susceptance values
of Equations (3.166) and (3.167) and used to obtain a second approximation as
follows:

Z2 ≈ Z1 + 1

3
Z1Y1Z1�

2 − 2

15
Z1Y1Z1Y1Z1�

4 − · · · · (3.169a)

Y2 ≈ Y1 + 1

3
Y1Z1Y1�

2 − 2

15
Y1Z1Y1Z1Y1�

4 − · · · · (3.169b)

Similarly, the new values of the impedance and susceptance matrices can again be
used to obtain an improved approximation and the process can be repeated until
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the desired level of accuracy is obtained. In general, we can write

ZN+1 ≈ ZN + 1

3
ZNYNZN�

2 − 2

15
ZNYNZNYNZN�

4 − · · · · (3.170a)

YN+1 ≈ YN + 1

3
YNZNYN�

2 − 2

15
YNZNYNZNYN�

4 − · · · · (3.170b)

Double-circuit overhead lines

The technique presented above for a single-circuit overhead line with one earth
wire can be extended to double-circuit overhead lines with any number of earth
wires. Figure 3.40 shows the impedance and susceptance test arrangements.

The measured phase impedance and susceptance matrices are given as

Circuit 1 Circuit 2⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

V1

V2

V3

V4

V5

V6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
Circuit 1

Circuit 2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Z11 Z12 Z13 Z14 Z15 Z16

Z21 Z22 Z23 Z24 Z25 Z26

Z31 Z32 Z33 Z34 Z35 Z36

Z41 Z42 Z43 Z44 Z45 Z46

Z51 Z52 Z53 Z54 Z55 Z56

Z61 Z62 Z63 Z64 Z65 Z66

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

I1

I2

I3

I4

I5

I6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.171a)
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Figure 3.40 Measurement of electrical parameters of a double-circuit overhead line: measurement of
self and mutual (a) series phase impedances with earth return and (b) shunt phase susceptances
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and

Circuit 1 Circuit 2⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I1

I2

I3

I4

I5

I6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

Circuit 1

Circuit 2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

jB11 −jB12 −jB13 −jB14 −jB15 −jB16

−jB21 jB22 −jB23 −jB24 −jB25 −jB26

−jB31 −jB32 jB33 −jB34 −jB35 −jB36

−jB41 −jB42 −jB43 jB44 −jB45 −jB46

−jB51 −jB52 −jB53 −jB54 jB55 −jB56

−jB61 −jB62 −jB63 −jB64 −jB65 jB66

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

V1

V2

V3

V4

V5

V6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.171b)

In Figure 3.40(a), we apply a voltage source V1 to conductor 1 and measure
I1, V2, V3, V4, V5 and V6. In Figure 3.40(b), we apply a voltage source V1

to conductor 1 and measure I1, I2, I3, I4, I5 and I6. From these tests, and
using Equation (3.171), the self and mutual phase impedances and susceptances
are calculated as follows:

Z11 = V1

I1
Z21 = V2

I1
Z31 = V3

I1
Z41 = V4

I1
Z51 = V5

I1
Z61 = V6

I1

(3.172a)

jB11 = I1

V
jB21 = −I2

V
jB31 = −I3

V

jB41 = −I4

V
jB51 = −I5

V
jB61 = −I6

V
(3.172b)

In both impedance and susceptance tests, the voltage source is applied to each
phase conductor in turn in order to measure all the self and mutual impedances
and susceptances of Equation (3.171). The balanced phase and resultant sequence
impedances can be calculated assuming an appropriate number of phase transpos-
itions such as three, six or ideal nine transpositions. The reader is encouraged to
derive the balanced phase and sequence parameters. The sequence susceptance
parameters can be similarly calculated.

3.7.3 Measurement of cable parameters

General

Measurements of power frequency electrical parameters or constants of cables
can be made at the time of commissioning when the cable installation has been
completed so that the tests replicate the cable in normal service operation. The
relevant parameters that are usually measured are the conductor dc resistances
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at prevailing ambient temperature, the PPS/NPS and ZPS impedances and some-
times the PPS/NPS/ZPS susceptances. As there are numerous designs and layouts
of cables in use in practical installations, we will illustrate the techniques that
can be used for a typical single-circuit single-core three-phase coaxial cable with
core and sheath conductors. An illustration of the PPS/NPS susceptance and ZPS
susceptance measurement of a three-core belted cable is also presented.

Measurement of dc resistances

The dc resistances of the cores and sheaths (screens) are measured using a dc
voltage source as illustrated in Figure 3.41(a) and (b). In the first case, the dc
voltage source V is applied between cores 1 and 2 with the third core floating and
remote ends of the three cores short-circuited. The dc source V is next applied
between cores 1 and 3, then 2 and 3. The measured core loop resistance in each
case is calculated from RCc(loop) = V/I and the three measured loop resistances are
given by

RC1C2 = RC1 + RC2 RC1C3 = RC1 + RC3 RC2C3 = RC2 + RC3 (3.173a)

Therefore, the individual core resistances are given by

RC1 = RC1C2 + RC1C3 − RC2C3

2
RC2 = RC1C2 + RC2C3 − RC1C3

2
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Figure 3.41 Measurement of dc resistances of (a) core and (b) sheath/screen of a three-phase cable
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and

RC3 = RC1C3 + RC2C3 − RC1C2

2
(3.173b)

The test procedure for the sheath or screen dc resistances is similar to that for the
core dc resistances but the dc voltage source is now applied between two sheaths
at a time as shown in Figure 3.41(b).

Measurement of PPS/NPS impedance

The measurement of the cable’s PPS/NPS impedance per phase requires a three-
phase power frequency source. On each of the single cores, measurements of
voltage, current and phase power or phase angle are made. The sheath’s bonding
and earthing must correspond to that in actual circuit operation. Figure 3.42(a)
illustrates the PPS/NPS impedance measurement for a cable with a sheath that is
solidly bonded at both ends. From the measurements, the following calculations
for each phase are made.

If a wattmeter is used to measure input power, we have

ZP = VP

IP
RP = PP

(IP)2
XP =

√
(ZP)2 − (RP)2 (3.174)

If a phase angle meter is used to measure the angle between the input voltage and
current

ZP = VP

IP
RP = ZP × cos φ XP = ZP × sin φ (3.175)

Si
ng

le
-c

or
e 

si
ng

le
-

ci
rc

ui
t t

hr
ee

-p
ha

se
ca

bl
e

I PV P
Core

Sheath

h 2V P

hV P

(a)

Si
ng

le
-c

or
e 

si
ng

le
-

ci
rc

ui
t t

hr
ee

-p
ha

se
ca

bl
eI Z 3

I Z3
I Z

3
I Z

V Z

Core

Sheath
(b)

Figure 3.42 Measurement of (a) PPS/NPS and (b) ZPS impedances of a three-phase cable
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where PP is the measured phase power in Watts. The three values obtained for
each phase are then averaged and this is particularly important in the case of
untransposed cable systems. The final PPS/NPS cable parameters are given as

ZP =

3∑
i=1

ZP
i

3
�/phase RP =

3∑
i=1

RP
i

3
�/phase XP =

3∑
i=1

XP
i

3
�/phase

(3.176)

Measurement of ZPS impedance

The measurement of the cable’s ZPS impedance per phase requires a single-phase
power frequency source. The three cores at the test end are bonded together and
at the remote end are bonded together and to the sheaths. Single-phase currents
are injected into the cable cores to return via the sheath and earth. Figure 3.42(b)
illustrates the test circuit. The sheaths are solidly bonded at both ends as in actual
cable operation. The calculations of the ZPS impedance, resistance and reactance
use similar equations to those used for the PPS/NPS impedance except that the
current should now be divided by 3, i.e. the impedance equation becomes

ZZ = 3VZ

IZ
(3.177)

Measurement of earth loop impedances

As in the case of an overhead line, and if required, the earth loop impedances for
each core and sheath may also be measured using a single-phase power frequency
source. The technique is similar to that presented in Section 3.7.2.

Measurement of PPS/NPS/ZPS susceptance

The measurement of a screened cable core-to-sheath, and if required, sheath-
to-earth susceptances uses a single-phase power frequency source. The three cores
at the remote end are left floating, i.e. open circuit. The applied voltage V, charg-
ing current I and phase angle φ between applied voltage and current, the latter
measured using a low power factor meter, are measured. This is usually called the
power factor and capacitance test of the dielectric. The calculations made are

Y = I

V
G = Y × cos φ B = Y × sin φ (3.178)

B is the PPS/NPS/ZPS susceptance per phase. G is very small and is usually
neglected in power frequency steady state analysis.

For three-core belted cables, the core-to-core and core-to-sheath capacitances
can be calculated from two measurements. The core to sheath, i.e. ZPS susceptance
can be measured by short-circuiting the three cores and applying a voltage source
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V between them and the earthed sheath, see Figure 3.29(c). From the measured
injected current I, we can write

BZ = BCS = I

3V
(3.179)

The core-to-core capacitance can be obtained from a measurement where a voltage
source V is applied between two cores with the third core short-circuited to the
sheath. Let the measured susceptance be BMeas. Therefore, using Figure 3.29(c),
we can write

BMeas = I

V
= BCC + BCC + BCS

2
= 3BCC + BCS

2

Therefore, the core-to-core susceptance is calculated as

BCC = 2BMeas − BCS

3
(3.180)

Using Equation (3.138c), the PPS susceptance of the cable is given by

BP = 2BMeas (3.181)

3.8 Practical aspects of phase and sequence
parameters of overhead lines and cables

3.8.1 Overhead lines
During the installation and commissioning of new overhead line designs, it was
common practice to carry out field test measurements of the phase self and mutual
impedances and susceptances. From these tests, the sequence impedances and
susceptances are obtained. Measurements of sequence parameters could also be
made. Measurements served as benchmark values for the validation of line’s power
frequency models and calculations carried out on digital computers. The range
of errors in the calculations of the sequence impedance parameters is usually
very small. The assumption of conductor temperature used in the calculation is
important primarily for resistance calculation and to a small extent reactance and
susceptance calculations due to changes in conductor sag. Also, a reasonable
value of uniform earth resistivity may be used and this may be an average value to
represent the route over which the line runs. In England and Wales and in America,
average uniform earth resistivities of 20 and 100 �m are generally used.

3.8.2 Cables
For cables, available models and computer calculations of the PPS/NPS
impedances and sequence susceptances usually provide results with good accuracy
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in comparison with field test measurements despite the large variety of cable
designs and installations. However, this is not normally the case for the ZPS
impedance particularly for high voltage cables. In addition to the cable design
including its sheath or screen and cable layout, the ZPS impedance strongly
depends on any other local and nearby metal objects that may form a return path in
parallel with the cable sheath itself. These might be other parallel cables, nearby
water pipes and pipelines, gas mains, subway structures, railway tracks and lines,
steel or concrete tunnels and any earth electrodes that may be used, etc. The
information about most of these additional factors is practically unknown and
impossible to obtain so they cannot be appropriately included in the calculation.
The only practical solution to obtain accurate results is to carry out field test
measurement of the ZPS impedance with the cable installed as in actual service
operation. In addition, such a measurement will only be accurate at the time it is
taken but it may be different a few years later. This may be caused by underground
construction or modifications of conducting material e.g. water and gas mains.
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Modelling of
transformers, static

power plant and
static load

4.1 General

In this chapter, we describe modelling techniques of various types of transformers,
quadrature boosters (QBs), phase shifters (PSs), series and shunt reactors, series
and shunt capacitors, static variable compensators and static power system load.
Sequence, i.e. positive phase sequaence (PPS), negative phase sequence (NPS)
and zero phase sequence (ZPS) models, as well as three-phase models suitable
for analysis in the phase frame reference are presented. Sequence impedance
measurement techniques of transformers, QBs and PSs are also described.

4.2 Sequence modelling of transformers

4.2.1 Background
The invention of the transformer machine towards the end of the nineteenth century
having the basic function of stepping up or down the voltages (and currents but
in opposite ratios) created the advantage of transmitting alternating current (ac)
electric power over larger distances. This was not possible with direct current (dc)
electric power since the locations of power generation and demand centres could
not be too far apart. This is to ensure that power loss and voltage drops are kept to
a reasonably low level. The technology of transformers has undergone significant
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developments during the twentieth century and many types of transformers are
nowadays used in ac power systems.

Three banks of single-phase transformers are generally used in power sta-
tions to connect very large generators to transmission networks with the low
voltage (LV) and high voltage (HV) windings connected as required, e.g. in delta
or star. The main reasons for using separate banks are to reduce transport weight,
improve overall transformer availability and reliability, and reduce the cost of spare
holding. Single-phase transformers are also used in remote rural distribution net-
works to supply small single-phase demand consumers where three-phase supplies
are uneconomic to use. There are also special applications where single-phase
transformers are used such as in the case of high capacity traction transform-
ers connected to three-phase power networks, usually connected to two phases
of the three-phase transmission or distribution network. Other applications of
single-phase transformers are those used to provide neutral earthing for generators.

Three-phase power transformers are invariably used in transmission, subtrans-
mission and distribution substations for essentially voltage transformation. In
addition, they are also used for voltage or reactive power flow control and active
power flow control. For the latter application, they are called PS or QB transform-
ers. Other applications of three-phase power transformers are for connections to
converters in high voltage direct current (HVDC) links, for earthing of isolated
systems, as well as in large industrial applications such as arc furnaces.

Transformers used for voltage control are equipped with off-load or on-load
tap-changers that vary the number of turns on the associated winding and hence
the turns ratio of the transformer. In some countries, e.g. the UK, generator trans-
formers are generally equipped with on-load tap-changers on the HV winding
with the HV side voltage being the controlled voltage. Typical voltage transform-
ations are 11–142 kV, 15–300 kV and 23.5–432 kV. Two-winding transformers
having large transformation ratios may be equipped with on-load tap-changers on
the HV winding but with the LV winding voltage being the controlled voltage.
Typical transformations are 275–33 kV, 132–11 kV, 380–110 kV and 110–20 kV.
Distribution transformers, e.g. 11–0.433 kV usually have off-load tap-changers.

Where the transformation ratio is generally less than about three, e.g.
400 kV/132 kV and 500 kV/230 kV, autotransformers are generally more economic
to use. Nowadays with increased trends towards automation, autotransformers
that supply power to distribution systems tend to be equipped with on-load tap-
changers. These may be located either at the LV winding line-end or neutral-end
with the LV winding voltage being the controlled voltage. Autotransformers may
also have a third low MVA capacity delta-connected winding called ‘tertiary’
winding. These may be used for the connection of reactive compensation plant e.g.
capacitors, reactors or synchronous compensators (condensers). They also provide
a path for the circulation of triplen harmonic currents and hence prevent or reduce
their flow on the power network as well as reduce network voltage unbalance.

The calculation of unbalanced currents and voltages due, for example, to short-
circuit faults requires correct and practical modelling of power transformers. In
this section, we present the theory of modelling single-phase transformers, and
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Figure 4.1 240 MVA 400 kV/132 kV autotransformer

three-phase power transformers having various numbers of windings and different
types of winding connections. Knowledge of basic electromagnetic transformer
theory is assumed. Figures 4.1 and 4.2 show two large autotransformers used in a
400 kV/275 kV/132 kV transmission system.

4.2.2 Single-phase two-winding transformers
The power transformer is a complex static electromagnetic machine with windings
and a non-linear iron core. We will first present the transformer equivalent circuit in
actual physical units then derive the per-unit equivalent circuit for the cases where
the transformer has nominal and off-nominal turns ratios. The latter corresponds to
the common case where the transformer is equipped with an on-load tap-changer.

Equivalent circuit in actual physical units

The conventional equivalent circuit of a single-phase two-winding transformer is
shown in Figure 4.3(a).

Where all quantities shown are in physical units of volts, amps and ohms, and
ZH = RH + jXH, RH = HV winding resistance, XH = HV winding leakage reac-
tance. ZL = RL + jXL, RL = LV winding resistance, XL = LV winding leakage
reactance. RI = resistance representing core iron losses which are assumed to vary
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Figure 4.2 1000 MVA 400 kV/275 kV autotransformer
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Figure 4.3 Single-phase transformer equivalent circuit in actual physical units: (a) basic equivalent circuit
and (b) L winding impedance referred to H winding
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with the square of applied HV winding voltage. XM = core magnetising reactance
referred to the HV side and representing the rms value of the magnetising current.
NH and NL are the actual number of turns of HV and LV windings, respectively.
NH(nominal) and NL(nominal) are HV and LV winding number of turns at nominal tap
positions, respectively.

From basic transformer theory and since the same flux will thread both HV and
LV windings, the induced voltage per turn on the HV and LV windings are equal,
hence

EH

EL
= NH

NL
= NHL (4.1a)

In the derivation of the equivalent circuit, we will initially neglect the ampere-turns
or MMF due to the exciting shunt branch that represents the very small core iron
and magnetising losses. The HV winding and LV winding MMFs, for the current
directions shown in Figure 4.3(a) are related by

NHIH + NLIL = 0 or
IH

IL
= − 1

NHL
(4.1b)

Also, the voltage drop equations for the transformer HV and LV windings can be
written as follows:

VH − EH = ZHIH (4.2a)

VL − EL = ZLIL (4.2b)

Using Equations (4.1a) and (4.2b), Equation (4.2a) can be rewritten as

1

NHL
(VH − ZHIH) = VL − ZLIL (4.3)

Substituting Equation (4.1b) into Equation (4.3), we have

VH − (ZH + N2
HLZL)IH = NHLVL (4.4a)

or

VH − ZHLIH = NHLVL (4.4b)

where

ZHL = ZH + N2
HLZL (4.4c)

ZHL is the equivalent transformer leakage impedance referred to the HV side and
N2

HLZL is the LV impedance referred to the HV side. Figure 4.3(b) is drawn using
Equation (4.4a) ignoring the shunt exciting branch. The LV voltage VL and LV
current IL are referred to the HV side as NHLVL and IL/NHL, respectively. The
exciting shunt branch can be reinserted between ZH and N2

HLZL on the input HV
terminals. Alternatively, ZH could have been referred to the LV side and the exciting
branch inserted similarly. The exciting impedance is much bigger than the leakage
impedances of either winding by almost a factor of 400–1. However, modern short-
circuit, power flow and transient stability analyses practice includes the iron loss
branch as well as the magnetising branch.
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Equivalent circuit in per unit

In many types of steady state analysis, we are interested in the transformer equiv-
alent circuit where all quantities are in per unit on some defined base quantities.
Let the base quantities be defined as

S(B) = Transformer rating in VA

VH(B) = HV network base voltage VL(B) = LV network base voltage

IH(B) = HV network base current IL(B) = LV network base current

VH(B) = ZH(B)IH(B) VL(B) = ZL(B)IL(B) (4.5a)

VH(B)IH(B) = VL(B)IL(B) = S(B)
VH(B)

VL(B)
= NH(nominal tap position)

NL(nominal tap position)
(4.5b)

In Equation (4.5b), the HV and LV windings’ nominal tap positions are chosen to
correspond to the HV and LV base voltages of the network sections to which the
windings are connected.

Let us now define the following per-unit quantities:

ZH(pu) = ZH

ZH(B)
ZL(pu) = ZL

ZL(B)
(4.6a)

VH(pu) = VH

VH(B)
VL(pu) = VL

VL(B)
(4.6b)

IH(pu) = IH

IH(B)
IL(pu) = IL

IL(B)
(4.6c)

Dividing Equation (4.3) by S(B) and using Equations (4.5) and (4.6), we obtain

1
NH

NH(nominal)

(
VH

VH(B)
− ZHIH

ZH(B)IH(B)

)
= 1

NL
NL(nominal)

(
VL

VL(B)
− ZLIL

ZL(B)IL(B)

)

which can be rewritten as

1

tH(pu)
[VH(pu) − ZH(pu)IH(pu)] = 1

tL(pu)
[VL(pu) − ZL(pu)IL(pu)] (4.7a)

where the pu tap ratios of the HV and LV windings are given by

tH(pu) = NH

NH(nominal)
= NH(at a given HV tap position)

NH(at nominal HV tap position)
(4.7b)

and

tL(pu) = NL

NL(nominal)
= NL(at a given LV tap position)

NL(at nominal LV tap position)
(4.7c)

We will now assume that the impedance of each winding is proportional to the
square of the number of turns of the winding. We know from basic transformer
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theory that this is generally valid for the winding inductive reactance but not
for the winding resistance. However, because the resistance is generally much
smaller than the reactance, this approximation is accepted. Thus, we define
ZH(nominal) as the pu HV winding impedance at nominal HV winding tap posi-
tion and ZL(nominal) as the pu LV winding impedance at nominal LV winding tap
position. Therefore, for each winding, we have

ZH(pu) = t2
H(pu) × ZH(pu,nominal) (4.8a)

ZL(pu) = t2
L(pu) × ZL(pu,nominal) (4.8b)

Substituting Equation (4.8) into Equation (4.7a), we obtain

1

tH(pu)
[VH(pu) − t2

H(pu)ZH(pu,nominal)IH(pu)]

= 1

tL(pu)
[VL(pu) − t2

L(pu)ZL(pu,nominal)IL(pu)] (4.9)

The general pu equivalent circuit shown in Figure 4.4(a) represents
Equation (4.9).

In practice, we are more interested in deriving an equivalent where both
impedances appear on one side of the ideal transformer. This can be done once
we have derived the relationship between the HV and LV pu currents from
Equation (4.1b) as follows:

NLIL = −NHIH

which, using Equation (4.5b), can be written as

NLIL

VL(B)IL(B)
= − NHIH

VH(B)IH(B)

or, using Equations (4.7b) and (4.7c), reduces to

tL(pu)IL(pu) = −tH(pu)IH(pu) (4.10)

Substituting Equation (4.10) into Equation (4.9) and rearranging, we obtain the
following two equations

VH(pu)

tHL(pu)
− tHL(pu)IH(pu) × t2

L(pu)ZLH(pu,nominal) = VL(pu) (4.11a)

and
VL(pu)

tLH(pu)
− tLH(pu)IL(pu) × t2

H(pu)ZHL(pu,nominal) = VH(pu) (4.11b)

where

ZLH(pu,nominal) = ZHL(pu,nominal) = ZH(pu,nominal) + ZL(pu,nominal) (4.11c)

tHL(pu) = tH(pu)

tL(pu)
and tLH(pu) = tL(pu)

tH(pu)
(4.11d)
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H L
t2H(pu)ZH(pu,nominal) t2L(pu)ZL(pu,nominal)

tH(pu) : tL(pu)

tHLIH(pu)

VH(pu)

IH(pu)

IH(pu)

IL(pu)

IL(pu)

VL(pu)

Ideal transformer

tHL

VH(pu)
ZLH(pu) � t2LZLH(pu,nominal)

H L

tH : tL
tHL : 1

VH(pu) VL(pu)

Ideal transformer

tLH

VL(pu)

ZHL(pu) � t2HZHL(pu,nominal)

H L

Ideal transformer

VH(pu) VL(pu)

tLHIL(pu)

ZHL(pu) � ZLH(pu) � ZHL(pu,nominal)

H L

VH(pu) VL(pu)

IH(pu) IL(pu)

IH(pu) IL(pu)

tH : tL
1 : tLH 

(a)

(b)

(c)

(d)

Figure 4.4 Transformer equivalent circuits in pu: (a) pu equivalent circuit of general off-nominal-ratio
transformer; (b) pu equivalent circuit with H side off-nominal ratio; (c) pu equivalent circuit with L side
off-nominal ratio and (d) pu equivalent circuit of nominal-ratio transformer

tH(pu) = NH(at a given HV tap position)

NH(at nominal HV tap position)

= Rated voltage of transformer HV winding for given tap position

Rated voltage of transformer HV winding for nominal tap position

(4.11e)

tL(pu) = NL(at a given LV tap position)

NL(at nominal LV tap position)

= Rated voltage of transformer LV winding for given tap position

Rated voltage of transformer LV winding for nominal tap position

(4.11f)
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Figure 4.4(b) and (c) represent Equations (4.11a) and (4.11b), respectively. Both
equivalents are identical in terms of representing the general equivalent circuit
of an off-nominal ratio transformer. However, in practice, it is more convenient
to use one or the other depending on the actual transformer characteristics. That
is, Figure 4.4(b) would be used to represent a transformer with the following
characteristics:

(a) The HV side is equipped with an on-load tap-changer and the LV side is fixed
nominal or fixed off-nominal ratio.

(b) The HV side is fixed off-nominal ratio and the LV side is fixed nominal ratio
or fixed off-nominal ratio.

Figure 4.4(c), however, would be used to represent a transformer with the following
characteristics:

(a) The LV side is equipped with an on-load tap-changer and the HV side is fixed
nominal or fixed off-nominal ratio.

(b) The LV side is fixed off-nominal ratio and the HV side is fixed nominal ratio
or fixed off-nominal ratio.

We will make a number of important practical observations that apply to
Figure 4.4(b) and (c). Considering Figure 4.4(b), and in the case of a tap-changer
located on the HV winding with a fixed nominal or off-nominal ratio on the LV
winding, then only tH changes but ZLH does not change with HV tap position. Sim-
ilar observation applies to Figure 4.4(c). In both circuits, the variable tap ratio of
the ideal transformer, tHL or tLH, is located on the side equipped with the on-load
tap-changer. That is, it is located away from the transformer impedance which
has a value that correspond to the fixed nominal or off-nominal ratio of the other
side. It should be noted that the location of the variable tap ratio is a purely arbi-
trary choice and it could have been placed on the impedance side provided that
Equations (4.11a) and (4.11b) continue to be satisfied.

A nominal-ratio-transformer is one where the chosen base voltages of the net-
work sections to which the transformer is connected are the same as the transformer
turns ratio or rated voltages. For such a transformer, Equation (4.7) reduces to
tH = 1 and tL = 1, hence the ideal transformers shown in Figure 4.4(b) and (c) can
be eliminated as shown in Figure 4.4(d).

However, for many transformers used in power systems, the transformer voltage
ratio is not the same as the ratio of base or rated voltages of the associated network
sections. Therefore, the choice of voltage base quantities for the network has to
be made independent of the transformer actual voltage ratio or turns ratio. The
most common reason for this is that a very large number of transformers used in
power systems are equipped with tap-changers, on the HV or LV winding, whose
function is to vary the number of turns of their associated winding. In addition,
some distribution transformers, in particular, can have one winding with a fixed
off-nominal ratio.

To ensure a proper understanding of the concepts introduced in deriving
Figure 4.4, we will present a number of practical cases. In the first case, consider
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a single-phase 11 kV/0.25 kV distribution transformer interconnecting an 11 kV
network and a 0.25 kV network. The transformation ratio or turns ratio of 11–
0.25 kV corresponds exactly to the network base voltages. Therefore, Figure 4.4(d)
represents such a transformer. We also note that with the transformer on open
circuit, VH(pu) = VL(pu) but with the transformer on-load, IH(pu) = −IL(pu).

In the second case, we consider a 10 kV/0.25 kV single-phase transformer
interconnecting an 11 kV network and a 0.25 kV network. The HV winding is
clearly a fixed off-nominal-ratio winding. The pu tap ratio tHL in Figure 4.4(b) is
calculated as

tHL = tH
tL

= 10/11

0.25/0.25
= 10

11
= 0.9091

In the third case, we consider a transformer equipped with an on-load tap-
changer on the HV side and we will also consider the effect on the transformer
impedance. Consider a 239 MVA, 231 kV/21.5 kV single-phase transformer (this
is actually one of a 717 MVA, 400 kV/21.5 kV three-phase bank) having a nominal-
ratio leakage reactance of 15% on rating (the resistance is ignored for the purposes
of this example but not in practical calculations). The transformer is connected to
a network with 231 and 21.5 kV base voltages. The transformer, therefore, has a
fixed LV nominal-ratio, i.e. tL = 1. The tap-changer is located on the 231 kV wind-
ing hence tH is variable. We will calculate the transformer reactance and redraw
the equivalent circuit of Figure 4.4(b) to correspond to the transformation ratios
207.9 kV/21.5 kV, 231 kV/21.5 kV and 254.1 kV/21.5 kV. The three voltage trans-
formation ratios correspond to tH values of 0.9, 1.0 and 1.1, respectively. Clearly,
the transformer impedance value does not change from nominal as illustrated in
Figure 4.5(a). It is instructive for the reader to demonstrate that if the tap ratio is
placed on the impedance side, then, by making appropriate use of Figure 4.4(c), the
reactance values that correspond to tH = 0.9, 1.0 and 1.1 would become 12.15%,
15% and 18.15%, respectively. This is illustrated in Figure 4.5(b). The reader
should also demonstrate that the corresponding circuits of Figure 4.5(a) and (b)
are equivalent to each other. This can be done by calculating, for the corresponding
equivalent circuits, the short-circuit impedances, i.e. the impedance seen from one
side, e.g. H side with the other side, L side, short-circuited and vice versa. The
calculated impedances will be identical.

The variation of the tap position of a transformer equipped with an on-load
tap-changer results in a value of tHL, for most transformers used in electric power
systems, to be generally within 0.8 and 1.2 pu.

π Equivalent circuit model

The ideal transformer in the general pu equivalent circuit of an off-nominal-ratio
transformer shown in Figure 4.4(b) and (c) is, although suitable for use on network
analysers, not satisfactory for modern calculations that are almost entirely based
on digital computation. Therefore, the ideal transformer must be replaced with a
suitable equivalent circuit and this will be achieved by deriving an equivalent
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H L
0.9 : 1

j12.15%

tH � 0.9; tL � 1.0; tHL � 0.9tH � 0.9; tL � 1.0; tHL � 0.9

tH � tL � 1.0; tHL � 1.0 tH �  tL � 1.0; tHL � 1

tH � 1.1; tL � 1.0; tHL � 1.1tH � 1.1; tL � 1.0; tHL � 1.1

H Lj18.15%

H Lj15%

(b)

j15%

0.9 : 1

1 : 1

1.1 : 1 1.1 : 1

1 : 1

H L

j15%
H L

j15% LH

(a)

�

�

�

Figure 4.5 Example of variation of transformer impedance with tap position

π circuit model for Figure 4.4(b). The reader is encouraged to do so for
Figure 4.4(c). For convenience, we will drop the explicit pu notation and recall
that all quantities are in pu. From Figure 4.4(b), we can write

IL = VL − (VH/tHL)

ZLH

or

IL = −1

tHLZLH
VH + 1

ZLH
VL (4.12a)

also

−tHLIH = IL

or

IH = 1

t2
HLZLH

VH − 1

tHLZLH
VL (4.12b)

or in matrix form

[
IH

IL

]
=

⎡
⎢⎢⎣

1

t2
HLZLH

−1

tHLZLH

−1

tHLZLH

1

ZLH

⎤
⎥⎥⎦
[
VH

VL

]
(4.13a)
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The admittance matrix of Figure 4.4(c) can be similarly derived and the result is

[
IH

IL

]
=

⎡
⎢⎢⎣

1

ZHL

−1

tLHZHL

−1

tLHZHL

1

t2
LHZHL

⎤
⎥⎥⎦
[
VH

VL

]
(4.13b)

The equations of the general equivalent π circuit shown in Figure 4.6(a) are

IH =
(

YB + 1

ZA

)
VH − 1

ZA
VL (4.14a)

IL = − 1

ZA
VH +

(
YC + 1

ZA

)
VL (4.14b)

or in matrix form

[
IH

IL

]
=
⎡
⎢⎣YB + 1

ZA

−1

ZA−1

ZA
YC + 1

ZA

⎤
⎥⎦[VH

VL

]
(4.14c)

Equating the admittance terms in Equations (4.13a) and (4.14c), we have

ZA = tHLZLH (4.15a)

and

YB = tHL − 1

tHLZLH

(−1

tHL

)
(4.15b)

and

YC = tHL − 1

tHLZLH
(4.15c)

Similarly, equating the admittance terms in Equations (4.13b) and (4.14c), we
have

ZA = tLHZHL (4.16a)

and

YB = tLH − 1

tLHZHL
(4.16b)

and

YC = tLH − 1

tLHZHL

(−1

tLH

)
(4.16c)

The equivalent π circuit models of the off-nominal-ratio transformer of
Figure 4.4(b) and (c) are shown in Figure 4.6(b) and (c), respectively. The equiva-
lent π circuit model parameters for the three conditions shown in Figure 4.5(a) are
calculated and shown in Figure 4.7. Also shown in Figure 4.7 are the short-circuit
impedances calculated from side H with side L short-circuited, and vice versa.
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VH

IH IL
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tHLtHLZLH
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YB �
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ZA �  tHLZLHH L
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Figure 4.6 π equivalent circuit of an off-nominal-ratio transformer: (a) general π equivalent circuit,
(b) π equivalent circuit of Figure 4.4(b) and (c) π equivalent circuit of Figure 4.4(c)

tHL � 1.0tH � 1.0 tL � 1.0

ZH(L short-circuited) �  j15%
ZL(H short-circuited) �  j15%

ZA � j15%
H L

tHL � 0.9tH � 0.9 tL � 1.0

ZH(L short-circuited) � j12.5%
ZL(H short-circuited) � j15%

YB ��j82.3%

YC � j74.07%

ZA � j13.5%H L

tHL � 0.9tH � 0.9 tL � 1.0

ZH(L short-circuited) � j18.15%
ZL(H short-circuited) � j15%

YB � j55.09%

YC � �j60.6%

ZA � j16.5%H L

Figure 4.7 π equivalent circuit of example shown in Figure 4.5(a)
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It should not come as a surprise to the reader that these impedances are identical
to the ones that the reader may have calculated, as recommended previously, for
the equivalent circuits shown in Figure 4.5(a) and (b).

As mentioned before, it is generally no longer the case in modern industry
practice to neglect the shunt exciting branch representing the iron losses and
magnetising losses. The exciting branch admittance can be calculated from the
corresponding impedance and inserted in parallel with either YB or YC or it can
also be inserted as a shunt admittance midway through the series impedance. There
is also a usual approximation to split it in half and connect each half at either end
of the equivalent circuit. The admittance of the exciting or magnetising branch is
given by

Y0 = GI − jBM where GI = 1

RI
and BM = 1

XM

The general 2 × 2 admittance matrix is given by[
IH

IL

]
=
[

Y11 Y12

Y21 Y22

][
VH

VL

]
(4.17a)

whose elements, using Equation (4.15), are given by

Y11 = 1

t2
HLZLH

Y12 = Y21 = −1

tHLZLH
Y22 = 1

ZLH
(4.17b)

whereas, using Equation (4.16), the matrix elements are given by

Y11 = 1

ZHL
Y12 = Y21 = −1

tLHZHL
Y22 = 1

t2
LHZHL

(4.17c)

4.2.3 Three-phase two-winding transformers
The majority of power transformers used in power systems are three-phase trans-
formers since these have significant economic benefits compared to three banks of
single-phase units that have the same total rating and perform similar duties. On
the other hand, reliability considerations for very large three-phase transformers
may result in the use of three banks of single-phase units. In double-wound trans-
formers, there is a low voltage winding and an electrically separate high voltage
winding.

Winding connections

In three-phase double-wound power transformers, the three-phases of each wind-
ing are usually connected as star or delta. There are thus four possible connections
of the primary and secondary windings namely star–star, star–delta, delta–star and
delta–delta connections. Interconnected star or zig-zag windings are dealt with in
Section 4.2.6.
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Figure 4.8 PPS and NPS equivalent circuits of Figure 4.4(b) for an off-nominal ratio two-winding
three-phase transformer: (a) PPS equivalent circuit, (b) NPS equivalent circuit and (c) PPS and NPS equivalent
circuit ignoring phase shift

PPS and NPS equivalent circuits

Like all static three-phase power system plant, the impedance such plant presents
to the flow of PPS or NPS currents is independent of the phase rotation or sequence
of the three-phase applied voltages R, Y, B or R, B, Y. Therefore, the plant PPS
and NPS impedances are equal.

It will be shown later in this section that three-phase transformers can introduce
a phase shift between the primary and secondary winding currents, and the same
phase shift between the primary and secondary voltages, depending on the winding
connections. In addition, where the phase shift of PPS currents and voltages is ϕ,
it is −ϕ for NPS currents and voltages. The effect of this phase shift is to change
the ideal transformer off-nominal turns ratio from a real to a complex number.

Therefore, the general PPS and NPS equivalent circuits of a three-phase two-
winding transformer that correspond to the single-phase equivalent circuit of
Figure 4.4(b) are shown in Figure 4.8(a) and (b), respectively. Similarly, the gen-
eral PPS and NPS equivalent circuits of a three-phase two-winding transformer
that correspond to the single-phase equivalent circuit of Figure 4.4(c) are shown in
Figure 4.9(a) and (b), respectively. As discussed later in this section, the phase
shift that may be introduced by a three-phase transformer is not required to be
represented initially in short-circuit analysis (or PPS based power flow or stability
analysis). Due account of any phase shifts can be made from knowledge of the
location of transformers that introduce phase shifts in the system once the sequence
currents and voltages are calculated by initially ignoring the phase shifts. There-
fore, the transformer PPS and NPS equivalent circuits, ignoring the phase shift,
are shown in Figures 4.8(c) and 4.9(c) and the corresponding π equivalent circuit



Sequence modelling of transformers 215

H L

VH

IH IL

VL

ZHL

ZHLH L

VH

IH
IL

VL

H L

VH

IH IL

VL

ZHL

1 : tLHejw
 

1 : tLHe�jw
 

1 : tLH

(a)

(b)

(c)

Figure 4.9 PPS and NPS equivalent circuits of Figure 4.4(c) for an off-nominal ratio two-winding
three-phase transformer: (a) PPS equivalent circuit, (b) NPS equivalent circuit and (c) PPS and NPS equivalent
circuit ignoring phase shift

model is the same as that in Figure 4.6(b) and (c). It should be noted that for a three-
phase transformer, the transformer nominal turns ratio is equal to the ratio of the
phase to phase base voltages on the HV and LV sides of the transformer irrespective
of the primary and secondary winding connections. This means that the base volt-
age ratio and the nominal turns ratio are equal for star–star and delta–delta winding
connections but also includes the factor

√
3 for star–delta winding connection.

ZPS equivalent circuits

The ZPS equivalent circuit of a two-winding transformer is primarily dependent
on the method of connection of the primary and secondary windings because the
ZPS currents in each phase are equal in magnitude and are in phase. Also, the
ZPS equivalent circuit and currents are affected by the winding earthing arrange-
ments. In addition, a practical factor that can influence the magnitude of the ZPS
impedances and make them appreciably different from the PPS impedances is the
type of construction of the transformer magnetic circuit. The effect of transformer
core construction will be dealt with later in this section, but we will now focus on
the effect of the winding connection and any neutral earthing that may be present.

Before considering three-phase two-winding transformers of various winding
connections, we will restate a basic understanding regarding ZPS currents in simple
star-connected or delta-connected three sets of impedances. For ZPS currents to
flow in a star-connected set of impedances, the neutral point of the star should be
earthed either directly or indirectly, e.g. through an impedance. The ZPS current
that flows to earth through this path is the sum of the ZPS currents in the three phases
of the star impedances or three times the phase R ZPS current. For a delta-connected
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three-phase set of impedances, no ZPS currents will flow in the output terminals
and hence inside the delta connection. However, ZPS currents can circulate inside
the delta by mutual coupling but no ZPS current can emerge out into the output
terminals of the delta. Figure 4.10(a) shows the impedance connections and ZPS
current flows for the above three cases and Figure 4.10(b) shows the three-phase
circuits and their corresponding ZPS equivalent circuits. It should be noted that
because the voltage drop across the earthing impedance ZE is 3IZZE, the effective
earthing impedance appearing in the ZPS equivalent circuit is 3ZE. The reader
should easily demonstrate this.

We will now derive approximate ZPS equivalent circuits for two-winding trans-
formers of various winding connection arrangements. We emphasise that these are
approximate because for now we ignore the effect of transformer core or magnetic
circuit construction on the magnetising impedance. This is an important practi-
cal aspect that should not be ignored in practical short-circuit analysis. This is
discussed in detail in Section 4.2.8.

The basic and fundamental principle that underpins the derivation of the approx-
imate ZPS equivalent circuits is based on Equation (4.1b). This states that there
is always a magnetic circuit MMF or ampere-turn balance for the transformer
primary and secondary windings. That is, no current can flow in one winding
unless a corresponding current, allowing for the winding turns ratio, flows in the
other winding. In deriving the ZPS equivalent circuits of two-winding transformers
of various winding connections, the winding terminal is connected to the exter-
nal circuit if ZPS current can flow into and out of the winding. If ZPS current can
circulate inside the winding without flowing in the external circuit, the winding ter-
minal is connected directly to the reference zero voltage node. Figure 4.11 shows
ZPS equivalent circuits for an off-nominal ratio transformer that correspond to

Zero voltage node

Z 3ZEIZ

ZVZ

Zero voltage node Zero voltage node

I Z

Z

Z Z

ZE

3IZ
IZ

I Z

ZIZ

IZ = 0
Z

Z Z
IZ = 0

I Z � 0

IZ � 0

IZ � 0

IZ � 0

IZ

IZ

IZ

Z

Z

Z

(a)

(b)

Figure 4.10 ZPS equivalent circuits for three-phase impedances connected in star or delta:
(a) three-phase star- and delta-connected impedances and (b) ZPS equivalent circuits
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Figures 4.8(c) and 4.9(c). These take account of any HV and LV winding
connection arrangements, and any neutral impedance earthing that may be used.

By making use of Figure 4.11(a) and (b), and noting that an arrow on a winding
signifies the presence of a tap-changer on this winding, Figure 4.12 can be derived.
This shows approximate ZPS equivalent circuits for the most common three-phase
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Figure 4.11 Generic ZPS equivalent circuits for two-winding transformers: (a) generic ZPS equivalent
circuit of Figure 4.8(c) and (b) Generic ZPS equivalent circuit of Figure 4.9(c)
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Figure 4.12 Approximate ZPS equivalent circuits for common three-phase two-winding transformers:
(a) star–star with isolated neutrals; (b) star with solidly earthed neutral – star isolated neutral; (c) star
solidly earthed – star neutral earthing impedance; (d) star neutral earthing impedance – star solidly
earthed neutral; (e) star isolated neutral – delta; (f) delta–delta; (g) star neutral earthing impedance – delta
and (h) delta–star neutral earthing impedance
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Figure 4.12 (Continued)

two-winding transformers used in power systems. It should be noted that ZE is in
per unit on the voltage base of the winding to which it is connected.

Returning to the example shown in Figure 4.5, and assuming the transformer
is a three-phase two-winding star (HV winding)–delta (LV winding) transformer,
the ZPS equivalent circuits that correspond to each tap ratio condition are shown
in Figure 4.13. The reader should find it instructive to obtain the three equivalent
circuits shown in Figure 4.13 from the corresponding equivalent π circuits shown
in Figure 4.7 by applying a short-circuit at end L and calculating the equivalent
impedance seen from the H side.

The elements of the admittance matrix of Equation (4.17a), for the transformer
winding connections and their equivalent circuits shown in Figure 4.12, can be
easily derived using the following equations:

Y11 = IH

VH

∣∣∣∣
VL=0

Y22 = IL

VL

∣∣∣∣
VH=0

Y12 = IH

VL

∣∣∣∣
VH=0

Y21 = IL

VH

∣∣∣∣
VL=0

Y12 = Y21

The results are shown in Table 4.1. The reader is encouraged to derive these results.

Effect of winding connection phase shifts on
sequence voltages and currents

The effect of three-phase transformer phase shifts on the sequence currents and
voltages will now be considered. The presence of a phase shift between the trans-
former primary and secondary voltages, and currents, depends on the transformer
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Figure 4.13 ZPS equivalent circuits of two-winding transformer of Figure (4.5)

primary and secondary winding connections. For transformers with a star–star or
a delta–delta winding connections, the primary and secondary currents, and volt-
ages, in each of the three phases are either in phase or out of phase, i.e. the windings
are connected so that the phase shifts are either 0◦ or ±180◦. The former case is
illustrated in Figure 4.14(a) and (b). British and IEC practices use ‘vector group
reference’ number and symbol. In the symbol Yd1, the capital and small letters Y
and d indicate HV winding star and LV winding delta connections, respectively,
and the digit 1 indicates a phase shift of −30◦ using a 12 × 30◦ clock reference.
For example, 0◦ indicates 12 o’clock, 180◦ indicates 6 o’clock, −30◦ indicates
1 o’clock and +30◦ indicates 11 o’clock.

In Figure 4.14, the 0◦ phase shift is achieved by ensuring that the parallel wind-
ings, i.e. same phase windings, are linked by the same magnetic flux. Figure 4.14
also shows that the absence of phase shifts in the phase currents and voltages also
translates into the PPS, and NPS, currents and voltages. Consequently, the pres-
ence of such transformers in the three-phase network requires no special treatment
in the formed PPS and NPS networks under balanced or unbalanced conditions. It
should be noted that for the delta winding, although a physical neutral point does
not exist, a voltage from each phase terminal to neutral does still exist because
the network to which the delta winding is connected would in practice contain a
neutral point.

In the case of transformers with windings connected in star–delta (or
delta–star), voltages and currents on the star winding side will be phase shifted
by a ±30◦ angle with respect to those on the delta side (or vice versa depending
on the chosen reference). According to British practice, Yd11 results in the PPS
phase-to-neutral voltages on the star side lagging by 30◦ the corresponding ones
on the delta side. Also, Yd1 results in the PPS phase-to-neutral voltages on the star
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Table 4.1 Elements of ZPS admittance matrix of two-winding three-phase
transformers

Two-winding three-phase
transformer winding Elements of ZPS admittance

Figure connections matrix of Equation (4.19b)

4.12(a) Y11 = Y12 = Y21 = Y22 = 0H L

4.12(b) Y11 = Y12 = Y21 = Y22 = 0H L

4.12(c) Y11 = 1

t2
HL(ZZ

LH + 3ZE)

Y12 = Y21 = −1

tHL(ZZ
LH + 3ZE)

ZE

H L

Y22 = 1

ZZ
LH + 3ZE

4.12(d) Y11 = 1

ZZ
HL + 3ZE

Y12 = Y21 = −1

tLH(ZZ
HL + 3ZE)

Y22 = 1

t2
LH(ZZ

HL + 3ZE)

ZE

H L

4.12(e) Y11 = Y12 = Y21 = Y22 = 0H L

4.12(f) Y11 = Y12 = Y21 = Y22 = 0H L

4.12(g) Y11 = 1

t2
HLZZ

LH + 3ZE

Y12 = Y21 = Y22 = 0
ZE

H L

4.12(h) Y11 = Y12 = Y21 = 0

Y22 = 1

ZZ
LH + 3ZE

ZE

H L

side leading by 30◦ the corresponding ones on the delta side. The example vector
diagrams shown in Figure 4.15 for Yd1 and Yd11 illustrate this effect.

For RBY/rby NPS phase sequence or rotation, Figure 4.15 also shows the effect
of the Yd1 and Yd11 on the NPS voltage phase shifts and show that these are
now reversed. These phase shifts also apply to the PPS and NPS currents in these
windings because the phase angles of the currents with respect to their associated
voltages are determined by the balanced load impedances only. In summary, where
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Figure 4.14 PPS and NPS voltage phase shifts for Yy0 and Dd0 connected transformers

the PPS voltages and currents are shifted by +30◦, the corresponding NPS voltages
and currents are shifted by −30◦ and vice versa depending on the specified connec-
tion and phase shift, i.e. Yd1 or Yd11. Mathematically, this is derived for the Yd1
transformer shown in Figure 4.15 where n is the turns ratio as follows. The red phase
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Figure 4.15 PPS and NPS voltage phase shifts for Yd1 and Yd11 transformers

current in amps flowing out of the d winding r phase is equal to Ir = n(IR − IB).
Using Equation (2.9) from Chapter 2 for phase currents and noting that IZ

R = 0
because the in-phase ZPS currents cannot exit the d winding, we can write

Ir = n[(1 − h)IP
R + (1 − h2)IN

R ] = n
√

3IP
Re−j30◦ + n

√
3IN

R e j30◦

or

Ir = IP
r + IN

r

where

IP
r = n

√
3IP

Re−j30◦
and IN

r = n
√

3IN
R e j30◦

(4.18a)

or

IP
R = 1

n
√

3
IP
r e j30◦

and IN
R = 1

n
√

3
IN
r e−j30◦

(4.18b)

or in per unit, where n = 1√
3
,

IP
R = IP

r e j30◦
and IN

R = IN
r e−j30◦

(4.18c)
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Similarly, from Figure 4.15, the phase-to-neutral voltage in volts on the star
winding R phase is

VR = n(Vr − Vy)

and using Equation (2.9) for phase r and y voltages, we have

VR = n[(1 − h2)VP
r + (1 − h)VN

r ] = n
√

3VP
r e j30◦ + n

√
3VN

r e−j30◦

or

VR = VP
R + VN

R

where

VP
R = n

√
3VP

r e j30◦
and VN

R = n
√

3VN
r e−j30◦

(4.19a)

or

VP
r = 1

n
√

3
VP

Re−j30◦
and VN

r = 1

n
√

3
VN

R e j30◦
(4.19b)

or in per unit, where n = 1√
3
,

VP
R = VP

r e j30◦
and VN

R = VN
r e−j30◦

(4.19c)

The reader is encouraged to derive the equations for the Yd11 transformer.
The American standard for designating winding terminals on star–delta trans-

formers requires that the PPS (NPS) phase-to-neutral voltages on the high voltage
winding to lead (lag) the corresponding PPS (NPS) phase-to-neutral voltages on
the low voltage winding. This is so regardless of whether the star or the delta
winding is on the high voltage side. In terms of sequence analysis, this means that
when stepping up from the low voltage to the high voltage side of a star–delta or
delta–star transformer, the PPS voltages and currents should be advanced by 30◦
whereas the NPS voltages and currents should be retarded by 30◦. It is interest-
ing to note the following observation on the British and American standards. In
American practice, when the star winding in a star–delta transformer is the high
voltage winding, this would correspond, in terms of phase shifts, to the Yd1 in
British practice. However, when, in American practice, the delta winding in a star–
delta transformer is the high voltage winding, this would correspond, in terms of
phase shifts, to the Yd11 in British practice.

In terms of fault analysis in power system networks using the PPS and NPS
networks, it is common practice to initially ‘ignore’ the phase shifts introduced by
all star–delta transformers by assuming them as equivalent star–star transformers
and to calculate the sequence voltages and currents on this basis. Then, having
noted the locations in the network of such star–delta transformers, the appropriate
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phase shifts can be easily applied using the above equations as appropriate for the
specified Yd transformer.

4.2.4 Three-phase three-winding transformers
Three-phase three-winding transformers are widely used in power systems. When
the VA rating of the third winding is appreciably lower than the primary or
secondary winding ratings, the third winding is called a tertiary winding. These
windings are usually used for the connection of reactive compensation plant such
as shunt rectors, shunt capacitors, static variable compensators or synchronous
compensators or synchronous condensers. Tertiary windings may also be used
to supply auxiliary load in substations and to generators. Delta-connected tertiary
windings may also be used (and left unloaded) in order to provide a low impedance
path to ZPS triplen harmonic currents. The B–H curve of the transformer magnetic
circuit is non-linear and, under normal conditions, transformers do operate on the
non-linear knee part of the curve. Thus, for a sinusoidal primary voltage, the mag-
netising current will be non-linear and will contain harmonic components which
are mainly third harmonics. Since in three-phase systems, the third-order harmonic
currents in each phase are in phase, they can be considered as ZPS currents of three
times the fundamental frequency. Consequently, as for the ZPS fundamental fre-
quency currents, the tertiary winding allows the circulation of third-order harmonic
currents. Other benefits of Delta-connected tertiary windings is an improvement,
i.e. a reduction in the unbalance of three-phase voltages.

Sometimes, for economic benefits, a third winding is usually provided to form a
transformer with double-secondary windings. These transformers tend to be used
to supply high density load in cities and this also provide additional benefits of
fewer HV switchgear and also limiting LV system short-circuit currents where the
two secondary LV terminals are not connected to the same busbar. Other uses are
for the connection of two generators to a power network or for the connection of
networks operating at different voltage levels.

Winding connections

There are several winding connections for three-phase three-winding transformers
which may be used in power systems. Some examples are YNdd, Ydd, YNynyn,
YNynd, YNyd and Yyd.

PPS and NPS equivalent circuits

In a three-winding transformer, the three windings are generally mutually coupled
although the degree of coupling between the two LV windings of a double sec-
ondary transformer can be chosen by design so that the LV windings are either
closely or loosely coupled. Figure 4.16(a) shows a single-phase representation
of a three-winding three-phase transformer ignoring, for now, the shunt exciting
impedance.
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Figure 4.16 Equivalent circuits for three-winding three-phase transformers: (a) single-phase represen-
tation in actual physical units; (b) PPS and NPS equivalent circuit with three off-nominal turns ratios and
(c) PPS and NPS equivalent circuit with two off-nominal turns ratios

From Figure 4.16(a), the following equations in actual physical units can be
written

V1 − E1 = Z11I1 (4.20a)

V2 − E2 = Z22I2 (4.20b)

V3 − E3 = Z33I3 (4.20c)

N1I1 + N2I2 + N3I3 = N3I0 (4.20d)

Neglecting the no-load current, I0 = 0, and dividing Equation (4.20d) by N3, we
obtain

N13I1 + N23I2 + I3 = 0 (4.21a)
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where

N13 = N1

N3
and N23 = N2

N3
(4.21b)

Also

E1

E3
= N1

N3
= N13 and

E2

E3
= N2

N3
= N23 (4.21c)

Using Equations (4.21b), (4.21c) and (4.20c), Equations (4.20a) and (4.20b)
become

1

N1
(V1 − Z11I1) = 1

N3
(V3 − Z33I3) (4.22a)

1

N2
(V2 − Z22I2) = 1

N3
(V3 − Z33I3) (4.22b)

In most power system steady state analysis, we are more interested in deriving the
three-winding transformer equivalent circuit in pu rather than in actual physical
units. The following base and pu quantities are defined

V1(B) = Z11(B)I1(B) V2(B) = Z22(B)I2(B) and V3(B) = Z33(B)I3(B) (4.23a)

V1(pu) = V1

V1(B)
V2(pu) = V2

V2(B)
and V3(pu) = V3

V3(B)
(4.23b)

I1(pu) = I1

I1(B)
I2(pu) = I2

I2(B)
and I3(pu) = I3

I3(B)
(4.23c)

Z11(pu) = Z11

Z11(B)
Z22(pu) = Z22

Z22(B)
and Z33(pu) = Z33

Z33(B)
(4.24a)

S1(B) = S2(B) = S3(B) = V1(B)I1(B) = V2(B)I2(B) = V3(B)I3(B) (4.24b)

V1(B)

V3(B)
= I3(B)

I1(B)
= N1(nominal)

N3(nominal)

V2(B)

V3(B)
= I3(B)

I2(B)
= N2(nominal)

N3(nominal)
(4.24c)

Using Equations (4.23) and (4.24), Equations (4.22a) and (4.22b) become

1
N1

N1(nominal)

[V1(pu) − I1(pu)Z11(pu)] = 1
N3

N3(nominal)

[V3(pu) − Z33(pu)I3(pu)] (4.25a)

1
N2

N2(nominal)

[V2(pu) − I2(pu)Z22(pu)] = 1
N3

N3(nominal)

[V3(pu) − Z33(pu)I3(pu)] (4.25b)

Equations (4.25a) and (4.25b) can be rewritten as follows:

1

t1(pu)
[V1(pu) − I1(pu)Z11(pu)] = 1

t3(pu)
[V3(pu) − Z33(pu)I3(pu)] (4.26a)
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1

t2(pu)
[V2(pu) − I2(pu)Z22(pu)] = 1

t3(pu)
[V3(pu) − Z33(pu)I3(pu)] (4.26b)

where, the following pu tap ratios are defined

t1(pu) = N1

N1(nominal)
= N1(at a given winding 1 tap position)

N1(winding 1 nominal tap position)

= Rated voltage of winding 1 for given tap position

Rated voltage of winding 1 for nominal tap position

(4.27a)

t2(pu) = N2

N2(nominal)
= N2(at a given winding 2 tap position)

N2(winding 2 nominal tap position)

= Rated voltage of winding 2 for given tap position

Rated voltage of winding 2 for nominal tap position

(4.27b)

t3(pu) = N3

N3(nominal)
= N3(at a given winding 3 tap position)

N3(winding 3 nominal tap position)

= Rated voltage of winding 3 for given tap position

Rated voltage of winding 3 for nominal tap position

(4.27c)

Now, as in the case of two-winding transformers, we define

Z11(pu) = t2
1(pu)Z11(pu,nominal) (4.28a)

Z22(pu) = t2
2(pu)Z22(pu,nominal) (4.28b)

Z33(pu) = t2
3(pu)Z33(pu,nominal) (4.28c)

Substituting Equation (4.28) into Equation (4.26), we obtain

V1(pu)

t1(pu)
− t1(pu)I1(pu)Z11(pu,nominal) = V3(pu)

t3(pu)
− t3(pu)I3(pu)Z33(pu,nominal) (4.29a)

V2(pu)

t2(pu)
− t2(pu)I2(pu)Z22(pu,nominal) = V3(pu)

t3(pu)
− t3(pu)I3(pu)Z33(pu,nominal) (4.29b)

Using Equations (4.24c) and (4.27) in Equation (4.21a), we obtain

t1(pu)I1(pu) + t2(pu)I2(pu) + t3(pu)I3(pu) = 0 (4.29c)

Equations (4.29) are represented by the equivalent circuit shown in Figure 4.16(b)
where we have replaced the three-winding transformer with three two-winding
transformers connected as three branches in a star configuration. Each branch
corresponds to a winding and has its own general off-nominal tap ratio to represent
a nominal, fixed off-nominal ratio or an on-load tap-changer, as required. The
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impedance of the magnetising branch Y0 can be inserted at the fictitious point P
in the star equivalent circuit.

For improved applications in practice, Figure 4.16(b) can be further simplified
to include only two off-nominal tap ratios instead of three as follows. Let

t13(pu) = t1(pu)

t3(pu)
(4.30a)

t23(pu) = t2(pu)

t3(pu)
(4.30b)

Z11(pu) = t2
13(pu)Z11(pu,nominal) (4.31a)

Z22(pu) = t2
23(pu)Z22(pu,nominal) (4.31b)

and

Z33(pu) = Z33(pu,nominal) (4.31c)

Substituting Equations (4.30) and (4.31) into Equation (4.26), we obtain

V1(pu)

t13(pu)
− t13(pu)I1(pu)Z11(pu,nominal) = V3(pu) − Z33(pu,nominal)I3(pu) (4.32a)

V2(pu)

t23(pu)
− t23(pu)I2(pu)Z22(pu,nominal) = V3(pu) − Z33(pu,nominal)I3(pu) (4.32b)

also, from Equation (4.29c), we have

t13(pu)I1(pu) + t23(pu)I2(pu) + I3(pu) = 0 (4.32c)

Equations (4.32) are represented by the equivalent circuit shown in Figure 4.16(c)
where, again, the three-winding transformer is replaced by three two-winding
transformers connected as three branches in a star configuration. However,
branch 3 now has an effective tap ratio of unity, t33(pu) = t3(pu)/t3(pu) = 1 as implied
from Equations (4.30a) and (4.30b), although t3(pu) itself does not necessarily have
to be equal to unity. The tap ratios included in the remaining two branches include
the effect of branch 3 off-nominal tap ratio. This model would need to be used
with care since, for example, the presence of a variable tap on one winding, say
winding 3, must result in a coordinated and consistent change in the turns ratios
between windings 1 and 3, and between windings 2 and 3.

Figure 4.16(b) or (c) represent the three-winding transformer PPS and NPS
equivalent circuit if we ignore the windings phase shift. Otherwise, the only dif-
ference between the PPS and NPS equivalent circuits would be introduced by the
windings phase shift. This was described in Section 4.2.3 and shown to result in a
complex transformation ratio instead of a real one. In practice, the impedances of
the three-winding transformer required in the equivalent circuit of Figure 4.16 are
calculated from short-circuit test data supplied by the manufacturer. This will be
covered in detail in Section 4.2.9.
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Figure 4.17 PPS and NPS π equivalent circuit for three-winding transformer

The PPS/NPS star equivalent circuit of the three-winding transformer shown in
Figure 4.16(b) can be converted into a delta equivalent circuit. We encourage the
reader to do so.

As before, we will convert Figure 4.16(c) into π equivalents suitable for digital
computer computation. We obviously obtain three π equivalents, one for each
transformer branch as shown in Figure 4.17. It should be remembered that the π

equivalents were derived with the convention that the currents are injected into
them at both ends. Therefore, the currents flowing into the point P from the three
branches would need to be reversed in sign.

ZPS equivalent circuits

The approximate ZPS equivalent circuits of three-winding transformers using vari-
ous windings arrangements will be derived with the aid of a generic ZPS equivalent
circuit as already presented in the case of two-winding transformers. Remembering
that in Figure 4.16(c), we have converted the three-winding transformer into three
two-winding transformers connected in star. Therefore, the generic ZPS equivalent
circuit, ignoring the shunt exciting branch for now is shown in Figure 4.18 and is
based on the following assumptions:

(a) The secondary of each two-winding transformer is assumed to be star connected
with solidly earthed neutral, i.e. directly connected to point P.

(b) The primary of each two-winding transformer is assumed to have the same
winding connection as one of the windings of the three-winding transformer.

The equivalent ZPS circuits for three-winding transformers having YNdd, Ydd,
YNyd, YNynd, YNynyn and Yyd winding arrangements are shown in Figure 4.19.

The elements of the admittance matrix of Equation (4.17a) can be derived for
each equivalent ZPS circuit shown in Figure 4.19. This is similar to the derivation
steps that resulted in Table 4.1. We will leave this exercise for the motivated reader!
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Figure 4.18 Generic ZPS equivalent circuit of three-phase three-winding transformers
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Figure 4.19 ZPS equivalent circuits of three-phase three-winding transformer: (a) star neutral earthing
impedance – delta–delta; (b) star isolated neutral – delta–delta; (c) star neutral earthing impedance –
delta–star isolated neutral; (d) star neutral earthing impedance – delta–star neutral earthing impedance;
(e) all windings are star neutral earthing impedances and (f) star isolated neutral – star isolated neutral –
delta

4.2.5 Three-phase autotransformers with and
without tertiary windings

The autotransformer consists of a single continuous winding part of which is shared
by the high and low voltage circuits. This is called the ‘common’ winding and is
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Figure 4.20 Star–star autotransformer with a delta tertiary winding: (a) three-phase representation and
(b) single-phase representation

connected between the low voltage terminals. The rest of the total winding is
called the ‘series’ winding and is the remaining part of the high voltage circuits.
The combination of the series–common windings’ produces the high voltage termi-
nals. Figure 4.20 shows a three-phase representation of a star–star autotransformer
with a delta tertiary winding. In the UK, autotransformers interconnect the 400
and 275 kV networks, the 400/275 and 132 kV networks, whereas in North Amer-
ica, they interconnect the 345 kV and 138 kV networks, the 500 kV and 230 kV
networks, etc.

Winding connections

Three-phase autotransformers are most often star–star connected as depicted in
Figure 4.20(a). The common neutral point of the star–star connection require the
two networks they interconnect to have the same earthing arrangement, e.g. solid
earthing in the UK although impedance earthing may infrequently be used. Most
autotransformers have a low MVA rating tertiary winding connected in delta.

PPS and NPS equivalent circuits

Autotransformers that interconnect extra high voltage transmission systems are
not generally equipped with tap-changers due to high costs. However, those that
interconnect the transmission and subtransmission or distribution networks are
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usually equipped with on-load tap-changers in order to control or improve the
quality of their LV output voltage under heavy or light load system conditions.
Although some tap-changers are connected on the HV winding, most tend to be
connected on the LV winding. Most of these are connected at the LV winding
line-end and only a few are connected at the winding neutral-end.

A single-phase representation of the general case of an autotransformer with a
tertiary winding is shown in Figure 4.20(b). Using S, C and T to denote the series,
common and tertiary windings, we can write in actual physical units

VH − EH = ZSIH + ZC(IH + IL) (4.33a)

VL − EL = ZC(IH + IL) (4.33b)

VT − ET = ZTTIT (4.33c)

Neglecting the no-load current, the MMF balance is expressed as

NSIH + NC(IH + IL) + NTIT = 0

or

IH + IL

NHL
+ IT

NHT
= 0 (4.34a)

where

NHL = NH

NL
= NS + NC

NC
and NHT = NH

NT
= NS + NC

NT
(4.34b)

Also
EH

EL
= NHL = 1

NLH
and

EH

ET
= NHT = 1

NTH
(4.34c)

Using Equations (4.34b), (4.34c) and (4.33a), Equations (4.33b) and (4.33c) can
be written as

1

NLH

[
VL − IL

(
NHL − 1

NHL

)
ZC

]
= VH − IH[ZS − (NHL − 1)ZC] (4.35a)

1

NTH

[
VT − IT

(
ZTT + NHL

N2
HT

ZC

)]
= VH − IH[ZS − (NHL − 1)ZC] (4.35b)

Equation (4.35) can be represented by the star equivalent circuit shown
in Figure 4.21(a) containing two ideal transformers as for a three-winding
transformer.

The measurement of the autotransformer PPS and ZPS impedances using short-
circuit tests between two winding terminals is dealt with later in this section.
However, it is instructive to use Equation (4.35) to demonstrate the results that
can be obtained from such tests. Using Equations (4.34a) and (4.35), the PPS
impedance measured from the H terminals with the L terminals short-circuited
and T terminals open-circuited is

ZHL = VH

IH

∣∣∣∣
VL=0,IT=0
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Figure 4.21 PPS/NPS equivalent circuit of an autotransformer with a tertiary winding: (a) equivalent
circuit in actual physical units; (b) as (a) above but with L and T branch impedances referred to H voltage
base; (c) as (b) above but an autotransformer without a tertiary winding and (d) as (b) above but all
quantities are in pu
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hence

ZHL = ZS + (NHL − 1)2ZC (4.36a)

Also, the impedance measured from the H terminals with the T terminals short-
circuited and L terminals open-circuited is

ZHT = VH

IH

∣∣∣∣
VT=0,IL=0

hence

ZHT = ZS + ZC + N2
HTZTT (4.36b)

Similarly, the impedance measured from the L terminals with the T terminals
short-circuited and H terminals open-circuited is

ZLT = VL

IL

∣∣∣∣
VT=0,IH=0

hence

ZLT = ZC + N2
HT

N2
HL

ZTT (4.36c)

To calculate the impedance of each branch of the T equivalent circuit in ohms
with all impedances referred to the H side voltage base, let us define the measured
impedances as follows:

ZHL = ZH + Z ′
L (4.36d)

ZHT = ZH + Z ′
T (4.36e)

ZLT = 1

N2
HL

(Z ′
L + Z ′

T) (4.36f)

where the prime indicates quantities referred to the H side.
Solving Equations (4.36d), (4.36e) and (4.36f) for each branch impedance, we

obtain

ZH = 1

2
(ZHL + ZHT − N2

HLZLT) (4.37a)

Z ′
L = 1

2
(ZHL + N2

HLZLT − ZHT) (4.37b)

Z ′
T = 1

2
(N2

HLZLT + ZHT − ZHL) (4.37c)

Now, substituting Equations (4.36a), (4.36b) and (4.36c) into Equations (4.37a),
(4.37b) and (4.37c), we obtain

ZH = ZS − (NHL − 1)ZC (4.38a)
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Z ′
L = NHL(NHL − 1)ZC (4.38b)

Z ′
T = NHLZC + N2

HTZTT (4.38c)

Figure 4.21(b) shows the autotransformer PPS T equivalent circuit with all
impedances in ohms referred to the H terminals voltage base. In the absence of a
tertiary winding, Figure 4.21c shows the equivalent circuit of the autotransformer.
Using Equations (4.38) in Equations (4.35), we obtain

1

NLH

[
VL − IL

Z ′
L

N2
HL

]
= VH − IHZH (4.39a)

1

NTH

[
VT − IT

Z ′
T

N2
HT

]
= VH − IHZH (4.39b)

Now, we will convert Equations (4.39) from actual units to pu values. To do so,
we define the following pu quantities

Vpu = V

V(B)
Ipu = I

I(B)
ZH(pu) = ZH

ZH(B)
ZL(pu) = Z ′

L

ZH(B)
ZT(pu) = Z ′

T

ZH(B)

(4.40a)

VH(B) = ZH(B)IH(B) VL(B) = ZL(B)IL(B) (4.40b)

SH(B) = SL(B) = ST(B) = VH(B)IH(B) = VL(B)IL(B) = VT(B)IT(B) (4.40c)

VH(B)

VL(B)
= NH(nominal)

NL(nominal)

VH(B)

VT(B)
= NH(nominal)

NT(nominal)
(4.40d)

Using Equations (4.40) in Equations (4.39a) and (4.39b), we obtain

VL(pu)
NLHVH(B)

VL(B)

− NLHVH(B)

VL(B)
IL(pu)ZL(pu) = VH(pu) − ZH(pu)IH(pu) (4.41a)

VT(pu)
NTHVH(B)

VT(B)

− NTHVH(B)

VT(B)
IT(pu)ZT(pu) = VH(pu) − ZH(pu)IH(pu) (4.41b)

Equations (4.41a) and (4.41b) can be rewritten as

VL(pu)

tLH(pu)
− tLH(pu)IL(pu)ZL(pu) = VH(pu) − ZH(pu)IH(pu) (4.42a)

VT(pu)

tTH(pu)
− tTH(pu)IT(pu)ZT(pu) = VH(pu) − ZH(pu)IH(pu) (4.42b)
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where the following pu tap ratios are defined

tLH(pu) = NLHVH(B)

VL(B)
= NLVH(B)

NHVL(B)
= NLNH(nominal)

NHNL(nominal)
=

NL(at a given tap position)

NL(nominal tap position)

NH(at a given tap position)

NH(nominal tap position)

= tL(pu)

tH(pu)

(4.43a)

tTH(pu) = NTHVH(B)

VT(B)
= NTVH(B)

NHVT(B)
= NTNH(nominal)

NHNT(nominal)
=

NT(at a given tap position)

NT(nominal tap position)

NH(at a given tap position)

NH(nominal tap position)

= tT(pu)

tH(pu)

(4.43b)

Equations (4.42) are represented by the pu equivalent circuit shown in
Figure 4.21(d) which represents the autotransformer PPS/NPS equivalent circuit
ignoring the delta tertiary phase shift. The autotransformer is clearly represented
as three two-winding transformers that are star or T connected. Two of these trans-
formers have off-nominal tap ratios that can represent any off-nominal tap ratios
on any winding or a combination of tap-ratios. In some cases, the two variable
ratios must be consistent and coordinated where an active tap-changer on only one
winding can in effect change the effective turns ratio on another. For example, for a
400 kV/132 kV/13 kV autotransformer having a tap-changer acting on the neutral
end of the common winding, the variation of tLH(pu) caused by HV to LV turns
ratio changes will also cause corresponding changes in the HV to TV turns ratio
and hence in tTH(pu). Therefore, tTH(pu) is a function of tLH(pu) which varies as a
result of controlling the LV (132kV) terminal voltage to a specified target value
around a deadband.

Where the autotransformer does not have a tertiary winding or where the tertiary
winding is unloaded, the T terminal in Figure 4.21(d) would be unconnected to
the power system network and its branch impedance has no effect on the network
currents and voltages. Thus, this branch can be disregarded and the effective auto-
transformer impedance would then be the sum of the H and L branch impedances
given by ZHL(pu) = ZH(pu) + ZL(pu). In this case, the PPS/NPS equivalent circuit
of an autotransformer is similar to that already derived for a two-winding trans-
former and shown in Figures 4.8(c) or 4.9(c). These can be used to represent
an autotransformer with ‘series’ winding tap-changer or ‘common’ winding tap-
changer, respectively. The latter represents British practice irrespective of whether
the tap-changer is connected to the line-end or neutral-end of the ‘common’
winding.

The impedances of the autotransformer required in the equivalent circuit
of Figure 4.21(d) are calculated from short-circuit test data supplied by the
manufacturer. This is covered in detail in Section 4.2.9.

ZPS equivalent circuits

In addition to the primary, secondary and, where present, tertiary winding con-
nections, the presence of an impedance in the neutral point of the star-connected
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Figure 4.22 Derivation of ZPS equivalent circuit of an autotransformer

‘common’ winding must be taken into account in deriving the autotransformers
ZPS equivalent circuit. We will ignore, as before, the shunt exciting impedance,
and consider the general case of a star–star autotransformer with a tertiary winding
with the common star neutral point earthed through an impedance ZE. The ZPS
equivalent circuit, taking into account the presence of ZE in the neutral, can be
derived in a similar way to the PPS/NPS circuit. However, we will leave this as a
minor challenge for the interested reader but we have drawn Figure 4.22 to help
the reader in such derivation.

For us, it suffices to say that in Equations (4.35a) and (4.35b), ZC should be
replaced by ZC + 3ZE. Therefore, the ZPS equations are given by

1

NLH

[
VL − IL

(
NHL − 1

NHL

)
(ZC + 3ZE)

]
= VH − IH[ZS − (NHL − 1)(ZC + 3ZE)]

(4.44a)

1

NTH

[
0 − IT

{
ZTT + NHL

N2
HT

(ZC + 3ZE)

}]
= VH − IH[ZS − (NHL −1)(ZC +3ZE)]

(4.44b)

Similar to the derivation of the PPS impedances, the measured ZPS impedances
between two terminals and the corresponding T equivalent branch impedances are

ZHL = ZS + (NHL − 1)2(ZC + 3ZE) (4.45a)

ZHT = ZS + ZC + 3ZE + N2
HTZTT (4.45b)

ZLT = ZC + 3ZE + N2
HT

N2
HL

ZTT (4.45c)

ZH = ZS − (NHL − 1)(ZC + 3ZE) (4.45d)

Z ′
L = NHL(NHL − 1)(ZC + 3ZE) (4.45e)

Z ′
T = NHL(ZC + 3ZE) + N2

HTZTT (4.45f)
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Substituting Equations (4.45d), (4.45e) and (4.45f) into Equations (4.44a) and
(4.44b), we obtain

1

NLH

[
VL − IL

{
Z ′

L

N2
HL

+ 3(NHL − 1)

NHL
ZE

}]
= VH − IH[ZH − 3(NHL − 1)ZE]

(4.46a)
1

NTH

[
0 − IT

{
Z ′

T

N2
HT

+ 3NHL

N2
HT

ZE

}]
= VH − IH[ZH − 3(NHL − 1)ZE] (4.46b)

To convert Equations (4.46) to pu, we will use the base quantities defined in
Equations (4.40) and define ZE(pu) = ZE/ZL(B), i.e. we choose to use the L terminal
as the base voltage for converting ZE to pu. It should be noted that the choice of
the voltage base for ZE is arbitrary. Therefore, Equations (4.46) become

VL(pu)

tLH(pu)
− tLH(pu)IL(pu)

[
ZL(pu) + 3(NHL − 1)

NHL
ZE(pu)

]

= VH(pu) − IH(pu)

[
ZH(pu) − 3(NHL − 1)

N2
HL

ZE(pu)

]
(4.46c)

VT(pu)

tTH(pu)
− tTH(pu)IT(pu)

[
ZT(pu) + 3

NHL
ZE(pu)

]

= VH(pu) − IH(pu)

[
ZH(pu) − 3(NHL − 1)

N2
HL

ZE(pu)

]
(4.46d)

where VT(pu) = 0. Equations (4.46c) and (4.46d) are represented by the ZPS T
equivalent circuit of Figure 4.23 for a star–star autotransformer with a delta tertiary
winding and with the common neutral point earthed through an impedance ZE. It
is informative to observe how the neutral earthing impedance appears in the three
branches connected to the H, L and T terminals

ZE(pu)(appearing in H terminal) = −3(NHL − 1)

N2
HL

ZE(pu) (4.47a)

ZE(pu)(appearing in L terminal) = 3(NHL − 1)

NHL
ZE(pu) (4.47b)

ZE(pu)(appearing in T terminal) = 3

NHL
ZE(pu) (4.47c)

where ZE(pu) is in pu on L terminal voltage base.
In the absence of a tertiary winding, the equivalent ZPS circuit cannot be

obtained from Figure 4.23 by removing the branch that corresponds to the ter-
tiary winding. A shunt branch to the zero voltage node may indeed still be
required depending on the transformer core construction. This is covered in detail
in Section 4.2.8.
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Figure 4.23 ZPS equivalent circuit of a star–star autotransformer with a neutral earthing impedance
and a delta tertiary winding

The case of a solidly earthed neutral is represented in Figure 4.23 by set-
ting ZE = 0. However, the case of an isolated neutral, i.e. ZE → ∞ cannot be
represented by Figure 4.23 because the branch impedances of the equivalent cir-
cuit become infinite. This indicates no apparent paths for ZPS currents between
the windings although a physical circuit does exist. A mathematical solution is to
convert the star circuit of Figure 4.23 to delta or π and then setting ZE → ∞. How-
ever, we prefer the physical engineering approach to derive the equivalent ZPS
circuit of such a transformer. Therefore, using the actual circuit of an unearthed
autotransformer with a delta tertiary winding, shown in Figure 4.24(a), we can
write

VH − VL − EH = ZSIH (4.48a)

0 − ET = ZTTIT (4.48b)

NSIH + NTIT = 0 (4.48c)

EH

ET
= NS

NT
(4.48d)

Using Equations (4.48b), (4.48c) and (4.48d) in Equation (4.48a), we obtain

VH − IH

[
ZS +

(
NS

NT

)2

ZTT

]
= VL (4.48e)

The measured ZPS leakage impedance in ohms

ZZ
HL = VH

IH

∣∣∣∣
VL=0

or ZZ
LH = VL

IL

∣∣∣∣
VH=0

is given by

ZZ
HL = ZZ

LH = ZS–T = ZS + Z ′
TT = ZS +

(
NS

NT

)2

ZTT (4.48f)

The ZPS leakage impedance measured from the H side or L side is the leakage
impedance between the series and tertiary winding that is the sum of the series
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Figure 4.24 Derivation of ZPS equivalent circuit of an autotransformer with an isolated neutral and a
delta tertiary winding: (a) autotranformer with isolated neutral and a delta tertiary winding; (b) single-phase
representation; (c) tertiary impedance referred to series winding base turns; (d) equivalent ZPS circuit and
impedance in physical units; (e) equivalent ZPS circuit in pu and (f) π ZPS equivalent circuit of (c)
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winding leakage impedance and the tertiary winding leakage impedance referred to
the series side base turns. Figure 4.24(b) shows a single-phase representation of the
series and tertiary winding impedances and turns ratios. Figure 4.24(c) shows the
tertiary winding impedance referred to the series winding side and Figure 4.24(d)
represents the ZPS equivalent circuit and total ZPS equivalent impedance in
actual physical units. The physical explanation for this result is as follows. The
ZPS currents flow on the H side through the series windings only and, without
transformation, flow out of the L side. This is possible because the delta tertiary
winding circulates equal ampere-turns to balance that of the series winding but no
ZPS currents flow in the common windings of the autotransformer.

To convert Equation (4.48e) to pu, we first calculate a pu value for ZS–T and
note that this is the same whether referred to the series winding or tertiary winding
because the base voltages in the windings are directly proportional to the number
of turns in the windings. Using Equation (4.40), we have

VH(pu)VH(B) − IH(pu)IH(B)ZS–T(pu)ZS(B) = VL(pu)VL(B)

Dividing by VH(B) and using

ZS(B)

ZH(B)
=
(

NS

NS + NC

)2

=
(

NHL − 1

NHL

)2

we obtain

VH(pu) − IH(pu)

(
NHL − 1

NHL

)2

ZS–T(pu) = 1

NHL
VL(pu) (4.49a)

Equation (4.49a) is represented by the pu equivalent ZPS circuit shown in
Figure 4.24(e) from which the ZPS leakage impedance measured from the H side
with L side short-circuited is given by

ZZ
HL(pu referred to H side) =

(
NHL − 1

NHL

)2

ZS–T(pu) (4.49b)

Similarly, the ZPS leakage impedance measured from the L side with H side
short-circuited is given by

ZZ
LH(pu referred to L side) = (NHL − 1)2ZS–T(pu) (4.49c)

The delta or π equivalent circuit can be derived using Figure 4.6(c). The result is
shown in Figure 4.24(f) using shunt impedances instead of admittances.

Another similar test may be made but with the delta tertiary open to obtain
the shunt ZPS magnetising impedance which may be low enough to be included
depending on the core construction. This is dealt with in detail in Section 4.2.8.

4.2.6 Three-phase earthing or zig-zag transformers
Three-phase earthing transformers are connected to unearthed networks in order
to provide a neutral point for connection to earth. In the UK, this arises in
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delta–connected tertiary windings and 33 kV distribution networks supplied via
star–delta transformers from 132 or 275 kV networks which are solidly earthed.
The purpose of using these transformers is to provide a low ZPS impedance path to
the flow of ZPS short-circuit fault currents under unbalanced earthed faults. Such
an aim can be achieved by the use of:

(a) A star–delta transformer where the star winding terminals are connected to the
network and the delta winding is left unconnected. The star neutral may be
earthed through an impedance.

(b) An interconnected star or zig-zag transformer which may also have a secondary
star auxiliary winding to provide a neutral and substation supplies. The zig-zag
neutral may be earthed through an impedance.

(c) An interconnected star or zig-zag as (b) above but with a delta-connected
auxiliary winding.

The star–delta transformer has already been covered. However, in this case, its
PPS and NPS impedance is effectively the shunt exciting impedance which is very
large and can be neglected. The ZPS impedance is the leakage impedance presented
by the star–delta connection discussed previously. The interconnected star or zig-
zag transformer has each phase winding split into two halves and interconnected
as shown in Figure 4.25(a) and (b). It should be obvious from the vector diagram,
Figure 4.25(c) that this winding connection produces a phase shift of 30◦ as if
the zig-zag winding had a delta-connected characteristic. Again, the PPS/NPS
impedance presented by this transformer if PPS/NPS voltages are applied is the
very large exciting impedance. However, under ZPS excitation, MMF balance or
cancellation occurs between the winding halves wound on the same core due to
equal and opposite currents flowing in each winding half. The ZPS impedance
per phase is therefore the leakage impedance between the two winding’s halves.
In practical installations, the impedance connected to the neutral is usually much
greater than the transformer leakage impedance. The zig-zag transformer ZPS
equivalent circuit is shown in Figure 4.25(d).

The zig-zag delta-connected transformer presents a similar ZPS equivalent cir-
cuit as the zig-zag transformer shown in Figure 4.25(d). If the delta winding is
loaded, the transformer PPS/NPS equivalent circuit includes a 90◦ phase shift and
is similar to that of a two-winding transformer with an impedance derived from
the star equivalent of the three windings.

4.2.7 Single-phase traction transformers connected
to three-phase systems

Single-phase traction transformers are used to provide electricity supply to trains
overhead catenary systems and are connected on the HV side to two phases of the
transmission or distribution network. In the UK, the secondary nominal voltage
to earth of these single-phase transformers is 25 kV and their HV voltage may
be 132, 275 or 400 kV. The 132 kV/25 kV are typically two-winding transformers
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Figure 4.25 Interconnected-star or zig-zag transformer: (a) connection to a three-phase network,
(b) winding connections, (c) vector diagram and (d) zps equivalent impedance

whereas modern large units derive their supplies from 400 kV and tend to be three-
winding transformers, e.g. 400 kV/26.25 kV-0-26.25 kV. Figure 4.26 illustrate
such connections.

The model of two-winding single-phase traction transformers is the same as
the single-phase model presented at the beginning of this chapter. Three-winding
single-phase traction transformers can also be represented as a star equivalent
of three leakage impedances. Under normal operating conditions, the traction
load impedance referred to the primary side of the traction transformer appears in
series with the transformer leakage impedance and is very large. However, under
a short-circuit fault on the LV side of the traction transformer, the transformer
winding leakage impedance appears directly on the HV side as an impedance
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Figure 4.26 Single-phase traction transformer connected to a three-phase system: (a) two windings
and (b) three windings

connected between two phases. The reader should establish that this can be mod-
elled as a phase-to-phase short-circuit fault through a fault impedance equal to the
transformer leakage impedance.

4.2.8 Variation of transformer’s PPS leakage
impedance with tap position

We have so far covered the modelling of the transformer with an off-nominal turns
ratio that may be due to the use of a variable tap-changer or fixed off-nominal
ratio. We have shown that, for some models, the leakage impedance, both PPS and
ZPS, needs to be multiplied by the square of the off-nominal ratio. In addition,
since the operation of the tap-changer involves the addition or cancellation of turns
from a given winding, the variation of the number of turns causes variations in the
leakage flux patterns and flux linkages.

The magnitude of the impedance variation and its direction in terms of whether
it remains broadly unaffected, increases or decreases by the addition or removal
of turns, depends on a number of factors. One factor is the tapped winding, e.g.
whether in the case of a two-winding transformer, the HV or LV winding is the
tapped winding. For an autotransformer, it is whether the series or common wind-
ing and in the latter case, whether the common winding is tapped at the line, i.e.
output end or at the neutral-end of the winding. Other factors are the range of
variation of the number of turns and the location of the taps, e.g. for a two-winding
transformer, whether they are located in the body of the tapped winding itself,
inside the LV winding or outside the HV winding. In summary, the addition of
turns above nominal tap position or the removal of turns below nominal tap pos-
ition may produce any of the following effects depending on specific transformer
and tap-changer design factors:

(a) The leakage impedance remains fairly constant and unaffected.
(b) The leakage impedance may increase either side of nominal tap position.
(c) The leakage impedance may consistently decrease across the entire tap range

as the number of turns is increased from minimum to maximum.
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(d) The leakage impedance may consistently increase across the entire tap range
as the number of turns is increased from minimum to maximum.

From a network analysis viewpoint, the leakage impedance variation across the
tap range can be significant and this should be taken account of in the analysis. It
is general practice in industry that the data of the impedance variation across the
entire tap range is usually requested by transformer purchasers and supplied by
manufacturers in short-circuit test certificates. The measurement of transformer
impedances is covered in Section 4.2.10.

4.2.9 Practical aspects of ZPS impedances of
transformers

In deriving the ZPS equivalent circuits for the various transformers we have pre-
sented so far, we only considered the primary effects of the winding connections
and neutral earthing impedances in the case of star-connected windings. We have
temporarily neglected the effect of the transformer core construction and hence
the characteristics of the ZPS flux paths on the ZPS leakage impedances. Contrary
to what is generally published in the literature, we recommend that the effect of
transformer core construction on the magnitude of the ZPS leakage impedance
is fully taken into account in setting up transformer ZPS equivalent circuits in
network models for use in short-circuit analysis. We consider this as international
best practice that in the author’s experience, can have a material effect during the
assessment of short-circuit duties on circuit-breakers.

We will now consider this aspect in some detail and in order to aid our discussion,
we will recall some of the basics of magnetic and electromagnetic circuit theory.
The relative permeability of transformer iron or steel core is hundreds of times
greater than that of air. The reluctance of the magnetic core is its ability to oppose
the flow of flux and is inversely proportional to its permeability. The reluctance
and flux of a magnetic circuit are analogous to the resistance and current in an
electric circuit. Therefore, transformer iron or steel cores present low reluctance
paths to the flow of flux in the core. Also, the core magnetising reactance is
inversely proportional to its reluctance. Therefore, where the flux flows within
the transformer core, the transformer magnetising reactance will have a very large
value and will therefore not have a material effect on the transformer leakage
impedance. However, where the flux is forced to flow out of the transformer
core, e.g. into the air and complete its circuit through the tank and/or oil, then
the effect of this external very high reluctance path is to significantly lower the
magnetising reactance. This will substantially lower the leakage impedance of the
transformer. It should be remembered that under PPS/NPS excitation, nearly all
flux is confined to the iron or steel magnetic circuit, the magnetising current is
very low and hence the PPS/NPS magnetising reactance is very large and has no
practical effect on the PPS/NPS leakage impedance. We will now discuss the effect
of various transformer core constructions on the ZPS impedance.
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Figure 4.27 Three single-phase banks three-phase transformer shows ZPS flux remains in core: (a) both
limbs are wound and (b) centre limb is wound

Three-phase transformers made up of three single-phase banks

Figure 4.27 illustrates two typical single-phase transformer cores. In both cases,
the ZPS flux set up by ZPS voltage excitation can flow within the core in a similar
way to PPS flux. Consequently, the ZPS magnetising impedance will be very large
and the ZPS leakage impedance of such transformers will be substantially equal
to the PPS leakage impedance.

Three-phase transformers of 5-limb core construction and
shell-type construction

Figures 4.28 and 4.29 illustrate a 5-limb core-type and a shell-type three-phase
transformers, respectively. The 5-limb design is widely used in the UK and Europe
whereas the shell-type tends to be widely used in North America. In both designs,
the ZPS flux set up by ZPS excitation can flow within the core and return in the outer
limbs. Consequently, as in the case of three-banks of single-phase transformers,
the ZPS magnetising impedance will be very large and the ZPS leakage impedance
of such transformers will be substantially equal to the PPS leakage impedance. The
measurement of sequence impedances will be dealt within the next section. How-
ever, it is appropriate to explain now that PPS leakage impedances are normally
measured at nearly rated current whereas ZPS impedances are measured, where
this is done, at quite low current values. Therefore, under actual earth fault con-
ditions giving rise to sufficiently high ZPS voltages on nearby transformers with
currents similar to those of the PPS tests, the transformer outer limbs may approach
saturation and this lowers the ZPS magnetising impedance. Consequently, the
measured ZPS impedance value may be somewhat higher than the actual value for
core-type design and substantially higher for shell-type design that exhibits much
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Figure 4.29 Three-phase shell-type core transformer

more variable core saturation than the limb-type core. Nonetheless, these magnetis-
ing impedances remain relatively large in comparison with the leakage impedances
and hence, it is usually assumed that the PPS and ZPS leakage impedances of such
transformers are equal.

Three-phase transformers of 3-limb core construction

Figure 4.30 illustrates a three-phase transformer of 3-limb core-type construction
which is extensively used in the UK and the rest of the world. Under ZPS voltage
excitation, the ZPS flux must exit the core and its return path must be completed
through the air with the dominant part being the tank then the oil and perhaps the
core support framework. This ZPS flux will induce large ZPS currents through
the central belt of the transformer tank and the overall effect of this very high
reluctance path is to significantly lower the ZPS magnetising impedance. This
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Figure 4.30 Three-phase 3-limb core transformer

ZPS magnetising impedance will be comparable to other plant values and may
be 60–120% on rating for two and three-winding transformers and perhaps 150–
250% for autotransformers. These figures can be compared with 5000–20 000%
for the corresponding PPS values (these correspond to 2–0.5% no-load currents).
Therefore, the effect of the tank for two-winding and three-winding transformers
with star earthed neutral windings, and for autotransformers without tertiary wind-
ings, can be treated as if the transformer has a virtual magnetic delta-connected
winding. We will provide practical examples of this in the next section.

Similar to 5-limb and shell-type transformers, ZPS leakage impedance meas-
urements may be made at low current values and hence may give slightly higher
impedances than the values inferred from PPS measurements made at rated current
value. In addition, the effect of the tank in the 3-limb construction is non-linear with
the reluctance increasing with increasing current that is the magnetising reactance
decreasing with increasing current. Therefore, the actual ZPS leakage impedance
of three-limb transformers may be slightly lower than the measured values.

4.2.10 Measurement of sequence impedances of
three-phase transformers

Transformers are subjected to a variety of tests by their manufacturers to establish
correct design parameters, quality and suitability for 30 or 40 years service life.
The tests from which the transformer impedances are calculated are iron loss
test, no-load current test, copper loss test, short-circuit PPS and sometimes ZPS
impedance tests.

The iron loss and no-load current tests are carried out simultaneously. The rated
voltage at rated frequency is applied to the LV winding, or tertiary winding where
present, with the HV winding open-circuited. The shunt exciting impedance or
admittance is calculated from the applied voltage and no-load current, and its
resistive part is calculated from the iron loss. The magnetising reactance is then
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calculated from the resistance or conductance and impedance or admittance. The
no-load current is obtained from ammeter readings in each phase and usually an
average value is taken. The iron loss would be the same if measured from the HV
side but the current would obviously be different as it will be in inverse proportion
to the turns ratio. Also, the application of rated voltage to the LV or tertiary is more
easily obtainable and the current magnitude would be larger and more conveniently
read. The measured no-load loss is usually considered equal to the iron loss by
ignoring the dielectric loss and the copper loss due to the small exciting current.

The copper loss and short-circuit impedance tests are carried out simultaneously.
A low voltage is applied to the HV winding with the LV winding being short-
circuited. The applied voltage is gradually increased until the HV current is equal to
the full load or rated current. The applied voltage, measured current and measured
load loss are read. As the current is at rated value, the short-circuit impedance
voltage in pu is given by the applied voltage in pu of rated voltage of the HV
winding. The load-loss would be the same if measured from the LV side. It is
usual for transformers having normal impedance values to ignore the iron loss
component of the load loss and the measured loss to be taken as the copper loss.
The reason being is that the iron loss is negligible in comparison with the copper
loss at the reduced short-circuit test voltage. Where high impedance transformers
are specified, however, the iron loss at the short-circuit test voltage may not be
negligible. In this case, the copper-loss can be found after reading the load-loss
from the short-circuit test by removing the short-circuit (i.e. convert the test to
an open-circuit test at the short-circuit applied voltage) reading the iron-loss and
subtracting it from the load-loss. The resistance is calculated from the measured
copper-loss and the reactance is calculated from the impedance voltage and the
resistance.

The measurements made in volts and amps allow the calculation of the
impedances in ohms but for general power system analysis, these need to be
converted to per unit on some defined base. The equations presented below are
straightforward to derive and we recommend that the reader does so.

From the open-circuit test, the exciting admittance Y(pu) = G(pu) − jBM(pu) is
defined as follows:

Y(pu on rated MVA) = No load MVA

SRated (MVA)
or Y(pu on rated MVA) = INo load (A)

IRated (A)
(4.50a)

where

No load MVA = √
3VLL rated (kV)INo load (kA) (4.50b)

or on a new MVA base SBase

Y(pu on SBase) = No load MVA

SBase (MVA)
or Y(pu on SBase) = INo load (A)

IBase (A)
(4.50c)

and

Z(pu) = 1

Y(pu)
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The resistive (conductance) part of the exciting admittance is calculated as

G(pu on rated MVA) = Fe[3-Phase loss (MW)]

SRated (MVA)
and R(pu on rated MVA) = 1

G(pu on rated MVA)

(4.50d)

where Fe[3-Phase loss (MW)] is the iron loss.
The inductive part is calculated as

BM (pu on rated MVA) = 1

SRated (MVA)

√
(No load MVA)2 − (Fe3-Phase loss (MW))2

and

XM (pu on rated MVA) = 1

BM (pu on rated MVA)
(4.50e)

or on a new MVA base SBase

G(pu on SBase) = Fe[3-Phase loss (MW)]

SBase (MVA)

and

BM (pu on SBase) = 1

SBase (MVA)

√
(No load MVA)2 − (Fe3-Phase loss (MW))2 (4.50f)

From the short-circuit test, the short-circuit leakage impedance Z(pu) = R(pu) + jX(pu)

is defined as follows:

Z(pu on rated MVA) = VLL test (kV)

VLL rated (kV)
(4.51a)

This is equal to the applied test voltage in pu which is why the term short-circuit
impedance voltage is used by transformer manufacturers. This applies at nominal
and off-nominal tap position.

The resistive part of the leakage impedance is calculated as

R(pu on rated MVA) = Copper[3-Phase loss (MW)]

SRated (MVA)

or on a new MVA base SBase

R(pu on SBase) = Copper[3-Phase loss (MW)] × SBase (MVA)

(SRated (MVA))2
(4.51b)

and the inductive part is calculated as

X(pu on rated MVA)

= 1

SRated (MVA)

√
(
√

3VLL test (kV)IRated (kA))2 − (Copper[3-Phase loss (MW)])2
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or on a new MVA base SBase

X(pu on SBase)

= SBase (MVA)

(SRated (MVA))2

√
(
√

3VLL test (kV)Irated (kA))2 − (Copper[3-Phase loss (MW)])2

(4.51c)

Whereas PPS impedance measurement tests for a number of tap positions such as
minimum, maximum, nominal and mean have always been the norm, it is only
recently becoming standard industry practice to similarly specify ZPS impedance
tests. In the case of ZPS impedance measurements, the three-phase terminals of
the winding from which the measurement is made are joined together and a single-
phase voltage source is applied between this point and neutral. Voltage, current and
copper loss may be measured; the ZPS resistance is calculated from the copper
loss and input ZPS current. The ZPS impedance is calculated from the applied
voltage and 1/3rd of the source current because the source ZPS current divides
equally between the three phases. The basic principle of the PPS and ZPS leakage
impedance tests is illustrated in Figure 4.31 for a star with neutral solidly earthed-
delta two-winding transformer. It should be noted that, in the ZPS test, if the LV
winding is delta connected, it must be closed but not necessarily short-circuited.
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3
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Figure 4.31 Illustration of PPS and ZPS test circuits on a star–delta two winding transformer: (a) PPS
leakage impedance test, HV winding supplied, LV winding short circuited ZP

HL = VR/IR and (b) ZPS leakage
impedance test, HV winding terminals joined and supplied, LV winding closed ZZ

HL = 3V Z/IZ
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PPS and ZPS impedance tests on two-winding transformers

The PPS impedance test is HV–LV//N, i.e. the HV winding is supplied with the
LV winding phase terminals joined together, i.e. short-circuited and connected to
neutral. The same test may be done for the ZPS impedance if the secondary winding
is delta connected. However, for a star earthed–star earthed transformer, the ZPS
equivalent circuit that correctly represents a 3-limb core transformer, is a star or
T equivalent circuit since we represent the tank ZPS contribution as a magnetic
delta tertiary winding. Therefore, at least three measurements are required. It is
the author’s practice that four ZPS tests are specified to enable a better estimate
of the impedance to neutral branch that represents the tank contribution. The ZPS
tests are HV–N with LV phase terminals open-circuited, LV–N with HV phase
terminals open-circuited, HV–LV//N with LV phase terminals short-circuited and
LV–HV//N with HV phase terminals short-circuited.

PPS and ZPS impedance tests on three-winding transformers

In order to derive the star or T equivalent PPS circuit for such transformers from
measurements, let the three windings be denoted as 1, 2 and 3, where:

Z12 is the PPS leakage impedance measured from winding 1 with winding 2
short-circuited and winding 3 open-circuited. P12 is the measured copper loss.
Z13 is the PPS leakage impedance measured from winding 1 with winding 3
short-circuited and winding 2 open-circuited. P13 is the measured copper loss.
Z23 is the PPS leakage impedance measured from winding 2 with winding 3
short-circuited and winding 1 open-circuited. P23 is the measured copper loss.

In three-winding transformers, at least one winding will have a different MVA
rating but all the pu impedances must be expressed on the same MVA base. From
the above tests, and with the impedances in ohms referred to the same voltage
base, and copper losses in kW, we have

Z12 = Z1 + Z2 P12 = P1 + P2 R12 = R1 + R2 (4.52a)

Z13 = Z1 + Z3 P13 = P1 + P3 R13 = R1 + R3 (4.52b)

Z23 = Z2 + Z3 P23 = P2 + P3 R23 = R2 + R3 (4.52c)

Solving Equations (4.52), we obtain

Z1 = 1

2
(Z12 + Z13 − Z23) P1 = 1

2
(P12 + P13 − P23) R1 = 1

2
(R12 + R13 − R23)

(4.53a)

Z2 = 1

2
(Z12 + Z23 − Z13) P2 = 1

2
(P12 + P23 − P13) R2 = 1

2
(R12 + R23 − R13)

(4.53b)

Z3 = 1

2
(Z13 + Z23 − Z12) P3 = 1

2
(P13 + P23 − P12) R3 = 1

2
(R13 + R23 − R12)

(4.53c)
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The winding copper loss measurements of Equation (4.52) can be used to cal-
culate the corresponding winding resistances in ohms or in pu on a common
MVA base. Then individual resistances are calculated from Equation (4.53). Alter-
natively, individual winding copper losses could be calculated using Equation
(4.53) and used to calculate the corresponding individual winding resistances.
When converted into pu, all impedances must be based on one common
MVA base.

Regarding the ZPS impedances, the ZPS equivalent circuit that correctly rep-
resents a 3-limb core three-winding transformer even when all windings are
star-connected, is a star or T equivalent circuit since we represent the tank ZPS
contribution as a magnetic delta tertiary winding. Therefore, as in the case of
the two-winding transformer, the ZPS tests are HV–N with LV phase termi-
nals open-circuited, LV–N with HV phase terminals open-circuited, HV–LV//N
with LV phase terminals short-circuited and LV–HV//N with HV phase terminals
short-circuited.

Autotransformers

Generally, two cases are of most practical interest for autotransformers. The first is
an autotransformer with a delta-connected tertiary winding and the second is with-
out a tertiary winding. Without a tertiary winding, the PPS test is similar to that of
a two-winding transformer described above. With a tertiary winding, the PPS tests
are similar to those of a three-winding transformer. However, the ZPS equivalent
circuit that correctly represents a 3-limb core autotransformer, with or without a
tertiary winding, is a star or T equivalent circuit since we represent the tank ZPS
contribution as a magnetic delta tertiary winding. Therefore, the ZPS tests are:

With delta tertiary Without tertiary Comments

HV–Tertiary//N HV–N LV phase terminals open-circuited
LV–Tertiary//N LV–N HV phase terminals open-circuited
HV–LV//Tertiary//N HV–LV//N LV phase terminals short-circuited
LV–HV//Tertiary//N LV–HV//N HV phase terminals short-circuited

4.2.11 Examples

Example 4.1 The rated and measured test data of a three-phase two-winding
transformer are:

Rated data: 120 MVA, 275 kV star with neutral solidly earthed/66 kV delta,
±15% HV tapping range
Test data: No-load current measured from LV terminals = 7 A
Iron loss = 103 kW, Full load copper loss = 574 kW
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Short-circuit PPS impedance measured from HV side with LV side
shorted = 122.6 �

Short-circuit ZPS impedance measured from HV side with LV side
shorted = 106.7 �

Calculate the PPS and ZPS equivalent circuit parameters in pu on 100 MVA
base

Ypu on 100 MVA =
√

3 × 66 kV × 0.007 kA

100 MVA
= 0.8

100
= 0.008 pu or 0.8% on

100 MVA base

Gpu on 100 MVA = 0.103

100
= 0.00103 pu or 0.103% on 100 MVA

BM pu on 100 MVA = 1

100

√
(0.8)2 − (0.103)2 = 0.00793 pu or 0.793% on

100 MVA

ZHL PPS pu on 100 MVA = 122.6

(275)2/100
= 0.162 pu or 16.2% on 100 MVA

RHL PPS pu on 100 MVA = 0.574 × 100

(120)2
= 0.00398 pu or 0.398% on 100 MVA

XHL PPS pu on 100 MVA =
√

(0.162)2 − (0.00398)2 = 0.16195 pu or 16.195%
on 100 MVA.

It is worth noting that the PPS X/R ratio is 16.195/0.398 = 40.7

ZHL ZPS pu on 100 MVA = 106.7

(275)2/100
= 0.141 pu or 14.1% on 100 MVA.

This is 87% of the PPS impedance. In the absence of ZPS copper loss measure-
ment, the ZPS X/R ratio may be assumed equal to the PPS X/R ratio of 40.7.
Therefore,

RHL ZPS pu on 100 MVA = 0.346% on 100 MVA

and

XHL ZPS pu on 100 MVA = 14.095% on 100 MVA

If the PPS impedance were measured from the LV side, its ohmic value would
be 122.6 × (66 kV/275 kV)2 = 7.06 � and its pu value would also be equal to
16.2%.

Example 4.2 Consider a two-winding three-phase transformer with the fol-
lowing rated data: 45 MVA, 132 kV/33 kV star solidly earthed neutral – delta,
HV winding tapped with −20% to +10% tap range. PPS impedance tests were
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carried out at all 19 tap positions with the HV terminals supplied by a three-phase
voltage source and the LV winding short-circuited. The applied test voltages
and full load currents on the HV side at minimum, nominal and maximum tap
positions are:

Tap position Phase–phase voltage (V) Current (A)

1 (+10%) 17 800 179
7 (nominal) 15 560 197
19 (−20%) 11 130 246

Calculate the measured impedance at each tap position both in ohms and in
pu on MVA rating:

Tap position 1
Rated tap voltage = 132 × 1.1 = 145.2 kV.

Impedance in pu on 45 MVA = 17.8

145.2
× 100 = 12.3%.

Impedance in ohm = 17 800/
√

3

179
= 57.4 �.

Alternatively, impedance in pu on 45 MVA = 57.4

(145.2)2/45
× 100 = 12.3%.

Tap position 7
Rated tap voltage = 132 × 1 = 132 kV, the impedance is 45.6 � or 11.8% on
45 MVA.

Tap position 19
Rated tap voltage = 132 × 0.8 = 105.74 kV, the impedance is 26.1 � or 10.6%
on 45 MVA.

The reader should notice that the apparent small variation in impedance
in % terms masks the significant change in the impedance when actual units,
i.e. ohms are used. Also, the base impedance in each case is different
because it is dependent on the rated tap voltage which is a function of the tap
position.

Example 4.3 The rated and measured test data for a three-phase three-winding
transformer are:

Primary HV winding 60.6 MVA, 132 kV star solidly earthed.
Secondary LV1 winding 30.3 MVA, 11.11 kV star solidly earthed.
Secondary LV2 winding 30.3 MVA, 11.11 kV star solidly earthed.
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The construction is a 3-limb core. The short-circuit impedance and load loss
measurement test data at nominal tap position is:

Test Volts Amps Full load loss (kW)

PPS
HV/LV1 shorted, LV2 open 43 843 132.6 201.5 on 30.3 MVA
HV/LV2 shorted, LV1 open 43 750 132.6 202.2 on 30.3 MVA
LV1/LV2 shorted, HV open 5940 1517 413 on 30.3 MVA

ZPS
HV shorted, LV1 and LV2 open 21 960 80

Derive the PPS and ZPS impedances and corresponding transformer equiv-
alent circuits. Calculate the effective pu tap ratios at −10% turns HV winding
tap position. The network base voltages are 132 and 11 kV. Use 60.6 MVA as a
common base.

ZHL1 = 43 843/
√

3

132.6
= 190.9 � or

190.9

1322/60.6
× 100 = 66.4%

ZHL2 = 43 750/
√

3

132.6
= 190.5 � or

190.5

1322/60.6
× 100 = 66.2%

ZL1L2 = 5940/
√

3

1517
= 2.26 � or

2.26

11.112/60.6
× 11.112

112
× 100 = 113%

ZH(�) = 1

2

[
190.9 + 190.5 − 2.26 ×

(
132

11

)2
]

= 27.98 �

It is important to remember that the impedances in � in the star or T equivalent
of the three-winding transformer must all be referred to the same voltage base:

ZL1(�) = 1

2

[
190.9 + 2.26 ×

(
132

11

)2

− 190.5

]
= 162.92 �

ZL2(�) = 1

2

[
190.5 + 2.26 ×

(
132

11

)2

− 190.9

]
= 162.52 �

ZH(%) = 27.98

1322/60.6
× 100 = 9.73%

ZL1(%) = 162.92

1322/60.6
× 100 = 56.66%

ZL2(%) = 162.52

1322/60.6
× 100 = 56.52%

ZZ
HN(�) = 21 960

80/3
= 823.5 � or

823.5

(132)2/60.6
× 100 = 286.4%
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but

ZZ
HN = ZH + ZZ

M

thus

ZZ
M = 823.5 − 27.98 = 795.5 �

or

ZZ
M = 286.4 − 9.73 = 276.67%

RHL1 = 201.5 × 103/3

132.62
= 3.82 � RHL2 = 202.2 × 103/3

132.62
= 3.83 �

RL1L2 = 413 × 103/3

15172
= 0.0598 �

RH(�) = 1

2

[
3.82 + 3.83 − 0.0598 ×

(
132

11

)2
]

= −0.48 �

This should not alarm the reader because the T equivalent is a fictitious
mathematical model!

RL1(�) = 1

2

[
3.82 + 0.0598 ×

(
132

11

)2

− 3.83

]
= 4.3 �

RL2(�) = 1

2

[
3.83 + 0.0598 ×

(
132

11

)2

− 3.82

]
= 4.31 �

RH(%) = −0.48

(132)2/60.6
× 100 = −0.167%

RL1(%) = 4.3

(132)2/60.6
× 100 = 1.49%

RL1(%) = 4.31

(132)2/60.6
× 100 = 1.5%

The reactances of the T equivalent are given by XH = 27.97 � or 9.7%;

XL1 = 162.86 � or 56.6% and XL2 = 162.46 � or 56.5%.

Designating terminals LV1 as 1, LV2 as 2 and HV as 3, the tap effective pu
ratios at −10% HV winding turns are

t13(pu) = t23(pu) = 11.11/11

0.9 × 132/132
= 1.1223 pu

The PPS and ZPS equivalent circuits are shown in Figure 4.32.
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Figure 4.32 Example 4.3 three-winding transformer impedance tests: (a) PPS equivalent circuit and
(b) ZPS equivalent circuit

Example 4.4 A 3 limb core autotransformer has the following rated data:
275 kV/132 kV, 240 MVA, star–star solidly earthed neutral and a 60 MVA/13 kV
tertiary winding. The HV to LV PPS impedance is 18.95% on 240MVA rating.
ZPS impedance tests were carried out with the delta winding closed and open
to simulate the change in ZPS impedances if the transformer had no tertiary
winding and to identify the effect of the core construction. The measured ZPS
impedances at nominal tap position in both cases are:

Measured impedance (�/phase)

ZPS test Delta closed Delta open

ZZ
H–N, H supplied, L open 107.3 741.4

ZZ
L–N, L supplied, H open 14.3 200.5

ZZ
H–L//N, H supplied, L short-circuited 50.2 50.0

ZZ
L–H//N, L supplied, H short-circuited 6.8 13.5
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Derive general equations for the ZPS T equivalent circuit impedances and
calculate the impedances for the above two cases in % on 100 MVA:

ZZ
H–N(%) = ZZ

H–N(�)

2752/100
× 100 ZZ

H–L//N(%) = ZZ
H–L//N(�)

2752/100
× 100

ZZ
L–N(%) = ZZ

L–N(�)

1322/100
× 100 ZZ

L–H//N(%) = ZZ
L–H//N(�)

1322/100
× 100

Using these equations, we obtain

ZPS impedance (% on 100 MVA) Delta closed Delta open

ZZ
H–N 14.2 98

ZZ
L–N 8.2 115

ZZ
H–L//N 6.6 6.6

ZZ
L–H//N 3.9 7.8

The ZPS T equivalent circuit has three unknowns and therefore only three tests
are required, e.g. the first three above. However, the fourth test, where available,
can be used to improve the prediction of the shunt branch impedance. The four
tests above are illustrated in Figure 4.33(a) from which we have the following:

ZZ
H–N = ZZ

H + ZZ
N and ZZ

L–N = ZZ
L + ZZ

N

ZZ
H–L//N = ZZ

H + ZZ
L ZZ

N

ZZ
L + ZZ

N

and ZZ
L–H//N = ZZ

L + ZZ
HZZ

N

ZZ
H + ZZ

N

Substituting ZZ
H and ZZ

L from the first two equations into the second two, we
obtain

ZZ
N(1) =

√
ZZ

H–N(ZZ
L–N − ZZ

L–H//N) and ZZ
N(2) =

√
ZZ

L–N(ZZ
H–N − ZZ

H–L//N)

and a mean value is calculated as

ZZ
N(mean) = ZZ

N(1) + ZZ
N(2)

2
The remaining H and L branch impedances are

ZZ
H = ZZ

H–N − ZZ
N(mean) and ZZ

L = ZZ
L–N − ZZ

N(mean)

The calculated ZZ
H, ZZ

L and ZZ
N for the closed and open delta tertiary are shown

in Figure 4.33(b).

Example 4.5 The autotransformer with a tertiary winding used in Example
4.3 has a neutral earthing reactor of 10 � connected to its neutral. Calculate the
earthing impedance values in % on 100 MVA base that would appear in each
branch of the autotransformer ZPS T equivalent circuit.
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ZZ
H

ZZ
N

ZZ
L

ZZ
H–N

H

N

L

ZZ
N

ZZ
L–N

N

ZZ
HH ZZ

L L

ZZ
N

ZZ
H–L//N

ZZ
HH

N

ZZ
L L

ZZ
N

ZZ
L–H//NN

ZZ
HH ZZ

L L

H 6.35% 0.37% L

7.84%

N
Delta tertiary closed

H �4.52% L12.49%

102.6%

N
Delta tertiary open

(a)

(b)

Figure 4.33 ZPS leakage impedance tests on an autotransformer: (a) ZPS leakage impedance tests;
(b) ZPS equivalent circuits

The transformer turns ratio is 275/132 = 2.0834.
The % impedance value of the earthing reactor is

ZZ
E (%) = 10

1322/100
× 100 = 5.739%

The earthing impedances appearing in the three branches of the ZPS T
equivalent circuit are

ZZ
E (appearing in H terminal in %) = −3 × (2.0834 − 1)

2.08342
× 5.739 = −4.297%

ZZ
E (appearing in L terminal in %) = 3 × (2.0834 − 1)

2.0834
× 5.739 = 8.953%

ZZ
E (appearing in T terminal in %) = 3

2.0834
× 5.739 = 8.264%

4.3 Sequence modelling of QBs and
PS transformers

4.3.1 Background
QBs and PS transformers are widely used in transmission and subtransmission
power systems for controlling the magnitude and direction of active power flow
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Figure 4.34 2000 MVA 400 kV ±11.3◦ QB consisting of a shunt and a series transformer

mainly over parallel circuits in order to increase the power transfer capability across
boundaries or interfaces. A single-core design is characterised by its simplicity and
economy but suffers from disadvantages. These include the overvoltages that may
be imposed on the tap-changer due to its position in series with the main line
as well as having a virtually zero impedance at nominal tap which may not be
desirable if short-circuit current limitation is required. By far, the most commonly
used design is the two-core design in either a single tank or two tanks where
very large rating is required. Figure 4.34 shows a 400 kV QB rated at 2000 MVA
and ±11.3◦ phase shift. Figures 4.35(a) and 4.36(a) show QB and PS one-line
diagrams, respectively. A simplified representation of the three-phase connections
of typical large QBs and PSs are shown in Figures 4.35(b) and 4.36(b), respectively.
The designs shown are those where both QB and PS consist of two transformers;
a shunt transformer connected in star–star and a series transformer connected in
delta-series star. The primary winding of the shunt transformer is called the exciting
winding and the secondary is called the regulating winding. The primary delta of
the series transformer is called the booster winding and the secondary is called the
series winding because it is in series with the line.

The principles of operation of the QB and PS are similar. The control of the
magnitude and direction of active power flow on the line is achieved by varying
the phase angle shift across the series winding. The phase shift and its variation are
obtained by an on-load (under-load) tap-changer acting on the regulating winding
and deriving a variable voltage component across two phases, e.g. Y and B. This
voltage is in quadrature with the input voltage. It is then injected by the booster
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Figure 4.35 QB transformer: (a) one-line diagram, (b) winding connections and (c) open-circuit vector
diagram

transformer delta winding across the series winding third phase, e.g. phase R, as
shown in Figures 4.35(c) and 4.36(c). One important difference to notice between
a QB and a PS is that for a QB, the input voltage of the shunt transformer is derived
from one side of the series transformer so that the output voltage is slightly higher
than the input voltage. However, for a PS, the shunt transformer input voltage is
derived from the mid-point on the series winding of the series transformer so that
the magnitudes of the input and output voltages remain equal.

4.3.2 PPS, NPS and ZPS modelling of QBs and PSs

PPS equivalent circuit model

The derivation of QB and PS detailed equivalent circuits needs to take into account
both the shunt and series transformers, their winding connections, tap-changer
operation, complex turns ratio and leakage impedance variations with tap posi-
tion. However, we will instead present a simplified treatment but one that is still
sufficient for use in practice in PPS power flow, stability and short-circuit anal-
ysis. The analysis below is based on the vector diagrams of Figures 4.35(c) and
4.36(c). These allow us to represent the QB or PS as an ideal transformer with a
complex turns ratio in series with an appropriate impedance. This ratio is in series
with a single effective leakage impedance representing both the series and shunt
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Figure 4.36 PS transformer: (a) one-line diagram, (b) winding connections and (c) open-circuit vector
diagram

transformers’ leakage impedances including the effect of the tap-changer on the
shunt transformer’s impedance. This representation is shown in Figure 4.37.

For both a QB and a PS, let t = �V i(R)/Vi(R) be the magnitude of the injected
quadrature voltage in pu of the input voltage. From the QB vector diagram shown
in Figure 4.35(c), the phase R open-circuit output voltage phasor is given by

Vo(R) = Vi(R)(1 + jt) (4.54a)

Let N = Vo(R)
Vi(R)

be defined as the complex turns ratio, at no load, thus,

N = 1 + jt =
√

1 + t2ejφ (4.54b)

where

φ = tan−1(t) (4.54c)
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Figure 4.37 PPS equivalent circuits for a QB or a PS: (a) PPS equivalent circuit and (b) asymmetrical π
equivalent circuit for a PS

is the phase angle shift that has a maximum or rated value for practical QBs used
in power networks of typically less than or equal to ±15◦. Similar equations apply
for the Y and B phases.

Similarly, from the PS vector diagram shown in Figure 4.36(c), the phase R
open-circuit output voltage is given by

Vo(R) = ViS(R)

(
1 + j

t

2

)
Vi(R) = ViS(R)

(
1 − j

t

2

)
(4.55a)

where ViS(R) is the voltage at the mid-point of the series winding.
The complex turns ratio of the PS, at no load, is given by

N = Vo(R)

Vi(R)
=

(
1 + j

t

2

)
(

1 − j
t

2

) = ejφ (4.55b)

where

φ = 2 tan−1
(

t

2

)
(4.55c)

is the phase angle shift that has a maximum or rated value for practical PSs used
in power networks of typically less than or equal to ±60◦.

Let Ye = 1/Ze where Ze is the effective QB or PS leakage impedance appearing
in series with the line or the network where the device is connected. The QB and
PS are both represented by the same PPS equivalent circuit shown in Figure 4.37.
The PPS admittance matrix for this circuit can be easily derived as in the case of an
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off-nominal-ratio transformer but with an important difference now that the turns
ratio is a complex number. From Figure 4.37, we can write

V ′

Vi
= N ViI

∗
i = V ′(−Io)∗ hence

Ii

Io
= −N

∗
and Vo − NVi = Io

Ye

From these equations, the following admittance matrix is obtained[
Ii

Io

]
=
[ ∣∣N∣∣2Ye −N

∗
Ye

−NYe Ye

][
Vi

Vo

]
(4.56a)

which, using Equations (4.54b) and (4.54c), can be written as[
Ii

Io

]
=
[

(1 + tan2φ)Ye −(1 − j tan φ)Ye

−(1 + j tan φ)Ye Ye

][
Vi

Vo

]
for a QB (4.56b)

or, using Equation (4.55b), can be written as[
Ii

Io

]
=
[

Ye −e−jφYe

−ejφYe Ye

][
Vi

Vo

]
for a PS (4.56c)

The above two admittance matrices for a QB and a PS cannot be represented by
a physical π equivalent circuit because the complex turns ratio has resulted in
matrices that are non-symmetric, i.e. the off-diagonal transfer terms are not equal.
However, recognising that an asymmetrical non-physical π equivalent circuit is
simply a mathematical tool, such a circuit is shown in Figure 4.37(b) for a PS.
A similar π equivalent for a QB can be derived and the reader is encouraged to
derive this equivalent.

NPS equivalent circuit model

Since the QB and PS are static devices, the NPS impedance should be the same
as the PPS impedance. However, we have shown that the PPS model includes
a complex turns ratio which is a mathematical operation that introduces a phase
angle shift in the output voltage (and current) with respect to the input voltage
(and current). The mathematical derivation of the phase shift in the QB or PS NPS
model requires a detailed representation of all windings of the shunt and series
transformers, which, as outlined above, is not presented here. However, we will
use vector diagrams to show that the phase shift in the NPS circuit is equal to that
in the PPS circuit but reversed in sign. Figures 4.38(i) show the PPS open-circuit
vector diagrams of a QB and a PS and the resultant phase angle shift φ in each
case. Figures 4.38(ii) show the NPS vector diagrams of a QB and a PS and the
resultant phase angle shift in each case.

It is clear that with the reversed NPS phase rotation RBY, the injected series
quadrature voltage vector is also reversed, for both QB and PS. Therefore, if the
PPS phase angle shift is φ, then the NPS phase angle shift is −φ. Figure 4.39 shows
the QB or PS NPS equivalent circuit model where the complex ratio is given by

N =
⎧⎨
⎩

1 − jt = √
1 + t2e−jφ where φ = tan−1(t) for a QB

e−jφ where φ = 2 tan−1
(

t

2

)
for a PS

(4.57a)
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Figure 4.38 PPS, NPS and ZPS vector diagrams for a QB and a PS: (a) QB vector diagram and (b) PS
vector diagram
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Figure 4.39 NPS and ZPS equivalent circuits for a QB or a PS: (a) NPS equivalent circuit and
(b) ZPS equivalent circuit

Using the PPS admittance matrices for a QB and a PS, the NPS admittance matrices
are easily obtained by replacing φ with −φ in Equations (4.56b) and (4.56c).

ZPS equivalent circuit model

We have already stated that the basic principle of operation of the QB or PS is
to inject a voltage across, say phase R, series transformer series winding that is
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in quadrature with the phase R input voltage. In the PPS and NPS circuits, this
is achieved by deriving the injected voltage so as to be in phase or out of phase
with the voltage difference between phases Y and B as shown in Figure 4.38(i)
and (ii), respectively. However, since the three ZPS voltages are in phase with each
other, a quadrature voltage component cannot be produced. Therefore, the phase
shift between the input and open-circuit output voltages (and currents) in the ZPS
circuit is zero. Therefore, the complex turns ratio in the ZPS equivalent circuit for
both a QB and a PS becomes unity.

The QB or PS practical ZPS equivalent circuit, however, is different from the
PPS and NPS equivalent circuits. The ZPS equivalent circuit is dependent on the
winding connections of the series and shunt transformers, their core construction
and whether the shunt transformer has any delta-connected tertiary winding. In
a similar way to a three-winding transformer, or a 3-limb core autotransformer
with or without a tertiary winding, the general ZPS equivalent circuit of a QB or
a PS is a star or T equivalent as shown in Figure 4.39(b). The shunt branch in this
equivalent represents either the impedance of a tertiary winding or the stray air path
ZPS flux through the tank/oil. In addition, in some QBs and PSs, both series and
shunt transformers are in the same tank so that the ZPS flux can link both windings
either directly or through the tank. In practice, the QB or PS ZPS impedances are
derived from a series of manufacturer works-tests and this is described in the next
section. The ZPS admittance matrix model of the QB or PS is given by[

Ii

Io

]
=
[

Yi −Ym

−Ym Yo

][
Vi

Vo

]
(4.57b)

where

Yi = 1

Zi + ZoZm
Zo+Zm

Ym = −1

(Zi + Zo) + ZiZo
Zm

Yo = 1

Zo + ZiZm
Zi+Zm

(4.57c)

4.3.3 Measurement of QB and PS sequence
impedances

Like transformers, QBs and PSs are subjected to a variety of works-tests by their
manufacturers. As most QB and PS are three-phase two-transformer devices, tests
are usually carried out on each transformer alone and on the combined units.
No-load loss, load loss, PPS impedance and ZPS impedance tests are carried out
on the combined units. The PPS impedance and load loss tests are carried out
simultaneously with the output end of the series transformer supplied by three-
phase voltage sources and the shunt transformer input terminals short-circuited.
The ohmic value of the impedance is the applied voltage divided by the measured
current. The pu value of the impedance must be expressed on the voltage base
of the winding energised or supplied under the tests. Under such a test, the PPS
impedance measured is the series combination of the leakage impedances of the
series and shunt transformers. This can be easily visualised by referring back to
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the QB and PS winding connections shown in Figures 4.35 and 4.36. Therefore,
this impedance is the QB or PS effective PPS impedance Ze that appears in series
with the line as seen from the QB or PS series transformer output end.

The series transformer does not have a tap-changer so its leakage impedance,
when measured from its output terminals, is constant. However, when measured
from the same terminals, the shunt transformer leakage impedance varies with tap
position as the tap-changer acts on the shunt transformer regulating winding. The
variation of tap position varies the magnitude of the injected quadrature voltage
and, the PPS/NPS leakage impedance will vary with the square of the injected
quadrature voltage t. Therefore,

ZP
e (t) = ZN

e (t) = ZSeries +
(

t

tmax

)2

ZShunt at end tap (4.58)

which can be expressed in terms of the phase angle shift as follows:

ZP
e (t) = ZN

e (t) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ZSeries +
(

tan φ

tan φMax

)2

× ZShunt at end tap for a QB

ZSeries +
⎛
⎝ tan

(
φ
2

)
tan
(

φMax
2

)
⎞
⎠

2

× ZShunt at end tap for a PS

(4.59)

where φMax is the QB or PS rated or maximum phase shift design value, φ the
actual phase shift in operation and ZShunt at end tap is the shunt transformer leakage
impedance measured at end tap position that is at maximum quadrature voltage or
maximum phase shift. It should be noted that Ze(φ = 0) is equal to ZSeries because
the booster delta winding of the series transformer is effectively short-circuited by
the tap-changer when a zero quadrature voltage is injected.

Like transformers, the ZPS leakage impedance tests are carried out applying
a single-phase voltage source to three-phase input or output terminals joined
together. Usually three or four such tests may be carried out to derive the star
ZPS equivalent circuit. Some tests that may be carried out are described below
where T represents a tertiary winding, where present in the shunt transformer,
and N represents neutral. Reference is made to Figures 4.35 and 4.36 to see the
designated QB and PS terminals.

Terminals supplied Designation Comments

R1Y1B1 terminals joined together Zo1–T//N R2Y2B2 terminals open-circuit,
tertiary closed, where present

R2Y2B2 terminals joined together Zo2–T//N R1Y1B1 terminals open-circuit,
tertiary closed, where present

R1Y1B1 terminals joined together Zo1–2//T//N R2Y2B2 terminals short-circuited,
tertiary closed, where present

R2Y2B2 terminals joined together Zo2–1//T//N R1Y1B1 terminals short-Circuited,
tertiary closed, where present
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Example 4.6 A 400 kV 2000 MVA throughput QB has a rated quadrature
injected voltage of ±0.2 pu of input voltage. The following PPS and ZPS
impedance tests were carried out. In the PPS tests, the output, i.e. series trans-
former terminals R2Y2B2 are supplied and the input of the shunt transformer
terminals R1Y1B1 are short-circuited.

PPS Test Phase–phase voltage (V) Current (A)

Tap 1 56 800 2887
Tap 20 (nominal) 28 049 2886
Tap 39 56 920 2888

ZPS Test Voltage (V) Current (A)

Zo1–T//N
Tap 1 20 817 260.1
Tap 20 (nominal) 20 823 260.4
Tap 39 20 818 260.4

Zo2–T//N
Tap 1 21 395 260.8
Tap 20 (nominal) 21 360 260.4
Tap 39 21 377 260.5

Zo2–1//T//N
Tap 1 506 260.0
Tap 20 (nominal) 507 260.7
Tap 39 506 260.4

Calculate the open-circuit rated phase shift and output voltage of the QB for
a 1 pu input voltage. Also, calculate the effective PPS impedance of the QB
and the ZPS star equivalent impedances at nominal, minimum and maximum
tap positions.

The open-circuit rated phase shift is tan−1(±0.2) = ±11.3◦. The QB range of
rated injected voltage or phase shift is from −0.2 pu corresponding to −11.3◦
phase shift to +0.2 pu corresponding to +11.3◦ phase shift. The open-circuit

output voltage at rated phase shift is
√

1 + 0.22 ≈ 1.02 pu. The PPS impedance
is calculated as follows:

Tap 1:

Impedance in pu on 2000 MVA = 56.8

400
× 100 = 14.2%.

Alternatively, impedance in pu on 2000 MVA = (56 800/
√

3)/2887

(400)2/2000
×

100 = 14.2%.

Tap 20:
Impedance is 7.01% on 2000 MVA.

Tap 39:
Impedance is 14.23% on 2000 MVA.
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We note that the PPS impedance effectively doubles between nominal tap
position (tap 20) and maximum/minimum tap positions (tap 39 and tap 1). The
results of the calculated ZPS impedances are given as:

ZPS impedance Zo1–T//N (�/phase) Zo2–T//N (�/phase) Zo2–1//T//N (�/phase)

Tap 1 240.1 246.1 5.84
Tap 20 239.9 246.1 5.83
Tap 39 239.8 246.2 5.83

We note that the ZPS impedances of the equivalent star are effectively unaf-
fected by variation of tap position. The impedances of the individual T branch
equivalent circuit at nominal tap position in % on 2000 MVA and 400 kV are:

ZZ
1 = 7.582% where 1 corresponds to the shunt transformer’s input end

R1Y1B1.
ZZ

2 = −0.294% where 2 corresponds to the series transformer’s output end
R2Y2B2.
ZZ

N = 300% where N corresponds to neutral or zero voltage reference in this
case.

Example 4.7 A 132 kV, 300 MVA throughput PS has a rated phase shift of
±30◦ and the shunt transformer unit includes a tertiary winding. The PPS
impedance measured at nominal tap position is 2% on 100 MVA at 132 kV. The
ZPS impedances of the PS are largely unaffected by variation of tap position
and the ZPS impedance test data are as follows:

Zo1–T//N Zo2–T//N Zo1–2//T//N Zo2–1//T//N
(�/phase) (�/phase) (�/phase) (�/phase)

14.38 14.9 3.16 3.16

Calculate the ZPS star equivalent circuit impedances in % on 100 MVA.
Like autotransformers, we have four tests but only three unknowns so we will

calculate two values of the shunt impedance in the star equivalent and obtain a
mean value as follows:

ZZ
N(1) = √14.38 × (14.9 − 3.16) = 13 �

and

ZZ
N(2) = √14.9 × (14.38 − 3.16) = 12.93 �

and the mean value is ZZ
N(mean) = 12.96 �

ZZ
(1) = 14.38 − 12.96 = 1.42 � and ZZ

(2) = 14.9 − 12.96 = 1.94 �
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The impedance values in % on 100 MVA are

ZZ
(1)(%) = 1.42

1322/100
× 100 = 0.81%

ZZ
(2)(%) = 1.94

1322/100
× 100 = 1.11%

ZZ
N(mean)(%) = 12.96

1322/100
× 100 = 7.44%

4.4 Sequence modelling of series and
shunt reactors and capacitors

4.4.1 Background
Series reactors are widely used in power systems for power flow control or as fault
current limiters. The latter application will be covered in Chapter 9. Series reactors
are generally used in electric distribution, subtransmission and transmission sys-
tems as well as power stations and industrial power systems. Air core reactors are
usually used at nominal system voltages up to and including 36 kV, but iron-cored
reactors are generally used at higher voltages. The former is usually coreless and
magnetically or electromagnetically shielded and the latter are usually oil filled
and gapped. Three-phase gapped iron core reactors look in appearance similar to a
three-phase three-limb core transformer. However, reactors have only one winding
on each limb. The function of the gaps in the core is to lower the flux density so
that under high current conditions, the core barely enters into saturation and the
reactor’s impedance remains substantially constant. In practice a decrease in the
impedance from the rated current value by a few percent is typical. Magnetically
shielded coreless reactors use shields to surround the windings in order to pro-
vide a return path for the winding flux. However, saturation and hence impedance
reduction can still occur. In the electromagnetically shielded coreless reactor, the
impedance remains virtually constant but with an increase in reactor cost.

Shunt reactors are widely used in power networks at various voltage levels for
controlling and limiting transient and steady state voltages. Shunt reactors are
cost-effective and robust reactive compensation devices used in absorbing surplus
reactive power supply in cable systems where they may be switched in and out
of service with the cable itself by the cable circuit-breakers. Many aspects of
their design are similar to those of three-limb series reactors except that at higher
voltages, many shunt reactors are star connected with their neutral point either
solidly or impedance earthed.

Shunt capacitors are usually mechanically switched, i.e. by circuit-breakers and
are very cost-effective reactive compensation devices that are extensively used in
transmission and lower voltage power networks. They provide a source of reactive
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power supply and help to improve network voltage stability, voltage levels and
power factors. Shunt capacitors can be star connected with the neutral isolated or
solidly earthed, or delta connected, depending on the nominal system voltage.

Series capacitors are also widely used in transmission and distribution networks.
In distribution, they are mainly used to improve the voltage profile of heavily loaded
feeders. In transmission, they are mainly used to increase network power transfer
capabilities by improving generator and network transient stability, damping of
power oscillations, network voltage stability or load sharing on parallel circuits.

4.4.2 Modelling of series reactors
In a three-limb design of a three-phase series reactor, the winding around each
limb represents one phase and the flux in any phase does not link that in the other
two phases. Therefore, there is practically little or no mutual inductive coupling
between the phases of the reactor. In addition, the phase windings are practically
identical by design. A three-phase equivalent circuit is shown in Figure 4.40 where
Z = R + jX is the leakage impedance per phase. The series phase voltage drop is
given by ⎡

⎣VR − V ′
R

VY − V ′
Y

VB − V ′
B

⎤
⎦ =

⎡
⎣�VR

�VY

�VB

⎤
⎦ =

⎡
⎣Z 0 0

0 Z 0
0 0 Z

⎤
⎦
⎡
⎣IR

IY

IB

⎤
⎦ (4.60a)

and its inverse is given by⎡
⎣IR

IY

IB

⎤
⎦ =

⎡
⎣1/Z 0 0

0 1/Z 0
0 0 1/Z

⎤
⎦
⎡
⎣�VR

�VY

�VB

⎤
⎦ (4.60b)

or in the sequence component reference frame expressed in terms of phase R,⎡
⎢⎢⎣

IP
R

IN
R

IZ
R

⎤
⎥⎥⎦ =

⎡
⎢⎣

1/Z 0 0

0 1/Z 0

0 0 1/Z

⎤
⎥⎦
⎡
⎢⎢⎣

�VP
R

�VN
R

�VZ
R

⎤
⎥⎥⎦ (4.60c)

Therefore, the PPS, NPS and ZPS admittances are all self-terms, as the phase
admittances, and all are equal to 1/Z .

VB

VY

VR

V�B

V�Y

V�R

IB

IY

IR
Z

Z

Z

Figure 4.40 Equivalent circuit of a 3-limb core series reactor
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Figure 4.41 Series reactor with a vertically stacked three-phase windings

For some designs, the three-phase windings of the reactor are vertically stacked
on top of each other as illustrated in Figure 4.41.

In such arrangement, the flux in one phase can link with the other phases and
mutual inductive coupling between the three phases can therefore exist with the
middle phase seeing more linked flux than the outer phases. This means that whilst
the self-impedances are equal, the mutual impedance between the outer phases and
that between the adjacent phases are not equal. Therefore, from Figure 4.41, we
define the following:

ZRR = ZYY = ZBB = ZS ZRY = ZYR = ZYB = ZBY = ZM1

ZRB = ZBR = ZM2

Therefore, the series phase impedance matrix is written as

ZRYB =
⎡
⎣ ZS ZM1 ZM2

ZM1 ZS ZM1

ZM2 ZM1 ZS

⎤
⎦ (4.61a)

The series sequence impedance matrix can be easily calculated using ZPNZ =
H−1ZRYBH, where H is the transformation matrix.

Thus,

ZPNZ = 1

3

⎡
⎢⎣3ZS − (ZM2 + 2ZM1) 2h2(ZM2 − ZM1) −h(ZM2 − ZM1)

2h(ZM2 − ZM1) 3ZS − (ZM2 + 2ZM1) −h2(ZM2 − ZM1)

−h2(ZM2 − ZM1) −h(ZM2 − ZM1) 3ZS + 2(ZM2 + 2ZM1)

⎤
⎥⎦

(4.61b)

This sequence impedance matrix is full and is not symmetric, i.e. it shows unequal
intersequence mutual coupling, which as discussed in Chapter 2, eliminates the
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fundamental advantage of using the sequence component reference frame. How-
ever, in practice, for many vertical reactor designs, the vertical insulators between
the phases are deliberately chosen to be sufficiently long so that the mutual cou-
pling between the adjacent phases is quite small. In such cases, two practical
options exist. The simplest, which is the one mostly used, is to ignore the small
mutual coupling and set ZM1 = ZM2 = 0 so that the sequence impedance matrix
reduces to

ZPNZ = ZRYB =
⎡
⎣ZS 0 0

0 ZS 0
0 0 ZS

⎤
⎦ (4.61c)

The second option, where the mutual impedances are known, is to set them to a
mean value ZM(mean) = (ZM1 + ZM2)/2. In this case, the series phase impedance
matrix of Equation (4.16a) becomes

ZRYB =
⎡
⎣ ZS ZM(mean) ZM(mean)

ZM(mean) ZS ZM(mean)

ZM(mean) ZM(mean) ZS

⎤
⎦ (4.61d)

The corresponding series sequence impedance matrix is given by

ZPNZ =
⎡
⎣ZS − ZM(mean) 0 0

0 ZS − ZM(mean) 0
0 0 ZS + 2ZM(mean)

⎤
⎦ (4.61e)

The PPS and NPS impedances are equal to ZS − ZM(mean) and the ZPS impedance
is equal to ZS + 2ZM(mean). The series sequence admittance matrix is given by

YPNZ =

⎡
⎢⎢⎢⎢⎢⎢⎣

1

ZS − ZM(mean)
0 0

0
1

ZS − ZM(mean)
0

0 0
1

ZS + 2ZM(mean)

⎤
⎥⎥⎥⎥⎥⎥⎦ (4.61f)

4.4.3 Modelling of shunt reactors and capacitors
In three-phase shunt reactors, there is practically negligible mutual coupling
between the phases. Three-phase shunt reactors and capacitors depicted in
Figure 4.42 are each represented as three identical shunt susceptances. The resistive
part of the shunt reactor is normally neglected since, by design, these are required to
have very high X/R ratios in the order of 100–200 to minimise active power losses.
The internal series resistance of shunt capacitors is negligibly small. The phase
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Figure 4.42 Star-connected three-phase shunt reactors and capacitors: (a) three-phase shunt reactor
and (b) three-phase shunt capacitor

and sequence admittance matrix of a shunt reactor or shunt capacitor is given by

YRYB = YPNZ =
⎡
⎣Y 0 0

0 Y 0
0 0 Y

⎤
⎦ (4.62a)

where

Y = −jB for a shunt reactor

and

Y = jB for a shunt capacitor

The PPS, NPS and ZPS susceptances are equal. The magnitude of the susceptance
is derived from the three-phase rated MVAr data of the reactor or capacitor as
follows:

B(S) = SRating (MVAr)

V2
LL(kV)

(4.62b)

The pu susceptance is given by

B(pu) =
SRating (MVAr)

V2
LL(kV)

SBase (MVA)

V2
LL(kV)

or

B(%) = SRating (MVAr)

SBase (MVA)
× 100 (4.62c)

For example, the susceptance of a 150 MVAr shunt reactor or capacitor in per cent
on a 100 MVA base is equal to 150%.

Figure 4.43 shows two typical shunt capacitors used in 132 kV and 400 kV
power systems.
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(a)

(b)

Figure 4.43 (a) 60 MVAr 132 kV Mechanically Switched Capacitor (MSC) and (b) 400 kV 225 MVAr MSC
(with an RLC damping network)
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V � Zno varistor TG � Forced triggered spark gap
T � Thyristor valves  CB � Circuit-breaker 
                                            G � Spark gap

Figure 4.44 Typical series capacitor schemes: (a) basic spark gap scheme, (b) modern scheme with
varistor and triggered spark gap, (c) modern scheme with varistor but no spark gap and (d) modern
thyristor controlled scheme with varistor

4.4.4 Modelling of series capacitors

Types of series capacitor schemes

There are several three-phase series capacitor scheme designs in use in power
systems, four of which are depicted in Figure 4.44.

General modelling aspects of series capacitors

The modelling of series capacitor schemes in power flow analysis is straight-
forward because the magnitude of current flowing through the capacitor would
be within its appropriate rated design value. These rated values include not only
the highest continuous current, but also the highest short-term overload value per-
mitted and the highest permitted value under power oscillation conditions. The
capacitors are therefore represented as three identical series reactances and the
ohmic value of the reactance is known from the rated data. The resistive part of
the series capacitor is negligibly small. Therefore, the sequence and phase
admittance matrix of a three-phase series capacitor is given by

YPNZ = YRYB =
⎡
⎣Y 0 0

0 Y 0
0 0 Y

⎤
⎦ (4.63)
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where

Y = j
1

XC

The PPS, NPS and ZPS admittances are equal.
However, for short-circuit analysis, the modelling of series capacitors is not

straightforward and requires knowledge of the capacitor protection scheme and
capacitor design ratings. It is worth noting that IEC 60909-0:2001 short-circuit
analysis standard states that the effect of series capacitors can be neglected in
the calculation of short-circuit currents if they are equipped with voltage-limiting
devices in parallel acting if a short-circuit occurs. However, as we will see later,
this approach is generally inappropriate for varistor protected series capacitors and
could result in significant underestimates in the magnitude of short-circuit currents.

Modelling of series capacitors for short-circuit analysis

Old series capacitor schemes were protected by spark gaps against a short-circuit
fault that can cause a large capacitor current to flow and a substantial increase in
the voltage across the capacitor. The flashover across the spark gap bypasses the
series capacitor and the bypass circuit-breaker is immediately closed to extinguish
the gap.

In modern series capacitor installations, non-linear resistors are used and these
are called metal (usually zinc) oxide varistors (MOVs) known as ZnO. MOVs are
used to provide the overvoltage protection mainly against external short-circuit
faults, i.e. external to the series capacitor and its line zone. For internal faults,
within the series capacitor protected line zone, a forced triggered spark gap can
operate typically within 1 ms to limit the energy absorption duty on the varistors.
This is then followed by closure of the circuit-breaker to extinguish the gap and
hence the capacitor is completely bypassed and removed from the circuit.

The modelling and analysis of varistor protected series capacitors under exter-
nal or remote short-circuit fault conditions is quite complex. However, we will
briefly and qualitatively describe the operation of the modern varistor protected
capacitor schemes under external through-fault conditions that result in varistor
operation only. As the instantaneous short-circuit current flowing through the
capacitor increases, so will the voltage across the capacitor or varistor until this
voltage reaches a preset threshold where the varistor starts conducting current in
order to keep the voltage across the capacitor constant. This applies under both
positive and negative polarity current conditions so that for the first part of each
half cycle, the current flows through the capacitor only but for the other part of the
half cycle, the current switches to the varistor. The behaviour of the varistor and
series capacitor combination is repeated every half cycle during the fault period
whenever the voltage across the capacitor/varistor exceeds the preset capacitor pro-
tection level. Using Figure 4.45(a), the behaviour of the series capacitor/varistor
parallel combination under a through fault condition is analysed using an electro-
magnetic transient analysis program. The voltage across the capacitor/varistor and
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Figure 4.45 Behaviour of a series capacitor/varistor combination under external through-fault conditions:
(a) generic circuit; (b) capacitor voltage; (c) capacitor current; (d) varistor current; and (e) fault current

the currents through the capacitor and varistor are shown in Figure 4.45(b)–(d),
respectively. The fault current is shown in Figure 4.45(e) curve (ii).

Curve (i) of Figure 4.43(e) shows the fault current that would flow through
the capacitor if there were no varistor to protect it. Clearly, the conduction of
the MOV causes an effective reduction in the fault current magnitude. The extent
of reduction is dependent on the electrical proximity of the fault location to the
capacitor/varistor location. In addition, curve (iii) of Figure 4.45(e) shows the fault
current if the capacitor is assumed to be permanently bypassed. This generic study
illustrates that in general, both ignoring the presence of the varistor or assuming the
capacitor is permanently bypassed during the fault period can result in a large error
in the fault current magnitude. The former can result in an overestimate whereas
the latter can result in an underestimate.

The modelling and analysis of short-circuit faults in large-scale power sys-
tems is based on the assumption that all power system plant are linear or can be
approximated as piece-wise linear. The varistor is, however, a highly non-linear
resistor that cannot be directly included in standard quasi-steady state short-circuit
modelling and analysis simulations. Figure 4.46 shows a typical voltage/current
characteristic of a varistor which presents an almost infinite resistance below the
threshold conduction voltage then a very low resistance above it.

The impedance presented by the combined capacitor reactance and varistor
resistance over a half cycle is dependent on the total current flowing through
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Figure 4.46 Typical varistor non-linear current–voltage characteristic
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Figure 4.47 Varistor-protected three-phase series capacitor and equivalent circuit: (a) three-phase
representation and (b) equivalent circuit model

their parallel combination. The capacitor current or voltage protection threshold
is known because the capacitor reactance is a known design parameter. Therefore,
below this threshold, the equivalent impedance of the parallel capacitor/varistor
combination is the capacitor reactance in parallel with a very high resistance or
alternatively, a very low resistance (practically zero) in series with the capacitor
reactance. When a current higher than the threshold flows through the capacitor,
the varistor will conduct current for most of the half cycle so that the combination
will appear as a low resistance in parallel with the capacitor reactance or, alter-
natively, a higher resistance than zero in series with a much reduced capacitor
reactance. The higher the current is, the more resistive the equivalent impedance
becomes reflecting the increased short-circuiting of the capacitor by the varistor.
Therefore, the capacitor/varistor parallel combination can be approximated as a
resistance and a capacitance in series with both being functions of the total cur-
rent flowing through them. Figure 4.47(a) shows a three-phase representation of
a series capacitor protected by a varistor. Figure 4.47(b) shows the corresponding
equivalent circuit where the equivalent series impedance is a function of the total
current flowing through the parallel capacitor/varistor combination.
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Denoting the capacitor current protective threshold as Ithr, the equivalent series
impedance for each phase is given by

ZEq(I) =
{−jXC if I < Ithr

REq(I) − jXEq(I) if I ≥ Ithr
(4.64)

where XC is the capacitor reactance when all current flows through it, i.e. its
nominal design value, I is the total current flowing through the capacitor/varistor
parallel combination and Ithr is a known design threshold parameter. The mathe-
matical functions that describe REq(I) and XEq(I) as functions of I when I ≥ Ithr

can be calculated from the known design data or parameters of the series capacitor
and varistor. Figure 4.48 illustrates typical equivalent impedance characteristics.

The series phase admittance matrix of the three-phase series capacitor/varistor
device is given by

ZRYB =
⎡
⎢⎣ZR

Eq(I) 0 0
0 ZY

Eq(I) 0
0 0 ZB

Eq(I)

⎤
⎥⎦ (4.65)

Prior to the short-circuit fault or when the current is less than Ithr, the equivalent
phase admittances are balanced and equal. This will also be the case under balanced
three-phase short-circuit faults. However, under unbalanced short-circuit faults,
they are generally unequal depending on the fault type. Therefore, the sequence
admittance matrix of Equation (4.65) is given by

P N Z

ZPNZ =
P
N
Z

⎡
⎣ ZS ZM1 ZM2

ZM2 ZS ZM1

ZM1 ZM2 ZS

⎤
⎦ (4.66a)

where

ZS = 1

3
[ZR

Eq(I) + ZY
Eq(I) + ZB

Eq(I)]

ZM1 = 1

3
[ZR

Eq(I) + h2ZY
Eq(I) + hZB

Eq(I)]

ZM2 = 1

3
[ZR

Eq(I) + hZY
Eq(I) + h2ZB

Eq(I)] (4.66b)

XC

XEq(I)

REq(I)

Figure 4.48 Typical equivalent impedance of a series capacitor/varistor combination under external
through-fault conditions
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Equation (4.66a) shows the presence of unequal intersequence mutual coupling
which should be taken into account if significant errors are to be avoided.

Because fixed impedance short-circuit analysis techniques are linear, Equa-
tion (4.64) may be implemented in an iterative linear calculation process. The
fault currents flowing in the network and the series capacitors are initially cal-
culated without varistor action, the capacitor current is then used to calculate a
new value for the series capacitor equivalent impedance using Equation (4.64).
The new impedance is then used to calculate new fault currents in the net-
work and the series capacitor. The final solution would be arrived at when there
is a little change in the last two equivalent impedances or capacitor currents
calculated.

In power system networks with modern varistor protected series capacitor instal-
lations, the operation of the varistor when the capacitor current exceeds Ithr cannot
be ignored if very large and unacceptable errors (overestimates) in the calculated
short-circuit currents in the network are to be avoided. Also, if these series capac-
itors are not included in the network model at all, i.e. assumed to be completely
bypassed under short-circuit faults, as per IEC 60909, then this could result in
significant underestimates in the magnitude of short-circuit currents.

4.5 Sequence modelling of static variable
compensators

4.5.1 Background
Static variable compensators, with one typical arrangement shown in
Figure 4.49(a), are shunt connected devices used in transmission, subtransmission,
distribution and industrial power systems to provide fast acting dynamic reactive
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Figure 4.49 Typical static variable compensator (one-line diagram): (a) one-line diagram, (b) PPS/NPS
equivalent circuit and (c) ZPS equivalent circuit
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power and voltage control. The reactive power is usually provided by various
combinations of fixed capacitors, thyristor switched capacitors and thyristor con-
trolled reactors. These are usually connected at low voltage levels of typically
5–15 kV. Therefore, normally, a star–delta transformer is used to connect these
reactive elements to the high voltage power network. Figure 4.50 shows a 400 kV
Static Variable Compensator (SVC) rates at −75 to 150 MVAr.

4.5.2 PPS, NPS and ZPS modelling
The PPS and NPS equivalent circuits of a static variable compensator are identical
and consist of the compensator transformer in series with the inductive and/or
capacitive susceptance of the reactive elements. The admittance is calculated from
Figure 4.49(b) using S = P + jQ = VI∗, I = YV and P = 0. Thus, the PPS and NPS
admittance is given by

YP = YN = −jQ

|V |2 (4.67)

where Q is the reactive power output and V is the voltage at the LV side of the
compensator transformer. Both Q and V are known from an initial load flow study.

In the ZPS network, the compensator is represented by its transformer leakage
impedance only as shown in Figure 4.49(c).

Figure 4.50 400 kV −75/150 MVAr Static Variable Compensator (SVC)
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4.6 Sequence modelling of static power
system load

4.6.1 Background
The term power system load does not have an agreed and clear meaning in academia
or industry and in practice, it can be interpreted to mean many different things by
practising engineers. Much research and development has been carried out to define
the term load as well as its parameters and characteristics for use in short-term
power flow and transient stability studies. However, to my knowledge, the load
has received little attention in large-scale network short-circuit analysis. A primary
reason for this is that it has been a general practice to ignore the presence of load and
calculate the short-circuit current changes in the network due to the short-circuit
faults only. This is the case of IEC 60909 and American IEEE C 37.010 standards
as will be discussed in Chapter 7. However, as we will see later, the pressures
in recent years for increased accuracy and precision in short-circuit calculations
resulted in the introduction of new techniques that require the inclusion of the load
in the analysis.

It is straightforward to include a model of load equipment in the analysis where
this equipment is clearly identifiable because its electrical characteristics would
generally be known. For example, a heating load, lighting load or induction motor
load, the latter will be covered in detail in Chapter 5, can easily be modelled if one
knew how much there is of each component. Nearly all the load components in
an industrial power system or a power station auxiliary system would be known.
However, in distribution, subtransmission and transmission system short-circuit
analysis, the load in MW and MVAr at any given time is that supplied at a major
grid supply substation, e.g. 132 kV substation, or a major bulk supply substation,
e.g. 33 kV. This load therefore consists of thousands or tens of thousands of com-
ponents of different types and characteristics and such composition is generally
unknown to the network company. The load will contain static components, i.e.
those that do not provide a short-circuit contribution to a fault in the host network
such as a fixed impedance load. Importantly, from a short-circuit analysis view-
point, the load will contain a numerous number of single-phase induction motors,
three-phase induction motors and embedded large or small scale three-phase syn-
chronous generators all of which will feed a short-circuit current to a fault in the
host network. In addition, these load components will be separated from the grid
and bulk supply substations by distribution networks. Therefore, the general loads
seen at these substations for modelling in large-scale analysis will consist of dis-
tribution networks as well as passive and active, i.e. machine, components. Better
precision short-circuit analysis should model the contribution of rotating plant,
i.e. motors and generators, forming part of the general load at each substation in
the network. The sequence modelling of rotating machines is covered in detail in
Chapter 5 but we will now restrict our attention to static or passive load as seen
from major load supply substations.
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4.6.2 PPS, NPS and ZPS modelling
The PPS and NPS model of a passive load supplied radially at a substation that
includes the load components and the intervening distribution network can be
generally represented as a shunt admittance to earth as follows:

Yp = YN = P − jQ

|V |2 (4.68)

where P and Q is the load supplied in pu MW and pu MVAr and V is the voltage
at the substation just before the occurrence of the short-circuit fault, in pu.

The ZPS model of a passive load can be substantially different from the PPS/NPS
model. Generally, this model is determined by the presence of low ZPS impedance
paths for the flow of ZPS currents such as those provided by star–delta transformers.
The ZPS model is therefore the minimum ZPS impedance seen from the supplied
substation looking down into the distribution network topology and equipment
characteristics including transformer winding connections.

4.7 Three-phase modelling of static power plant
and load in the phase frame of reference

4.7.1 Background
In Chapter 6, we describe a short-circuit analysis technique in large-scale power
systems in the phase frame of reference. This type of analysis requires the use
of three-phase models for power plant and load rather than PPS, NPS and ZPS
models. Three-phase models are presented in this section.

4.7.2 Three-phase modelling of reactors
and capacitors

The three-phase series impedance and admittance matrix models for series reactors
are given in Equations (4.60a) and (4.60b), respectively. Where interphase mutual
coupling exists, the series phase impedance matrices given in Equations (4.61a)
and (4.61d) apply for unequal and equal interphase couplings, respectively. The
corresponding phase admittance matrices are given by

YRYB = 1

ZS(ZS + ZM2) − 2Z2
M1

⎡
⎢⎢⎢⎢⎢⎣

Z2
S − Z2

M1

ZS − ZM2
−ZM1

−(ZSZM2 − Z2
M1)

ZS − ZM2

−ZM1 ZS + ZM2 −ZM1

−(ZSZM2 − Z2
M1)

ZS − ZM2
−ZM1

Z2
S − Z2

M1

ZS − ZM2

⎤
⎥⎥⎥⎥⎥⎦

(4.69a)
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in the case of unequal interphase mutual coupling, and

YRYB = 1

ZS(ZS + ZM) − 2Z2
M

⎡
⎣ZS + ZM −ZM −ZM

−ZM ZS + ZM −ZM

−ZM −ZM ZS + ZM

⎤
⎦ (4.69b)

in the case of equal interphase mutual coupling, i.e. ZM1 = ZM2 = ZM.
The three-phase shunt admittance matrix of shunt reactors and capacitors

was given in Equation (4.62a). For modern varistor protected series capaci-
tors, the current-dependent three-phase series impedance matrix was given in
Equation (4.65). The corresponding series phase admittance matrix is given by

YRYB =
⎡
⎢⎣1/ZR

Eq(I) 0 0
0 1/ZY

Eq(I) 0
0 0 1/ZB

Eq(I)

⎤
⎥⎦ (4.70)

4.7.3 Three-phase modelling of transformers

General

The sequence modelling of single-phase and three-phase transformers of vari-
ous winding connections was extensively covered in Section 4.2. In three-phase
steady state analysis in the phase frame of reference, three-phase models are
required. For the purpose of steady state e.g. short-circuit analysis, it is suffi-
cient to model the transformer as a set of mutually coupled windings with a linear
magnetising reactance. We will not provide a similar extensive coverage to that
in Section 4.2 but will instead present the basic modelling technique of a single-
phase two-winding transformer, three-phase transformer banks and a three-limb
core three-phase transformer. For the three-phase transformer, only a star–delta
winding connection is considered. The principles provide the reader with the infor-
mation and methodology required to develop a three-phase model for a transformer
of any winding connection.

Single-phase two-winding transformers

Figure 4.51(a) illustrates a single-phase two-winding transformer represented as a
set of two mutually coupled windings where: Z11(Y11) is winding 1 self-impedance
(admittance) and Y11 = 1/Z11; Z22(Y22) is winding 2 self-impedance (admittance)
and Y22 = 1/Z22; Z12 = Z21(Y12 = Y21) is mutual impedance (admittance) between
windings 1 and 2 and Y12 = 1/Z12; ZHL(YHL) is leakage impedance (admittance)
of windings 1 and 2 and YHL = 1/ZHL.

From Figure 4.51(a), we can write[
V1

V2

]
=
[
Z11 Z12

Z12 Z22

][
I1

I2

]
(4.71)

From Equation (4.71), the self-impedance Z11 of winding 1 and the mutual
impedance Z12 between the two windings are obtained from the results of an
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Z12

ZH � Z11 � Z12 ZL � Z22 � Z12
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Figure 4.51 Single-phase two-winding transformer: (a) two mutually coupled windings and (b) equiva-
lent circuit

open-circuit test with winding 1 supplied and winding 2 open-circuited and are
given by

Z11 = V1

I1

∣∣∣∣
I2=0

and Z12 = V2

I1

∣∣∣∣
I2=0

(4.72a)

From Equation (4.72a), the mutual impedance can be expressed as

Z12 = Z11
V2

V1
(4.72b)

where V1/V2 is the transformer no-load voltage ratio.
Similarly, the self-impedance Z22 of winding 2 and the mutual impedance Z12

between the two windings can be obtained from the results of an open-circuit test
with winding 2 supplied and winding 1 open-circuited. Thus

Z22 = V2

I2

∣∣∣∣
I1=0

and Z12 = V1

I2

∣∣∣∣
I1=0

(4.73a)

From Equation (4.73a), the mutual impedance can be expressed as

Z12 = Z22
V1

V2
(4.73b)

From Equations (4.72b) and (4.73b), we have

Z11 = Z22
V2

1

V2
2

(4.74)

The leakage impedance ZHL between the two windings is obtained from the results
of a short-circuit test with winding 1 supplied and winding 2 short-circuited. Thus

ZHL = V1

I1

∣∣∣∣
V2=0

(4.75a)



Three-phase modelling of static power plant and load in the phase frame 289

Using Equation (4.75a) in Equation (4.71), the leakage impedance ZHL can be
expressed in terms of the windings self and mutual impedances as follows:

ZHL = Z11 − Z2
12

Z22
(4.75b)

Having obtained all four elements of the impedance matrix of Equation (4.71), it
is more convenient to use the corresponding admittance matrix given by[

I1

I2

]
=
[
Y11 Y12

Y12 Y22

][
V1

V2

]
(4.76a)

where

Y11 = Z22

Z11Z22 − Z2
12

Y12 = −Z12

Z11Z22 − Z2
12

Y22 = Z11

Z11Z22 − Z2
12

(4.76b)

Using Equations (4.73b), (4.74) and (4.75b) in Equations (4.76b), we obtain

Y11 = YHL Y12 = −V1

V2
YHL Y22 = V2

1

V2
2

YHL YHL = 1

ZHL
(4.77a)

and

[
I1

I2

]
=

⎡
⎢⎢⎣

YHL −V1

V2
YHL

−V1

V2
YHL

V2
1

V2
2

YHL

⎤
⎥⎥⎦
[
V1

V2

]
(4.77b)

In the derivation of the above impedance and admittance matrices, we note that, in
practice, the only data most likely available are the measured short-circuit leakage
impedance and no-load current. The derivation is illustrated using an example.

Example 4.8 Consider a 239 MVA 231 kV/21.5 kV single-phase two-winding
transformer having a leakage reactance of 15% and a no-load current
of 0.5% whether measured from the high or low voltage sides. Thus,
Z11 = Z22 = 1/0.005 = 200 pu. Equation (4.71) can be represented by the equiv-
alent circuit of Figure 4.51(b) where the self-impedance of a winding is
defined as the sum of its leakage impedance and the mutual impedance,
i.e. in per-unit, Z11 = Z22 = ZH + Z12 = ZL + Z12 giving ZH = ZL. Since
ZH = ZL  Z12, the short-circuit leakage impedance is given by ZHL = ZH + ZL

giving ZH = ZL = 0.075 pu. Ignoring the magnetising losses and the resis-
tive part of the leakage impedance, the mutual reactance is equal to
jX12 = j200 − j0.075 = j199.925 pu. Therefore, the impedance and admittance
matrices, in pu, are given by

Zpu = j

[
200 199.925

199.925 200

]
and Ypu = j

[−6.6679169 6.6654164
6.6654164 −6.6679169

]
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The difference between the self and mutual reactances is the very small value
of 1/2 the leakage reactance. This results in very small differences between the
self and mutual susceptances and necessitates calculations to at least six or
seven decimal places if the important leakage reactance is not to be lost. The
corresponding reactance and susceptance matrices in � are given by

Z� = j

⎡
⎢⎢⎢⎣

200 × 2312

239
199.925 × 231 × 21.5

239

199.925 × 231 × 21.5

239
200 × 21.52

239

⎤
⎥⎥⎥⎦

= j

[
44653.5565 4154.5084
4154.5084 386.82

]
�

YS = j

⎡
⎢⎢⎣

−6.6679169 × 239

2312
6.6654164 × 239

231 × 21.5

6.6654164 × 239

231 × 21.5
−6.6679169 × 239

21.52

⎤
⎥⎥⎦

= j

[
−0.029865 0.320756

0.320756 −3.44755

]
S

The admittance matrix could also be calculated using Equation (4.77b).
The leakage impedance referred to the HV side is equal to ZHL = j0.15 ×
2312

239 = j33.490 � giving YHL = −j0.02986 S. The elements of the admittance
matrix of Equation (4.77b) are calculated using Equation (4.77a).

The above approach can easily be extended to single-phase three-winding
transformers where the dimension of the admittance matrix of Equation (4.76a)
becomes 3 × 3. Obviously, we now have three self admittances, three mutual
admittances and three short-circuit leakage admittances. This is a simple exer-
cise in algebra left for the reader to derive the admittance equations following
a similar method to the two-winding case.

Three-phase banks two-winding transformers
(no interphase mutual couplings)

Consider a large two-winding star–delta transformer constructed as three single-
phase banks as shown in Figure 4.52.

In such an arrangement, there is negligible or no interphase coupling between
the three phases. Using the admittance matrix given in Equation (4.76a) for each
phase and Figure 4.52, the admittance matrix equation that relates the winding
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Figure 4.52 Three single-phase banks two-winding star–delta transformer

currents and voltages for the three-phases is given by⎡
⎢⎢⎢⎢⎢⎢⎣

I1

I2

I3

I4

I5

I6

⎤
⎥⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎣

Y11 0 0 Y14 0 0
0 Y22 0 0 Y25 0
0 0 Y33 0 0 Y36

Y14 0 0 Y44 0 0
0 Y25 0 0 Y55 0
0 0 Y36 0 0 Y66

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

V1

V2

V3

V4

V5

V6

⎤
⎥⎥⎥⎥⎥⎥⎦ (4.78a)

or

IWinding = YWindingVWinding (4.78b)

Equation (4.78b) applies to a two set of three-phase windings irrespective of the
type of winding connection. Thus, for our star–delta transformer, the three-phase
nodal admittance matrix that relates the nodal currents and voltages can be derived
from the relationship between the winding currents and voltages, and the nodal
currents and voltages. With all nodal voltages being with respect to the refer-
ence earth, the relationship between the winding and nodal voltages is found by
inspection from Figure 4.52 as follows:⎡

⎢⎢⎢⎢⎢⎢⎣

V1

V2

V3

V4

V5

V6

⎤
⎥⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

0 0 0 1 −1 0
0 0 0 0 1 −1
0 0 0 −1 0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

VR

VY

VB

Vr

Vy

Vb

⎤
⎥⎥⎥⎥⎥⎥⎦ or VWinding = CVNode

(4.79a)
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where C is defined as the connection matrix. Similarly, the relationship between
the nodal and winding currents is found by inspection from Figure 4.52 and is
given by⎡
⎢⎢⎢⎢⎢⎢⎣

IR

IY

IB

Ir

Iy

Ib

⎤
⎥⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 −1
0 0 0 −1 1 0
0 0 0 0 −1 1

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

I1

I2

I3

I4

I5

I6

⎤
⎥⎥⎥⎥⎥⎥⎦ or INode = CtIWinding (4.79b)

Using Equations (4.79a) and (4.79b) in Equation (4.78b), we obtain

INode = YNodeVNode (4.80a)

where

YNode = CtYWindingC (4.80b)

Denoting the star-connected winding as H and the delta-connected winding as L,
Equation (4.80a) can be written in partitioned form as follows:[

IH(node)

IL(node)

]
=
[
YHH YHL

Yt
HL YLL

][
VH(node)

VL(node)

]
(4.81a)

Using Equation (4.77a), it can be shown that the self and mutual admittance
matrices of Equation (4.81a) are given by

YHH =
⎡
⎣YHL14 0 0

0 YHL25 0
0 0 YHL36

⎤
⎦ YHL =

⎡
⎢⎢⎢⎢⎢⎢⎣

−V1

V4
YHL14

V1

V4
YHL14 0

0 −V2

V5
YHL25

V2

V5
YHL25

V3

V6
YHL36 0 −V3

V6
YHL36

⎤
⎥⎥⎥⎥⎥⎥⎦

YLL =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

V2
1

V2
4

YHL14 + V2
3

V2
6

YHL36 −V2
1

V2
4

YHL14 −V2
3

V2
6

YHL36

−V2
1

V2
4

YHL14
V2

1

V2
4

YHL14 + V2
2

V2
5

YHL25
V2

2

V2
5

YHL25

−V2
3

V2
6

YHL36 −V2
2

V2
5

YHL25
V2

2

V2
5

YHL25 + V2
3

V2
6

YHL36

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4.81b)

where YHL14 = 1/ZHL14 and so on.
In the per-unit system with both the star and delta voltages equal to one per unit,

the effective turns ratio on the delta side is V4
V1

= V5
V2

= V6
V3

= √
3. If the three phases
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of the transformer are considered identical, i.e. having identical leakage admit-
tances that is YHL14 = YHL25 = YHL36 = YHL = 1

ZHL
, then using Equation (4.81),

Equation (4.80b) becomes

YNode =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

YHL 0 0 −YHL√
3

YHL√
3

0

0 YHL 0 0 −YHL√
3

YHL√
3

0 0 YHL
YHL√

3
0 −YHL√

3

−YHL√
3

0
YHL√

3

2YHL

3
−YHL

3
−YHL

3
YHL√

3
−YHL√

3
0 −YHL

3

2YHL

3
−YHL

3

0
YHL√

3
−YHL√

3
−YHL

3
−YHL

3

2YHL

3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4.82)

To allow for the effect of off-nominal tap ratio, e.g. on the star side, then accord-
ing to Equation (4.13a), the terms of the self admittance YHH should be divided
by t2

HL whereas the terms of the mutual admittances YHL and Yt
HL should be

divided by tHL.
The reader is encouraged to show that the nodal admittance matrix of a two-

winding star–star transformer with both neutrals solidly earthed and no interphase
mutual couplings has the form as the winding admittance given in Equation (4.78a).
Using these principles, the reader can easily obtain the nodal admittance matrix
for any winding connections of a three-phase banks of transformers.

Three-phase common-core two-winding transformers
(with interphase mutual couplings)

For three-phase 3-limb, 5-limb or shell-type core transformers, interphase mutual
couplings exist and these are generally asymmetrical, as can be expected from
Figures 4.28–4.30, between the outer-limb phases and the phases connected to
adjacent limbs. However, in practice, little or no information is available on these
asymmetrical coupling affects. Standard transformer test certificates include the
normally measured parameters, i.e. the PPS and ZPS impedances and the magnetis-
ing current from which the magnetising impedance is calculated. Since the PPS and
ZPS impedances are generally different, this implies that equal interphase mutual
couplings exist in the three-phase admittance matrix. The asymmetrical inter-
phase coupling effects may also be indirectly averaged out by their short-circuit
measurement procedures as described in Section 4.2.10. Figure 4.53 illustrates
a common-core star–delta transformer where each phase winding is coupled to
all other phase windings and where windings 1 and 4, 2 and 5, and 3 and 6,
are wound on the same limb. With the assumption of full flux symmetry, we
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Figure 4.53 Common-core three-phase star–delta transformer with symmetrical interphase coupling

obtain a 6 × 6 winding admittance matrix that consists of four 3 × 3 symmetrical
submatrices. The corresponding nodal admittance matrix can be obtained using
Equation (4.80b).

However, since in nearly all practical situations only sequence and magnetising
impedances are available, we will present a different technique for the formulation
of the transformer three-phase model. The technique is based on using the known
PPS and ZPS leakage impedances, ignoring the magnetising impedances for now.
To illustrate the technique, we consider the star–delta transformer of Figure 4.53
with a tap-changer on the star side. In Figure 4.53, phase R of the star winding
is assumed symmetrically coupled with phases Y and B of the star winding on
different limbs, with phase ‘ry’ on the delta winding on the same limb, and with
phases ‘rb’ and ‘by’ on the delta winding on different limbs. Similar symmetri-
cal couplings are assumed for other phases. The PPS and NPS equivalent circuits
are shown in Figure 4.8(a) and (b). The ZPS equivalent circuit is shown in Fig-
ure 4.12(g) with ZE = 0. Equation (4.13a) corresponds to Figure 4.8(c) where the
transformer winding phase shift of 30◦ for Yd1 and −30◦ for Yd11 connections
was neglected. In the derivation to follow, we denote the star side as H and the delta
side as L. Therefore, denoting the phase shift as φ and letting all impedances be
expressed in pu, it can be shown that the PPS and NPS nodal admittance matrices
of Figures 4.8(a) and (b) are given by

[
IP
H

IP
L

]
=

⎡
⎢⎢⎢⎣

1

t2
HLZP

LH

− ejφ

tHLZP
LH

− e−jφ

tHLZP
LH

1

ZP
LH

⎤
⎥⎥⎥⎦
[

VP
H

VP
L

]
(4.83a)
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[
IN
H

IN
L

]
=

⎡
⎢⎢⎢⎣

1

t2
HLZP

LH

− e−jφ

tHLZP
LH

− ejφ

tHLZP
LH

1

ZP
LH

⎤
⎥⎥⎥⎦
[

VN
H

VN
L

]
(4.83b)

and the ZPS nodal admittance matrix of Figure 4.12(g) with ZE = 0 is
given by

[
IZ
H

IZ
L

]
=
⎡
⎢⎣

1

t2
HLZZ

LH

0

0 0

⎤
⎥⎦
[

VZ
H

VZ
L

]
(4.83c)

Equations (4.83a), (4.83b) and (4.83c) can be assembled to obtain the transformer
sequence admittance matrix, including sequence current and voltage vectors, as
follows:

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

IP
H

IN
H

IZ
H

IP
L

IN
L

IZ
L

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

t2
HLZP

LH

0 0 − ejφ

tHLZP
LH

0 0

0
1

t2
HLZP

LH

0 0 − e−jφ

tHLZP
LH

0

0 0
1

t2
HLZZ

LH

0 0 0

− e−jφ

tHLZP
LH

0 0
1

ZP
LH

0 0

0 − ejφ

tHLZP
LH

0 0
1

ZP
LH

0

0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

VP
H

VN
H

VZ
H

VP
L

VN
L

VZ
L

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4.84a)

or [
IPNZ

H(node)

IPNZ
L(node)

]
=
[

YPNZ
HH YPNZ

HL

YPNZ
LH YPNZ

LL

][
VPNZ

H(node)

VPNZ
L(node)

]
(4.84b)

It should be noted that YPNZ
LH = (YPNZ

HL )
∗
. The phase admittance matrix is obtained

using the sequence to phase transformation matrix H noting that in pu, the effective
delta winding turns ratio is

√
3. Thus

[
IRYB

H(node)

Iryb
L(node)

]
=
[

YRYB
HH Yphase

HL

Yphase
LH Yryb

LL

][
VRYB

H(node)

Vryb
L(node)

]
(4.85a)
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where

IRYB
H(node) = [IR

H IY
H IB

H]
t VRYB

H(node) = [VR
H VY

H VB
H]

t

Iryb
L(node) = [Ir

L Iy
L Ib

L]
t

Vryb
L(node) = [Vr

L Vy
L Vb

L]
t

YRYB
HH = HYPNZ

HH H−1 Yryb
LL = 3HYPNZ

LL H−1 (4.85b)

Yphase
HL = √

3HYPNZ
HL H−1 Yphase

LH = √
3HYPNZ

LH H−1 (4.85c)

Therefore, using Equations (4.84) in Equations (4.85b) and (4.85c), the self
(H and L windings) and mutual (H–L and L–H windings) phase admittance
matrices are given by

YRYB
HH = 1

3t2
HL

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1

ZZ
LH

+ 2

ZP
LH

1

ZZ
LH

− 1

ZP
LH

1

ZZ
LH

− 1

ZP
LH

1

ZZ
LH

− 1

ZP
LH

1

ZZ
LH

+ 2

ZP
LH

1

ZZ
LH

− 1

ZP
LH

1

ZZ
LH

− 1

ZP
LH

1

ZZ
LH

− 1

ZP
LH

1

ZZ
LH

+ 2

ZP
LH

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(4.86a)

Yryb
LL = 3HYPNZ

LL H−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

2

ZP
LH

−1

ZP
LH

−1

ZP
LH

−1

ZP
LH

2

ZP
LH

−1

ZP
LH

−1

ZP
LH

−1

ZP
LH

2

ZP
LH

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(4.86b)

Yphase
HL = √

3
2

3tHLZP
LH

⎡
⎣ −cos φ −cos(φ + 2π/3) −cos(φ − 2π/3)
−cos(φ − 2π/3) −cos φ −cos(φ + 2π/3)
−cos(φ + 2π/3) −cos(φ − 2π/3) −cos φ

⎤
⎦

(4.87a)

and

Yphase
LH = (Yphase

HL )
t

(4.87b)

It should be noted that for star–star and delta–delta connected two-winding trans-
formers, φ = 0 or φ = 180◦. However, for the Yd1 transformer of Figure (4.53),
φ = 30◦ and the mutual phase admittance matrices become

Yphase
HL = 1

tHLZP
LH

⎡
⎣−1 1 0

0 −1 1
1 0 −1

⎤
⎦ and Yphase

LH = 1

tHLZP
LH

⎡
⎣−1 0 1

1 −1 0
0 1 −1

⎤
⎦

(4.87c)
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The transformer PPS magnetising impedance is generally available from the open-
circuit test. The ZPS magnetising impedance may also be available from a direct
test for some transformers. Alternatively, where it is not available, it can be
estimated from the measured PPS and ZPS leakage impedances as discussed in
Section 4.2.9. Where no measured ZPS leakage impedance is available, the mag-
netising impedance and the ZPS leakage impedance may be estimated as discussed
in Section 4.2.9. The PPS magnetising impedance is so high in comparison with
the PPS leakage impedance that it may be connected on the high voltage side of the
transformer with practically negligible error. The ZPS magnetising impedance is
also better and more correctly connected nearer the high voltage side of the trans-
former because the LV winding is wound nearer the core but the HV winding is
wound on the outside over the LV winding. Therefore, the effect of this connection
is to modify the sequence admittance matrix YPNZ

HH and the corresponding phase
admittance matrix YRYB

HH to

YPNZ
HH =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1

t2
HLZP

LH

+ 1

ZP
M

0 0

0
1

t2
HLZP

LH

+ 1

ZP
M

0

0 0
1

t2
HLZZ

LH

+ 1

ZZ
M

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(4.88a)

YRYB
HH = 1

3

⎡
⎣YZ + 2YP YZ − YP YZ − YP

YZ − YP YZ + 2YP YZ − YP

YZ − YP YZ − YP YZ + 2YP

⎤
⎦ (4.88b)

where

YP = 1

t2
HLZP

LH

+ 1

ZP
M

, YZ = 1

t2
HLZZ

LH

+ 1

ZZ
M

(4.88c)

and ZP
M and ZZ

M are the PPS and ZPS magnetising impedances, respectively.
Three-phase models for other transformer winding connections including three-

winding transformers that result in a 9 × 9 nodal phase admittance matrix can be
derived using a similar technique.

4.7.4 Three-phase modelling of QBs and PSs
In some special analysis, both the shunt and series transformers of QBs and PSs
need to be explicitly modelled as three-phase devices. However, for most steady
state e.g. unbalanced short-circuit analysis on the external network to which these
equipment are connected, the two transformers may be combined into the same
single model. Similar to a three-phase transformer with symmetrical interphase
mutual couplings, we will make use of the PPS and ZPS impedances and equiv-
alent circuits of the combined transformers to derive the three-phase admittance
matrix that relates the input and output phase currents and voltages. Therefore,
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using Figures 4.37(a), 4.39(a) and (b) as well as the sequence admittance Equa-
tions (4.56a), (4.57a) and (4.57b), the nodal sequence admittance matrix including
sequence current and voltage vectors is given by⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

IP
i

IN
i

IZ
i

IP
o

IN
o

IZ
o

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∣∣∣NP
∣∣∣2YP

e 0 0 −(N
P
)
∗
YP

e 0 0

0
∣∣∣NN

∣∣∣2YP
e 0 0 −(N

N
)
∗
YP

e 0

0 0 YZ
i 0 0 −YZ

m

−N
P
YP

e 0 0 YP
e 0 0

0 −N
N

YP
e 0 0 YP

e 0
0 0 −YZ

m 0 0 YZ
o

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

VP
i

VN
i

VZ
i

VP
o

VN
o

VZ
o

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4.89a)
or [

IPNZ
i

IPNZ
o

]
=
[

YPNZ
ii YPNZ

io

YPNZ
oi YPNZ

oo

][
VPNZ

i

VPNZ
o

]
= YPNZ

[
VPNZ

i

VPNZ
o

]
(4.89b)

where N
P

and N
N

are the PPS and NPS complex turns ratios and (N
P
)
∗

and

(N
N

)
∗

are their conjugates. N
P

is given in Equations (4.54b) and (4.55b) for a

QB and a PS, respectively and N
N

is given in Equation (4.57a). Therefore, using
YRYB = HYPNZ H−1 it can be shown that the nodal phase admittance matrix is
given by [

IRYB
i

IRYB
o

]
=
[

YRYB
ii YRYB

io

YRYB
oi YRYB

oo

][
VRYB

i

VRYB
o

]
(4.90a)

where

YRYB
ii = 1

3

⎡
⎣a b b

b a b
b b a

⎤
⎦ (4.90b)

a =
{

YZ
i + 2(1 + tan2φ)YP

e for a QB

YZ
i + 2YP

e for a PS
(4.90c)

b =
{

YZ
i − (1 + tan2φ)YP

e for a QB

YZ
i − YP

e for a PS
(4.90d)

and

YRYB
oo = 1

3

⎡
⎢⎣

YZ
o + 2YP

e YZ
o − YP

e YZ
o − YP

e

YZ
o − YP

e YZ
o + 2YP

e YZ
o − YP

e

YZ
o − YP

e YZ
o − YP

e YZ
o + 2YP

e

⎤
⎥⎦ (4.91)
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for both QBs and PSs. And

YRYB
io = 1

3

⎡
⎣ x y z

z x y
y z x

⎤
⎦ (4.92a)

where

x =
{

−(YZ
m + 2YP

e ) for a QB

−(YZ
m + 2 cos φYP

e ) for a PS
(4.92b)

y =
{

−[YZ
m + (

√
3 tan φ − 1)YP

e ] for a QB

−[YZ
m + 2 cos(φ − 2π/3)YP

e ] for a PS
(4.92c)

z =
{

−[YZ
m − (1 + √

3 tan φ)YP
e ] for a QB

−[YZ
m + 2 cos(φ + 2π/3)YP

e ] for a PS
(4.92d)

The reader should easily find that YRYB
oi = (YRYB

io )
t
.

4.7.5 Three-phase modelling of static load
Static three-phase load was represented by equal PPS and NPS impedances or
admittances as given by Equation (4.68) and a ZPS impedance or admittance as
described in Section 4.6.2. The sequence admittance matrix of the load is given by

P N Z

YPNZ
L =

P
N
Z

⎡
⎣YP

L 0 0
0 YP

L 0
0 0 YZ

L

⎤
⎦ (4.93a)

The corresponding three-phase admittance matrix is calculated using YRYB
L =

HYPNZ
L H−1 giving the following balanced three-phase admittance matrix

YRYB
L = 1

3

⎡
⎢⎣

YZ
L + 2YP

L YZ
L − YP

L YZ
L − YP

L

YZ
L − YP

L YZ
L + 2YP

L YZ
L − YP

L

YZ
L − YP

L YZ
L − YP

L YZ
L + 2YP

L

⎤
⎥⎦ (4.93b)

In the special case where the ZPS admittance YZ
L is equal to the PPS admittance

YP
L , then the load can be represented as three shunt admittances as follows:

YRYB
L =

⎡
⎣YP

L 0 0
0 YP

L 0
0 0 YP

L

⎤
⎦ (4.93c)
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5

Modelling of ac rotating
machines

5.1 General

The short-circuit performance of ac rotating machines in power systems is of fun-
damental importance in the analysis of short-circuit currents and hence the safety
of people and reliability of power systems. The modelling of rotating machines
presents, in general, one of the most complex problems in the analysis of power
systems. Fortunately, however, the required modelling detail of rotating machines
depends on the type of study to be undertaken. In practice, different models are
developed and used for load flow, short circuit, dynamic or electromechanical
analysis and three-phase electromagnetic transient analysis, etc. The eventual aim
of this chapter is to present the modelling of rotating machines in the sequence
frame of reference for use in short-circuit analysis of power systems. However,
in order to obtain an insight into the behaviour of rotating machines during tran-
sient fault conditions, the well-known machine model in the dq0 axis reference
frame will be briefly presented and the machine models in the sequence frame
of reference will then be derived. The presentation of the machine model in the
dq0 reference is important since it provides an understanding of the meaning and
origin of machine parameters, such as the machine d and q axes reactances and
time constants, that can affect the short-circuit fault current.

Until the end of the twentieth century, almost all of the world’s electric power
supply was virtually produced by synchronous generators. With emerging concerns
over climate change and the need for reduced CO2 emissions, renewable energy,
particularly using energy, is now becoming a main stream source of electric energy.
Wind turbines utilising a range of novel non-synchronous generators are being used
as a major new energy source in Western Europe (Denmark, Germany, Spain, UK,
Holland, Ireland, etc.), North America (the US and Canada) and Asia (India and
Japan). Wind farms that consist of tens to hundreds of wind turbine generators
with individual turbine sizes of up to 5 MW are being built and turbine sizes in
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excess of 6 MW are under development and field testing. In addition to traditional
synchronous and induction machines, short-circuit modelling of these new and
emerging machines including those that utilise power electronics converters will
also be described. The reader is expected to have a basic understanding of the
theory of ac rotating machines.

5.2 Overview of synchronous machine modelling
in the phase frame of reference

A brief overview of synchronous machine modelling in the phase frame of refer-
ence is presented. This model is a prerequisite to the derivation of the dq0 machine
model as well as to the process of transformations from one reference to the
other. The basic structure of a salient two-pole three-phase synchronous machine
is shown in Figure 5.1(a) and a schematic is shown in Figure 5.1(b) illustrating
stator and rotor circuits. The machine comprises three windings, r, y, b on the stator
displaced by 120◦; a field winding f that carries the direct current (dc) excitation
and a short-circuited damper winding k on the rotor. The rotor can be cylindri-
cal or salient pole in construction with the former mainly used in steam power
plant and confined to two or four poles turbo-machines. Salient-pole machines are
mainly used in hydro plant and low speed plant in general, and can have more than
100 poles. From the basic theory of magnetic coupling between circuits, the self
and mutual inductances between stator and rotor circuits are defined as shown in
Figure 5.1(b).

The damper winding is represented as two short-circuited windings; one in the
same magnetic axis as the field winding f on the d-axis and termed kd and the other
is a winding in an axis that is 90◦ ahead of the field axis and termed kq. We include
one damper winding on the q-axis in our model. Figure 5.1(b) illustrates the field
and damper windings on the rotor with respect to the d and q axes. The flux linkages
in all six windings namely stator phases r, y and b, field winding f, damper windings
k on d and q axes, using the generator convention, i.e. stator currents flowing out
of the machine, are written in terms of self and mutual inductances as follows:[

ψryb

ψ(fd)(kd)(kq)

]
=
[

Lss(θ) Lsr(θ)
Lrs(θ) Lrr

][ −iryb

i(fd)(kd)(kq)

]
(5.1)

where

r y bLss(θ)

=

r

y

b

⎡
⎢⎢⎢⎢⎢⎣

Lss + LM cos 2θ
−Lms

2
+ LM cos(2θ − 2π/3)

−Lms

2
+ LM cos(2θ + 2π/3)

−Lms

2
+ LM cos(2θ − 2π/3) Lss + LM cos(2θ + 2π/3)

−Lms

2
+ LM cos 2θ

−Lms

2
+ LM cos(2θ + 2π/3)

−Lms

2
+ LM cos 2θ Lss + LM cos(2θ − 2π/3)

⎤
⎥⎥⎥⎥⎥⎦

(5.2a)
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Figure 5.1 Three-phase salient-pole synchronous machine: (a) cross section and (b) illustration of stator
and rotor circuits including mutual coupling

f kd kq

Lsr(θ) =
r

y

b

⎡
⎢⎣ Lrfd cos θ Lrkd cos θ Lrkq sin θ

Lrfd cos(θ − 2π/3) Lrkd cos(θ − 2π/3) Lrkq sin(θ − 2π/3)

Lrfd cos(θ + 2π/3) Lrkd cos(θ + 2π/3) Lrkq cos(θ + 2π/3)

⎤
⎥⎦

(5.2b)
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f kd kq

Lrr =
f

kd
kq

⎡
⎣ Lffd Lfkd 0

Lkdf Lkkd 0
0 0 Lkkq

⎤
⎦ Lrs(θ) = (Lsr(θ))T Lss = Lσ + Lms (5.2c)

Lσ is stator leakage inductance and Lms is stator magnetising inductance. The
expressions LM cos[ f (θ)] in Equation (5.2a) represent the fluctuating part of the
stator self and mutual inductances caused by the magnetically unsymmetrical struc-
ture of the rotor of a salient-pole machine. For a symmetrical round rotor machine,
LM = 0. The subscripts rfd, rkd and rkq in Equation (5.2b) denote mutual induc-
tances between stator winding phase r, and rotor field, d-axis damper and q-axis
damper windings, respectively.

The zeros in the rotor inductance matrix Lrr represent the fact that there is no
magnetic coupling between the d and q axes because they are orthogonal, i.e.
displaced by 90◦. If the machine were a static device such as a transformer, then
all inductances in Equation (5.1) would be constant. However, as can be seen in
Figure 5.1(b), because of the rotation of the rotor, the self-inductances of the stator
winding and the mutual inductances between the stator and the rotor windings vary
with rotor angular position. This is defined as θ = ωrt, where ωr is rotor angular
velocity, and is the angle by which the d-axis leads the magnetic axis of phase r
winding in the direction of rotation.

The stator and rotor voltage relations, i.e. for all six windings are given by⎡
⎢⎢⎢⎢⎢⎣

er
ey
eb
efd
0
0

⎤
⎥⎥⎥⎥⎥⎦ = d

dt

⎡
⎢⎢⎢⎢⎢⎣

ψr
ψy
ψb
ψfd
ψkd
ψkq

⎤
⎥⎥⎥⎥⎥⎦+

⎡
⎢⎢⎢⎢⎢⎣

−Rair
−Raiy
−Raib
Rfdifd
Rkdikd
Rkqikq

⎤
⎥⎥⎥⎥⎥⎦ (5.3)

The zeros on the left-hand side of Equation (5.3) represent the short-circuited
damper windings. The inductances of Equation (5.2) show that the flux linkages
of Equation (5.1), and also the voltages of Equation (5.3) are non-linear functions of
rotor angle positions. Generally, with the exception of studies of three-phase elec-
tromagnetic transients and sub-synchronous resonance analysis, this modelling is
rather unwieldy and impractical for use in large-scale multi-machine short circuit,
load flow or electromechanical stability analysis.

5.3 Synchronous machine modelling in the
dq0 frame of reference

5.3.1 Transformation from phase ryb to dq0 frame of
reference

The inductances of Equations (5.2a) and (5.2b) are time varying through their
dependence on rotor angle position. Thus, the flux linkages are also functions of



Synchronous machine modelling in the dq0 frame of reference 305

rotor angle position as given by Equation (5.1). Using Equation (5.2) in Equa-
tion (5.1), the rotor d and q axes damper winding flux linkages are given by

ψkd = Lfkdifd + Lkkdikd − Lrkd[ir cos θ + iy cos(θ − 2π/3) + ib cos(θ + 2π/3)]

(5.4a)

ψkq = Lkkqikq + Lrkq[ir sin θ + iy sin(θ − 2π/3) + ib sin(θ + 2π/3)] (5.4b)

Equations (5.4a) and (5.4b) show a pattern involving the stator currents and rotor
position. The outcome is new currents which can be expressed as follows:

id = 2

3

[
ir cos θ + iy cos(θ − 2π/3) + ib cos(θ + 2π/3)

]
(5.5a)

iq = −2

3

[
ir sin θ + iy sin(θ − 2π/3) + ib sin(θ + 2π/3)

]
(5.5b)

It can be shown that the constant multiplier in Equation (5.5) is arbitrary and the
choice of 2/3 results in the peak value of id being equal to the peak value of the
stator current. A third variable can be conveniently defined as the zero sequence
current which is i0 = 1

3 (ir + iy + ib). Therefore, the transformation from the stator
ryb reference frame to the dq0 reference frame, written using stator currents, is
given as

iryb = M(θ)idq0 (5.6a)

and

idq0 = M−1(θ)iryb (5.6b)

where

M(θ) =
⎡
⎣ cos θ − sin θ 1

cos(θ − 2π/3) − sin(θ − 2π/3) 1
cos(θ + 2π/3) − sin(θ + 2π/3) 1

⎤
⎦ (5.7a)

and

M−1(θ) = 2

3

⎡
⎢⎣

cos θ cos(θ − 2π/3) cos(θ + 2π/3)
− sin θ − sin(θ − 2π/3) − sin(θ + 2π/3)

1

2

1

2

1

2

⎤
⎥⎦ (5.7b)

iryb =
⎡
⎣ir

iy
ib

⎤
⎦ idq0 =

⎡
⎣id

iq
i0

⎤
⎦ (5.7c)

The transformation matrix M−1(θ) allows us to transform quantities from the
ryb reference frame to the dq0 reference frame, and vice versa using matrix
M(θ). This transformation method with the frame of reference fixed on the rotor
applies to the stator fluxes, voltages and currents, and is generally known as Park’s
transformation.
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This transformation process produces a new set of variables associated with
two fictitious d and q stator windings that rotate with the rotor such that the stator
inductances become constants as seen from the rotor during steady state operation.

Therefore, applying the transformation matrices of Equations (5.6a) and (5.6b)
to Equation (5.1), and after much matrix and trigonometric analysis, we obtain⎡

⎢⎢⎢⎢⎢⎢⎢⎣

ψd

ψq

ψ0

ψfd

ψkd

ψkq

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Ld 0 0 Lrfd Lrkd 0
0 Lq 0 0 0 Lrkq

0 0 L0 0 0 0
1.5Lrfd 0 0 Lffd Lfkd 0

1.5Lrkd 0 0 Lfkd Lkkd 0
0 1.5Lrkq 0 0 0 Lkkq

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−id
−iq
−i0
ifd

ikd

ikq

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(5.8a)

where

Ld = Lσ + 3

2
(Lms + LM) Lq = Lσ + 3

2
(Lms − LM) L0 = Lσ (5.8b)

Similarly, we apply the transformation matrices of Equations (5.6a) and (5.6b) to
the stator voltages of Equation (5.3) and note that the matrix M(θ) is derivable
because its elements are functions of time through the rotor angular position.
Therefore, after much trigonometric analysis, we obtain

⎡
⎣ed

eq

e0

⎤
⎦ = d

dt

⎡
⎣ψd

ψq

ψ0

⎤
⎦+

⎡
⎢⎢⎢⎣

−ψq
dθ

dt

ψd
dθ

dt
0

⎤
⎥⎥⎥⎦−

⎡
⎣Ra 0 0

0 Ra 0
0 0 Ra

⎤
⎦
⎡
⎣id

iq
i0

⎤
⎦ (5.9)

5.3.2 Machine dq0 equations in per unit
The equations derived so far are in physical units. However, the analysis is greatly
simplified by if they are converted into a per-unit form. Several per-unit systems
have been proposed in the literature but we will use the equations that correspond
to the system known as the Lad base reciprocal per-unit system. In this system,
the pu mutual inductances among the three-stator field and damper windings are
reciprocal and all mutual inductances between the stator and, field and damper
windings, in the d and q axes are equal thus

Lrfd (pu) = Lfdr (pu) = Lrkd (pu) = Lkdr (pu) = Lad (pu)

Lrkq (pu) = Lkqr (pu) = Laq (pu) and Lfkd (pu) = Lkdf (pu)

where

Ld (pu) = Lσ (pu) + Lad (pu)

Lq (pu) = Lσ (pu) + Laq (pu) (5.10)
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Dropping the explicit pu notation for convenience, it can be shown that Equations
(5.8a) and (5.9) can be written in pu form as follows:⎡

⎢⎢⎢⎢⎢⎢⎢⎣

ψd

ψq

ψ0

ψfd

ψkd

ψkq

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Ld 0 0 Lad Lad 0
0 Lq 0 0 0 Laq

0 0 L0 0 0 0
Lad 0 0 Lffd Lfkd 0

Lad 0 0 Lfkd Lkkd 0
0 Laq 0 0 0 Lkkq

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−id
−iq
−i0
ifd

ikd

ikq

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(5.11a)

and ⎡
⎢⎢⎢⎢⎢⎢⎣

ed

eq

e0

efd

0
0

⎤
⎥⎥⎥⎥⎥⎥⎦ = d

dt

⎡
⎢⎢⎢⎢⎢⎢⎣

ψd

ψq

ψ0

ψfd

ψkd

ψkq

⎤
⎥⎥⎥⎥⎥⎥⎦+

⎡
⎢⎢⎢⎢⎢⎢⎣

−ωrψq

ωrψd

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎦+

⎡
⎢⎢⎢⎢⎢⎢⎣

−Raid
−Raiq
−Rai0
Rfdifd

Rkdikd

Rkqikq

⎤
⎥⎥⎥⎥⎥⎥⎦ (5.11b)

In this pu system, we note that time is also in pu where tBase = 1/ωBase =
1/(2πfBase) with ωBase = 314.159 rad/s for a 50 Hz system. Also, since any reac-
tance, e.g. Xd(�) = ωLd = 2πfLd and XBase (�) = ωBaseLBase = 2πfBaseLBase, it
follows that if the stator frequency is equal to the base frequency, i.e. f = fBase, then

Xd(pu) = Xd(�)

XBase(�)
= 2πf Ld

2πfBaseLBase
= Ld(pu)

that is the pu values of Xd and Ld are equal. It is interesting to note that pu Equations
(5.11a) and (5.11b) retain the same form as the physical ones, but the factor 1.5 has
been eliminated from the rotor flux equations. Equations (5.11a) can be substituted
in Equation (5.11b) and the result can be visualised using the simplified d and q
axes equivalent circuits shown in Figure 5.2.

where

Xfd = Xffd − Xad Xkd = Xkkd − Xad Xkq = Xkkq − Xaq

Xfkd = Xad Xd = Xσ + Xad Xq = Xσ + Xaq (5.12)

efd

Rfd

Xfd

Rkd

Xkd
Xad

X
X

dt
dCd

ikd � ifd
�id

ifd ikd

id

�

� �

(a) (b)

Rkq

Xkq

Xaq

iq

ikq � iq ikq

dt

�

dCq

Figure 5.2 Synchronous machine d and q axes equivalent circuits: (a) d-axis and (b) q-axis
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Figure 5.2(a) shows that the machine’s d-axis equivalent circuit, ignoring stator
resistance, consists of a field winding resistance and reactance in series with a
voltage source efd , a damper winding resistance and reactance, a mutual reactance
and a stator leakage reactance. Figure 5.2(b) shows the q-axis machine equivalent
circuit. This is similar to that of the d-axis except that there is no field winding on
the q-axis.

5.3.3 Machine operator reactance analysis
In order to gain an understanding of the origins of the various machine parameters,
e.g. subtransient and transient reactances and time constants, we will use the
method of operator d and q axes reactances for its simplicity and the clear insight
it provides.

q-axis operator reactance

We will take the Laplace transform of the stator and rotor flux linkages of Equation
(5.11a) remembering that Laplace [ d

dt f (t)] = sf (s) − f (0) and s = jω. Also, we
replace the inductance symbol L by the symbol X for reactance since pu inductance
and pu reactance are equal. It is also convenient to express the variables in terms
of changes about the initial operating point in order to remove the terms that
correspond to the initial condition that is �f (s) = f (s) − f (0)/s. Thus

�ψq(s) = −Xq�iq(s) + Xaq�ikq(s) (5.13a)

and

�ψkq(s) = −Xaq�iq(s) + Xkkq�ikq(s) (5.13b)

Taking the Laplace transform of the q-axis damper voltage equation, last row of
Equation (5.11b), and rearranging, we obtain

�ψkq(s) = −Rkq

s
�ikq(s) (5.14a)

Substituting Equation (5.14a) into Equation (5.13b) and rearranging, we obtain

�ikq(s) = sXaq

Rkq + sXkkq
�iq(s) (5.14b)

Substituting Equation (5.14b) into Equation (5.13a) and rearranging, we obtain

�ψq(s) = −
(

Xq − sX2
aq

Rkq + sXkkq

)
�iq(s)

or

�ψq(s) = −Xq(s)�iq(s) (5.15a)
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where the q-axis operator reactance is defined as Xq(s) and is given by

Xq(s) = Xq − sX2
aq

Rkq + sXkkq
(5.15b)

d-axis operator reactance

Taking the Laplace transform of the first, fourth and fifth rows of Equation (5.11a),

⎡
⎣�ψd(s)

�ψfd(s)
�ψkd(s)

⎤
⎦ =

⎡
⎣ Xd Xad Xad

Xad Xffd Xad

Xad Xad Xkkd

⎤
⎦
⎡
⎣−�id(s)

�ifd(s)
�ikd(s)

⎤
⎦ (5.16a)

Also, taking the Laplace transform of the fourth and fifth rows of Equation (5.11b),

[
�efd(s)

0

]
=
[

s�ψfd(s)
s�ψkd(s)

]
+
[

Rfd 0
0 Rkd

][
�ifd(s)
�ikd(s)

]
(5.16b)

By substituting �ψfd(s) and �ψkd(s) from Equation (5.16a) into Equation (5.16b),
we solve for �ifd(s) and �ikd(s) in terms of �efd(s) and �id(s). We then substitute
this result back into Equation (5.16a), and use Equation (5.12), we obtain, after
some algebra

�ψd(s) = −Xd(s)�id(s) + Gd(s)�efd(s) (5.17a)

�ifd(s) = −sGd(s)�id(s) + Fd(s)�efd(s) (5.17b)

where the d-axis operator reactance Xd(s) is given by

Xd(s) = Xd − X2
ad(Rfd + Rkd)s + X2

ad(Xfd + Xkd)s2

A(s)
(5.18a)

also

Gd(s) = Xad(Rkd + sXkd)

A(s)
(5.18b)

Fd(s) = Rkd + sXkd

A(s)
(5.19a)

and

A(s) = RfdRkd + (RfdXkkd + RkdXffd)s + (XkkdXffd − X2
ad)s2 (5.19b)
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5.3.4 Machine parameters: subtransient and
transient reactances and time constants

q-axis parameters

Using Equation (5.12), we can rewrite the q-axis operator reactance of Equation
(5.15b) as follows:

Xq(s) = Xq − sX2
aq

Rkq + sXkkq
= Xq −

s
X2

aq

Rkq

1 + s Xkkq

Rkq

=
Xq +

(
Xq − X2

aq

Xkkq

)
Xkkq

Rkq
s

1 + s Xkkq

Rkq

or

Xq(s) = Xq
1 + sT ′′

q

1 + sT ′′
qo

(5.20a)

where

T ′′
qo = Xkq + Xaq

ωsRkq
s (5.20b)

and

T ′′
q = 1

ωsRkq

(
Xkq + 1

1
Xaq

+ 1
Xσ

)
s (5.20c)

are the q-axis open-circuit and short-circuit subtransient time constants. We note
that we divided these time constants by ωs to convert from pu to seconds.

These time constants could also be derived by inspection from Figure 5.3(a). In
the case of the open-circuit time constant, the equivalent reactance seen looking
from the q-axis damper winding with the machine terminals open-circuited is Xkq

in series with Xaq. This is then divided by the q-axis damper winding resistance
Rkq to obtain the time constant. In the case of the short-circuit time constant,
the equivalent reactance seen looking from the q-axis damper winding with the
machine terminals short-circuited is Xkq in series with the parallel combination of
Xaq and Xσ. This is then divided by the q-axis damper winding resistance Rkq to
obtain the time constant.

The effective machine q-axis reactance at the instant of an external disturbance is
defined as the subtransient reactance X ′′

q . Using Equation (5.20a), this is given by

X ′′
q = lim

s→∞Xq(s) = Xq
T ′′

q

T ′′
qo

and T ′′
q = X ′′

q

Xq
T ′′

qo (5.21a)

Substituting Equations (5.20b) and (5.20c) into Equation (5.21a) and using
Equation (5.12), we obtain after some algebra

X ′′
q = Xσ + 1

1
Xaq

+ 1
Xkq

(5.21b)

Again, the above q-axis subtransient reactance could be derived by inspection from
Figure 5.3(a) with Rkq = 0 because the rotor flux linkages cannot change instantly
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Figure 5.3 Machine parameters from its equivalent circuits: (a) q-axis: subtransient and steady state
equivalent circuits and (b) d-axis: subtransient, transient and steady state equivalent circuits

following a disturbance. This is equivalent to looking into the machine from its
q-axis terminals. This shows Xσ is in series with the parallel combination of Xaq

and Xkq.
In the absence of a disturbance or under steady state conditions, the effec-

tive machine q-axis reactance is defined as the synchronous reactance Xq. Using
Equation (5.20a)

Xq(0) = lim
s→0

Xq(s) = Xq = Xσ + Xaq (5.21c)
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It should be noted that using the q-axis operator reactance of Equation (5.20a), no
q-axis transient time constant or transient reactance are defined and the latter can be
assumed equal to the steady state value. This is due to our use of one q-axis damper
winding on the q-axis as shown in Figure 5.2(b). This representation is accurate
for laminated salient-pole machines and still reasonably accurate for a round rotor
machine is sometimes that represented as two parallel damper winding circuits on
the q-axis. In the latter case, the second may sometimes be used to represent the
body of the solid rotor.

The q-axis operator reactance of Equation (5.20a) can be expressed in terms of
partial fractions as follows:

1

Xq(s)
= 1 + sT ′′

qo

Xq(1 + sT ′′
q )

= 1

Xq
+
(

1

X ′′
q

− 1

Xq

)
sT ′′

q

(1 + sT ′′
q )

(5.21d)

d-axis parameters

Following extensive algebraic manipulations, we can show that Equation (5.18a)
can be written in the following form:

Xd(s) = Xd
1 + (T4 + T5)s + (T4T6)s2

1 + (T1 + T2)s + (T1T3)s2
(5.22a)

where

T1 = Xad + Xfd

ωsRfd
T2 = Xad + Xkd

ωsRkd

T3 = 1

ωsRkd

(
Xkd + 1

1
Xad

+ 1
Xfd

)
T4 = 1

ωsRfd

(
Xfd + 1

1
Xad

+ 1
Xσ

)

T5 = 1

ωsRkd

(
Xkd + 1

1
Xad

+ 1
Xσ

)
T6 = 1

ωsRkd

(
Xkd + 1

1
Xσ

+ 1
Xad

+ 1
Xfd

)

(5.22b)

The numerator and denominator of Equation (5.22a) can be expressed in terms of
factors as follows:

Xd(s) = Xd
(1 + sT ′

d)(1 + sT ′′
d )

(1 + sT ′
do)(1 + sT ′′

do)
(5.23a)

where

T ′
do and T ′′

do are the transient and subtransient open-circuit time constants
T ′

d and T ′′
d are the transient and subtransient short-circuit time constants

Accurate expressions for the machine open-circuit and short-circuit time constants
can be derived by equating the numerator of Equation (5.22a) with that of Equation
(5.23a), and similarly for the denominators. However, such a procedure would
involve the solutions of quadratic equations and the values of the open-circuit and
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short-circuit time constants would result in rather involved expressions in terms of
the time constants of Equation (5.22b). Reasonable approximations can be made on
the basis that the field winding resistance is much smaller than the damper winding
resistance. This means that T2 (and T3)  T1 and T5 (and T6)  T4. Therefore,
Equation (5.22a) can be written as

Xd(s) ∼= Xd
(1 + sT4)(1 + sT6)

(1 + sT1)(1 + sT3)
(5.23b)

Therefore, from Equations (5.23a) and (5.23b), we have

T ′
do = T1 T ′′

do = T3 T ′
d = T4 T ′′

d = T6 (5.23c)

The effective machine d-axis reactance at the instant of an external disturbance is
defined as the subtransient reactance X ′′

d . Using Equation (5.23a), this is given by

X ′′
d = lim

s→∞Xd(s) = Xd
T ′

d

T ′
do

T ′′
d

T ′′
do

(5.24a)

This can also be expressed in terms of the internal machine d-axis parameters
using Equations (5.22b) and (5.23c), hence

X ′′
d = Xσ + 1

1
Xad

+ 1
Xfd

+ 1
Xkd

(5.24b)

The d-axis operator reactance after the decay of the currents in the damper wind-
ing following an external disturbance can be represented by setting Xkd = 0 and
Rkd → ∞ in Equation (5.23b) and making use of Equation (5.23c). The result is
given by

Xd(s) = Xd
1 + sT ′

d

1 + sT ′
do

(5.25a)

Equation (5.25a) in fact also represents the case of a machine with only a field
winding on the rotor but no damper winding. The effective machine d-axis reac-
tance at the beginning of a disturbance is now defined as the transient reactance
X ′

d . Using Equation (5.25a), this is given by

X ′
d = lim

s→∞Xd(s) = Xd
T ′

d

T ′
do

(5.25b)

This can also be expressed in terms of the internal machine d-axis parameters
using Equations (5.22b) and (5.23c), hence

X ′
d = Xσ + 1

1
Xad

+ 1
Xfd

(5.25c)

From Equations (5.24a) and (5.25b), the following useful expression can be
obtained

X ′′
d = X ′

d

T ′′
d

T ′′
do

also T ′′
d = X ′′

d

X ′
d

T ′′
do (5.26a)
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In the absence of a disturbance or under steady state conditions, the effective
machine d-axis reactance is defined as the synchronous reactance Xd . Using
Equations (5.23a) or (5.25a)

Xd(0) = lim
s→0

Xd(s) = Xd = Xσ + Xad (5.26b)

Again, the d-axis subtransient and transient time constants and reactances as well
as the steady state reactance can be calculated by inspection from Figure 5.3(b).

The d-axis operator reactance of Equation (5.23a) can be rewritten as follows:

1

Xd(s)
= 1

Xd

(1 + sT ′
do)(1 + sT ′′

do)

(1 + sT ′
d)(1 + sT ′′

d )
= T ′

doT ′′
do

XdT ′
dT ′′

d

(s + 1/T ′
do)(s + 1/T ′′

do)

(s + 1/T ′
d)(s + 1/T ′′

d )

This expression can be approximated to a sum of three partial fractions assuming
that T ′′

d and T ′′
do are small compared with T ′

d and T ′
do. The result is given by

1

Xd(s)
= 1

Xd
+
(

1

X ′
d

− 1

Xd

)
sT ′

d(
1 + sT ′

d

) +
(

1

X ′′
d

− 1

X ′
d

)
sT ′′

d(
1 + sT ′′

d

) (5.27)

Equation (5.27) describes the machine reactance variation in the s domain as given
in both IEC and IEEE standards for synchronous machines.

5.4 Synchronous machine behaviour under
short-circuit faults and modelling in the
sequence reference frame

Having established the machine d and q axes operator reactances, we are now able
to proceed with analysing the behaviour of the machine under sudden network
changes such as the occurrence of balanced and unbalanced short-circuit faults.
Our objective is to understand the nature of short-circuit currents of synchronous
machines and in order to do so, it is important to understand the meaning of positive
phase sequence (PPS), negative phase sequence (NPS) and zero phase sequence
(ZPS) machine impedances.

5.4.1 Synchronous machine sequence
equivalent circuits

In Section 5.3, we defined the machine reactances and time constants in the dq0 ref-
erence frame. In short-circuit analysis, the machine PPS, NPS and ZPS machines
models or equivalent circuits need to be defined as well as the sequence reactances.
The three-phase synchronous generator is designed to produce a set of balanced
three-phase voltages having the same magnitude and displaced by 120◦. As we
have already seen in Chapter 2, the transformation of these balanced three-phase
voltages into the sequence reference frame produces a PPS voltage source in the
PPS network but zero voltages in the NPS and ZPS networks. The stator windings
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Figure 5.4 Synchronous machine: (a) PPS, (b) NPS and (c) ZPS equivalent circuits

of the machine are usually star connected and the neutral is usually earthed through
an appropriate impedance. The earthing is usually used to limit the machine cur-
rent under a single-phase short-circuit terminal fault to the rated current of the
machine. We designate the machine PPS, NPS and ZPS reactances as XP, XN and
XZ, respectively. The machine PPS, NPS and ZPS equivalent circuits are shown
in Figure 5.4 with the sequence quantities being those that correspond to phase r.
As expected, the neutral earthing impedance appears only in the ZPS equivalent
circuit and is multiplied by a factor of 3. The values of the sequence reactances
and resistances is discussed in the next sections.

5.4.2 Three-phase short-circuit faults

Short-circuit currents

Before the occurrence of the short circuit, the machine is assumed in an open-circuit
steady state condition and the rotor speed is the synchronous speed ωs. The field
voltage and current are constant, the damper currents are zero and the armature
phase voltages are balanced three-phase quantities. Let t = 0 be the instant of short
circuit that occurs at the machine terminals and let θo be the angle between the
axis of phase r and direct axis at t = 0. Thus, θo defines the point in the voltage
waveform at which the short-circuit occurs. The following initial conditions just
before the short circuit, using Equations (5.11a) and (5.11b), are obtained

er(t) = √
2Eo cos(ωst + θo)

ido = iqo = ikdo = ikqo = ψqo = edo = 0

ψdo = Ladifdo eqo = ψdo = √
2Eo (5.28a)

We assume that, during the short-circuit period, the machine rotor speed and field
voltage remain constant. The latter assumes no automatic voltage regulator (AVR)
action. Therefore, immediately at the instant of the short circuit, we have

�efd = 0 efd = efdo = Rfdifdo ed = eq = 0 (5.28b)

Remembering that �f (s) = f (s) − f (0)/s, the stator d- and q-axis voltages in Equa-
tion (5.11b), transformed into the Laplace domain and using Equations (5.28), can
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be written as follows:

0 = −Raid(s) + s

(
ψd(s) − ψdo

s

)
− ωsψq(s) (5.29a)

0 = −Raiq(s) + sψq(s) + ωsψd(s) (5.29b)

Using Equation (5.28a), Equation (5.15a) becomes

ψq(s) = −Xq(s)iq(s) (5.30a)

Using Equations (5.28), Equation (5.17a) becomes

ψd(s) − ψdo

s
= −Xd(s)id(s) (5.30b)

Substituting Equations (5.30a) and (5.30b) into Equations (5.29a) and (5.29b), and
rearranging, we obtain

[Ra + sXd(s)]id(s) − ωsXq(s)iq(s) = 0 (5.31a)

[Ra + sXq(s)]iq(s) + ωsXd(s)id(s) = ωs
√

2Eo

s
(5.31b)

Solving Equations (5.31a) and (5.31b) for d and q axes stator currents, we obtain

id(s) = √
2Eoω

2
s

Xq(s)

sB(s)
and iq(s) = √

2Eoωs
Ra + sXd(s)

sB(s)
(5.32a)

where

B(s) = [Ra + sXd(s)][Ra + sXq(s)] + ω2
s Xd(s)Xq(s) (5.32b)

We will make a number of simplifications that help us to obtain the time domain
solution of the d and q axes stator currents of Equation (5.32). From Equation
(5.32b)

B(s) = Xd(s)Xq(s)

{
ω2

s + [Ra + sXd(s)][Ra + sXq(s)]

Xd(s)Xq(s)

}

= Xd(s)Xq(s)

{
ω2

s + R2
a

Xd(s)Xq(s)
+ sRa

(
1

Xd(s)
+ 1

Xq(s)

)
+ s2

}

≈ Xd(s)Xq(s)

{
s2 + sRa

(
1

X ′′
d

+ 1

X ′′
q

)
+ ω2

s

}

≈ Xd(s)Xq(s){(s + 1/Ta)2 + ω2
s } (5.33a)

where

Ta = 2

ωsRa

(
1

X ′′
d

+ 1
X ′′

q

) = 2X ′′
d X ′′

q

ωsRa(X ′′
d + X ′′

q )
s (5.33b)

Ta is the stator or armature short-circuit time constant and is divided by ωs to
convent it from pu to seconds and Ra is the stator dc resistance. In arriving at
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Equation (5.33a), we made two approximations which, in practice, would have a
negligible effect. First, we ignored R2

a/[Xd(s)Xq(s)] because it is too small in com-
parison with ω2

s . We then added 1/(Ta)2 where 1/(Ta)2  ω2
s . We also replaced

Xd(s) with X ′′
d , and Xq(s) with X ′′

q in the term that multiplies sRa because we
assumed that the rotor field and damper winding resistances are very small. This
means that the factors (1 + sT ) in Equations (5.20a) and (5.23a) can be replaced
with sT . Therefore, substituting Equation (5.33a) into Equations (5.32a), we
obtain

id(s) =
√

2Eoω
2
s

s[(s + 1/Ta)2 + ω2
s ]Xd(s)

(5.34a)

and

iq(s) =
√

2Eoωs

[(s + 1/Ta)2 + ω2
s ]Xq(s)

(5.34b)

Substituting Equations (5.21d) and (5.27) into Equations (5.34) and taking the
inverse Laplace transform, it can be shown that the time domain d and q axes
currents are given by

id(t) = √
2Eo

[
1

Xd
+
(

1

X ′
d

− 1

Xd

)
e−t/T ′

d +
(

1

X ′′
d

− 1

X ′
d

)
e−t/T ′′

d

− 1

X ′′
d

e−t/Ta cos ωst

]
(5.35a)

iq(t) = √
2Eo

1

X ′′
q

e−t/Ta sin ωst (5.35b)

The stator or armature phase r current can be calculated by transforming the d and
q axes currents into the phase frame of reference using Equations (5.6a) and (5.6b)
and noting that under balanced conditions io = 0. Therefore, using θ = ωst + θo,
ir(t) = id(t)cos θ − iq(t)sin θ, and after much trigonometric analysis, we obtain

ir(t) ≈
[

1

Xd
+
(

1

X ′
d

− 1

Xd

)
e−t/T ′

d +
(

1

X ′′
d

− 1

X ′
d

)
e−t/T ′′

d

]√
2Eo cos(ωst + θo − π/2)︸ ︷︷ ︸

Power frequency (ac) component

−1

2

(
1

X ′′
d

+ 1

X ′′
q

)
e−t/Ta

√
2Eo cos(θo − π/2)

︸ ︷︷ ︸
Unidirectional (dc) component

−1

2

(
1

X ′′
d

− 1

X ′′
q

)
e−t/Ta

√
2Eo cos(2ωst + θo − π/2)

︸ ︷︷ ︸
Double frequency component

(5.36)

The currents in the two stator phases iy(t) and ib(t) are calculated with θo replaced
by θo − 2π/3 and θo + 2π/3, respectively.
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Equation (5.36) represents the total phase r current following a sudden three-
phase short circuit fault at the machine terminals with the machine initially
unloaded but running at rated speed. The short-circuit current contains three main
components; a power frequency (e.g. 50 or 60 Hz) component, a transient unidi-
rectional or dc component and a transient double-frequency (e.g. 100 or 120 Hz)
component. Both the dc component and the double-frequency component decay
to zero with a time constant equal to Ta which is typically between 0.1 and 0.4 s.
These current components are illustrated in Figure 5.5.

The initial magnitude of the dc component is dependent on the instant of time
at which the short circuit occurs, i.e. θo and therefore the initial magnitudes of the
dc components in the three phases are different but they all decay at the same rate
given by the time constant Ta. The dc component in each phase appears in order
to satisfy the physical condition that the current cannot change instantaneously at
the instant of fault. The initial value of the transient double-frequency component
is small as it is due to the difference between the d and q subtransient reactances
(X ′′

q − X ′′
d ); an effect termed as subtransient saliency. This current component

disappears if the d and q subtransient reactances are equal. This component is
neglected in network short-circuit analysis.

The power frequency component itself consists of three subcomponents as
shown in Equation (5.36) and illustrated in Figure 5.5(b). These are termed the
subtransient, transient and steady state components. The subtransient component
decays to zero with a time constant T ′′

d and typically lasts for up to 0.15 s. The
transient component decays much more slowly to zero with a time constant T ′

d
and typically lasts for up to 5 s. The steady state or sustained component is con-
stant. The parameters of the machine that determine the magnitude and rate of
decay of each current component are the various reactances and short-circuit time
constants shown in Equation (5.36). The sum of the dc and power frequency ac
components produces an asymmetrical short-circuit current waveform. The phase
r asymmetrical current is illustrated in Figure 5.5(c).

PPS reactance and resistance

The three-phase short-circuit is a balanced condition resulting in balanced ac cur-
rents in the three phases of the machine. From Equation (5.36), we can express
the instantaneous power frequency component of the short-circuit current as
ir(t) = Real[Ir(t)] where Ir(t) is phase r complex instantaneous current given by

Ir(t) = 1

Xp
(3φ)(t)

√
2Eoej(ωst+θo−π/2) = Er(t)

jXp
(3φ)(t)

(5.37a)

where Er(t) = √
2Eoej(ωst+θo) is phase r complex instantaneous voltage and

1

Xp
(3φ)(t)

= 1

Xd
+
(

1

X ′
d

− 1

Xd

)
e−t/T ′

d +
(

1

X ′′
d

− 1

X ′
d

)
e−t/T ′′

d (5.37b)

is an equivalent time-dependent machine PPS reactance as shown in Figure 5.6.
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Figure 5.5 Three-phase short-circuit fault at a synchronous machine terminals: (a) the three components
of the short-circuit current, (b) the three subcomponents of the ac power frequency component and
(c) phase r short-circuit asymmetrical current
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Figure 5.7 Synchronous machine PPS equivalent circuits for a three-phase short-circuit at machine
terminals: (a) transient PPS time-dependent equivalent circuit and (b) fixed impedance equivalent circuits
at various time instants

As presented in Chapter 2, the phase r complex voltage can also be writ-
ten as Er(t) = Erejωst where Er is complex phasor given by Er = √

2Eoejθo . As
in the case of instantaneous currents, the complex phase y and phase b cur-
rents Iy(t) and Ib(t) are obtained by replacing θo of Ir(t) with θo − 2π/3 and
θo + 2π/3, respectively. The complex instantaneous PPS current is given by
Ip(t) = [Ir(t) + hIy(t) + h2Ib(t)]/3 = Ir(t). Figure 5.7(a) shows the machine PPS
equivalent circuit with a time-dependent equivalent reactance. We define such an
equivalent circuit as a transient PPS symmetrical component equivalent circuit.
Figure 5.7(b) shows the fixed impedance approach of the machine PPS reactance
that is conventionally considered to consist of three components; subtransient,
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transient and steady state components. If a time domain short-circuit analysis
technique is used, then Equation (5.37b) or Equation (5.36) can be used directly to
calculate the machine reactance or current at any time instant following the occur-
rence of the fault. However, the vast majority of large-scale short-circuit analysis
computer programs used in practice use fixed impedance analysis techniques and
this will be discussed in Chapter 6. Essentially, different values of reactance are
used to calculate short-circuit currents at different times following the instant of
fault. At the instant of short-circuit fault, t = 0, i.e. the start of the subtransient
period, Equation (5.37b) gives Xp = X ′′

d . Also, neglecting the subtransient current
component, the value of the transient reactance at t = 0 is obtained by putting t = 0
in Equation (5.37b) giving Xp = X ′

d . The steady state reactance Xp = Xd applies
from the end of the transient period when the transient current component has
vanished, i.e. t ≥ 5T ′

d . Another machine PPS reactance, found useful in practice,
is the reactance that applies at the end of the subtransient period, i.e. at t = 5T ′′

d .
Thus, using Equation (5.37b), this is given by

XP = X ′
d

X ′
d

Xd
(1 − e−5T ′′

d /T ′
d ) + e−5T ′′

d /T ′
d

(5.37c)

In summary, the four PPS reactances are given by

XP =

⎧⎪⎪⎨
⎪⎪⎩

X ′′
d t = 0, start of subtransient period

Equation (5.37c) t = 5T ′′
d , end of subtransient period

X ′
d t = 0, neglecting the subtransient current component

Xd t ≥ 5T ′
d , steady state, end of the transient period

(5.37d)

For typical salient-pole and round rotor synchronous machines, Equation (5.37c)
shows that the PPS reactance at the end of the subtransient period is typically equal
to 1.1X ′

d to 1.5X ′
d .

The stator or armature dc resistance Ra is very small. The PPS power frequency
stator resistance includes, in addition to stator losses, hysteresis and eddy current
losses and may be 1.5–2 times the stator dc resistance. The machine PPS equiv-
alent circuit, depending on the calculation time period of interest, are shown in
Figure 5.7(b).

Effect of short-circuit fault through an external impedance

In many practical situations, the location of short-circuit fault will be on the net-
work to which the machine is connected either directly or through a dedicated
transformer. Therefore, an equivalent impedance will be present between the
machine and the fault location. The effect of such an external machine impedance,
denoted (Re + sXe), and shown in Figure 5.8, is now considered.

The effect of the external impedance (Re + sXe) can be considered to be equiv-
alent to modifying the stator leakage reactance and stator resistance as shown in
Figure 5.8. The analysis is in fact identical to the previous case without an exter-
nal impedance except that the operator reactances will need to be modified to
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Figure 5.8 Three-phase short-circuit seen by a synchronous machine through an external impedance:
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include the external impedance (Re + sXe). Using Equation (5.32a) and (5.32b),
it can be shown that

id(s) = √
2Eo

ω2
s [Xq(s) + Xe]

sD(s)
iq(s) = √

2Eo
ωs[Ra + Re] + s[Xd(s) + Xe]

sD(s)

where

D(s) = {(Ra + Re) + s[Xd(s) + Xe]}{(Ra + Re) + s[Xq(s) + Xe]}
+ ω2

s [Xd(s) + Xe][Xq(s) + Xe]

The direct analytical solution of these equations is very tedious. An alternative
approach is to calculate the short-circuit current components individually by substi-
tuting the relevant reactances. For example, to calculate the subtransient, transient
and steady state power frequency current components, we substitute X ′′

d , X ′
d and Xd

in place of ωsXd(s), and X ′′
q and Xq in place of ωsXq(s). Without going through the

long mathematical analysis, it can be shown that the phase r short-circuit current,
ignoring the double-frequency component, is given by

ir(t) =
[

1

Xd + Xe
+
(

1

X ′
d + Xe

− 1

Xd + Xe

)
e−t/T ′

de

+
(

1

X ′′
d + Xe

− 1

X ′
d + Xe

)
e−t/T ′′

de

]√
2Eo cos(ωst + θo − π/2)

− 1

2

(
1

X ′′
d + Xe

+ 1

X ′′
q + Xe

)√
2Eoe−t/Tae cos(θo − π/2) (5.38a)

As before, the other two stator phases iy(t) and ib(t) are obtained with θo

replaced by θo − 2π/3 and θo + 2π/3, respectively. Similar to the case with no
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external impedance, it can be shown that the effective short-circuit time con-
stants in Equation (5.38a) can be expressed in terms of the open-circuit time
constants as follows:

T ′
de = (Ra + Re)2 + (X ′

d + Xe)2

(Ra + Re)2 + (X ′
d + Xe)(Xd + Xe)

T ′
do

= (Ra + Re)2 + (X ′
d + Xe)2

(Ra + Re)2 + (X ′
d + Xe)(Xd + Xe)

× Xd

X ′
d

T ′
d (5.38b)

T ′′
de = (Ra + Re)2 + (X ′′

d + Xe)2

(Ra + Re)2 + (X ′′
d + Xe)(X ′

d + Xe)
T ′′

do

= (Ra + Re)2 + (X ′′
d + Xe)2

(Ra + Re)2 + (X ′′
d + Xe)(X ′

d + Xe)
× X ′

d

X ′′
d

T ′′
d (5.38c)

Tae = 2

ωs(Ra + Re)
[

1
X ′′

d + Xe
+ 1

X ′′
q + Xe

] (5.38d)

Equation (5.38d) can be approximated, with insignificant loss of accuracy, to

Tae =
1
2 (X ′′

d + X ′′
q ) + Xe

ωs(Ra + Re)
≈ X ′′

d + Xe

ωs(Ra + Re)
assuming X ′′

d = X ′′
q (5.38e)

Usually the stator and external resistances are much smaller than the reactances.
Thus, the transient and subtransient time constants reduce to the following:

T ′
de = X ′

d + Xe

Xd + Xe
T ′

do = X ′
d + Xe

Xd + Xe
× Xd

X ′
d

T ′
d (5.39a)

T ′′
de = X ′′

d + Xe

X ′
d + Xe

T ′′
do = X ′′

d + Xe

X ′
d + Xe

× X ′
d

X ′′
d

T ′′
d (5.39b)

The effect of the external resistance Re should not be neglected in calculating the
armature or dc time constant given in Equation (5.38e).

The PPS equivalent circuits of the machine, ‘seeing’ a short circuit through
an external impedance, depending on the calculation time period of interest, are
shown in Figure 5.9.

Simplified machine short-circuit current equations

For most practical short-circuit calculations, simplified short-circuit equations can
be used assuming X ′′

d = X ′′
q . Assuming maximum dc current offset and ignoring

the double-frequency component, the peak current envelope of Equation (5.36), at
any time instant, is given by

îr(t) = √
2Eo

[
1

Xd
+
(

1

X ′
d

− 1

Xd

)
e−t/T ′

d +
(

1

X ′′
d

− 1

X ′
d

)
e−t/T ′′

d + 1

X ′′
d

e−t/Ta

]
(5.40a)
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where

Ta = X ′′
d

ωsRa

In the case of a fault through a predominantly inductive external impedance, the
peak current envelope of Equation (5.38a) at any time instant is given by

îr(t) = √
2Eo

[
1

Xd + Xe
+
(

1

X ′
d + Xe

− 1

Xd + Xe

)
e−t/T ′

de

+
(

1

X ′′
d + Xe

− 1

X ′
d + Xe

)
e−t/T ′′

de + 1

X ′′
d + Xe

e−t/Tae

]
(5.40b)

5.4.3 Unbalanced two-phase (phase-to-phase)
short-circuit faults

Consider a two-phase or phase-to-phase short-circuit fault at the machine terminals
involving phases y and b with the machine initially running at synchronous speed,
rated terminal voltage and on open circuit. The initial conditions prior to the fault
are given in Equations (5.28a) and (5.28b). The constraint equations that define
the two-phase short-circuit fault are given by

ey = eb or ey − eb = 0 (5.41a)

ir = 0 and iy + ib = 0 or iy = −ib (5.41b)
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Transforming Equation (5.41a) and (5.41b) to the dq0 reference using Equation
(5.7b), we obtain

ed sin(ωst + θo) + eq cos(ωst + θo) = 0 (5.41c)

id cos(ωst + θo) = iq sin(ωst + θo) (5.41d)

io = 0 (5.41e)

Equations (5.41c) to (5.41e) and the machine Equations (5.11) that relate cur-
rents to fluxes and rate of change of fluxes to voltages provide a set of equations
that are sufficient to obtain the solution of currents under a phase-to-phase short-
circuit fault at the machine terminals. However, the resulting current equations are
complex and non-linear and a closed form solution is extremely tedious. Instead,
a step-by-step simplification process, similar to that described for a three-phase
fault, can be used. The short-circuit current can be shown to contain a power fre-
quency component, a dc component and both even and odd harmonic orders of
the power frequency, the latter due to subtransient saliency. However, for practical
calculations of machine phase-to-phase short-circuit currents involving the power
frequency and dc components only and neglecting the harmonic components, it
can be shown that the phase y and b short-circuit currents are given by

iy(t) = −ib(t) ≈ −
[

1

Xd + XN +
(

1

X ′
d + XN − 1

Xd + XN

)
e−t/T ′

d(2φ)

+
(

1

X ′′
d + XN − 1

X ′
d + XN

)
e−t/T ′′

d(2φ)

]

× √
3
√

2Eo cos(ωst + θo) − 1

X ′′
d + XN e−t/Ta(2φ)

√
3
√

2Eo cos θo

(5.42a)

where

T ′
d(2φ) = X ′

d + XN

Xd + XN
T ′

do (5.42b)

T ′′
d(2φ) = X ′′

d + XN

X ′
d + XN

T ′′
do (5.42c)

Ta(2φ) = XN

ωsRa
(5.43a)

XN =
√

X ′′
d X ′′

q (5.43b)

XN is the machine NPS reactance.
The maximum dc current component in Equation (5.42a) occurs when θo = 0.
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From Equation (5.42a), we can express the instantaneous power frequency com-
ponent of the short-circuit current as iy(t) = Real[Iy(t)] where Iy(t) is phase y
complex instantaneous current and is given by

Iy(t) = −
√

3
√

2Eo

Xp
(2φ)(t)

ej(ωst+θo) = −
√

3Er(t)

Xp
(2φ)(t)

= −Ib(t) (5.44a)

and

Er(t) = √
2Eoej(ωst+θo) = Ere

jωst

is phase r complex instantaneous voltage, Er is phase r complex phasor given by

Er = √
2Eoejθo

and

1

Xp
(2φ)(t)

= 1

Xd + XN
+
(

1

X ′
d + XN

− 1

Xd + XN

)
e−t/T ′

d(2φ)

+
(

1

X ′′
d + XN

− 1

X ′
d + XN

)
e−t/T ′′

d(2φ) (5.44b)

is an equivalent time-dependent machine PPS reactance. At the fault instant t = 0,
i.e. start of subtransient period, Xp

(2φ) = X ′′
d + XN. At t = 0 and neglecting the sub-

transient component, Xp
(2φ) = X ′

d + XN. At t ≥ 5T ′
d(2φ), i.e. end of transient period,

Xp
(2φ) = Xd + XN. The machine reactance at the end of the subtransient period, i.e.

at t ≈ 5T ′′
d(2φ) is given by

Xp
(2φ) = X ′

d + XN

X ′
d + XN

Xd + XN [1 − exp(−5T ′′
d(2φ)/T ′

d(2φ))] + exp(−5T ′′
d(2φ)/T ′

d(2φ))
(5.44c)

In summary, the four fixed machine reactances are given by

Xp
(2φ) =

⎧⎪⎪⎨
⎪⎪⎩

X ′′
d + XN t = 0, start of subtransient period

Equation(5.44c) t = 5T ′′
d(2φ), end of subtransient period

X ′
d + XN t = 0, neglecting subtransient component

Xd + XN t ≥ 5T ′
d(2φ), steady state

(5.44d)

As we presented in Chapter 2, the transient PPS and NPS currents of the power
frequency components of the complex instantaneous phase currents Iy(t) and Ib(t)
of Equation (5.44a) can be calculated using

IP(t) = 1

3
[Ir(t) + hIy(t) + h2Ib(t)] and IN(t) = 1

3
[Ir(t) + h2Iy(t) + hIb(t)]

(5.45a)
Substituting Equation (5.44a) into Equation (5.45a), we obtain

IP(t) = Er(t)

jXp
(2φ)(t)

and IN(t) = −IP(t) (5.45b)
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Figure 5.10 Synchronous machine equivalent circuits for a two-phase short-circuit fault at machine
terminals: (a) transient PPS time-dependent equivalent circuit and (b) fixed impedance equivalent circuits
of various time instants

Figure 5.10(a) shows the resultant transient symmetrical component equivalent cir-
cuit that satisfies Equation (5.45b) with the reinstated machine stator resistance for
completeness. Figure 5.10(b) shows equivalent circuits using the fixed reactances
of Equation (5.44d). The time constants of Equation (5.42b) and (5.42c), and the
time-dependent machine reactance of Equation (5.44b) show, from a PPS current
view point, that under a two-phase short-circuit fault the machine behaves as if it
has ‘seen’ a balanced three-phase short-circuit through an external reactance XN.

NPS reactance and resistance

We return to the NPS reactance XN given in Equation (5.43b). This is the machine
reactance that results from the flow of NPS stator currents. Let us first recall that
during a balanced three-phase short-circuit, only PPS currents flow into the short
circuit. These currents set up a MMF wave that rotates at synchronous speed in the
same direction of rotation of the rotor. Because of the very high X/R ratio of the
machine, the MMF wave lines up almost exactly with the d-axis hence d-axis cur-
rents only meet d-axis reactances. However, when NPS currents flow in the stator
of the machine, these currents produce a MMF wave that rotates at synchronous
speed in an opposite direction to the rotation of the rotor. It therefore rotates back-
ward at twice synchronous speed with respect to the rotor. Thus, the currents
induced in the rotor field and damper windings are double-frequency currents.
At such a high frequency, the machine reactances are effectively the subtransient
reactances and as the MMF wave sweeps rapidly over the d and q axes of the rotor,
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the equivalent NPS reactance alternates to d and q axes subtransient reactances.
Therefore, the NPS reactance is defined, by both IEC and IEEE standards, as the
arithmetic mean of the d and q axes subtransient reactances or

XN = 1

2
(X ′′

d + X ′′
q ) (5.46)

We have stated previously that when subtransient saliency is present, the short-
circuit current will contain both even and odd harmonics. In this case, we have a
different machine NPS reactance which is given by the geometric mean of the d and
q axes subtransient reactances as shown in Equation (5.43b). However, because
X ′′

d and X ′′
q are nearly equal, the difference between the arithmetic mean and the

geometric mean is very small. The difference can be illustrated for both a round
rotor machine and a salient-pole machine as follows. For a typical round rotor
synchronous generator with X ′′

d = 0.2 pu and X ′′
q = 0.24 pu, their arithmetic and

geometric means are 0.22 and 0.2191 pu, respectively. For a salient-pole machine
with X ′′

d = 0.18 pu and X ′′
q = 0.275 pu, their arithmetic and geometric means are

0.2275 and 0.22248 pu, respectively. Given the uncertainty associated with the
measurements of these quantities which can be up to 10%, differences in XN of
less than 2.5% are generally acceptable.

XN takes the same value under subtransient, transient and steady state conditions
as illustrated in Figure 5.10(b).

The stator NPS resistance is significantly higher (some 10–20 times) than the
PPS resistance because the second harmonic backward rotating MMF causes sig-
nificant additional I2R losses in the rotor circuits due to double frequency currents
in the rotor field and damper windings. For short-circuit analysis, the use of Ra

instead of the NPS resistance is conservative.

Simplified machine short-circuit current equations

For maximum dc current offset, the peak current envelope of Equation (5.42a) at
any instant of time is given by

îy(t) = √
3
√

2Eo

[
1

Xd + XN
+
(

1

X ′
d + XN

− 1

Xd + XN

)
e−t/T ′

d(2φ)

+
(

1

X ′′
d + XN

− 1

X ′
d + XN

)
e−t/T ′′

d(2φ) + 1

X ′′
d + XN

e−t/Ta(2φ)

]
(5.47)

5.4.4 Unbalanced single-phase to
earth short-circuit faults

Consider a single-phase to earth short-circuit fault at the machine terminals involv-
ing phase r with the machine initially running at synchronous speed, rated terminal
voltage and on open circuit. The machine neutral is assumed solidly earthed and
the initial conditions prior to the fault are given in Equations (5.28a) and (5.28b).
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The constraint equations that define the single-phase short-circuit fault are given by

er = 0 (5.48a)

iy = ib = 0 (5.48b)

Transforming Equation (5.48) to the dq0 reference using Equation (5.7b), we
obtain

ed cos(ωst + θo) − eq sin(ωst + θo) + eo = 0 (5.48c)

id sin(ωst + θo) = −iq cos(ωst + θo) (5.48d)

io = id
2 cos(ωst + θo)

(5.48e)

As in the case of a two-phase short-circuit, Equations (5.48) and (5.11) are suf-
ficient to obtain the solution of current under a single-phase short-circuit fault at
the machine terminals. However, the resulting current equations are complex and
non-linear and a closed form solution is extremely tedious. Instead, a step-by-step
simplification process, similar to that described for a three-phase fault can be used.
The single-phase short-circuit current can be shown to contain, in general, a power
frequency component, a dc component and both even and odd harmonic orders of
the power frequency, the latter due to subtransient saliency. However, for practical
calculations of machine single-phase short-circuit currents involving the power
frequency and dc component only, neglecting the harmonic components, it can be
shown that the phase r short-circuit current is given by

ir(t) ≈
[

1

Xd + XN + XZ
+
(

1

X ′
d + XN + XZ

− 1

Xd + XN + XZ

)
e−t/T ′

d(1φ)

+
(

1

X ′′
d + XN + XZ

− 1

X ′
d + XN + XZ

)
e−t/T ′′

d(1φ)

]
× 3

√
2Eo cos(ωst + θo − π/2)

− 1

X ′′
d + XN + XZ

e−t/Ta(1φ) 3
√

2Eo cos(θo − π/2) (5.49a)

where

T ′
d(1φ) = X ′

d + XN + XZ

Xd + XN + XZ
T ′

do (5.49b)

T ′′
d(1φ) = X ′′

d + XN + XZ

X ′
d + XN + XZ

T ′′
do (5.49c)

Ta(1φ) = X ′′
d + XN + XZ

ωs(3Ra)
(5.49d)

Equation (5.49a) shows that the magnitude of the dc component of short-circuit
current is maximum when θo = π/2. In the time constant equations, XZ is the
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machine ZPS reactance. XN is the machine NPS reactance under a single-phase
short-circuit fault condition and is given by

XN =
√(

X ′′
d + XZ

2

)(
X ′′

q + XZ

2

)
− XZ

2
(5.49e)

Since, X ′′
d and X ′′

q are nearly equal, then if we set X ′′
d = X ′′

q in Equation (5.49e),
we obtain XN = X ′′

d . Although the expression of Equation (5.49e) is different from
the expressions given in Equations (5.43b) and (5.46), the difference in numerical
values is practically insignificant.

From Equation (5.49a), we can express the instantaneous power frequency
component of the short-circuit current as ir(t) = Real[Ir(t)] where Ir(t) is phase
r complex instantaneous current given by

Ir(t) = 3
√

2Eo

Xp
(1φ)(t)

e j(ωst+θo−π/2) = 3Er(t)

jXp
(1φ)(t)

(5.50a)

where Er(t) = √
2Eoe j(ωst+θo) = Ere jωst is phase r complex instantaneous voltage,

Er is phase r complex phasor given by Er = √
2Eoe jθo and

1

Xp
(1φ)(t)

= 1

Xd + XN + XZ
+
(

1

X ′
d + XN + XZ

− 1

Xd + XN + XZ

)
e−t/T ′

d(1φ)

+
(

1

X ′′
d + XN + XZ

− 1

X ′
d + XN + XZ

)
e−t/T ′′

d(1φ) (5.50b)

is the machine equivalent time-dependent machine PPS reactance under a single-
phase short-circuit fault condition. At the fault instant t = 0, i.e. start of subtransient
period, Xp

(1φ) = X ′′
d + XN + XZ. At t = 0 and neglecting the subtransient compon-

ent, Xp
(1φ) = X ′

d + XN + XZ. At t ≥ 5T ′
d(1φ), Xp

(1φ) = Xd + XN + XZ. The machine
reactance at the end of the subtransient period is given by

Xp
(1φ) = X ′

d + XN + XZ

X ′
d + XN + XZ

Xd + XN + XZ [1 − exp(−5T ′′
d(1φ)/T ′

d(1φ))] + exp(−5T ′′
d(1φ)/T ′

d(1φ))

(5.50c)

In summary, the four fixed reactances are given by

Xp
(1φ) =

⎧⎪⎪⎨
⎪⎪⎩

X ′′
d + XN + XZ t = 0, start of subtransient period

Equation (5.50c) t = 5T ′′
d(1φ), end of subtransient period

X ′
d + XN + XZ t = 0, neglecting subtransient component

Xd + XN + XZ t ≥ 5T ′
d(1φ), steady state

(5.50d)

The transient PPS, NPS and ZPS currents of the complex phase current Ir(t) of
Equation (5.50a) are calculated using

IP(t) = IN(t) = IZ(t) = 1

3
Ir(t) (5.51a)
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Figure 5.11 Synchronous machine equivalent circuits for a one-phase to earth short-circuit fault at
machine terminals: (a) transient PPS time-dependent equivalent circuit and (b) fixed impedance equivalent
circuits of various time instants

Substituting Equation (5.50a) into Equation (5.51a), we obtain

IP(t) = IN(t) = IZ(t) = Er(t)

jXp
(1φ)(t)

(5.51b)

Figure 5.11(a) shows the transient PPS equivalent circuit that satisfies
Equation (5.51b) with the reinstated machine stator resistance for completeness.
Figure 5.11(b) shows equivalent circuits using the fixed machine reactances of
Equation (5.50d). The time constants of Equation (5.49) and the time-dependent
machine reactance of Equation (5.50b) show, from a PPS current view point that,
under a single-phase to earth short-circuit fault, the machine behaves as if it has
‘seen’ a balanced three-phase short-circuit through an external reactance equal to
Xe = XN + XZ.

Figure 5.11 shows the resultant symmetrical component equivalent circuits with
the machine PPS reactance connected in series with the machine NPS and ZPS
reactances to satisfy the single-phase short-circuit fault condition.

ZPS reactance and resistance

The machine ZPS impedance to the flow of ZPS armature currents applies where
the stator winding is star connected and the neutral is not isolated. Recalling the
spacial distribution of the stator phases and that ZPS currents are equal in magni-
tude and phase, these currents produce no net power frequency MMF wave across
the air gap. Therefore, the ZPS impedance to the flow of ZPS currents is only
due to some stator winding slot leakage flux which is greatly dependent on the



332 Modelling of ac rotating machines

machine coil pitch design. The ZPS reactance is always smaller than the stator
leakage reactance Xσ and may be less than half of it depending on coil pitch.

Since there is no power frequency stator MMF wave across the air gap, the ZPS
reactance is independent of the rotor’s rotation. It is therefore constant and has the
same value under subtransient, transient and steady state conditions as illustrated in
Figure 5.11(b). The ZPS resistance can be assumed equal to the stator or armature
ac resistance.

Simplified machine short-circuit current equations

For maximum dc current offset, the peak current envelope of Equation (5.49a) at
any instant of time is given by

îr(t) = 3
√

2Eo

[
1

Xd + XN + XZ
+
(

1

X ′
d + XN + XZ

− 1

Xd + XN + XZ

)
e−t/T ′

d(1φ)

+
(

1

X ′′
d + XN + XZ

− 1

X ′
d + XN + XZ

)
e−t/T ′′

d(1φ)

+ 1

X ′′
d + XN + XZ

e−t/Td(1φ)

]
(5.52)

5.4.5 Unbalanced two-phase to
earth short-circuit faults

Consider a two-phase to earth short-circuit fault at the machine terminals involv-
ing phases y and b with the machine initially running at synchronous speed, rated
terminal voltage and on open circuit. The machine neutral is assumed solidly
earthed and the constraint equations that define the two-phase-to-earth short-
circuit are given by

ey = eb = 0 (5.53a)

ir = 0 (5.53b)

Transforming Equation (5.53) to the dq0 reference using Equation (5.7b), we
obtain

id cos(ωst + θo) − iq sin(ωst + θo) + io = 0 (5.54a)

ed sin(ωst + θo) = −eq cos(ωst + θo) (5.54b)

eo = ed

2 cos(ωst + θo)
(5.54c)

As in the previous short-circuit cases, Equations (5.54) and (5.11) are theoretically
sufficient to obtain the solution of currents under a two-phase to earth short-circuit
fault at the machine terminals. However, the resulting equations are very complex
and non-linear and a closed form solution is extremely unwieldy. Instead, a step-
by-step simplification process can be used to derive the various components of the
short-circuit currents. For practical calculations of machine short-circuit currents
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involving the power frequency and dc components only assuming that X ′′
d = X ′′

q , it
can be shown that the phase y and phase b short-circuit currents are given by

iy(t) ≈ 3
√

2Eo

2

[
−1

(X ′′
d + 2XZ)

(X ′′
d + Xe)

Xp
(2φ−E)(t)

cos(ωst + θo)

+ 1

(X ′′
d + 2XZ)

cos θoe−t/Ta1(2φ−E)

]

+
√

3
√

2Eo

2

[
1

X ′′
d

(X ′′
d + Xe)

Xp
(2φ−E)(t)

sin(ωst + θo) − 1

X ′′
d

sin θoe−t/Ta2(2φ−E)

]

(5.55a)

ib(t) ≈ 3
√

2Eo

2

[
−1

(X ′′
d + 2XZ)

(X ′′
d + Xe)

Xp
(2φ−E)(t)

cos(ωst + θo)

+ 1

(X ′′
d + 2XZ)

cos θoe−t/Ta1(2φ−E)

]

+
√

3
√

2Eo

2

[
−1

X ′′
d

(X ′′
d + Xe)

Xp
(2φ−E)(t)

sin(ωst + θo) + 1

X ′′
d

sin θoe−t/Ta2(2φ−E)

]

(5.55b)

The earth fault current is the sum of phase y and phase b currents, hence

iE(t) = 3
√

2Eo

(X ′′
d + 2XZ)

[
− (X ′′

d + Xe)

X(2φ−E)(t)
cos(ωst + θo) + cos θoe−t/Ta1(2φ−E)

]
(5.55c)

where

1

X(2φ−E)(t)
= 1

Xd + Xe
+
(

1

X ′
d + Xe

− 1

Xd + Xe

)
e−t/T ′

d(2φ−E)

+
(

1

X ′′
d + Xe

− 1

X ′
d + Xe

)
e−t/T ′′

d(2φ−E) (5.56a)

Xe = XNXZ

XN + XZ
(5.56b)

T ′
d(2φ−E) = X ′

d + Xe

Xd + Xe
T ′

do T ′′
d(2φ−E) = X ′′

d + Xe

X ′
d + Xe

T ′′
do (5.57a)

Ta1(2φ−E) = XN + 2XZ

ωs(3Ra)
Ta2(2φ−E) = XN

ωsRa
(5.57b)
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XN is the machine NPS reactance under a two-phase to earth short-circuit fault
condition which, in the general case when X ′′

d �= X ′′
q , is given by

XN =
X ′′

d X ′′
q +

√
X ′′

d X ′′
q (X ′′

d + 2XZ)(X ′′
q + 2XZ)

X ′′
d + X ′′

q + 2XZ (5.58a)

The limiting values, i.e. the lower and upper bounds of Equation (5.58a) can be
found by letting XZ → 0 and XZ → ∞, respectively. Thus, XN is bound as follows

2X ′′
d X ′′

q

X ′′
d + X ′′

q
< XN <

√
X ′′

d X ′′
q (5.58b)

The lower limit is the same as that found in the case of a three-phase fault given
in Equation (5.33b). Also, the upper limit is the same as that found in the case of
a two-phase fault given in Equation (5.43b). In practice, the differences between
the various expressions for XN, that depend on the short-circuit fault type, are
negligible. The value of XN calculated from the arithmetic average of X ′′

d and X ′′
q

given in Equation (5.46) is sufficiently accurate for practical short-circuit analysis
purposes. It should be noted that if we let X ′′

d = X ′′
q in Equation (5.58a), we obtain,

as we should expect, XN = X ′′
d . Equations (5.55a) and (5.55b) of phase y and phase

b short-circuit currents are quite different from those obtained for all short-circuit
fault types considered previously. Each phase current now consists of two asym-
metrical current components and each one of these consists of a power frequency
ac component and a dc component. As expected, at t = 0, the sum of the ac and dc
components of each asymmetrical current is zero. The earth fault current, on the
other hand, consists of one asymmetrical current with only one power frequency
ac component and one dc component as the other terms cancel out when the phase
currents are added together. It is important to note that the two dc components
have different initial magnitudes and different armature time constants.

The maximum dc offset occurs at θo = 0 for the first dc component but at
θo = π/2 for the second dc current. It can be shown the value of θothat results
in maximum asymmetrical phase y and phase b currents is given by

θo(y) = −θo(b) = −tan−1

[
1√
3

(
1 + 2XZ

X ′′
d

)
exp

{
−t

(
1

Ta2(2φ−E)
− 1

Ta1(2φ−E)

)}]

(5.59a)

Typically X ′′
d ≈ 2XZ hence at t = 0, θo(y) = −49.1◦ and θo(b) = 49.1◦. Also,

for a typical 50 Hz synchronous machine with X ′′
d = 0.2 pu, XZ = 0.1pu and

Ra = 0.002 pu, the armature dc time constants calculated using Equation (5.57b)
are Ta1(2φ−E) = 0.2122 s and Ta2(2φ−E) = 0.318 s. Thus, using Equation (5.59a),
we obtain θo(y) = −49.87◦, (θo(b) = 49.87◦) at t = 10 ms and θo(y) = −53.1◦
(θo(b) = 53.1◦) at t = 50 ms.

From Equation (5.56a) of the machine equivalent reactance under a two-phase
to earth short-circuit, we distinguish four machine fixed impedance values. At
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t = 0, i.e the start of the subtransient period, Xp
(2φ−E) = X ′′

d + Xe. At t = 0, and

neglecting the subtransient component, Xp
(2φ−E) = X ′

d + Xe. At t ≥ 5T ′
d(2φ−E), i.e.

end of transient period, Xp
(2φ−E) = Xd + Xe. The machine reactance at the end of

the subtransient period, i.e. at t ≈ 5T ′′
d(2φ−E), is given by

Xp
(2φ−E) = X ′

d + Xe

X ′
d + Xe

Xd + Xe
[1 − exp(−5T ′′

d(2φ−E)/T ′
d(2φ−E))] + exp(−5T ′′

d(2φ−E)/T ′
d(2φ−E))

(5.59b)

In summary, the four fixed reactances are given by

Xp
(2φ−E) =

⎧⎪⎪⎨
⎪⎪⎩

X ′′
d + Xe t = 0, start of subtransient period

Equation (5.59b) t = 5T ′′
d(2φ−E), end of subtransient period

X ′
d + Xe t = 0, neglecting subtransient component

Xd + Xe t ≥ 5T ′
d(2φ−E), steady state

(5.59c)

From Equations (5.55a) and (5.55b), we can express the instantaneous power
frequency component of the short-circuit currents as iy(t) = Real[Iy(t)] and
ib(t) = Real[Ib(t)] where Iy(t) and Ib(t) are the phase y and phase b complex
instantaneous currents given by

Iy(t) = (X ′′
d + Xe)

2Xp
(2φ−E)(t)

[
−3

√
2Eo

(X ′′
d + 2XZ)

e j(ωst+θo) +
√

3
√

2Eo

X ′′
d

e j(ωst+θo−π/2)

]

or

Iy(t) = (X ′′
d + Xe)

2Xp
(2φ−E)(t)

[
−3Er(t)

j(X ′′
d + 2XZ)

−
√

3Er(t)

X ′′
d

]
(5.60a)

Ib(t) = (X ′′
d + Xe)

2Xp
(2φ−E)(t)

[
−3

√
2Eo

(X ′′
d + 2XZ)

e j(ωst+θo) −
√

3
√

2Eo

X ′′
d

e j(ωst+θo−π/2)

]

or

Ib(t) = (X ′′
d + Xe)

2Xp
(2φ−E)(t)

[
−3Er(t)

j(X ′′
d + 2XZ)

+
√

3Er(t)

X ′′
d

]
(5.60b)

where Er(t) = √
2Eo ej(ωst+θo+π/2) = Erej(ωst) and Er = j

√
2Eo ejθo . The transient

PPS, NPS and ZPS currents of the complex phase currents Iy(t) and Ib(t) of
Equations (5.60) are calculated using

IP(t) = 1

3
[hIy(t) + h2Ib(t)] IN(t) = 1

3
[h2Iy(t) + hIb(t)] IZ(t) = 1

3
[Iy(t) + Ib(t)]

(5.60c)
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Substituting Equations (5.60a) and (5.60b) in Equation (5.60c), and using Equation
(5.56b) for Xe with XN = X ′′

d , we obtain, after some algebraic manipulations, which
the reader is encouraged to prove, the following:

IP(t) = Er(t)

jXp
(2φ−E)(t)

(5.61a)

IN(t) = −XZ

(XN + XZ)
× Er(t)

jXp
(2φ−E)(t)

(5.61b)

IZ(t) = −XN

(XN + XZ)
× Er(t)

jXp
(2φ−E)(t)

(5.61c)

Figure 5.12(a) shows the transient PPS equivalent circuit that satisfies Equation
(5.61a) with the reinstated stator resistance for completeness. Figure 5.12(b) shows
equivalent circuits using the fixed machine reactances of Equation (5.59c). From
Figure 5.12(b) and using complex phasor notation, the PPS phasor current is
given by

IP = Eo

Xp + XNXZ

XN + XZ

(5.62a)

where the value of the PPS reactance XP is as shown in Figure 5.12(b) and depends
on the calculation time instant. The NPS and ZPS phasor currents are given by

IN = −XZ

XN + XZ
× IP (5.62b)

IP(t)

jXP
2��E(t)

Ra

Er(t)
�

�

�

�

Ra

Eo

jXP
2��E

jXe

IN

XZj

Ra

XNj

Ra

IZ

I

XP
2��E

(a)

(b)

IP
steady state, end of transient period

t � 5T �d , end of subtransient period

Xd

X�d Eq. (5.59b)

t � 0, transient reactance

t � 0, start of subtransient period

I�P

I�P

X�d

I �PIP

X �d

�

Figure 5.12 Synchronous machine equivalent circuits for a two-phase to earth short-circuit fault at
machine terminals: (a) transient PPS time-dependent equivalent circuit and (b) fixed impedance equivalent
circuits of various time instants
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and

IZ = −XN

XN + XZ
× IP (5.62c)

The machine equivalent reactance of Equation (5.56a) and the time constants of
Equation (5.57a) show that from a PPS current view point under a two-phase to
earth short-circuit fault, the machine behaves practically as if it has ‘seen’ a bal-
anced three-phase short circuit through an external impedance Xe. This impedance
is given by the parallel combination of the NPS and ZPS machine reactances given
in Equation (5.56b).

5.4.6 Modelling the effect of initial machine loading

Machine internal voltages

The short-circuit current equations already presented cover all cases of short-circuit
currents at the machine terminals assuming the machine is initially unloaded that
is the internal machine rms voltage is equal to Eo. However, the equations can be
slightly modified to represent the situation where the machine is initially loaded
by accounting for its prefault active and reactive power outputs as well as its
terminal voltage. Because the machine is initially only producing a balanced set of
three-phase voltages into a balanced network, the NPS and ZPS terminal voltages
and output currents are all zero. Similarly, the initial machine active and reactive
power outputs are PPS MW and PPS MVAr quantities. Assuming that the initial
machine terminal voltage, active and reactive power outputs are Vt , P and Q,
the machine stator current I can be calculated using the apparent power equation
P + jQ = VtI∗. We have already established that the machine PPS reactance XP

can be equated to one of four reactances depending on the calculation time instant
after the occurrence of the fault. Therefore, using Figure 5.13, the internal machine
voltages that correspond to these four reactances, for a given terminal voltage Vt ,
are E′′, E′(at t = 0), E′(at t ≈ 5T ′′

d ) and E, respectively, and are given by

E′′ = Vt + (Ra + jX ′′
d )

(
P − jQ

V∗
t

)
(5.63a)

=

steady state, end of transient period 
Eo

Xd

end of subtransient period
E� at t � 5T �d

XP at t � 5T �d

t = 0, transient reactance
E�

X�d

t � 0, start of subtransient period

E�

X �d

E

XP

�

�

IP
jXP

Ra

E

Vt

P � jQ

Figure 5.13 PPS equivalent circuits for an initially loaded synchronous machine
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E′ = Vt + (Ra + jX ′
d)

(
P − jQ

V∗
t

)
(5.63b)

E′(t ≈ 5T ′′
d ) = Vt + [Ra + jXP(t ≈ 5T ′′

d )]

(
P − jQ

V∗
t

)
(5.63c)

E = Vt + (Ra + jXd)

(
P − jQ

V∗
t

)
(5.63d)

Clearly, when the machine is initially unloaded, I = 0 and E′′ = E′ = E = Eo = Vt .

Machine short-circuit currents

Using Equations (5.63) for E′′, E′(at t = 0) or E′(at t ≈ 5T ′′
d ) and E, the equations

that describe the machine peak short-circuit current envelope for each fault type
are given below.

Three-phase short circuit
Using Equation (5.40a) and neglecting the double-frequency component, we have

îr(t) =√
2

[
E

Xd
+
(

E′

X ′
d

− E

Xd

)
e−t/T ′

d(3φ)+
(

E′′

X ′′
d

− E′

X ′
d

)
e−t/T ′′

d(3φ) + E′′

X ′′
d

e−t/Ta(3φ)

]
(5.64)

Two-phase short circuit
Using Equation (5.47), we have

îy(t) = √
3
√

2

[
E

Xd + XN
+
(

E′

X ′
d + XN

− E

Xd + XN

)
e−t/T ′

d(2φ)

+
(

E′′

X ′′
d + XN

− E′

X ′
d + XN

)
e−t/T ′′

d(2φ) + E′′

X ′′
d + XN

e−t/Ta(2φ)

]
(5.65)

One-phase to earth short circuit
Using Equation (5.52), we have

îr(t) = 3
√

2

[
E

Xd + XN + XZ
+
(

E′

X ′
d + XN + XZ

− E

Xd + XN + XZ

)
e−t/T ′

d(1φ)

+
(

E′′

X ′′
d + XN + XZ

− E′

X ′
d + XN + XZ

)
e−t/T ′′

d(1φ)

+ E′′

X ′′
d + XN + XZ

e−t/Ta(1φ)

]
(5.66)
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Two-phase to earth short circuit
In the ac components of Equations (5.55a) and (5.55b), we simply replace the term
Eo/X(2φ−E)(t), using Equation (5.56a), with the following term

Eo

Xd + Xe
+
(

E′

X ′
d + Xe

− E

Xd + Xe

)
e−t/T ′

d(2φ−E)

+
(

E′′

X ′′
d + Xe

− E′

X ′
d + Xe

)
e−t/T ′′

d(2φ−E) (5.67)

In the dc components of Equations (5.55a) and (5.55), the term Eo should be
replaced with E′′.

5.4.7 Effect of AVRs on short-circuit currents
Discussion of the function, design, analysis or tuning of AVRs is the subject of
power system dynamics, stability and control. In our book, we simply mention that
the AVR generally attempts to control the machine terminal voltage by sensing its
variations from a given set point or target and causing an increase or a decrease in
the excitation or field voltage. In the case of short-circuit faults on the host network
to which a synchronous machine is connected, the machine terminal voltage can
see a significant drop during the fault period depending on the electrical distance,
i.e. impedance to the fault point. The question we are interested in is what effect
can the AVR have, if any, on the machine short-circuit current for a three-phase
fault at the machine terminals from an unloaded initial condition? We recall that
we have already determined the machine short-circuit current assuming no AVR
action with �efd = 0. To determine the machine current due to a change in field
voltage �efd , representing automatic AVR action, we recall Equation (5.17a),
�ψd(s) = −Xd(s)�id(s) + Gd(s)�efd(s) from which we obtain

�id(s)

∣∣∣∣
caused by�efd

= Gd(s)

Xd(s)
�efd(s) (5.68a)

and from Equation (5.15a)

�iq(s) = 0 (5.68b)

Equations (5.18a) for Xd(s) and (5.18b) for Gd(s) were derived for the general case
of a machine with a damper winding. For a machine without a damper winding, a
similar method can be used to derive these expressions and the reader is encouraged
to do so. However, for us, we will directly derive the expressions for Xd(s) and
Gd(s) from the general ones of Equations (5.18a), (5.18b) and (5.19a). To do so,
we represent the absence of the damper winding by substituting Xkd = 0 and letting
Rkd → ∞. After a little algebra, the results can be easily shown as

Xd(s) = Xd − X2
ads

Rfd + sXffd
(5.69a)
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and

Gd(s) = Xad

Rfd + sXffd
(5.69b)

Substituting Equations (5.69a) and (5.69b) into Equation (5.68a) and using
Xffd = Xfd + Xad and Xd = Xad + Xσ from Equation (5.12), we obtain

�id(s) = Xad�efd(s)

RfdXd

1

1 + 1
Rfd

(
Xfd + 1

1
Xσ

+ 1
Xad

)
s

or using

�Efd(s) = Xad

Rfd
�efd(s)

and Equations (5.22b) for T4 and (5.23c) for T ′
d , we obtain

�id(s)

∣∣∣∣
due to �Efd

= 1

Xd
× �Efd(s)

1 + sT ′
d(3φ)

(5.70a)

For simplicity, we consider an instantaneous or a step change in field voltage �Efd

where �Efd(s) = �Efd/s. Therefore, Equation (5.70a) can be written as

�id(s)

∣∣∣∣
due to�Efd

= �Efd

Xd

1

s(1 + sT ′
d(3φ))

= �Efd

Xd

(
1

s
− 1

s + 1/T ′
d(3φ)

)

and taking the inverse Laplace transform, we obtain

�id(t)

∣∣∣∣
due to�Efd

= �Efd

Xd
(1 − e−t/T ′

d(3φ) ) (5.70b)

Also, from Equation (5.68b), we have

�iq(t) = 0 (5.70c)

Equation (5.70b) shows that an instantaneous increase in Efd causes an exponential
increase in short-circuit current with a time constant equal to T ′

d(3φ). That is, despite
the very fast change in Efd , the resultant change in machine current is slowed down
or delayed by the d-axis short-circuit transient time constant T ′

d(3φ) which falls in
the range of 0.5–2 s. For example, for a typical value of T ′

d(3φ) = 1 s, the factor

[1 − e−t/T ′
d(3φ) ] is equal to 0.11 at 120 ms. This indicates some change in current

towards the end of the subtransient period, i.e. at around t = 120 ms. However,
in practice, even for modern fast excitation control systems such as brushless ac
rotating exciters or static exciters, the change in field voltage will itself occur after
a definite time delay. Thus, the effective change in short-circuit current will only
begin to occur after the subtransient period. In practice, a static excitation control
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system will not be able to continue to operate by maintaining free thyristor firing if
the terminal voltage, where it derives its supply, drops below around 0.2–0.3 pu. In
other words, the subtransient component of short-circuit current will have decayed
to zero by the time the effect of the AVR is felt through the machine. Therefore,
the effect of the AVR is to cause a possible increase in the transient and steady
state components of short-circuit current. It should be noted that the change in
field voltage has no effect on the dc component of short-circuit current as shown
in Equations (5.70b) and (5.70c).

We have now obtained the machine current changes due to both the short-circuit
itself and the change in field voltage. Therefore, using the superposition theorem,
the total machine short-circuit current change is obtained by the addition of the two
values. Thus, examining the effect on the ac component of short-circuit current
after the subtransient component has decayed to zero, Equation (5.35a) can be
rewritten as

�id(t)

∣∣∣∣
due to short circuit

= √
2Eo

[
1

Xd
+
(

1

X ′
d

− 1

Xd

)
e−t/T ′

d(3φ)

]
(5.71a)

Therefore, using Equations (5.70b) and (5.71a), the total change in machine current
is given by

�id(t)

∣∣∣∣
total

= �Efd

Xd

(
1 − e−t/T ′

d(3φ)

)
+ √

2Eo

[
1

Xd
+
(

1

X ′
d

− 1

Xd

)
e−t/T ′

d(3φ)

]
(5.71b)

A simplification can be made by using �Efd = Efd − Efdo and since the machine
is initially unloaded, we have Efdo = √

2Eo. Therefore, Equation (5.71b) simpli-
fies to

�id(t)

∣∣∣∣
total

= Efd

Xd

(
1 − e−t/T ′

d(3φ)

)
+

√
2Eo

X ′
d

e−t/T ′
d(3φ) (5.72)

Equation (5.72) shows two transient components; one is a rising exponential and
one is decaying exponential and both have the same time constant T ′

d(3φ). The
decaying exponential component represents, as expected, the decay in flux due to
induced currents in the field winding whereas the rising exponential component
is due to field voltage change by AVR action. It should be noted that time t
represents the beginning of the transient period. Clearly, whether the short-circuit
current continues to decrease, remains constant or start to increase is dependent
on the magnitude of Efd caused by AVR action. This depends on the extent of
voltage drop at the machine terminals ‘seen’ by the AVR and this in turn depends
on the electrical distance to the fault point. If Efd/Xd = √

2Eo/X ′
d , the transient

current component due to the AVR effect cancels out the decaying exponential and
the short-circuit current remains constant at

√
2Eo/X ′

d . If Efd/Xd >
√

2Eo/X ′
d , the

current component due to effect of the AVR is greater than the decaying exponential
component and the short-circuit current will increase. The converse is true for
Efd/Xd <

√
2Eo/X ′

d . For a typical turbo-generator running at no-load and rated



342 Modelling of ac rotating machines

0

1

2

3

4

5

6

0 0.4 0.8 1.2 1.6 2

rms current (pu of rated)

Time (s)

(i)
(ii)

(iii)

(iv)

(i) no AVR,   (ii) with AVR and 

(iii) with AVR and                      ,
X�d

2Eo

Xd

Efd
�

X�d

2Eo

Xd

Efd
�

X�d

2Eo

Xd

Efd
�

(iv) with AVR and

Figure 5.14 Effect of synchronous machine AVR on short-circuit current

voltage, Eo = 1 pu, Xd = 1.5 pu and X ′
d = 0.25 pu,

√
2Eo/X ′

d = 5.65 pu. For high
gain static excitation control systems, a small drop in terminal voltage of only
a few percent is sufficient to cause a field voltage change to maximum ceiling,
typically 7–8 pu where 1 pu field voltage is that which produces a 1 pu terminal
voltage on open circuit, giving Efd/Xd = 5.34 pu. The possible effects of the AVR
on the machine short-circuit current are illustrated in Figure 5.14. It is worth noting
that the phase r current after the subtransient contribution has decayed to zero is
calculated by substituting Equations (5.70c) and (5.72) into

�ir(t) = �id(t) cos(ωt + θo) − �iq(t) sin(ωt + θo)

giving

�ir(t) =
[

Efd

Xd

(√
2Eo

X ′
d

− Efd

Xd

)
e−t/T ′

d(3�)

]
cos(ωst + θo) (5.73)

5.4.8 Modelling of synchronous
motors/compensators/condensers

Although in the preceding analysis we used the general term of synchronous
machine, we nonetheless deliberately biased our attention towards the synchronous
generator. However, synchronous motors are also used in industry essentially in
two general applications; as motors driving large mechanical loads, e.g. compres-
sors or as reactive power compensators and these are generally known as syn-
chronous condensers in North America or synchronous compensators in the UK.
The preceding analysis for synchronous generators applies equally to synchronous
motors. The only difference being the initial loading conditions of the motor.
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5.4.9 Examples

Example 5.1 A 50 Hz three-phase synchronous generator has the follow-
ing data: rated apparent power = 165 MVA, rated power = 132 MW, rated
voltage = 15 kV, Xd = 2.04 pu, X ′

d = 0.275 pu, X ′′
d = 0.19 pu, X ′′

q = 0.2 pu,
XZ = 0.095 pu, T ′

0 = 8.16 s, T ′′
0 = 0.058 s, Ra = 0.002 pu. All parameters are

in pu on 165 MVA rating. Calculate the rms and dc short-circuit currents for a
three-phase, two-phase and one-phase to earth short-circuit faults at the machine
terminals at t = 0, 10 and 90 ms. The machine is initially operating on open
circuit and has a terminal voltage of 1 pu. Although in practice, the neutral
point of the star-connected stator winding of such a generator would be earthed
through a high resistance, assume in this example that the neutral is solidly
earthed.

Three-phase short-circuit fault

T ′
d = 0.275

2.04
× 8.16 = 1.1 s T ′′

d = 0.19

0.275
× 0.058 = 0.04 s

Ta = 0.19

2π50 × 0.002
= 0.302 s

From Equation (5.40a), the rms fault current is given by

irms(t) = √
3
√

2e−t/0.31/(0.19 + 0.195)

and the dc fault current is given by

idc(t) =
√

2

0.19
e−t/0.302

The rms fault current at t = 0, 10 and 100 ms is equal to 5.26, 4.87 and 3.5 pu,
respectively. The dc fault current at t = 0, 10 and 100 ms is equal to 7.44, 7.2
and 5.34 pu, respectively.

Two-phase short-circuit fault
From either Equation (5.43b) (or (5.46)), we have XN = √

0.19 × 0.2 =
0.195 pu.

T ′
d = 0.275 + 0.195

2.04 + 0.195
× 8.16 = 1.716 s

T ′′
d = 0.19 + 0.195

0.275 + 0.195
× 0.058 = 0.0475 s Ta = 0.195

2π50 × 0.002
= 0.31 s
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From Equation (5.47), the rms and dc fault currents are

irms(t) = √
3

[
1

2.04 + 0.195
+
(

1

0.275 + 0.195
− 1

2.04 + 0.195

)
e−t/1.716

+
(

1

0.19 + 0.195
− 1

0.275 + 0.195

)
e−t/0.0475

]
idc(t) = √

3
√

2e−t/0.31/(0.19 + 0.195)

The rms fault current at t = 0, 10 and 100 ms is equal to 4.5, 4.33 and 3.62 pu,
respectively. The dc fault current at t = 0, 10 and 100 ms is equal to 6.36, 6.16
and 4.6 pu, respectively.

One-phase short-circuit fault
From either Equation (5.49e), where XN =√

(0.19 + 0.095/2)(0.2, + 0.095/2)
− 0.095/2 = 0.1949 pu or a value of 0.195 pu as calculated above is acceptable
from a practical viewpoint:

T ′
d = 0.275 + 0.195 + 0.095

2.04 + 0.195 + 0.095
× 8.16 = 1.978 s

T ′′
d = 0.19 + 0.195 + 0.095

0.275 + 0.195 + 0.095
× 0.058 = 0.0493 s

Ta = 0.19 + 0.195 + 0.095

2π50 × (3 × 0.002)
= 0.2546 s

From Equation (5.52), the rms and dc fault currents are

irms(t) = 3

[
1

2.04 + 0.195 + 0.095

+
(

1

0.275 + 0.195 + 0.095
− 1

2.04 + 0.195 + 0.095

)
e−t/1.978

+
(

1

0.19 + 0.195 + 0.095
− 1

0.275 + 0.195 + 0.095

)
e−t/0.0493

]

idc(t) = 3
√

2

0.19 + 0.195 + 0.095
e−t/0.2546

The rms fault current at t = 0, 10 and 100 ms is equal to 6.25, 6.06 and 5.24 pu,
respectively. The dc fault current at t = 0, 10 and 100 ms is equal to 8.84, 8.5
and 5.97 pu, respectively.

Example 5.2 Repeat the calculations for the three-phase and one-phase short-
circuit faults in Example 5.1 assuming the machine is initially loaded and
operating at rated power and power factor and a terminal voltage of 1 pu.
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Using Equation (5.63), let Vt = 1 pu. The machine rated lagging power fac-
tor is equal to 132/165 = 0.8 and the rated lagging reactive power output is
equal to 132 MW × tan(cos−10.8) = 99 MVAr. The machine’s real and react-
ive power output in pu on machine MVA rating are equal to 132/165 = 0.8 pu
and 99/165 = 0.6 pu. Thus,

E′′ = 1 + (0.002 + j0.19)

(
0.8 − j0.6

1

)
= 1.1257 pu∠7.7◦

E′
t=0 = 1 + (0.002 + j0.275)

(
0.8 − j0.6

1

)
= 1.187 pu∠10.7◦

E = 1 + (0.002 + j2.04)

(
0.8 − j0.6

1

)
= 2.759 pu∠36.2◦

Using Equations (5.64) for a three-phase fault, we have

irms(t) = 2.759

2.04
+
(

1.187

0.275
− 2.759

2.04

)
e−t/1.1 +

(
1.1257

0.19
− 1.187

0.275

)
e−t/0.04

and the dc fault current is given by

idc(t) =
√

2 × 1.1257

0.19
e−t/0.302

The rms fault current at t = 0, 10 and 100 ms are equal to 5.93, 5.54 and 4.2 pu,
respectively. The dc fault current at t = 0, 10 and 100 ms is equal to 8.38, 8.1
and 6.0 pu.

Using Equations (5.66) for a one-phase to earth fault, we have

irms(t) = 3

[
2.759

2.04 + 0.195 + 0.095

+
(

1.187

0.275 + 0.195 + 0.095
− 2.759

2.04 + 0.195 + 0.095

)
e−t/1.978

+
(

1.1257

0.19 + 0.195 + 0.095
− 1.187

0.275 + 0.195 + 0.095

)
e−t/0.0493

]

idc(t) = 3
√

2 × 1.1257

0.19 + 0.195 + 0.095
e−t/0.2546

The rms fault current at t = 0, 10 and 100 ms is equal to 7.17, 7.02 and 6.39 pu,
respectively. The dc fault current at t = 0, 10 and 100 ms is equal to 8.84, 8.5
and 5.97 pu, respectively.
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Example 5.3 The generator of Example 5.1 is now assumed to be connected
to a high voltage 132 kV busbar through a star–delta transformer that has a PPS
leakage impedance equal to (0.00334 + j0.2)pu on 165 MVA. The star winding
is the high voltage winding. The transformer’s ZPS reactance is equal to 95%
of the PPS reactance. Calculate the rms and dc short-circuit currents for three-
phase and one-phase short-circuit faults on the 132 kV busbar assuming that
the machine is initially operating on open circuit and the initial voltages at its
terminals and on the 132 kV busbar are both 1 pu.

Three-phase short-circuit fault
The new short-circuit time constants can be calculated using Equations (5.38b)
and (5.38c). The external impedance ‘seen’ by the machine up to the fault
point on the transformer high voltage side is simply that of the transformer.
However, in this example, Equations (5.39a) and (5.39b) can be used because
the armature resistance of the machine and the transformer resistance are very
small in comparison with the machine and transformer reactances. Thus

T ′
de = 0.275 + 0.2

2.04 + 0.2
× 8.16 = 1.73 s T ′′

de = 0.19 + 0.2

0.275 + 0.2
× 0.058 = 0.0476 s

From Equation (5.38e), we have

Tae = (0.19 + 0.2)/2 + 0.2

2π50 × (0.002 + 0.0034)
= 0.2328 s

The rms and dc fault currents are calculated using Equation (5.40b),

irms(t) = 1

2.04 + 0.2
+
(

1

0.275 + 0.2
− 1

2.04 + 0.2

)
e−t/1.73

+
(

1

0.19 + 0.2
− 1

0.275 + 0.2

)
e−t/0.047

and

idc(t) =
√

2

0.19 + 0.2
e−t/0.2328

The rms fault current at t = 0, 10 and 100 ms is equal to 2.56, 2.46 and 2.06 pu,
respectively. The dc fault current at t = 0, 10 and 100 ms is equal to 3.626, 3.47
and 2.36 pu, respectively.

One-phase to earth short-circuit fault
The first step is to calculate the external impedance ‘seen’ by the machine up
to the fault point on the transformer high voltage side. The PPS, NPS and ZPS
networks for this fault condition are connected in series as shown in figure
in Example 5.3(a). The equivalent external impedance seen by the machine is
shown in figure in Example 5.3(b).
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Thus, the external impedance is given by Ze = (3Rt + Ra) + j(2.95X t + XN).
Thus, Re = 3 × 0.00334 + 0.002 = 0.01202 pu and Xe = 2.95 × 0.2 + 0.195 =
0.785 pu. The short-circuit time constants can be calculated using Equations
(5.38b) and (5.38c). However, we will use Equations (5.39a) and (5.39b)
because the armature resistance and external resistance are very small in
comparison with the machine’s reactances and external reactance. Thus

T ′
de = 0.275 + 0.785

2.04 + 0.785
× 8.16 = 3.06 s T ′′

de = 0.19 + 0.785

0.275 + 0.785
× 0.058 = 0.0533 s

From Equation (5.38e), we have

Tae = (0.19 + 0.2)/2 + 0.785

2π50 × (0.002 + 0.01202)
= 0.2225 s

The rms and dc fault currents are calculated using Equation (5.40b),

irms(t) = 3

[
1

2.04 + 0.785
+
(

1

0.275 + 0.785
− 1

2.04 + 0.785

)
e−t/3.06

+
(

1

0.19 + 0.785
− 1

0.275 + 0.785

)
e−t/0.0533

]
and

idc(t) = 3
√

2

0.19 + 0.785
e−t/0.2225

The rms fault current at t = 0, 10 and 100 ms is equal to 3.07, 3.02 and 2.81 pu,
respectively. The dc fault current at t = 0, 10 and 100 ms is equal to 4.35, 4.16
and 2.77 pu, respectively.
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5.5 Determination of synchronous machines
parameters from measurements

Although calculations of machine parameters are made by machine manufacturers
at the design stage, factory or field tests are generally carried out on the built
machine. These are to identify the machine parameters and confirm that they are
within the guaranteed or declared design values which are typically ±10% or
as agreed between the manufacturer and the customer. The reactances and time
constants of the machine are determined from measurements as defined in IEC
and IEEE standards.

5.5.1 Measurement of positive sequence reactances,
positive sequence resistance and d-axis
short-circuit time constants

Measurement and separation of ac and
dc current components

Several parameters can be calculated from measurements of the stator short-circuit
currents during a sudden three-phase short circuit at the machine terminals. These
are the positive sequence or the d-axis subtransient, transient and steady state
reactances, and the d-axis short-circuit subtransient, transient and armature (dc)
time constants. The machine is on open circuit and running at rated speed just
before the application of the simultaneous three-phase short-circuit fault. The
unsaturated reactances and time constants are determined by performing tests at a
few low values of prefault stator voltage, e.g. 0.1–0.4 pu. The saturated reactances
are determined from tests at rated 1 pu prefault stator voltage. Oscillograms of the
three-phase short-circuit currents are taken. Recalling Equation (5.40a).

îr(t) = √
2

[
Eo

Xd
+
(

Eo

X ′
d

− Eo

Xd

)
e−t/T ′

d(3φ) +
(

Eo

X ′′
d

− Eo

X ′
d

)
e−t/T ′′

d(3φ) + Eo

X ′′
d

e−t/Ta(3φ)

]
(5.74a)

or

îr(t) = Îac(t) + idc(t) (5.74b)

Îac(t) = √
2Id + √

2
(
I ′
d − Id

)
e−t/T ′

d(3φ) + √
2
(
I ′′
d − I ′

d

)
e−t/T ′′

d(3φ) (5.75a)

and

idc(t) = √
2I ′′

d e−t/Ta(3φ) (5.75b)

Equation (5.75a) represents the envelope of the ac rms component of the short-
circuit current where

I ′′
d = Eo

X ′′
d

I ′
d = Eo

X ′
d

Id = Eo

Xd
(5.75c)
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Figure 5.15 Measurement of short-circuit current and separation of ac and dc current components

To illustrate the process of determining the machine d-axis parameters,
Figure 5.15(a) illustrates the measured phase r asymmetrical current. The first
step is to separate the dc and ac components of the measured current. The dc com-
ponent can be calculated as the algebraic half sum of the ordinates of the upper
and lower envelopes of the current whereas the ac components can be similarly
determined from the algebraic half difference of the upper and lower envelopes. In
practice, experience shows that this manual process is dependent on the engineer
doing the analysis and can be subject to some error whereas the use of numerical
filters is both more accurate and consistent. The outcome of separating the ac and
dc components of the short-circuit current is illustrated in Figure 5.15(b) and the
dc component alone is shown in Figure 5.15(c).

The dc (armature) time constant

As a decaying exponential, the magnitude of the dc component drops from its
initial value at t = 0 to 1/e = 0.36788 of the initial value at t = Ta(3φ) where Ta(3φ)

is the dc or stator or armature time constant. Ta(3φ) is indicated in Figure 5.15(c).

Steady state d-axis reactance

The peak envelope of the ac short-circuit current is shown in Figure 5.16(a). One
method of determining the steady state reactance is from the oscillogram’s current
value after a sufficient time so that the transient current component has completely
decayed or vanished. Therefore, with

√
2Id read from Figure 5.16(a), we have

Xd = Eo

Id
(5.76)
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Figure 5.16 Measured ac current component plotted on linear and logarithmic scales: (a) peak ac current
envelope and components and (b) time constants from current envelopes

An alternative method that is usually used by machine manufacturers is to calculate
Xd from the ratio of the field current at rated short-circuit stator current to the air-gap
field current at rated open-circuit stator voltage.

Transient reactance and transient short-circuit time constant

Using Figure 5.16(a), the machine current attributable to the transient reactance
is determined from the transient envelope of the ac current after subtracting the
steady state current value then the transient current result is plotted on linear-
logarithmic coordinates as shown in Figure 5.16(b). The envelope of the transient
current component is given by

�I ′
d(t) = √

2(I ′
d − Id)e−t/T ′

d(3φ) (5.77a)

When this component is extrapolated back to zero time, it cuts the ordinate axis at
�I ′

d(t = 0) = √
2(I ′

d − Id) and this is read from the ordinate. Therefore, the transient
current is calculated as follows:

I ′
d = �I ′

d(t = 0)√
2

+ Id (5.77b)

The transient reactance can now be calculated as

X ′
d = Eo

I ′
d

(5.77c)

The transient time constant is the time required for the transient current component
to drop to 1/e = 0.36788 of its initial value as illustrated in Figure 5.16(b).
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Subtransient reactance and subtransient short-circuit
time constant

The machine current attributable to the subtransient reactance is determined from
the upper envelope of the ac current after subtracting the transient current value. The
subtransient current component is then plotted on linear-logarithmic coordinates
as shown in Figure 5.16(b). The envelope of the subtransient current component
is given by

�I ′′
d (t) = √

2(I ′′
d − I ′

d)e−t/T ′′
d(3φ) (5.78a)

When this component is extrapolated back to zero time, it cuts the ordinate axis
at �I ′′

d (t = 0) = √
2(I ′′

d − I ′
d) and this is read from the ordinate. Therefore, the

subtransient current is calculated as follows:

I ′′
d = �I ′′

d (t = 0)√
2

+ I ′
d (5.78b)

The subtransient reactance can now be calculated as

X ′′
d = Eo

I ′′
d

(5.78c)

The subtransient time constant is the time required for the subtransient cur-
rent component to drop to 1/e = 0.36788 of its initial value as illustrated in
Figure 5.16(b).

Transient reactance at the end of the subtransient
period t = 5T ′′

d

The transient current component at the end of the subtransient period at t = 5T ′′
d is

given by �I ′
d(t = 5T ′′

d ) = √
2[I ′

d(t = 5T ′′
d ) − Id] and this is read from the ordinate

of Figure 5.16(b). Therefore, the transient current at t = 5T ′′
d is given by

I ′
d(t = 5T ′′

d ) = �I ′
d(t = 5T ′′

d )√
2

+ Id and X ′
d(t = 5T ′′

d ) = Eo

I ′
d(t = 5T ′′

d )

(5.78d)

Alternatively, Equation (5.37b) can be used to calculate X ′
d(t = 5T ′′

d ).
The reactances and short-circuit time constants measured are usually the unsat-

urated values. Also, since the currents in three phases are measured, the above
calculations are made for each phase and an average value of each parameter is
taken.

PPS resistance

The total three-phase power during the three-phase short-circuit test is measured
when the short-circuit current is equal to the rated machine current. The rated
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Figure 5.17 Measurement of synchronous machine NPS resistance and reactance: (a) sustained solid
two-phase short-circuit and (b) three-phase NPS voltage source test

machine current is calculated from IRated = MVARated/(
√

3 × VRated). The PPS
resistance is given by

RP = Total losses under a three-phase short circuit

3 × I2
Rated

(5.79)

5.5.2 Measurement of NPS impedance
The NPS reactance and resistance can be determined using one of two test methods.
The first is by applying a solid two-phase sustained short circuit on any two
phases when the machine is running at rated synchronous speed as illustrated in
Figure 5.17(a). The short-circuit current I(A), the voltage between the short-
circuited phases and the healthy phase, VDiff (V), and the electric input power
P3φ(W) are measured. Using Equations (2.48a) to (2.48d) with ZF = 0, it can be
shown that the NPS impedance, reactance and resistance are given by

ZN = VDiff√
3 × I

� XN = P3φ√
3 × I2

� RN =
√

(ZN)2 − (XN)2 � (5.80)

The second test method is illustrated in Figure 5.17(b). It involves applying a
three-phase voltage source having a NPS phase rotation RBY to the machine being
tested with the machine running at rated speed in a PPS rotation RYB and its field
winding short circuited, i.e. zero internal EMF. The reason for short-circuiting the
field winding is that XN, like X ′

d and X ′′
d , is due to induced currents in the rotor

and these currents must be able to flow unhindered. The slip of the machine being
tested is therefore 200% and large double-frequency currents are induced in the
damper windings. Because the NPS reactance is quite low, the applied test voltage
must be very low, e.g. 0.02–0.2 pu, so as to avoid overheating. The current I(A),
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Figure 5.18 Measurement of synchronous machine ZPS resistance and reactance

the applied phase voltage E(V), and the electric input power P(W) are measured.
The NPS reactance and resistance are given by

ZN = E√
3 × I

� RN = P

3 × I2
� XN =

√
(ZN)2 − (RN)2 � (5.81)

The results obtained from calculations from the three phases are averaged.

5.5.3 Measurement of zero sequence impedance
The zero sequence reactance and resistance can be determined using one of two
test methods. In the first, a solid two-phase to earth sustained short-circuit fault
is applied with the machine initially running at rated speed and a very low stator
voltage to avoid rotor overheating or vibration. The voltage to neutral (V) on the
open healthy phase and the earth (neutral) current (A) are measured. It can be shown
that, using Equations (2.57a) and (2.57b) with ZF = 0, that the ZPS reactance can
be calculated by dividing the measured voltage by the current.

The second test method is illustrated in Figure 5.18. It involves applying a
single-phase voltage source to the machine being tested at the point where the
three stator windings terminals are joined together. As for the NPS impedance
test, the machine is running at rated speed and its field winding is short-circuited.
The source current IZ (A), the applied source voltage E(V), and the total electric
input power P(W) are measured. The ZPS reactance and resistance are given by

ZZ = 3E

IZ
� RZ = P

3 × (IZ )2
� XZ =

√
(ZZ)2 − (RZ)2 � (5.82)

5.5.4 Example

Example 5.4 Consider a 50 Hz three-phase synchronous generator having
rated apparent power of 165 MVA, rated power of 132 MW and rated ter-
minal voltage of 15 kV. The results below are obtained from various tests and
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measurements on the generator. The armature dc resistance is 0.2% on rated
voltage and rated MVA:

1. Direct axis synchronous reactance
Unsaturated or air-gap field current at rated open-circuit terminal voltage
is 682 A. The field current at rated armature (stator) current on three-phase
terminal short-circuit is 1418 A.

2. Sudden three-phase short-circuit test at rated synchronous speed
Prefault stator phase-to-phase voltage is 3 kV
Steady state rms short-circuit current Id = 623 A
Three-phase load losses at rated current = 477 kW

Figure 5.19 shows the results of the phase R current envelopes (peaks) plotted
on a semi-logarithmic scale.

3. NPS impedance test
A phase-to-phase sustained short-circuit test at the generator terminals gave
the following results:

VDiff (V) 453 626 806
rms current I(A) 1006 1407 1802
Three-phase power P (kW) 455 879 1451
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Figure 5.19 Measured short-circuit current envelopes plotted on semi-logarithmic scale: (a) subtransient
and transient components and (b) subtransient component
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4. ZPS reactance test
A two-phase to earth sustained short-circuit test at the generator terminals
gave the following results:

Voltage to neutral, 149 194 232
healthy phase (V)

rms current I(A) 1146 1490 1780

Solution
Direct axis synchronous reactance

Unsaturated Xd = 1418 A

682 A
× 100 = 208%

Alternatively, using Id = 623 A from the sudden three-phase short-circuit test,
we have

Xd = (3000/
√

3)V

623 A
= 2.78 �

Base impedance = (15 kV)2

165 MVA
= 1.3636 �

Thus

Xd = 2.78 �

1.3636 �
× 100 = 204%

Direct axis transient reactance and time constant
From Figure 5.19(a), we have

√
2(I ′

d − Id) = 5655.4 A I ′
d = 5655.4√

2
+ 623 = 4622 A

Thus

X ′
d = 3000/

√
3 V

4622 A
= 0.375 � or X ′

d = 0.375 �

1.3636 �
× 100 = 27.5%.

At t = T ′
d , the transient current component is 1/e times the initial value of

5655.4 A, i.e. 2080.5 A. Thus, the transient time constant is found from
Figure 5.19 as T ′

d = 1.1 s.

Direct axis subtransient reactance and time constant
From Figure 5.19b, we have

√
2(I ′′

d − I ′
d) = 3010.9 A I ′′

d = 3010.9√
2

+ 4622 = 6751 A

Thus

X ′′
d = 3000/

√
3 V

6751 A
= 0.25656 � or X ′′

d = 0.25656 �

1.3636 �
× 100 = 18.8%.
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At t = T ′′
d , the subtransient current component is 1/e times the initial value of

3010.9 A, i.e. 1107.6 A. Thus, the subtransient time constant is found from
Figure 5.19(b) as T ′′

d = 39 ms.

Transient reactance at the end of the subtransient period
The transient current component at the end of the subtransient period, i.e.
at t = 5T ′′

d = 195 ms is given by
√

2[I ′
d(t = 195 ms) − Id] = 4709 A giving

I ′
d(t = 200 ms) = 3953 A. Therefore

X ′
d(t = 200 ms) = 3000/

√
3 V

3953 A
= 0.438 �

or

X ′
d(t = 200 ms) = 0.438 �

1.3636 �
× 100 = 32.1%

Alternatively, using Equation (5.37b), we obtain

X ′
d(t = 200 ms) = 27.5%

27.5%
204% [1 − exp(−5 × 39/1100)]+ exp(−5 × 39/1100)

= 32.0%

Usually, similar analysis is carried out for the other two phases and an average
is taken. The above test results were made at 20% rated voltage. The same tests
may also be carried out at other voltages.

PPS resistance

Rp = Load losses during short − circuit at rated current

3 × I2
Rated

Rated armature (stator) current = 165 MVA√
3 × 15 kV

× 1000 = 6351 A

Rp = 477 × 103 W

3 × (6351 A)2
= 3.942 × 10−3 �

or

Rp = 3.942 × 10−3 �

1.3636 �
× 100 = 0.289%

NPS impedance
Using the first set of results, the NPS impedance, reactance and resistance are
calculated as follows:

ZN = 453 V√
3 × 1006 A

× 1

1.3636 �
× 100 = 19.06%

XN = 455 × 103 W√
3 × (1006 A)2

× 1

1.3636
× 100 = 19.03%

RN =
√

(19.06)2 − (19.03)2 = 1.07%



Modelling of induction motors in the phase frame of reference 357

Similar calculations are carried out using the other test results and these will
give broadly similar results. The NPS impedance/reactance is then plotted
against the short-circuit current and extrapolated to

√
3IRated = 10 827 A. The

NPS reactance value should be 19%.

ZPS reactance
Using the first set of results, the ZPS reactance is calculated as follows:

XZ = 149 V

1146 A
× 1

1.3636 �
× 100 = 9.5%

Similar calculations are carried out using the other test results and these will
give broadly similar results. The ZPS reactance is then plotted against the short-
circuit current and extrapolated to 3 × IRated = 19 053 A. This value should
be 9.5%.

Armature (dc) time constant
Using the measured PPS, NPS and ZPS reactances, and the known armature
dc resistance, the armature dc time constants for various short-circuit faults are
calculated as follows:

(a) Three-phase short circuit

Ta = 18.8%

2π × 50 Hz × 0.2%
= 0.30 s

(b) Two-phase short circuit

Ta = 19.03%

2π × 50 Hz × 0.2%
= 0.302 s

(c) One-phase to earth short circuit

Ta = (18.8 + 19.03 + 9.5)%

2π × 50 Hz × (3 × 0.2%)
= 0.251 s

(d) Two-phase to earth short circuit

Ta1 = (19.03 + 2 × 9.5)%

2π × 50 Hz × (3 × 0.2)%
= 0.20 s,

Ta2 = 19.03%

2π × 50 Hz × 0.2%
= 0.302 s

5.6 Modelling of induction motors in the
phase frame of reference

5.6.1 General
For over a century, induction motors have been the workhorses of the electric
energy industry. These motors are used to drive a variety of mechanical loads,
e.g. fans, blowers, centrifugal pumps, hoists, conveyors, boring mills and textile
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machinery. The modelling of induction motors and the analysis of their short-
circuit current contribution is recognised as critically important and is fully taken
into account in industrial power systems, e.g. petrochemical plant, oil refineries,
offshore oil platforms and power station auxiliary systems. The important charac-
teristic in such installations is the concentrated large number of induction motors
used which are clearly identifiable in terms of size, rating, location in the industrial
network and, generally, electrical parameters.

Three-phase and single-phase motors are also used in some commercial instal-
lations with the latter being utilised in some domestic appliances. These motors
can form an important part of the general power system load ‘seen’ at distribution
network substations. The importance of the short-circuit contribution from such a
cumulative motor load has only recently been recognised but, unfortunately, there
is no international consensus regarding its treatment. This aspect is discussed in
Chapter 7.

5.6.2 Overview of induction motor modelling in the
phase frame of reference

Similar to a synchronous machine, the stator of an induction machine consists of a
set of three-phase stator windings which may be star or delta connected. The rotor
may be of a wound rotor or a squirrel-cage rotor construction with conducting
bars placed in slots on the rotor surface. In squirrel-cage motors, the bars are
short-circuited at both ends by end rings.

Due to the absence of slip rings or brushes, squirrel-cage induction motors are
most rugged and are virtually maintenance-free machines. For some applications
where high starting torques are required, e.g. boring mills, conveyor equipment,
textile machinery, wood working equipment, etc., double squirrel-cage rotors are
used. As the name implies two layers of bars are used; a high resistance one
nearer the rotor surface and a low resistance one located below the first. The
high resistance bars are effective at starting in order to give higher starting torque
whereas the low resistance bars are effective under normal running operation.

The connection of a balanced three-phase power supply to the stator produces a
MMF that rotates at synchronous speed Ns = (120 × fs)/Np where Ns is in rpm, fs
is supply frequency and NP is the number of poles. This MMF induces voltages in
the rotor windings and because these are short-circuited, rotor currents flow. The
interaction of the rotor currents and the stator MMF produces a torque that acts
to accelerate the rotor in the same direction of rotation of the stator MMF. The
frequency of the rotor currents is determined by the relative motion of the stator
MMF and rotor speed and is equal to Ns − Nr where Nr is the rotor speed. The
relative speed, of the rotor, called slip speed, in per unit of the synchronous speed,
is given by

s = Ns − Nr

Ns
(5.83a)

Clearly, when the rotor is stationary, e.g. at starting, Nr = 0 and the slip s = 1.
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Equation (5.83a) can be written in terms of stator MMF and rotor angular speeds
ωs and ωr, in electrical radians per second, as follows:

s = ωs − ωr

ωs
(5.83b)

or

ωr = (1 − s)ωs (5.83c)

As for synchronous machines, one of our objectives is to gain an insight into
the meaning of the induction motor parameters required for use in short-circuit
analysis. Prior to the derivation of the motor equations in the ryb phase frame of
reference, we note that even for a squirrel-cage rotor, the rotor can be represented
as a set of three-phase windings. This is because induced currents in them produce
a MMF with the same number of poles as that produced by the stator windings.
Also, the rotor is symmetrical as the air gap is uniform. This means that only the
mutual inductances between stator and rotor windings are dependent on rotor angle
position. Figure 5.20 illustrates the stator and rotor circuits of an induction motor.

Assuming that the axis of phase r rotor winding leads that of phase r stator
winding by θr where

θr = ωrt (5.84a)

Using Equation (5.83c), we can write

θr = (1 − s)ωst (5.84b)
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Figure 5.20 Illustration of stator and rotor circuits of an induction machine
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Initially, we consider the rotor to have a single rotor winding to correspond to that
of wound rotor or a single squirrel-cage rotor. The time domain stator and rotor
voltage equations, with (s) and (r) denoting stator and rotor, respectively, can be
written in matrix form as

eryb(s) = Rsiryb(s) + d

dt
ψryb(s) (5.85a)

eryb(r) = Rriryb(r) + d

dt
ψryb(r) (5.85b)

where e, i and ψ are 3 × 1 column matrices and Rs and Rr are 3 × 3 diagonal matri-
ces of Rs and Rr elements, respectively. Rs and Rr are stator and rotor resistances,
respectively.

The time domain stator and rotor flux linkage equations for a magnetically linear
system are given by [

ψryb(s)
ψryb(r)

]
=
[

Lss Lsr(θr)
Lrs(θr) Lrr

][
iryb(s)

iryb(r)

]
(5.86a)

where

r(s) y(s) b(s)

Lss =

r(s)

y(s)

b(s)

⎡
⎢⎢⎢⎢⎢⎣

Lσs + Lms −1

2
Lms −1

2
Lms

−1

2
Lms Lσs + Lms −1

2
Lms

−1

2
Lms −1

2
Lms Lσs + Lms

⎤
⎥⎥⎥⎥⎥⎦

r(r) y(r) b(r) (5.86b)

Lrr =

r(r)

y(r)

b(r)

⎡
⎢⎢⎢⎢⎢⎣

Lσr + Lmr −1

2
Lmr −1

2
Lmr

−1

2
Lmr Lσr + Lmr −1

2
Lmr

−1

2
Lmr −1

2
Lmr Lσr + Lmr

⎤
⎥⎥⎥⎥⎥⎦

r(r) y(r) b(r)

Lsr(θr) = Lsr

⎡
⎢⎢⎣

cos θr cos(θr + 2π/3) cos(θr − 2π/3)

cos(θr − 2π/3) cos θr cos(θr + 2π/3)

cos(θr + 2π/3) cos(θr − 2π/3) cos θr

⎤
⎥⎥⎦

r(s)

y(s)

b(s)

(5.86c)

and

Lrs(θr) = LT
sr(θr)
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Lσs and Lms are the leakage and magnetising inductances of the stator windings,
Lσr and Lmr are the leakage and magnetising inductances of the rotor windings
and Lsr is the amplitude of the mutual inductance between the stator and rotor
windings. The magnetising and mutual inductances are associated with the same
magnetic flux paths, hence Lms, Lmr and Lsr are related by the stator/rotor turns
ratio as follows:

Lms = Ns

Nr
Lsr and Lmr =

(
Nr

Ns

)2

Lms (5.87a)

Defining

L′
sr = Ns

Nr
Lsr and L′

σr =
(

Ns

Nr

)2

Lσr

where the prime denotes rotor quantities that are referred to the stator. Thus

L′
sr(θr) = Lms

⎡
⎣ cos θr cos(θr + 2π/3) cos(θr − 2π/3)

cos(θr − 2π/3) cos θr cos(θr + 2π/3)
cos(θr + 2π/3) cos(θr − 2π/3) cos θr

⎤
⎦ (5.87b)

and

L′
rr =

⎡
⎢⎢⎢⎢⎢⎣

L′
σr + Lms −1

2
Lms −1

2
Lms

−1

2
Lms L′

σr + Lms −1

2
Lms

−1

2
Lms −1

2
Lms L′

σr + Lms

⎤
⎥⎥⎥⎥⎥⎦ (5.87c)

thus [
ψryb(s)
ψryb(r)

]
=
[

Lss L′
sr(θr)

L′
rs(θr) L′

rr

][
iryb(s)

iryb(r)

]
(5.87d)

Substituting Equation (5.87d) into Equation (5.85), we obtain

[
eryb(s)

eryb(r)

]
=
[

Rs + pLss pL′
sr(θr)

p(L′
sr(θr))

T R′
r + pL′

rr

][
iryb(s)

i′ryb(r)

]
(5.87e)

where

R′
r =

(
Ns

Nr

)2

Rr and p = d

dt
.

We have used p instead of s since the latter is used to denote slip speed.
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5.7 Modelling of induction motors in the
dq frame of reference

5.7.1 Transformation to dq axes
The next step is to transform the stator and rotor quantities to the d and q axes
reference frame. However, because we are concerned in this book with short
circuit rather than electromechanical analysis, we will fix our reference frame to
the rotor as in the case of synchronous machines. This introduces an advantage
that will become apparent later. The d-axis is chosen to coincide with stator phase
r axis at t = 0 and the q-axis leads the d-axis by 90◦ in the direction of rotation.
Therefore, the stator and rotor quantities can be transformed using the transform-
ation matrix given in Equation (5.7b). It can be shown that the transformation of
Equations (5.87d) and (5.87e) gives⎡

⎢⎢⎣
ψds

ψqs

ψdr

ψqr

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

Lσs + Lm 0 Lm 0
0 Lσs + Lm 0 Lm

Lm 0 L′
σr + Lm 0

0 Lm 0 L′
σr + Lm

⎤
⎥⎥⎦
⎡
⎢⎢⎣

ids

iqs

idr

iqr

⎤
⎥⎥⎦ (5.88a)

where

Lm = 1.5Lms

and ⎡
⎢⎢⎣

eds

eqs

edr

eqr

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

Rsids

Rsiqs

R′
ridr

R′
riqr

⎤
⎥⎥⎦+

⎡
⎢⎢⎣

ωrψqs

−ωrψds

0
0

⎤
⎥⎥⎦+ d

dt

⎡
⎢⎢⎣

ψds

ψqs

ψdr

ψqr

⎤
⎥⎥⎦ (5.88b)

Because the rotor windings are short-circuited,

edr = eqr = 0 (5.88c)

We note that the speed voltage terms in the rotor voltages of Equation (5.88b) are
zeros because of our choice of reference frame for the rotor quantities to coincide
with the rotor rather than with the synchronously rotating MMF.

The above equations are in physical units. However, it can be easily shown that
they take the same form in per unit because the stator rated quantities are taken
as base quantities. The d and q axes transient equivalent circuits are obtained by
substituting Equation (5.88a) into Equation (5.88b). The result is the operational
equivalent circuit shown in Figure 5.21(a) that is identical in both the d and q
axes because of the symmetrical structure of the rotor. The steady state equivalent
circuit, shown in Figure 5.21(b), is derived by converting the time variables into
phasors and setting all derivatives to zero. We note that in order to simplify the
notation, we have dropped the prime from the rotor resistance and inductance
parameters.
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pLrpLm

(a)

pcds

�

�

�

�

or pcqs

Ids or Iqs pLs (b)

Vs

Is

jXm

jXsRs

jXr

s
Rr

Figure 5.21 Equivalent circuits of an induction motor with one rotor winding: (a) operational equivalent
circuit and (b) steady state equivalent circuit

5.7.2 Complex form of induction motor equations
To simplify the mathematics, we can replace all the voltage and flux linkage
equations for the d and q axes of Equations (5.88a) and (5.88b) by half the number
of equations if we define new complex variables Vs, Is, Ir, ψs, ψr such that

Vs = eds + jeqs Is = ids + jiqs ψs = ψds + jψqs ψr = ψdr + jψqr (5.89)

Therefore, combining the fluxes and voltages from Equations (5.88a) and (5.88b)
according to Equation (5.89), we obtain

Vs = pψs + jωrψs + RsIs (5.90a)

0 = RrIr + pψr (5.90b)
ψs = (Lσs + Lm)Is + LmIr (5.91a)

ψr = LmIs + (Lm + Lσr)Ir (5.91b)

5.7.3 Operator reactance and parameters of a
single-winding rotor

In order to gain an understanding of the origin and meaning of the various motor
parameters, e.g. transient reactance and time constant, we will use the method of
operator axis reactance analysis for the simplicity and clear insight it provides.
Since the motor operational equivalent circuit of Figure 5.21(a) is identical for
both the d and q axes, the d and q axes operator reactances will be identical. By
substituting Equation (5.91b) for ψr into Equation (5.90b), we obtain

Ir = −Lmp

Rr + (Lm + Lσr)p
Is

which when substituted into Equation (5.91a) for ψs and simplifying, we obtain

ψs =
[

(Lσs + Lm) − L2
mp

Rr + (Lσr + Lm)p

]
Is (5.92a)

It can be shown that after further manipulation, Equation (5.92a) can be written as

ψs = (Lσs + Lm)
1 + pT ′

1 + pT ′
o
Is (5.92b)
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where

T ′
o = Lσr + Lm

Rr
(5.93a)

and

T ′ = 1

Rr

(
Lσr + 1

1
Lσs

+ 1
Lm

)
(5.93b)

T ′
o and T ′ are the motor’s open-circuit and short-circuit transient time constants,

respectively. As for the synchronous machine, to obtain the time constants in
seconds, the per-unit time constants of Equations (5.93a) and (5.93b) should be
divided by ωs = 2πfs where fs is the system power frequency. The motor opera-
tional reactance is defined as X(p) = ωsψs/Is, hence, from Equation (5.92b), we
obtain

X(p) = (Xσs + Xm)
1 + pT ′

1 + pT ′
o

(5.94a)

The effective motor reactance at the instant of an external disturbance is defined
as the transient reactance X ′. Using Equation (5.94a), this is given by

X ′ = lim
p→∞X(p) = (Xσs + Xm)

T ′

T ′
o

(5.94b)

This can also be expressed in terms of the electrical parameters of the stator and
rotor circuits using Equations (5.93a) and (5.93b) as follows:

X ′ = Xσs + 1
1

Xm
+ 1

Xσr

(5.94c)

5.7.4 Operator reactance and parameters of
double-cage or deep-bar rotor

Many induction motors are designed with a double squirrel-cage rotor. Also, many
large MW size motors have deep-bar cage windings on the rotor designed to limit
starting currents. For both double-cage and deep-bar rotors, we assume that the
end-rings resistance and the part of the leakage flux which links the two rotor
windings, but not the stator, are neglected. Therefore, we represent both rotor
types by two parallel rotor circuits as shown in the operational equivalent circuit
of Figure 5.22(a). The corresponding steady state equivalent circuit is shown in
Figure 5.22(b). Figure 5.22(c) shows an alternative steady state equivalent circuit
where the two rotor branches are converted into a single equivalent branch whose
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Is jXsRs

jXr1

s
Rr1

jXr2

s
Rr2

(c)

�

�

jXr(s)

s
Rr(s)
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Figure 5.22 Equivalent circuits of an induction motor with a double squirrel-cage or deep-bar rotor:
(a) operational equivalent circuit, (b) steady state equivalent circuit and (c) circuit (b) with a single equivalent
rotor branch

resistance and reactance are functions of motor slip s as follows:

Rr(s) = Rr1Rr2(Rr1 + Rr2) + s2(Rr2X2
σr1 + Rr1X2

σr2)

(Rr1 + Rr2)2 + s2(Xσr1 + Xσr2)2
(5.95a)

Xr(s) = Xσr2R2
r1 + Xσr1R2

r2 + s2Xσr1Xσr2(Xσr1 + Xσr2)

(Rr1 + Rr2)2 + s2(Xσr1 + Xσr2)2
(5.95b)

From the operational circuit of Figure 5.22(a), and as in the case of a single rotor
winding, the complex form of the motor voltage and flux linkage equations can
be written by inspection as follows:

Vs = pψs + jωrψs + RsIs (5.96a)

0 = Rr1Ir1 + pψr1 (5.96b)

0 = Rr2Ir2 + pψr2 (5.96c)

ψs = (Lσs + Lm)Is + LmIr1 + LmIr2 (5.97a)

ψr1 = LmIs + (Lσr1 + Lm)Ir1 + LmIr2 (5.97b)

ψr2 = LmIs + LmIr1 + (Lσr2 + Lm)Ir2 (5.97c)

The derivation of the operational reactance is similar to that in the case of a single
rotor winding except that more algebra is involved. The steps are summarised
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as follows: substitute Equation (5.97b) in Equation (5.96b), Equation (5.97c) in
Equation (5.96c), eliminate Is and express Ir1 in terms of Ir2, express Ir1 and Ir2 in
terms of Is and substitute these results back in Equation (5.97a). It can be shown
that the result is given by

ψs

Is
= (Lσs + Lm)

− L2
m(Rr1 + Rr2)p + L2

m(Lσr1 + Lσr2)p2

Rr1Rr2 + [Rr1(Lσr2 + Lm) + Rr2(Lσr1 + Lm)]p + [Lσr1Lm + Lσr2(Lσr1 + Lm)]p2

(5.98a)

Using X( p) = ωsψs/Is, the motor operational reactance can be written as

X(p) = (Xσs + Xm)

− X2
m(Rr1 + Rr2)p + X2

m(Xσr1 + Xσr2)p2

Rr1Rr2 + [Rr1(Xσr2 + Xm) + Rr2(Xσr1 + Xm)]p + [Xσr1Xm + Xσr2(Xσr1 + Xm)]p2

(5.98b)

As in the case of synchronous machines, in order to derive the electrical parameters
of the motor, it can be shown that Equation (5.98b) can be rewritten as

X(p) = (Xσs + Xm)
1 + (T4 + T5)p + (T4T6)p2

1 + (T1 + T2)p + (T1T3)p2
(5.99)

where

T1 = Xσr1 + Xm

Rr1
T2 = Xσr2 + Xm

Rr2
(5.100a)

T3 = 1

Rr2

(
Xσr2 + 1

1
Xσr1

+ 1
Xm

)
T4 = 1

Rr1

(
Xσr1 + 1

1
Xσs

+ 1
Xm

)
(5.100b)

T5 = 1

Rr2

(
Xσr2 + 1

1
Xσs

+ 1
Xm

)
T6 = 1

Rr2

(
Xσr2 + 1

1
Xσs

+ 1
Xm

+ 1
Xσr1

)

(5.100c)

Again, as in the case of synchronous machines, we make use of an approximation
that reflects practical double squirrel-cage rotor or deep-bar rotor designs. The
winding resistance of the lower cage winding Rr1 is much smaller than Rr2 of the
second cage winding nearer the rotor surface. This means that T2 (and T3) is much
smaller than T1, and T5 (and T6) is much smaller than T4. Therefore, Equation
(5.99) can be expressed in terms of factors as follows:

X(p) = (Xσs + Xm)
(1 + pT ′)(1 + pT ′′)
(1 + pT ′

o)(1 + pT ′′
o )

(5.101)

where

T ′
o = T1 T ′′

o = T3 (5.102a)
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are the open-circuit transient and subtransient time constants, and

T ′ = T4 T ′′ = T6 (5.102b)

are the short-circuit transient and subtransient time constants.
The effective motor reactance at the instant of an external disturbance is defined

as the subtransient reactance X ′′. Using Equation (5.101), this is given by

X ′′ = lim
p→∞X(p) = (Xσs + Xm)

T ′T ′′

T ′
oT ′′

o
(5.103a)

which, using Equations (5.100) and (5.102), can be written in terms of the motor
reactance parameters as follows:

X ′′ = Xσs + 1
1

Xm
+ 1

Xσr1
+ 1

Xσr2

(5.103b)

As in the case of synchronous machines, the second rotor cage is no longer effective
at the end of the subtransient period and the beginning of the transient period. Thus,
using Equation (5.95) previously derived for the single rotor cage, we have

X ′ = (Xσs + Xm)
T ′

T ′
o

= Xσs + 1
1

Xm
+ 1

Xσr1

(5.104)

Using Equation (5.104) for X ′ in Equation (5.103a) for X ′′, we obtain the following
useful relationship between the subtransient and transient reactances and time
constants

X ′′

X ′ = T ′′

T ′′
o

(5.105)

In order to determine the motor reactance under steady state conditions, we recall
that the rotor slip is equal to s and thus the angular frequency of the dq axes stator
currents is sωs. Therefore, the steady state motor impedance can be determined by
putting p = jsωs in X(p) expression given in Equation (5.101).

We can express the induction machine operational reactance given in Equation
(5.101) as a sum of partial fractions as follows:

1

X(p)
= 1

(Xσs + Xm)

(1 + pT ′
o)(1 + pT ′′

o )

(1 + pT ′)(1 + pT ′′)

= T ′
oT ′′

o

(Xσs + Xm)T ′T ′′
(p + 1/T ′

o)(p + 1/T ′′
o )

(p + 1/T ′)(p + 1/T ′′)

which, using Equations (5.103a) for X ′′ and (5.104) for X ′, can be written as

1

X(p)
= 1

Xσs + Xm
+
(

1

X ′ − 1

Xσs + Xm

)
p

(p + 1/T ′)
+
(

1

X ′′ − 1

X ′

)
p

(p + 1/T ′′)
(5.106)
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5.8 Induction motor behaviour under
short-circuit faults and modelling
in the sequence reference frame

The most common types of short-circuit faults studied in power systems are the
balanced three-phase and unbalanced single-phase to earth faults. Having derived
the motor reactances and time constants, we are now able to proceed with analysing
the behaviour of the motor under such fault conditions.

5.8.1 Three-phase short-circuit faults

Armature (stator) short-circuit time constant

Using X(p) = ωsψs/Is in Equation (5.96a), the stator current is given by

Is = ωsVs

X(p)
[
(p + jωr) + ωsRs

X(p)

] (5.107)

As for synchronous machines, we can make an assumption in the term ωsRs/X(p)
to neglect the rotor resistances in the factors of X(p) given in Equation (5.101). This
is equivalent to setting infinite rotor time constants or neglecting the decay in the
corresponding short-circuit currents. Mathematically speaking, this is equivalent
to setting p → ∞ in Equation (5.94a) and Equation (5.101). Thus, using Equation
(5.94a) for a single rotor winding, we obtain X(p) = X ′ giving

ωsRs

X(p)
= ωsRs

X ′

Also, using Equation (5.101) for a double squirrel-cage or deep-bar rotor, we
obtain X(p) = X ′′ giving

ωsRs

X(p)
= ωsRs

X ′′

Therefore, the armature or stator time constant Ta is defined as follows:

Ta =
⎧⎨
⎩

X ′
ωsRs

for a single rotor winding

X ′′
ωsRs

for a double squirrel-cage or deep-bar rotor
(5.108)

Total short-circuit current contribution from a
motor on no load

Unlike a synchronous machine, since the induction motor has no rotor excitation,
it draws its magnetising current from the supply network whatever the motor
loading is, i.e. from no load to full load operation. Therefore, the motor cannot be
operated open-circuited in a steady state condition! Prior to the short-circuit fault,
the motor is assumed connected to a balanced three-phase supply and operating
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at rated terminal voltage. To simplify the mathematics, we assume that the motor
is running at no load and hence the slip is very small and nearly equal to zero.
Let the real instantaneous voltage, complex instantaneous voltage and complex
phasor voltage values of the phase r stator voltage, just before the short-circuit, be
given by

vs(t) = √
2V rms cos(ωst + θo) = Real[Vs(t)] (5.109a)

Vs(t) = √
2V rmse

j(ωst+θo) = Vse
jωst (5.109b)

Vs = √
2Vrmse

jθo (5.109c)

where θo is the initial phase angle that defines the instant of fault on the phase r
voltage waveform at t = 0. Neglecting stator resistance, i.e. letting Rs = 0, using
Equation (5.83c) and putting p = 0 in Equation (5.107), we obtain

Is = Vs

jX(p = 0)(1 − s)

Using Equation (5.101), X(p = 0) = Xσs + Xm and using Equation (5.109c), the
stator steady state current phasor is given by

Is = √
2Irmse

j(θo−π/2) (5.110a)

where

Irms = Vrms

(Xσs + Xm)(1 − s)
(5.110b)

Equation (5.110a) shows that the current lags the voltage by 90◦, as expected.
Using the superposition principle, the total motor current after the application

of the short circuit is the sum of the initial steady state current and the change in
motor current due to the short circuit. The latter is obtained by applying a voltage
source at the point of fault equal to but out of phase with the prefault voltage, i.e.
�Vs = −√

2Vrmsejθo . Since the Laplace transform of �Vs is equal to

−√
2Vrmse jθo

p

and

ωsRs

X(p)
= 1

Ta

we obtain from Equation (5.107)

�Is(p) = −ωs
√

2V rmse jθo

p[(p + 1/Ta) + jωr]X(p)
(5.111a)
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Substituting the partial fractions Equation (5.106) for X(p), we obtain

�Is(p) = −ωs
√

2Vrmse jθo

p(p + 1/Ta + jωr)

[
1

Xσs + Xm
+
(

1

X ′ − 1

Xσs + Xm

)
p

(p + 1/T ′)

+
(

1

X ′′ − 1

X ′

)
p

(p + 1/T ′′)

]
(5.111b)

The complex instantaneous current �Is(t) is obtained by taking the inverse Laplace
transform of Equation (5.111b). The total short-circuit current Is(total)(t) is the sum
of the prefault current given in Equation (5.110a) and�Is(t). The real instantaneous
phase r stator short-circuit current is given by ir(t) = Real[Is(total)ejωr t]. For all
practical purposes, 1/Ta, 1/T ′, and 1/T ′′ are negligible in comparison with ωs and
ωr. Therefore, and after much mathematical operations, it can be shown that the
total phase r short-circuit current is given by

ir(t) ≈
√

2V rms

(1 − s)

[(
1

X ′ − 1

Xσs + Xm

)
e−t/T ′ +

(
1

X ′′ − 1

X ′

)
e−t/T ′′

]
× cos[(1 − s)ωst + θo − π/2]

−
√

2V rms

(1 − s)

1

X ′′ e
−t/Ta cos(θo − π/2) (5.112a)

The first term is the ac component that consists of a subtransient and a transient
component which decay with time constants T ′ and T ′′, respectively. The second
term is the dc component that has an initial magnitude that depends on θo and it
decays with a time constant Ta. Unlike a synchronous machine, there is no steady
state ac component term and hence the short-circuit current decays to zero. The
frequency of the short-circuit current is slightly lower than the power frequency
by the factor (1 − s).

For a single cage/winding rotor, it can be shown that the instantaneous current
is given by

ir(t) ≈
√

2V rms

(1 − s)

[(
1

X ′ − 1

Xσs + Xm

)
e−t/T ′

cos{(1 − s)ωst + θo − π/2}

− 1

X ′ e
−t/Ta cos(θo − π/2)

]
(5.112b)

In this case, the current consists of only one ac component and a dc component.
The phases y and b currents are obtained by replacing θo with θo − 2π/3 and

θo + 2π/3 respectively.
Figure 5.23 shows typical short-circuit current waveforms of a large

6.6 kV 4700 hp motor with a deep-bar rotor having the following parameters:
X ′′ = 0.16 pu, X ′ = 0.2 pu, X = Xσs + Xm = 3.729 pu and Rs = 0.0074 pu.
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Figure 5.23 Three-phase short-circuit fault at the terminals of a double-cage induction motor from no
load: (a) components of phase r short-circuit current and (b) asymmetric currents

Simplified motor short-circuit current equations

For practical applications, further simplifications in the short-circuits current equa-
tions can be made. The motor slip s is typically less than 1% for large motors and
less than 4–5% for smaller motors. Therefore, if (1 − s) is replaced by 1, then
the peak current envelope at any time instant, for a double-cage or deep-bar rotor,
assuming maximum dc offset, is given by

îr(t) = √
2V rms

[(
1

X ′ − 1

Xσs + Xm

)
e−t/T ′ +

(
1

X ′′ − 1

X ′

)
e−t/T ′′ + 1

X ′′ e
−t/Ta

]
(5.113a)

or

îr(t) = √
2[(I ′ − I)e−t/T ′ + (I ′′ − I ′)e−t/T ′′

] + √
2I ′′e−t/Ta (5.113b)



372 Modelling of ac rotating machines

or

îr(t) = √
2Iac(t) + Idc(t) (5.113c)

where

I = Vrms

Xσs + Xm
I ′ = Vrms

X ′ I ′′ = Vrms

X ′′ (5.114a)

and

Idc(t) = √
2I ′′e−t/Ta (5.114b)

Iac(t) = (I ′ − I)e−t/T ′ + (I ′′ − I ′)e−t/T ′′
(5.114c)

For a single cage/winding rotor, the peak current envelope is given by

îr(t) = √
2V rms

[(
1

X ′ − 1

Xσs + Xm

)
e−t/T ′ + 1

X ′ e
−t/Ta

]
(5.115a)

or

îr(t) = √
2(I ′ − I)e−t/T ′ + √

2I ′e−t/Ta (5.115b)

or

îr(t) = √
2Iac(t) + Idc(t) (5.115c)

where

Idc(t) = √
2I ′e−t/Ta (5.116a)

and

Iac(t) = (I ′ − I)e−t/T ′
(5.116b)

Motor current change due to the short-circuit fault

In the above analysis, we determined the total motor current under a three-phase
short-circuit at the motor terminals when the motor is running on no load. This
current consisted of the steady state current just before the fault and the current
change due to the short circuit. For some practical analysis, it is useful to calculate
the current change only and account differently for the motor initial loading condi-
tions. From Equations (5.113a) and (5.115a), we can show that the equations that
give the current change for a double-cage and a single-cage rotor are given by

îr(t) = √
2V rms

[
1

X ′ e
−t/T ′ +

(
1

X ′′ − 1

X ′

)
e−t/T ′′ + 1

X ′′ e
−t/Ta

]
(5.117a)

or

îr(t) = √
2[I ′e−t/T ′ + (I ′′ − I ′)e−t/T ′′

] + √
2I ′′e−t/Ta (5.117b)
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and

îr(t) =
√

2V rms

X ′ (e−t/T ′ + e−t/Ta ) (5.118a)

or

îr(t) = √
2I ′(e−t/T ′ + e−t/Ta ) (5.118b)

Positive sequence reactance and resistance

From Equation (5.112a) for a double-cage or deep-bar rotor, the instantaneous cur-
rent change due to the short-circuit fault is obtained by ignoring the prefault current
Irms = √

2V rms/(Xσs + Xm). Thus with 1 − s ≈ 1, we can express the instantaneous
power frequency component of the short-circuit current as ir(t) = Real[Ir(t)] where
Ir(t) is phase r complex instantaneous current given by

Ir(t) = 1

Xp(t)

√
2V rmse

j(ωst+θo−π/2) = Vr(t)

jXp(t)
(5.119a)

where

Vr(t) = √
2V rmse

j(ωst+θo) = Vre
jωst Vr = √

2V rmse
jθo

and

1

Xp(t)
= 1

X ′ e
−t/T ′ +

(
1

X ′′ − 1

X ′

)
e−t/T ′′

(5.119b)

is the equivalent time-dependent motor PPS reactance. In the case of a single-
winding rotor, using Equation (5.112b), the time-dependent motor PPS reactance
is given by

1

Xp(t)
= 1

X ′ e
−t/T ′

(5.119c)

From Equation (5.119b) for a motor with a double-cage or deep-bar rotor, Xp = X ′′
at t = 0 or the instant of short-circuit, and Xp = X ′ at t = 0 with the subtransient
current component neglected. At the end of the subtransient period, i.e. at t ≈ 5T ′′,
then from Equation (5.119b), we obtain

Xp(t) = X ′e5T ′′/T ′
(5.119d)

The effective motor steady state PPS reactance is infinite because the motor does
not supply a steady state short-circuit current. From Equation (5.119c) for a single
winding rotor, Xp = X ′ at the instant of short-circuit and is infinite in the steady
state.

The complex instantaneous PPS current is given by

Ip(t) = Ir(t) + hIy(t) + h2Ib(t)

3
= Ir(t)

Figure 5.24 shows the PPS motor equivalent circuits for a three-phase short-circuit
at the motor terminals.
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Figure 5.24 Induction motor PPS equivalent circuits for a three-phase short circuit at its terminals:
(a) transient PPS time-dependent equivalent circuit and (b) PPS fixed impedance equivalent circuits at
various time instants

The PPS impedance, Zp = Rp + jXp, at the instant of short-circuit fault can also
be derived from the motor steady state equivalent circuit. For example, for a single
winding rotor shown in Figure 5.21(b), Zp is the impedance that would be seen
at the motor terminals at starting (i.e. when s = 1). Thus, it can be shown that the
PPS resistance and PPS reactance are given by

Rp = Rs + X2
mRr

R2
r + (Xm + Xσr)2

Xp = Xσs + Xm[R2
r + Xσr(Xm + Xσr)]

R2
r + (Xm + Xσr)2

(5.120a)

The term R2
r is negligible in comparison with either of the two terms Xr(Xm + Xσr)

or (Xm + Xσr)2, thus, Xp and Rp reduce to

Xp = Xσs + XmXσr

Xm + Xσr
= X ′ (5.120b)

and

Rp = Rs + XmRr

Xm + 2Xσr
(5.120c)

Although unnecessary, further simplification in Rp and Xp can be made if we
consider that 2Xσr/Xm  1 to obtain Rp = Rs + Rr and Xp = Xs + Xσr.

Effect of short-circuit fault through an external impedance

The effect of external impedance (Re + jXe) on the current change can be con-
sidered in the same manner as for synchronous machines. For the double-cage or
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deep-bar rotor, the peak current envelop and time constant equations are given by

îr(t) = √
2Vrms

[
1

X ′ + Xe
exp(−t/T ′

e) +
(

1

X ′′ + Xe
− 1

X ′ + Xe

)
exp(−t/T ′′

e )

+ 1

X ′′ + Xe
exp(−t/Tae)

]
(5.121a)

where

T ′′
e = (Rs + Re)2 + (X ′′ + Xe)2

(Rs + Re)2 + (X ′′ + Xe)(X ′ + Xe)
T ′′

o

= (Rs + Re)2 + (X ′′ + Xe)2

(Rs + Re)2 + (X ′′ + Xe)(X ′ + Xe)
× X ′

X ′′ T
′′ (5.121b)

and

T ′
e = (Rs + Re)2 + (X ′ + Xe)2

(Rs + Re)2 + (X ′ + Xe)(X + Xe)
T ′

o

= (Rs + Re)2 + (X ′ + Xe)2

(Rs + Re)2 + (X ′ + Xe)(X + Xe)
× X

X ′ T
′ (5.121c)

Tae = X ′′ + Xe

ωs(Rs + Re)
X = Xσs + Xm (5.121d)

Where the stator and external resistances are much smaller than the reactances,
the transient and subtransient time constants reduce to

T ′
e = X ′ + Xe

X + Xe
× X

X ′ T
′ T ′′

e = X ′′ + Xe

X ′ + Xe
× X ′

X ′′ T
′′ (5.121e)

For a single-cage rotor, the corresponding equations are given by

îr(t) =
√

2V rms

X ′ + Xe
[exp(−t/T ′

e) + exp(−t/Tae)] (5.121f)

where T ′
e is as given in Equation (5.121c) or Equation (5.121e), and

Tae = X ′ + Xe

ωs(Rs + Re)
(5.121g)

5.8.2 Unbalanced single-phase to earth
short-circuit faults

Short-circuit current equations

Consider an induction motor with a star-connected solidly earthed stator winding.
When a loaded induction motor is subjected to an unbalanced single-phase short
circuit at its terminals, the faulted phase will initially supply a short-circuit current.
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However, under such a fault condition, there is an interaction between the motor
and other short-circuit current sources in the network, e.g. synchronous machines
through the ZPS network. The current contribution will therefore be affected by
other sources in the network. Further, the phase current contribution would not
decay to zero as in the case of a three-phase fault because the other two healthy
phases remain supplied from the network and continue to provide some excitation
which maintain some flux. Although the PPS current contribution will decay to
zero, the NPS current contribution will not so long as the single-phase fault con-
dition continues to exist. In Section 5.8.4, we describe a sudden short-circuit test
immediately after motor disconnection from the supply network. It can be shown
that the change in motor current supplied under a single-phase fault at the motor
terminals, in the case of a double-cage or a deep-bar rotor, expressed in terms of
the peak current envelope, is given by

îr(t) = √
2V rms

[
1

X ′ + XN + XZ
exp(−t/T ′

(1φ))

+
(

1

X ′′ + XN + XZ
− 1

X ′ + XN + XZ

)
exp(−t/T ′′

(1φ))

+ 1

X ′′ + XN + XZ
exp(−t/Ta(1φ))

]
(5.122a)

where

T ′′
(1φ) = X ′′ + XN + XZ

X + XN + XZ
T ′′

o T ′
(1φ) = X ′ + XN + XZ

X + XN + XZ
T ′

o

Ta(1φ) = X ′′ + XN + XZ

ωs(Rs + RN + RZ)
(5.122b)

and for a single-cage rotor

îr(t) =
√

2V rms

X ′ + XN + XZ
[exp(−t/T ′

(1φ)) + exp(−t/Ta(1φ))] (5.123a)

where T ′
(1φ) is as given in Equation (5.122b) and

Ta(1φ) = X ′ + XN + XZ

ωs(Rs + RN + RZ)
(5.123b)

Negative sequence reactance and resistance

As for a synchronous machine, the NPS reactance of the induction motor XN does
not vary with time. XN = X ′′ for a double-cage or deep-bar rotor and XN = X ′
for a single-cage rotor. In addition, the NPS impedance, ZN = RN + jXN, can be
derived from the motor steady state equivalent circuit shown in Figure 5.21(b) for
a single-cage rotor and Figure 5.22(b) for a double-cage or deep-bar rotor. We
recall that under a three-phase PPS excitation, both the stator MMF and the rotor
rotate in the same direction. However, under three-phase NPS excitation, the NPS
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stator currents will produce a MMF that rotates in the opposite direction to the
rotor. Using Equation (5.83a), the motor’s NPS slip can be calculated as follows:

NPS s = Ns − (−N r)

Ns
= 2 −

(
Ns − Nr

Ns

)
= 2 − s (5.124a)

i.e. in the motor NPS equivalent circuit, s should be replaced by (2 − s). For
large motors, s is typically less than around 1% and even for small motors,
s is less than around 4% or 5%. Therefore, if we replace s with (2 − s) = 2 in
Figure 5.21(b), we can calculate the motor NPS resistance and NPS reactance, as
follows:

RN = Rs + 2X2
mRr

R2
r + 4(Xm + Xσr)2

XN = Xσs + Xm[R2
r + 4Xσr(Xm + Xσr)]

R2
r + 4(Xm + Xσr)2

(5.124b)

As in the case of PPS impedance, the term R2
r is negligible and can be neglected.

Therefore, Equation (5.124b) reduces to

XN = Xσs + XmXσr

Xm + Xσr
= X ′ = Xp (5.124c)

and

RN = Rs + XmRr

2(Xm + 2Xσr)
(5.124d)

Further approximation in RN can be made if we assume that 2Xσr/Xm  1 giving

RN = Rs + (Rr/2) (5.124e)

This produces an error in RN of typically a couple of per cent only.

Zero sequence reactance and resistance

The ZPS impedance of an induction motor is infinite if the stator winding is either
delta connected, or star connected with the neutral isolated. For a star-connected
winding with an earthed neutral, then as for a synchronous machine, the ZPS
reactance XZ is finite, being smaller than the motor starting reactance (subtransient
or transient as appropriate to the rotor construction) and does not vary with time.
The ZPS resistance can be assumed equal to the stator ac resistance.

5.8.3 Modelling the effect of initial motor loading
When the motor is loaded, it draws active and reactive power from the supply
network. Using the motor transient and subtransient reactances for a double-cage
rotor or transient reactance for a single-cage rotor, the motor internal voltages
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Figure 5.25 Representation of initial motor loading before the short-circuit fault: (a) motor internal
voltage behind subtransient reactance, (b) motor internal voltage behind transient reactance at t = 0 and
(c) motor internal voltage behind transient reactance at t = 5T ′′

behind subtransient and transient reactances, E′
m and E′′

m, are given by

E′′
m = Vrms − (Rs + jX ′′)

(
P − jQ

V∗
rms

)
(5.125a)

E′
m = Vrms − (Rs + jX ′)

(
P − jQ

V∗
rms

)
(5.125b)

E′
m(t ≈ 5T ′′) = Vrms − [Rs + jX ′(t ≈ 5T ′′)]

(
P − jQ

V∗
rms

)
(5.125c)

Equations (5.125) are illustrated in Figure 5.25.
The peak short-circuit current changes in the case of a three-phase fault given

in Equations (5.117a) and (5.118a) are modified as follows:

îr(t) = √
2

[
E′

m

X ′ e−t/T ′ +
(

E′′
m

X ′′ − E′
m

X ′

)
e−t/T ′′ + E′′

m

X ′′ e−t/Ta

]
(5.126a)

îr(t) = √
2

E′
m

X ′ (e−t/T ′ + e−t/Ta ) (5.126b)

From Equation (5.125) we observe that the motor internal voltage is equal to the
terminal voltage less the voltage drop across the motor subtransient or transient
impedance. For a 1 pu motor terminal voltage, typical values of motor subtransient
and transient reactances, and various motor loading, the internal voltage magni-
tude can typically vary between 0.85 and 0.95 pu. Therefore, ignoring the initial
motor loading and using 1 pu instead of the actual internal voltages represents a
conservative assumption. This assumption is made by the American IEEE C37.010
Standard and UK ER G7/4 Guideline. This will be discussed in detail in Chapter 7.

5.8.4 Determination of motor’s electrical parameters
from tests

Steady state equivalent circuit: stator resistance test

The stator winding dc resistance of a three-phase induction motor is measured
by connecting a dc voltage source across two stator terminals. No induced rotor
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Figure 5.26 Measurement of stator dc resistance of an induction motor: (a) star-connected stator
winding with isolated neutral and (b) delta-connected stator winding
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Figure 5.27 Measurement of electrical parameters of an induction motor: (a) locked rotor test and
(b) no-load test

voltage can occur under dc stator excitation and hence the resistance ‘seen’ by
the dc voltage source is the stator dc resistance. By applying a known dc voltage
and measuring the dc current, the stator dc resistance can be calculated. The
calculation depends on whether the stator winding is star or delta connected as
shown in Figure 5.26(a) and (b) where the star is assumed to have an isolated
neutral. In physical units, the stator dc resistance Rs(dc) is given by

Rs(dc) =

⎧⎪⎪⎨
⎪⎪⎩

1

2

Vdc

Idc
for a star-connected stator winding

3

2

Vdc

Idc
for a delta-connected stator winding

�/phase (5.127)

If the test is repeated for the other two sets of terminal connections, then an average
is taken. Rs(dc) has to be corrected for skin effect by multiplying it by the skin effect
factor which is typically between 1.05 and 1.25.

Steady state equivalent circuit: locked rotor test

This test circuit is shown in Figure 5.27(a).
The stator is connected to a balanced three-phase ac voltage source and the rotor

shaft is locked mechanically to prevent it from turning. Since the slip s = 1, the
rotor impedance is several times smaller than that under rated running condition
(because operating slip is typically between 0.001 and 0.05) and is typically 30–
50 times smaller than the magnetising reactance. Thus, the locked rotor test is
broadly analogous to a transformer short-circuit test. The test voltage applied
should initially be very small and then gradually increased until rated or full load
stator current is drawn. To avoid overheating, the applied voltage is significantly
smaller than the rated voltage so that the motor current is limited to the rated
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value. If rated voltage is applied, the locked rotor current drawn is very large
and is typically four to seven times the rated current value. The combination of
a low-test voltage and a low rotor impedance results in a very small exciting
current and hence the iron loss and magnetising branches can be neglected with an
insignificant loss of accuracy. As shown in Figure 5.27(a), the equivalent motor
impedance ‘seen’ from the test terminals is given by

ZEq = REq + jXEq ≈ Rs + Rr + j(Xσs + Xσr) (5.128)

The measured stator quantities are line-to-line voltage VLL, stator current Is, three-
phase input power P3φ and three-phase input reactive power Q3φ. For either a star
or a delta-connected stator winding, the equivalent resistance and reactance of
Equation (5.128) are calculated as follows:

REq = Rs + Rr = P3φ

3I2
s

�/phase (5.129a)

XEq = Xσs + Xσr = Q3φ

3I2
s

�/phase (5.129b)

Alternatively, using the line-to-line stator voltage instead of the reactive power

ZEq =

⎧⎪⎪⎨
⎪⎪⎩

VLL√
3Is

for a star-connected stator winding

√
3VLL

Is
for a delta-connected stator winding

�/phase (5.130a)

and the equivalent reactance is calculated as follows:

XEq = Xσs + Xσr =
√

Z2
Eq − R2

Eq �/phase (5.130b)

Using the measured stator dc resistance or better still its corrected skin effect value,
the rotor resistance can be calculated from Equation (5.129a) as

Rr = REq − Rs �/phase (5.130c)

In Equation (5.130b), the sum of the stator and rotor leakage reactances is calcu-
lated. In the absence of manufacturer design data that provides the ratio of these
reactances, the division shown in Table 5.1 for different types of motors as classi-
fied by the National Electrical Manufacturers Association (NEMA) may be used.

Table 5.1 Estimation of induction motor stator and rotor leakage reactances
using NEMA motor class in the absence of design data

NEMA Motor Design Class Xσs in % of XEq Xσr in % of XEq

Wound rotor 50 50
Class A 50 50
Class B 40 60
Class C 30 70
Class D 50 50
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If the motor design class is not known, then Xσs and Xσr may be assumed to be
equal. The locked rotor test may also be carried out at reduced frequency to account
for skin depth and a more accurate rotor resistance under rated operating conditions
where the rotor current frequency may be between 0.5 and 2.5 Hz. IEEE Standard
112 recommends a frequency of 1/4 of the rated power frequency. In general,
this method tends to provide better results for large motors above 20 hp but for
small motors, the results obtained from the power frequency test are generally
satisfactory.

Steady state equivalent circuit: no-load test

This test circuit is shown in Figure 5.27(b). The stator winding is connected to
a three-phase source supplying rated voltage and frequency and the motor is run
without shaft load. As a result, the rotor will rotate at almost synchronous speed, i.e.
slip speed s ≈ 0. Thus, Rr/s → ∞ and the motor equivalent circuit is broadly simi-
lar to that of a transformer on open-circuit. Therefore, the rotor impedance branch
is effectively open-circuit and the current drawn by the stator is fully attributed to
the exciting current. The stator quantities measured are; line-to-line voltage VLL,
current Is, three-phase input power P3φ and three-phase input reactive power Q3φ.
The iron loss resistance associated with the magnetising impedance can be calcu-
lated, if required, by connecting this resistance in parallel with the magnetising
reactance. Using the inequality Rm/Xm � 1, the motor equivalent impedance as
seen from the test terminals is approximately given by

Ze = Rs + X2
m

Rm
+ j(Xσs + Xm) (5.131a)

The measured input power includes rotational losses (friction and windage, iron
and stray load losses) as well as stator copper losses and is given by

P3φ = 3I2
s Rs + 3I2

s
X2

m

Rm
+ Losses(friction/windage+stray) (5.131b)

Using the measured input reactive power, we have

Xσs + Xm = Q3φ

3I2
s

(5.131c)

Using the measured input reactive power and stator current, and the calculated
value of Xσs, Xm is calculated using Equation (5.131c). Also, Rm is calculated
from Equation (5.131b) using the measured input power and stator current, as well
as the calculated quantities Rs and Xm. If the friction/windage and stray losses are
not known, then they may be neglected with little error. If required, the very small
stator copper losses in Equation (5.131b) may also be neglected and the calculation
of Rm and Xm proceeds similarly.
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Transient parameters from a sudden three-phase
short-circuit immediately after motor disconnection

This method consists of two steps; the first is to disconnect the motor from the
supply network and the second is to quickly apply a simultaneous three-phase
short-circuit fault at the motor terminals. As for synchronous machines, this is
usually a suitable test method for the determination of the motor subtransient and
transient parameters.

Immediately upon supply disconnection, the flux linking the closed rotor induct-
ive circuits prevents the rotor current from changing instantaneously to zero. This
flux will decay in a manner determined by the rotor open-circuit subtransient and
transient time constants T ′′

o and T ′
o, respectively. It can be shown that the phase r

open-circuit motor terminal voltage following motor disconnection, where the
motor has a double squirrel-cage or deep-bar rotor, is given by

vr(t) = √
2Irms[[(Xσs +Xm)−X ′]e−t/T ′

o + (X ′ − X ′′)e−t/T ′′
o ] cos(ωst + δ) (5.132a)

where Irms is the initial stator current before motor disconnection and δ is its phase
angle.

The three-phase short circuit is applied a few cycles after the removal of the
motor supply. The range of values of T ′′

o , even for large induction motors, tends to
be between a few ms to about 30 ms so that the voltage component associated with
T ′′

o will be negligible by the time the short circuit is applied at time ts as illustrated in
Figure 5.28. The only relevant component is therefore the one associated with T ′

o. It
should be noted that this is the only component applicable in the case of a rotor with
a single rotor winding, e.g. a single squirrel-cage rotor or a wound rotor. Therefore

vr(t) = √
2Irms[(Xσs + Xm) − X ′]e−t/T ′

o cos(ωst + δ) t ≥ 5T ′′
o (5.132b)

Figure 5.28 illustrates the peak envelope of the motor phase r open-circuit volt-
age after supply disconnection. At the instant of short-circuit t = ts, following
the decay of the subtransient voltage component, the rms value of the motor
open-circuit voltage is given by

Voc = Irms[(Xσs + Xm) − X ′]e−ts/T ′
o = V ′e−ts/T ′

o (5.133)
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Figure 5.28 Upper envelope of open-circuit voltage of an induction motor upon supply disconnection
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This voltage can be measured from the recorded voltage envelope. Since the motor
is on open circuit, the equations that describe the motor short-circuit currents will
be the same as those derived in Equations (5.117a) and (5.118a) or (5.122a) and
(5.123a) but with Vrms replaced with the magnitude of Voc of Equation (5.133).
The envelope of the current can be used to determine the motor subtransient and
transient reactances and time constants as described for synchronous machines.

5.8.5 Examples

Example 5.5 A 50 Hz three-phase induction motor of a single squirrel-cage
rotor construction drives a condensate pump in a power generating station and
has the following data: rated phase-to-phase voltage = 3.3 kV, rated three-phase
apparent power = 900 kVA, Rs = 0.0968 �, Xσs = 1.331 �, Xm = 38.7 �, and
Rr = 0.0726 �, Xσr = 0.847 � at rated slip. The rotor parameters referred to
the stator voltage base. Calculate the motor parameters in pu on kVA rating,
the motor transient reactance, open circuit, short circuit and armature time
constants.

Base voltage and base apparent power are 3.3 kV and 0.9 MVA,
respectively. Base impedance is equal to (3.3)2/0.9 = 12.1 �. Therefore,
Rs = 0.0968/12.1 = 0.008 pu, Xσs = 1.331/12.1 = 0.11 pu, Xm = 38.7/12.1 =
3.2 pu, Rr = 0.0726/12.1 = 0.006 pu, Xσr = 0.847/12.1 = 0.07 pu.

From Equations (5.108)

X ′ = 0.11 + 3.2 × 0.07

3.2 + 0.07
= 0.1785 pu

and

Ta = 0.1785

2π50 × 0.008
× 1000 = 71 ms

From Equations (5.93) and (5.95b)

T ′
o = 3.2 + 0.07

2π × 50 × 0.006
= 1.73 s

and

T ′ = 0.07 + (3.2 × 0.11)/(3.2 + 0.11)

2π × 50 × 0.006
× 1000 = 93.5 ms

In many situations, the internal motor parameters may not be known but T ′ and
X ′ may be known from measurements. In this case, the following empirical for-
mula for T ′ that provides sufficient accuracy may be used T ′ = X ′/ωsRr. This is
equivalent to replacing the numerator of Equation (5.93b) by X ′. The numerator
of Equation (5.93b) is equal to 0.1763 pu and hence the use of T ′ = X ′/ωsRr to
calculate the transient time constant gives a slightly higher and thus conservative
time constant by about 1.2%.
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Example 5.6 In the system shown in figure in Example 5.6, the two induction
motors are identical and have the data given in Example 5.5.

2 � 0.9 MVA
Induction motors

2 � 3 MVA

X � 10%
X/R � 10

Three-phase
short-circuit

faults

MM
3.3 kV

15 kV

132 kV

Calculate the peak short-circuit current contribution of the motors at t = 0,
10 and 100 ms for a three-phase short-circuit fault at (a) the 3.3 kV terminals
of the motors, and (b) the 15 kV medium voltage busbar. Assume a 1 pu initial
voltage at the 3.3 and 15 kV busbars and that the motors are initially unloaded.
Consider only the change in motor current due to the fault.

(a) Three-phase short-circuit fault at the motor 3.3 kV busbar terminals
Using Equation (5.118a), the rms and dc short-circuit currents from each motor
are equal to

irms(t) = 1

0.1785
e−t/93.5

and

idc(t) =
√

2 × 1

0.1785
e−t/71

The rms current at t = 0, 10 and 100 ms is equal to 5.6, 5.03 and 1.92 pu,
respectively. The dc current at t = 0, 10 and 100 ms is equal to 7.92, 6.88 and
1.94 pu, respectively. The peak current contribution at t = 0, 10 and 100 ms is
equal to 15.84, 13.76 and 3.88 pu respectively. The total current contribution
from both motors at t = 0, 10 and 100 ms is equal to 31.68, 27.52 and 7.76 pu,
respectively.

(b) Three-phase short-circuit fault at the 15 kV medium voltage busbar
The equivalent transient reactance of the two motors is 0.1785/2 = 0.08925 pu.
The external impedance is equal to the transformer’s impedance and is
calculated on 0.9 MVA base as

Ze = (0.01 + j0.1) × 0.9

3
= (0.003 + j0.03)pu

The time constants of the equivalent motor representing the two parallel motors
do not change but the stator resistance and transient reactance are halved so
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that Rs = 0.004 pu and X ′ = 0.08925 pu. The external impedance modifies the
motor’s short-circuit time constant according to Equation (5.121e), thus

T ′
e = 0.08925 + 0.03

1.655 + 0.03
× 1.73 = 122.4 ms

where X = (3.2 + 0.11)/2 = 1.655 pu.
The armature time constant is modified using Equation (5.121g) to

Tae = 0.08925 + 0.03

2π50 × (0.004 + 0.003)
= 54.2 ms

Using Equation (5.121f), the rms and dc short-circuit currents are given by

irms(t) = 1

0.08925 + 0.03
e−t/122.4

and

idc(t) =
√

2

0.08925 + 0.03
e−t/54.2

The rms current at t = 0, 10 and 100 ms is equal to 8.386, 7.73 and 3.7 pu,
respectively. The dc current at t = 0, 10 and 100 ms is equal to 11.86, 9.86 and
1.87 pu, respectively. The peak current contribution at t = 0, 10 and 100 ms is
equal to 23.7, 19.72 and 3.74 pu, respectively.

5.9 Modelling of wind turbine generators in
short-circuit analysis

5.9.1 Types of wind turbine generator technologies
The most important feature of wind turbine generators that are directly connected
to the ac network is that induction, rather than synchronous, generators are used
in nearly all commercial wind turbine installations throughout the world. Syn-
chronous generators are also widely used but, currently, these are not directly
connected to the ac network. Rather, they are connected through a back-to-back
power electronics converter. The use of directly connected synchronous generators
may become possible if the development of variable speed gearbox technology
proves sufficiently reliable and commercially attractive. The variable speed gear-
box has a variable input speed on the turbine side but produces constant output
synchronous speed. This technology is currently under research, development
and field testing and large-scale commercial use may be imminent. The four cur-
rently most used wind turbine generator technologies in large-scale wind farm
installations world wide are briefly described below.
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‘Fixed’ speed induction generators

These are essentially similar to squirrel-cage induction motors and are driven by
a wind turbine prime mover at a speed just above synchronous speed, normally
upto 1% rated slip for today’s large wind turbines. Because the speed variation
from no load to full load is very small, the term ‘fixed’ speed tends to be widely
used. The generator is coupled to the wind turbine rotor via a gearbox as shown
in Figure 5.29. The design and construction of the stator and rotor of an induction
generator are similar to that of a large induction motor having a squirrel-cage rotor.

Small speed range wound rotor induction generators

This type of induction generator utilises a three-phase wound rotor winding that
is accessible via slip rings. The rotor windings are usually connected to an exter-
nal resistor circuit through a modern power electronics converter that modifies
the rotor circuit resistance by injecting a variable external resistance on the rotor
circuit. This method enables control of the magnitude of rotor currents and hence
generator electromagnetic torque. This enables the speed of the generator to vary
over a small range, typically upto 10%. Figure (5.30) illustrates this type of wind
turbine generator.

Variable speed doubly fed induction generators

These are variable speed wound rotor induction generators that utilise two bidirec-
tional back-to-back static power electronic converters of the voltage source type
as shown in Figure 5.31. One converter is connected to the ac network either at
the generator stator terminals or the tertiary winding of a three-winding generator
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Figure 5.32 Variable speed series converter-connected wind turbine generator

step-up transformer. The other converter is connected to the rotor windings via a
slip rings.

The purpose of the rotor-side converter is to inject a three-phase voltage at
slip frequency onto the rotor circuit. The injected voltage can be varied in both
magnitude and phase by the converter controller and this controls the rotor currents
almost instantaneously. This control provides two important functions. The first is
variation of generator electromagnetic torque and hence rotor speed. The second
may be constant stator reactive power output control, stator power factor control
or stator terminal voltage control. Typical speed control range for a modern MW
class wind turbine doubly fed induction generator may be between 70% and 120%
of nominal synchronous speed with the 120% usually referred to as the rated speed
at which rated MW output is produced.

Variable speed series converter-connected generators

These are ac generators that are connected to the ac network through a ac/dc/ac
series back-to-back converter with a rating that matches that of the generator. Many
of such electrical generators presently in use are low speed multi-pole ‘ring’ type
synchronous generators that are directly driven by the wind turbine rotor, i.e. there
is no gearbox between the turbine rotor and generator. Other types of electrical
generators are also used such as squirrel-cage induction generators but these are
connected to the turbine rotor through a gearbox. In a series converter-connected
generator, the full output of the generator is fed into a power electronics rectifier
or a voltage sourced converter, then through a dc link into a static power electron-
ics inverter as illustrated in Figure 5.32. In this type of technology, the electrical
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generator is isolated from the ac network. The generator side converter is usually
used for controlling the generator speed and the network side inverter is usually
used for voltage/reactive power control and dc link capacitor voltage control.

5.9.2 Modelling of fixed speed induction generators
We have already presented the modelling of synchronous generators and induction
motors for short-circuit analysis. The PPS and NPS short-circuit contribution of a
fixed speed induction generator can be represented in a similar way to that of an
induction motor. The equations of subtransient and transient reactances and time
constants derived for induction motors can also be used for induction generators.
The stator windings of these generators are usually connected in delta or star with an
isolated neutral. Thus, their ZPS impedance to the flow of ZPS currents is infinite.

5.9.3 Modelling of small speed range wound rotor
induction generators

When a three-phase short-circuit fault occurs at the terminals of an induction gen-
erator, the generator will inherently supply a large stator short-circuit current. As
we have already seen for synchronous generators and induction motors, due to
the theorem of constant flux linkages, a corresponding increase in the generator’s
rotor currents occurs. For a small speed range wound rotor induction generator,
the rotor converter used to control the rotor currents is suddenly subjected to large
overcurrents. The junction temperature of the thyristor or transistor switches used
in the converter cannot be exceeded or they will be damaged. The short-term over-
current capability of the electronic switches used within the converter is extremely
limited and almost practically non-existent if they are normally designed to operate
at or close to their rated junction temperature. Therefore, when the instantaneous
current limit of the switches is exceeded, they are immediately blocked and this
effectively inserts the entire external resistance in series with the rotor circuit.
The blocking of the switches is very fast and occurs typically in about 1 ms. This
causes, the rotor winding of the generator to become effectively similar to that of
a conventional wound rotor induction motor but with an additional external resist-
ance. Therefore, the generator’s initial short-circuit current contribution to a fault
on the network can be calculated as for an induction motor with a single-winding
rotor having an increased rotor resistance. Using Equation (5.100b) for T4 and
Equation (5.102b) for T ′ = T4, and designating the external resistance as Re, the
transient time constant is given as

T ′
e = 1

ωs(Rr + Re)

(
Xσr + 1

1
Xσs

+ 1
Xm

)
≈ X ′

ωs(Rr + Re)
s (5.134)

The additional rotor resistance reduces the motor transient time constant and hence
increases the rate of decay of the ac current component of the short-circuit current.
Figure 5.33 illustrates the effect of external rotor resistance on the stator short-
circuit rms current for a typical 2 MW induction generator.
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As the stator short-circuit current decays, and the rotor current drops below
the protection or the converter-controlled reference value, some generator
manufacturers design their converters to quickly unblock the switches and regain
control of the rotor currents back to some specified value. This means that the
generator starts to supply a constant low value stator short-circuit current.

5.9.4 Modelling of doubly fed induction generators
The dq model of a doubly fed induction generator with a wound rotor is similar
to that of an induction motor presented in Equation (5.88). However, there is an
important exception; the dq rotor voltages edr and eqr given in Equation (5.88b)
are not equal to zero. They are equal to the voltages injected by the rotor-side
converter. The steady state equivalent circuit of the doubly fed induction generator
is shown in Figure 5.34 with all rotor quantities referred to the stator.

A three-phase short-circuit fault in the network will cause a symmetrical voltage
dip at the generator terminals and large oscillatory currents in the rotor winding
connected to the rotor-side converter. Controlling large rotor currents requires
a large and uneconomic rotor voltage rating. Therefore, the large rotor currents
can flow through and damage the converter switches. However, to protect these
switches from damage, one method is to use a converter protective circuit called
a ‘crowbar’ circuit that is connected to the rotor winding through anti-parallel
thyristors as illustrated in Figure 5.31. When a large instantaneous rotor current
in any phase in excess of the allowable converter limit is detected, the converter
switches are immediately blocked and the thyristors of the crowbar circuit are
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fired to prevent a large overvoltage on the dc link. This crowbar action effectively
short circuits and bypasses the converter and causes the rotor currents to flow into
the crowbar circuit. Since the generator may be operating at a speed significantly
above synchronous speed, some crowbar circuits may also insert an impedance,
usually a resistance only, in series with the rotor winding in order to reduce the
reactive power consumption of the generator and improve its electric torque/speed
performance. The blocking of the converter switches and operation of the crowbar
protective circuit are very fast and may occur well within 2 ms. Once the converter
is bypassed, the rotor winding of the generator appears effectively similar to that
of a conventional wound rotor induction generator with an external rotor resistance
Rcb as shown in Figure 5.35a.

What happens next depends on the requirement of the power system to which the
generator is connected. The whole wind turbine generator may be disconnected
from the ac grid. Alternatively, only the rotor converter may be disconnected
but not the wind turbine generator that continues to operate as a wound rotor
induction machine with a higher rotor resistance. A more grid friendly converter
control strategy is to keep the turbine generator connected to the grid and rotor
converter connected to the rotor but quickly regain rotor current control once the
rotor currents have decayed below a sufficiently low value.

Returning to the short-circuit current contribution of the generator, once the
converter is bypassed and the rotor is short-circuited through a resistance Rcb,
the transient short-circuit time constant of the doubly fed induction generator is
modified by Rcb and is calculated using Equation (5.134) as follows:

T ′
cb = 1

ωs(Rr + Rcb)

(
Xσr + 1

1
Xσs

+ 1
Xm

)
≈ X ′

ωs(Rr + Rcb)
s (5.135)

However, unlike a conventional fixed speed induction machine whose slip is always
close to zero, the slip for a typical doubly fed induction generator may vary between
s = 0.3 pu sub-synchronous and s = −0.2 pu super-synchronous speed depending
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Figure 5.35 Doubly fed induction generator with operation of rotor side converter protection: (a) con-
verter short-circuited by a crowbar through resistance Rcb and (b) converter protected by a dc chopper
through resistance RChop in parallel with dc link capacitor
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on machine rating and design. Therefore, using Equation (5.112b), and assuming
that Rcb is not much smallar than X ′, the current change due to a three-phase
short-circuit fault is approximately given by

ir(t) ≈
√

2V rms

(1 − s)
√

X ′2 + R2
cb

[e−t/T ′
cb cos{(1−s)ωst+θo−π/2}−e−t/Ta cos(θo−π/2)]

(5.136a)

where X ′ and Ta are as given in Equations (5.94c) and (5.108) for a single rotor
winding, respectively.

The envelope of the maximum short-circuit current is given by

îr(t) ≈
√

2V rms

(1 − s)
√

X ′2 + R2
cb

[e−t/T ′
cb + e−t/Ta ] (5.136b)

Clearly, in the general case of a doubly fed induction generator, the factor (1 − s)
in Equations (5.136a) and (5.136b) cannot be equated to unity unless when the
generator’s initial speed is close to synchronous speed. From Equation (5.136a),
the frequency fsc of the stator short-circuit current is given by

fsc = (1 − s)fs Hz (5.136c)

where s is generator slip in per unit and fs is the nominal system frequency in Hz.
The difference between the frequency of the stator short-circuit current and nom-
inal frequency affects the time instant that corresponds to the first and subsequent
peaks of the short-circuit current of Equation (5.136a). Whereas this time instant is
nearly equal to a half cycle of the nominal frequency for synchronous machines and
fixed speed induction machines, this will only be the case for a doubly fed generator
if its rotor speed is initially close to synchronous speed. If the doubly fed gener-
ator is initially operating at a high active power output, e.g. at a slip s = −0.15 pu,
its speed will be super-synchronous and the frequency of the short-circuit cur-
rent, assuming a 50 Hz system, is fsc = 1.15 × 50 Hz = 57.5 Hz. The effect of this
is that the instant of the first peak of the current will occur before the usual half
cycle of power frequency. Conversely, if the machine is initially operating at a sub-
synchronous speed, e.g. at a slip s = 0.2 pu, we have fsc = 0.8 × 50 Hz = 40 Hz and
the instant of the first peak of the current will occur after the half cycle of nominal
frequency. Equation (5.136a) also suggests that the magnitude of the current is
inversely proportional to (1 − s) that is the initial current magnitude is higher if
the generator is initially operating at minimum sub-synchronous speed.

In the grid friendly doubly fed generator design referred to above, the crowbar
circuit is quickly switched out and the converter switches unblocked after some
time delay from the instant of short-circuit current. The delay is to allow the rotor
instantaneous current particularly its dc component to decay to a sufficiently low
value. The switching out of the crowbar and unblocking of the converter switches
allows the converter to regain control of the rotor currents. This enables the gener-
ator to supply a predefined and constant value of stator short-circuit current with a
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magnitude that is dependent on the retained stator voltage. It is usual that this con-
stant current is the maximum reactive current that can be constantly supplied by the
generator under reduced terminal voltage conditions without exceeding its rating.

If the fault location is on the network and is sufficiently remote from the gen-
erator, the rotor-side converter current limit may not be exceeded and hence the
protective crowbar circuit would not operate. Thus, the magnitude of the stator
current supplied may be affected and modified by the converter’s voltage/reactive
power control strategy. For example, consider a rotor side converter operating in
stator terminal voltage control mode using an AVR acting through the converter to
deliver the required change in rotor voltage. The extent to which the stator short-
circuit current supplied by the generator is affected by the AVR is influenced by
the converter control system parameters, e.g. gain and time constants as well as
the generator short-circuit transient time constant T ′. Similar analysis to that pre-
sented in Section 5.4.7 for a synchronous generator with no damper winding can
also be used here for the doubly fed wound rotor induction generator. Thus, if an
instantaneous or a step change in rotor voltage is assumed, the stator current begins
to increase with a time constant equal to the induction generator short-circuit time
constant T ′. This change will be superimposed on the current caused by the short-
circuit which decays with the same time constant T ′. Therefore, the decay of the
short-circuit current supplied by the generator may be arrested and at some point
the current may even begin to increase. This behaviour is similar qualitatively to
that of a synchronous generator shown in Figure 5.14 although the time when the
current may begin to increase may be much shorter and in the order of only few
cycles of the power frequency. If this occurs within circuit-breaker current inter-
ruption times, then this increase would need to be taken into consideration when
assessing the short-circuit break duties of circuit-breakers.

The short-circuit current behaviour of the doubly fed generator depends on
whether the fault is balanced or unbalanced. During unbalanced faults on the
network that produce a large NPS voltage at the generator terminals and a corres-
ponding large NPS rotor current, permanent crowbar operation may result until
the fault is cleared.

Converter protection strategies used in doubly fed generator technology are
still developing. An alternative to the use of a crowbar circuit is a strategy that
blocks the converter switches but controls the dc link capacitor voltage using a dc
chopper circuit in parallel with the dc link capacitor. The dc chopper circuit is a
power electronics’ controlled resistor, i.e. a variable resistor. The blocking of the
converter switches and operation of the dc chopper circuit in parallel with the dc
link capacitor is represented as shown in Figure 5.35(b). The effect of the dominant
dc chopper resistance RChop on the machine’s stator short-circuit current behaviour
is similar to the effect of Rcb of the crowbar circuit shown in Figure 5.35(a).

The inclusion of short-circuit current contribution in steady state fixed
impedance analysis programs, requires knowledge of the variation with time of the
short-circuit current during the fault period. This variation may need to be estab-
lished for near and remote faults, i.e. with and without crowbar, or other converter
protective action, using detailed time domain simulation programs and taking into
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account the voltage/reactive current control strategy of the converter. Manufactur-
ers are best placed to submit such information to power network utilities.

5.9.5 Modelling of series converter-connected
generators

The static converters effectively isolate the electrical generator and its specific
electrical performance characteristics from the electrical network in the event of
short-circuit faults on the host network. Many modern static inverters tend to
use insulated gate bipolar transistor (IGBT) switches. The performance of series
converter-connected generators during short-circuit faults on the converter output
terminals or elsewhere on the ac network is dictated by the control strategy of the
inverter. Before a short circuit occurs, the inverter output current is controlled both
in magnitude and phase. The phase is usually set within minimum and maximum
limits with respect to the zero crossing of the output voltage in order to ensure
that the inverter reactive power output is kept within corresponding minimum and
maximum limits. When a three phase short-circuit occurs on the ac network, the
inverter’s inherent constant current control strategy ensures that the inverter con-
tinues to supply the same current as that supplied in the power frequency cycle
just before the occurrence of the short-circuit fault. The magnitude of the inverter
short circuit current contribution due to the inherent constant current control strat-
egy in the event of a three-phase short circuit at bus i can be illustrated using
Figure 5.36.

Figure 5.36(a) shows a series converter-connected generator, which may be
induction or synchronous, with the grid inverter connected through a transformer to
a distribution voltage level of typically 20–36 kV. This is then connected to a higher
voltage system through another transformer. The largest pre short-circuit inverter
current is that supplied at rated power and reactive power output of the inverter.
Assume that at bus i the inverter rated power output is P, rated lagging reactive
power output is Q and the rated lagging and (leading) power factor is cos φ. Thus,
the rated inverter current delivered at bus i just before the short circuit is given by

Ii(rated) = P − jQ

V∗
i

= ∣∣Ii(rated)
∣∣e−jφ (5.137a)

The relationship between bus i voltage and system voltage Vs at bus s, ignoring
the transformer resistance Rt , because it is much smaller than its reactance Xt , is
given by

Vs = Vi − jIi(rated)Xt = |Vs|e−jδ (5.137b)

At bus s, the grid system is represented by its three-phase short-circuit infeed
and Xs/Rs ratio. Since the grid inverter continues to supply a constant, balanced
three-phase current during the short-circuit fault and the resultant voltage dip
at its terminals, the inverter and its transformer can be represented as a
constant PPS current source as shown in Figure 5.36(b). For a three-phase short-
circuit fault at bus i, the PPS current supplied to the fault from the high voltage
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grid system is given by

Is = Vs

Zs + Zt
= Vs√

(Rs + Rt)2 + (Xs + Xt)2
exp[−j tan−1[(Xs + Xt)/(Rs + Rt)]

(5.138)

In practice, (Xs + Xt)/(Rs + Rt) will be dominated by the transformer Xt/Rt ratio
which is typically between 14 and 30. These correspond to impedance phase angles
tan−1(Xt/Rt) of 86◦ and 88◦, respectively. Figure 5.36(c) shows the vector diagram
of the above voltages and currents including the system short-circuit current. The
inverter PPS short-circuit current component that is in phase with Is is given by

Ii(sc) = Ii(rated) cos β = Ii(rated) cos

[
tan−1

(
Xt

Rt

)
− (φ − δ)

]
(5.139)
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For example, for Xt/Rt = 14.3 or tan−1(Xt/Rt) = 86◦, rated inverter lagging power
factor on the high voltage side of its transformer is 0.95 or φ = cos−1(0.95) = 18.2◦
and load angle δ = 6◦, we have Ii(sc) = Ii(rated) cos[86 − (18.2 − 6)] ≈ 0.28Ii(rated).

The total short-circuit current is the sum of the high voltage system and inverter
short-circuit current contributions, i.e. ITotal = Is + Ii(sc).

If the inverter were operating at rated leading power factor, it can be shown that

Ii(sc) = Ii(rated) cos

[
tan−1

(
Xt

Rt

)
− (φ + δ)

]
(5.140)

However, in this case, although this current has a larger magnitude, it is in anti-
phase with the dominant current supplied from the higher voltage system and will
thus act to reduce the total short-circuit current. Equation (5.139) shows that the
inherent inverter short-circuit current contribution is a small fraction of the inverter
rated current.

Unlike a doubly fed induction generator, series converter-connected generators
with a voltage sourced grid-side converter can provide a controlled short-circuit
current response during the entire fault duration. Therefore, network utilities usu-
ally require a larger short-circuit current contribution from such generators to assist
network protection in the detection of short-circuit currents. Therefore, modern
grid-side inverter controls are usually designed to supply a larger and constant
value of three-phase short-circuit current that is related to the rated current by

Ii(sc) = αIi(rated) (5.141)

where α ≤ 3 for most current inverter designs.
As we have already explained, the inverter can be considered to act as a PPS

constant current source during the entire short-circuit period as given by Equa-
tion (5.141). In addition, the inverter current control strategy ensures that the PPS
short-circuit current supplied does not contain a dc current component.

Under unbalanced short-circuit faults in the network, e.g. a one-phase to earth
short-circuit fault, the control systems of most modern inverters are designed to
continue to supply balanced three-phase currents irrespective of the degree of their
voltage unbalance. Therefore, under unbalanced short-circuit faults, the inverter
will only supply a PPS current with the NPS and ZPS currents being equal to zero.

In summary, series converter-connected generators with grid-side inverters that
deliver an increased constant current can be represented in short-circuit studies
by a PPS constant current source, given by Equation (5.141), and zero NPS and
ZPS current sources. It is generally incorrect to assume that the inverter PPS short-
circuit current contribution can be represented as a voltage source behind a PPS
reactance in pu equal to 1/α. This representation will produce the correct inverter
current contribution for one fault location only namely at the inverter transformer
output terminals. At other fault locations on the grid network, the voltage source
representation will produce a lower and incorrect current than that given by Equa-
tion (5.141). The inverter constant current control strategy is normally very fast so
that the ac short-circuit current contribution does not change with time during the
short circuit. This means that the initial peak current and break current are equal.
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6

Short-circuit analysis
techniques in ac power

systems

6.1 General

In modern power systems, there are various types of active sources that can con-
tribute short-circuit currents in the event of short-circuit faults on the power system.
These include synchronous and induction generators, synchronous and induction
motors and modern power electronics converter connected generators. Power sys-
tem elements such as lines, cables, transformers, series reactors, etc. between the
short-circuit fault location and the various current sources will affect the magni-
tude of the short-circuit currents infeed into the fault. The effect is generally to
reduce the magnitude of the short-circuit currents and to increase the rate at which
their ac and dc components will decay.

In Chapter 1, we illustrated in Figure 1.4a the make and break duties of a circuit-
breaker and explained their meanings. The calculation of these duties requires the
calculation of the ac and dc components of the short-circuit current at the fault
location in systems that generally contain many different short-circuit sources.
Generally, published literature appears to cover the inherent current decay rate of
a single source, generally that of synchronous machine, but not the decay rate in a
real system that includes several or many sources. In addition, it is surprising that
the analysis of the magnitude or rate of decay of the dc component of short-circuit
current in a system that includes several or many sources has received virtually
no attention in published power system analysis books. In this chapter, we will
briefly analyse the effect of various network configurations on the time constants
of the ac and dc components of short-circuit currents and hence the effect on the
variation of their magnitudes with time. We will illustrate the effects of various
estimation methods of the ac and dc time constants. We will then present some of
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Figure 6.1 Representation of short-circuit faults and prefault network: (a) short-circuit fault through
a fault impedance by switch closure and (b) initial network condition before the short-circuit fault

the practical techniques that can be used in the analysis of the ac and dc components
of short-circuit currents in interconnected power systems.

6.2 Application of Thévenin’s and superposition’s
theorems to the simulation of short-circuit
and open-circuit faults

6.2.1 Simulation of short-circuit faults
Thévenin’s and superposition’s theorems are very useful in the calculation of
currents and voltages due to short-circuit faults in power system networks. The
application of a short-circuit fault through a fault impedance ZF is represented by
the closure of the switch between points F and F′ as shown in Figure 6.1(a).

The connection of a voltage source across the fault points FF′ equal in magnitude
and phase to the prefault voltage, as shown in Figure 6.1(b), has no effect on the
initial current and voltage conditions in the network. When the fault is applied,
the voltage across the fault points FF′ drops to that across the fault impedance ZF

i.e. to ZFIF or to zero for a solid fault where ZF = 0. This is represented by the
connection of a second voltage source in series with ZF and the prefault voltage
source as shown in Figure 6.2. The second voltage source is equal in magnitude
but is 180◦ out of phase with the initial prefault voltage.

According to the superposition principle, the resultant currents and voltages in
the network are the sum of those existed before the fault and the changes due to
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the fault itself. Therefore, using the superposition principle, the simulation of the
short-circuit fault shown in Figure 6.2 is achieved by the sum of the voltages and
currents from two separate networks namely those in Figures 6.1(b) and 6.3.

The first network, shown in Figure 6.1(b), is an active network representing the
initial voltage and current conditions before the fault. The second network, shown
in Figure 6.3, is a passive network apart from a single voltage source injected across
the fault points FF′ with all other voltage sources in the rest of the network short-
circuited. This is known as Thévenin’s network in which the calculated currents
and voltages represent the current and voltage changes due to the fault. The final
or actual currents and voltages are obtained by the superposition of the current and
voltage results obtained from the two networks. The fault current flowing out of
the network shown in Figure 6.3 into the fault at the fault location is given by

IF = VFF′

ZThév. + ZF
= |VFF′ |ejα

|ZThév. + ZF|ejδ
= |IF|ejβ (6.1a)

where ZThév. = |ZThév.|ejφ is the Thévenin’s equivalent impedance of the entire
network as ‘seen’ from between points FF′, φ is the Thévenin’s impedance angle, α
is the initial prefault voltage angle, δ is the phase angle of ZThev. + ZF and β = α − δ

is the fault current phase angle. The connection fault current between FF′ calculated
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Figure 6.4 Representation of open-circuit faults and initial network: (a) open-circuit fault by switch
opening and (b) initial network condition before the open circuit

from the passive network of Figure 6.3 is equal to the total fault current since the
initial current is zero. The voltage change across the fault points FF′ due to the fault
is calculated from Figure (6.3) as �VFF′ = −VFF′ + ZFIF and the actual voltage
during the fault is calculated using the superposition theorem from Figure 6.2 as

VFF′ = ZFIF (6.1b)

6.2.2 Simulation of open-circuit faults
The application of an open-circuit fault is represented by the opening of the switch
between points F and F′ as shown in Figure 6.4(a).

The connection of a current source across the fault points FF′ equal in magnitude
and phase to the prefault current, as shown in Figure 6.4(b), has no effect on the
initial currents and voltages in the network. When the open-circuit fault is applied,
the current across the fault points FF′ drops to zero and this is represented by the
connection of a second current source in parallel with the prefault current source.
The second current source is equal in magnitude but is 180◦ out of phase with the
initial prefault current as shown in Figure 6.5.

Using the superposition principle, the simulation of the open-circuit fault shown
in Figure 6.5 is achieved by the sum of the voltages and currents from two separate
networks as shown in Figures 6.4(b) and 6.6(a).

The first network shown in Figure 6.4(b) is an active network representing
the initial voltage and current conditions before the fault. The second network,
shown in Figure 6.6(a), is a passive network apart from a single current source
injected across the fault points FF′ with all other voltage sources short-circuited.
The currents and voltages calculated as per Figure 6.6(a) represent the current and
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Figure 6.6 Calculation of current and voltage changes due to an open-circuit fault using Thévenin’s
theorem: (a) series injected current source and (b) series injected current source replaced by two equal
shunt injected current sources

voltage changes due to the fault. The actual currents and voltages are obtained by
the superposition of the currents and voltages obtained from the two networks. If
the Thévenin’s equivalent impedance of the entire network as ‘seen’ from between
points FF′ is equal to ZThév., the open-circuit voltage change across FF′ is given by

�VFF′ = ZThév.IL (6.2)

where IL′ is the known prefault current flowing from F to F′. The prefault voltage
between FF′ is zero and hence the actual voltage across the open circuit is equal
to that given in Equation (6.2).

An alternative representation to the series current source injected between points
FF′ that is useful in practical large-scale analysis by matrix methods is shown in
Figure 6.6(b). In this, the single injected series current source is replaced by two
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shunt injected current sources with that injected at F being equal to IL and that
injected at F′ being equal to −IL.

6.3 Fixed impedance short-circuit analysis
techniques

6.3.1 Background
Mathematically speaking, the meaning of impedance is only valid when the power
system network is in a sinusoidal steady state. Further, as their name implies,
fixed impedance analysis techniques assume that the impedance of every element
in the power system network is constant. Obviously, this is the case for nearly all
passive linear elements in the network, ignoring saturation, but, as we have seen
in Chapter 5, the positive phase sequence (PPS) reactances of synchronous and
induction machines are time dependent. The fixed impedance analysis technique
assumes a constant fixed impedance value for every machine in the system such
as X ′′

d for synchronous machines and X ′′ for induction machines. The short-circuit
current calculated is therefore the root mean square (rms) subtransient current at
t = 0 or the instant of fault. The calculation may also be repeated using a different
value for each synchronous machine impedance, usually, X ′

d. In this case, the short-
circuit current calculated is the rms transient current and this may be considered
in an empirical way to apply at a specific instant of time, such as 100 or 120 ms, in
a meshed multi-machine network. Small induction machines forming part of the
general power system load may or may not be represented depending on whether
they will continue to provide a current contribution at this time. Some of the
major international approaches to the representation of induction motor short-
circuit current infeed will be covered in Chapter 7.

6.3.2 Passive short-circuit analysis techniques
The term passive short-circuit analysis means that the initial power system loading
is ignored. The assumptions made are that the network voltage profile is uniform,
transformer tap positions are nominal, and machine active and reactive power
outputs are zero. No load currents flow in the network series branches, the shunt
susceptances of network elements, e.g. lines, cables, capacitors, etc., as well as
the shunt impedances of static load are not included in the network model. The
calculated currents and voltages due to the application of the short-circuit fault
are the changes that can be calculated as illustrated in Figure 6.3. The magnitude
of the initial voltage at the fault location is usually taken as cUn where Un is the
nominal system voltage and c is a voltage factor that is typically between 0.9 and
1.1 depending on whether maximum or minimum short-circuit currents are to be
calculated. The voltage factor c is used in the international standard IEC 60909.
This is discussed in Chapter 7.
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6.3.3 The ac short-circuit analysis techniques
The term ac short-circuit analysis means that the initial power system load, i.e.
magnitude and power factor, is taken into account prior to the application of the
short-circuit fault. This is done using an ac loadflow study where the results are
expressed in terms of machine active and reactive power outputs, transformer tap
positions, voltage profile and load currents flowing in the network series branches.
In the short-circuit study, the shunt susceptances of network elements, e.g. lines,
cables, capacitors, etc., as well as the shunt impedances of static load may or
may not be included in the network positive phase sequence (PPS), negative phase
sequence (NPS) and zero phase sequence (ZPS) models depending on the approach
adopted in a particular country. This is covered in Chapter 7. The calculated
currents and voltages are obtained using the superposition theorem. The initial
voltages and currents are taken from the initial loadflow study.

6.3.4 Estimation of dc short-circuit current component
variation with time

Fixed impedance analysis enables the calculation of the ac component of short-
circuit current at fixed time instants but the direct and explicit calculation of the
dc component is obviously not possible. However, an estimate of the magnitude
of the dc component at any time instant may be made in any type of network,
i.e. radial or meshed by calculating the equivalent fixed impedance or Thévenin’s
impedance at the fault point looking back into the active sources of currents.
The inherent assumption made in this method is that the mathematical function
describing the dc current at the fault point is that of a single decaying exponential
with a single time constant, i.e. exp(−t/Tdc). The time constant Tdc is calcu-
lated from the equivalent system impedance ‘seen’ at the fault point by dividing its
reactance to resistance ratio X/R by ωs. The dc current magnitude can then be esti-
mated at any required time instant. The accuracy of such a method is discussed in
Sections 6.5.2 and 6.5.3.

In the case where passive short-circuit analysis techniques are used, as discussed
in Section 6.3.2, the resistances of the network elements are included in the network
model in order to calculate the equivalent system X/R ratio from the equivalent
Thévenin’s impedance at the fault point. Alternatively, the equivalent system X/R
ratio can be calculated from the Thévenin’s impedance phase angle φ as follows:

X

R
= tan φ (6.3a)

In some countries, e.g. in the American IEEE approach, the resistances of network
elements may not be included in the network model used to calculate the current
magnitude. Also, the equivalent X/R ratio at the fault point is calculated from
separate reactance and resistance networks. The resistance network is obtained by
setting all reactances to zero whereas the reactance network is obtained by setting
all resistances to zero. An equivalent Thévenin’s resistance and another equivalent
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Thévenin’s reactance are calculated and the equivalent X/R ratio at the fault point
is calculated as

X

R
= XThév.

RThév.
(6.3b)

The reason for calculating the X/R ratio of the dc component of short-circuit
current using separate networks is to improve the accuracy of calculation. This is
discussed in Chapter 7.

6.3.5 Estimation of ac short-circuit current component
variation with time

As stated in Section 6.3.1 fixed impedance analysis enables the calculation of
the ac component of short-circuit current at fixed time instants. For example, the
subtransient and transient rms currents are calculated using the subtransient and
transient reactances of machines, respectively. However, since the PPS reactances
of synchronous and induction machines are time dependent, the ac component
of fault current will in general vary with time, the extent of variation being
dependent on the proximity of the fault to machines. In practical calculations,
particularly where an appreciable proportion of the short-circuit current is sup-
plied from nearby machines, e.g. on transmission networks and industrial power
systems, the decay of the ac current is appreciable and this needs to be considered
in the calculation of the make and break currents, of circuit-breakers.

The variation of the ac current is directly calculated when time domain analysis
is used. However, with fixed impedance analysis, there is no direct analytical or
theoretical approach that can be used, particularly in meshed networks. This will
be further discussed in Section 6.5.

6.4 Time domain short-circuit analysis techniques
in large-scale power systems

In general, the most accurate short-circuit current solution method should be cap-
able of explicitly calculating the ac and dc components of short-circuit current at
any time instant. If such accurate calculation is required, then time-step analysis
techniques may be used. Conventional transient stability rms time-step simulations
with the ability to model network unbalance, i.e. the PPS, NPS and ZPS networks
allow for accurate calculation of the time variation of the ac component of short-
circuit current. The main advantage of this approach is that the various ac short-
circuit time constants of synchronous and induction machines and their impact on
the ac fault current decay are accurately accounted for. However, this approach is
generally impractical in large-scale short-circuit analysis in large power systems
where 1000s of short-circuit studies are routinely carried out. The difficulties
are generally the large data volume to be managed (although this is becoming
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less demanding in modern power system analysis programs with advanced data
management facilities) and the significant computer running time requirements
and hence the very long turn around time. Furthermore, in conventional transient
stability analysis simulations, the dc component of short-circuit current is generally
not calculated because the dynamic models of machines generally ignore the stator
flux transients, i.e. in Chapter 5 in Equation (5.9), dψd/dt and dψd/dt are normally
set to zero. Therefore, some other method would still be needed to calculate the
dc current component.

Where an appropriate time domain analysis utilising time-step calculation is
used, allowing the explicit calculation of the dc current component, it may be
possible, if required, to estimate the dc component X/R ratio from the dc current
waveform and dc current rate of decay.

6.5 Analysis of the time variation of ac and
dc short-circuit current components

We recall that for a single short-circuit current source, i.e. a single machine, the
machine short-circuit ac and dc time constants enable us to calculate the magnitudes
of the ac and dc current components at any instant of time following the initial short-
circuit fault instant. In this section, we limit our analysis to the most common types
of short-circuit calculation, used for the assessment of substation infrastructure and
circuit-breaker duties. These are three-phase and single-phase short-circuit faults.

6.5.1 Single short-circuit source connected by
a radial network

The effect of a single short-circuit current source supplying a short-circuit current
contribution to the fault through an external impedance was presented in Chapter 5.
Essentially, the ac and dc short-circuit time constants are affected by the external
impedance between the source and the fault point. To simplify the analysis, we
assume that the external network impedance is predominantly reactive for the
purpose of ac time constant calculation.

Figure 6.7 shows a single short-circuit source taken here as an unloaded syn-
chronous generator having a star-connected stator winding with a solidly earthed
neutral feeding into the fault point F through a radial link. This link may be one
or more power system elements connected in series and have an equivalent series
impedance of Re + jXe. From Chapter 5, the machine’s rms and dc short-circuit
currents assuming a one per unit initial voltage are given by

irms(t) = 1

Xd + XEq
+
(

1

X ′
d + XEq

− 1

Xd + XEq

)
e−t/T ′

ac

+
(

1

X ′′
d + XEq

− 1

X ′
d + XEq

)
e−t/T ′′

ac (6.4a)
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Figure 6.7 Synchronous generator connected through a radial network to the short-circuit fault location

and

idc(t) =
√

2

X ′′
d + XEq

e−t/Tdc (6.4b)

where XEq, the network ac and dc time constants for three-phase and single-phase
short-circuit faults are given by

T ′′
ac = X ′′

d + XEq

X ′
d + XEq

T ′′
do T ′

ac = X ′
d + XEq

Xd + XEq
T ′

do Tdc = X ′′
d + XEq

ωs(Ra + REq)
(6.4c)

XEq = Xe REq = Re for a three-phase short circuit (6.5a)

XEq = XN + XZ + 3Xe REq = 2Ra + 3Re for a single-phase short circuit

(6.5b)

From Equations (6.4) and (6.5), we can determine the effect of a generator external
impedance on the equivalent network ac and dc time constants, i.e. those of the
fault current at the fault location, and hence on the time variation of the magnitude
of the short-circuit current.

Effect of faults near to and far from short-circuit sources

The effect of electrical distance between the short-circuit source and the fault
point on the initial magnitude of the short-circuit current, i.e. at the instant of fault
is easily understood. The closer the fault location to the short-circuit source is,
the smaller is the impedance between the source and the fault location, and the
higher is the initial magnitude of short-circuit current. However, what is the effect
on the magnitudes of the ac and dc currents afterwards, e.g. a few cycles later?
To answer this question we need to understand, besides the effect on the current
magnitude, the effect of the external impedance on the ac and dc time constants
that govern the rates of decay of the ac and dc currents. This is an important aspect
in practical short-circuit analysis. From Equations (6.4c) and (6.5), we have the
following.
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Three-phase short-circuit fault

T ′′
ac = X ′′

d + Xe

X ′
d + Xe

T ′′
do =

X ′′
d

Xe
+ 1

X ′
d

Xe
+ 1

X ′
d

X ′′
d

T ′′
d (6.6)

The limiting values of the network subtransient time constant T ′′
ac are determined

by setting Xe = 0 and Xe → ∞ in Equation (6.6). Thus, the minimum value of T ′′
ac

is equal to T ′′
d of the generator whereas the maximum value of T ′′

ac is equal to

T ′′
do = X ′

d

X ′′
d

T ′′
d

For most synchronous machines, X ′
d ≈ 1.1X ′′

d to 1.5X ′′
d giving T ′′

ac ≈ T ′′
d to 1.5T ′′

d .
However, because the difference between X ′

d and X ′′
d is much smaller than that

between X ′
d and Xd , the effect of external reactance on the initial magnitude

of the subtransient component, as can be seen from Equation (6.4a), is much
greater than the effect on the transient current component. In other words, the
magnitude of the initial subtransient current component drops in a much greater
proportion than the transient component. Following a similar approach for the
network transient time constant T ′

ac given in Equation (6.4c), we have

T ′
ac = X ′

d + Xe

Xd + Xe
T ′

do =
X ′

d
Xe

+ 1
Xd
Xe

+ 1

Xd

X ′
d

T ′
d (6.7)

For most synchronous machines, Xd can be up to 8X ′
d thus T ′

ac ≈ T ′
d . . . 8T ′

d .
Similarly, the effect of the external reactance is to cause a proportionately much

greater reduction in the transient current component than in the steady state current
component. The network dc time constant Tdc given in Equation (6.4c) can be
rewritten as

Tdc = X ′′
d + Xe

ωs(Ra + Re)
= X ′′

d

ωsRa
×
(

1 + Xe
X ′′

d

)
(

1 + Re
Ra

) = Ta(3φ) ×
(

1 + Xe
X ′′

d

)
(

1 + Re
Ra

) (6.8)

where Ta(3φ) is the generator’s armature time constant.
In practical power systems, generator X/R ratios X ′′

d /Ra are significantly greater
than the X/R ratios of external network elements Xe/Re of transformers, lines,
cables, etc., or any combination of these. Therefore,

Re

Ra
>

Xe

X ′′
d

giving

X ′′
d + Xe

ωs(Ra + Re)
<

X ′′
d

ωsRa
or Tdc < Ta(3φ)
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Figure 6.8 Illustration of near-to and far-from generator short-circuit faults

Thus, the effect of fault through an external impedance is to reduce the dc time
constant and hence increase the rate of decay of the dc short-circuit current. The
dc time constant is used to characterise the dc current component for circuit-
breaker testing under IEC 62271-100:2001/2003 high voltage switchgear standard.
In addition, it is usual power system practice to characterise the network dc current
component by the network dc X/R ratio given by

X ′′
d + Xe

Ra + Re
= ωsTdc (6.9)

Figure 6.8 shows the variation of the ac component of short-circuit current for a near
to generator three-phase short-circuit fault and a far from generator similar fault.
The latter is separated from the generator terminal by a large external reactance.
The important observation is that the ac current decay is very pronounced in the
near to generator case but is negligible in the far from generator case. Conversely,
the dc current decay is now greater than that for a generator alone.

Single-phase short-circuit fault
Similar analysis to the case of a three-phase short circuit can be carried out
using Equations (6.4c) and (6.5). The reader is encouraged to show that similar
conclusions to those for a three-phase short-circuit fault can be obtained.

The analysis approach of Section 6.5.1 can easily be applied to other short
current sources such as synchronous motors, induction generators and motors.

6.5.2 Parallel independent short-circuit sources
connected by radial networks

In this section, we present the effect of parallel short-circuit sources, each con-
nected by a radial network, on the total short-circuit current ac and dc time constants
and the variation of the current magnitude with time. Figure 6.9 shows n parallel
short-circuit sources each feeding through its own external impedance to the fault
point F.
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Re1 jXe1G1

Re2 jXe2G2

Ren jXenGn

F

Figure 6.9 n parallel synchronous generators each connected by a radial network to the short-circuit
fault location

Network ac time constant

We consider the network subtransient ac time constant only since similar analysis
also applies to the transient time constant.

In the case of a three-phase short circuit at point F, the total subtransient cur-
rent component at F, using Equation (6.4a) is the sum of the subtransient current
components supplied by each individual generator. Thus,

iac(t) =
(

1

X ′′
1 + Xe1

− 1

X ′
1 + Xe1

)
e−t/T ′′

ac(1)

+
(

1

X ′′
2 + Xe2

− 1

X ′
2 + Xe2

)
e−t/T ′′

ac(2) + · · ·

+
(

1

X ′′
n + Xen

− 1

X ′
n + Xen

)
e−t/T ′′

ac(n)

=
n∑

i=1

(
1

X ′′
i + Xei

− 1

X ′
i + Xei

)
e−t/T ′′

ac(i) for t ≥ 0

�= 1

XEq
e−t/T ′′

ac(Eq) for t > 0 (6.10a)

where

T ′′
ac(i) = X ′′

d(i) + Xe(i)

X ′
d(i) + Xe(i)

T ′′
do(i) for a synchronous generator/motor

or

T ′′
ac(i) = X ′′

(i) + Xe(i)

X ′
(i) + Xe(i)

T ′′
o(i) for an induction generator/motor
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and

1

XEq
=

n∑
i=1

(
1

X ′′
(i) + Xe(i)

− 1

X ′
(i) + Xe(i)

)
(6.10b)

The expression for XEq in Equations (6.10a) and (6.10b) is a parallel equivalent and
it ensures that the initial current magnitude, i.e. at t = 0, of the single equivalent
exponential in Equation (6.10a) is equal to that obtained from the sum of the
individual exponentials.

In the general case, sources have different impedances and time constants and
each current component decays at a different rate. Therefore, the magnitudes of the
n subtransient current components for t > 0 will be different. The same observation
would be made even if the machines were identical, i.e. have similar parameters,
but their external impedances were different. Consequently, a single network ac
time constant at the fault location for all the ac sources that enables the calculation
of the total current magnitude for t > 0 does not exist. Mathematically speaking,
the sum of several exponentials of different time constants cannot be made equal
to a single equivalent exponential with a single equivalent time constant. However,
in this radial network topology this is not required because each source is radially
connected to the fault point and the accurate equation for the sum of n exponential
terms can be used. It can be shown that similar conclusions apply for single-phase
short-circuit faults.

Network dc time constant

In the case of a three-phase short circuit at point F in Figure 6.9, the total dc
current component at point F, using Equation (6.4b), is the sum of the dc current
components supplied by each individual machine. Thus

idc(t) =
√

2

X ′′
1 + Xe1

e−t/Tdc(1) +
√

2

X ′′
2 + Xe2

e−t/Tdc(2) + · · · +
√

2

X ′′
n + Xen

e−t/Tdc(n)

=
n∑

i=1

( √
2

X ′′
i + Xei

e−t/Tdc(i)

)
�=

√
2

XEq
e−t/Tdc(Eq) for t > 0 (6.11a)

where

Tdc(i) = X ′′
di + Xei

ωs(Rai + Rei)
for a synchronous generator

or

Tdc(i) = X ′′
i + Xei

ωs(Rsi + Rei)
for an induction generator/motor

and

1

XEq
=

n∑
i=1

1

X ′′
di + Xei

(6.11b)

Equation (6.11a) shows that at t = 0, the magnitude of the total dc current is equal
to the sum of the magnitudes of the individual dc current components. However,
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for t > 0, and because each current component decays at a different rate, a single
equivalent exponential component that gives an equivalent rate of decay or time
constant for the sum of the individual exponentials does not exist. This is best
illustrated in the following example.

Example 6.1 Consider three parallel sources or n = 3 in Figure 6.9 having
significantly different time constants as follows: Tdc(1) = 50 ms, Tdc(2) = 150 ms
and Tdc(3) = 15 ms. Using Equation (6.11b), the corresponding initial dc current
magnitudes supplied at t = 0 by the three sources are equal to Idc(1) = 0.6 pu,
Idc(2) = 0.3 pu and Idc(3) = 0.1 pu. These initial current magnitudes and their
associated dc time constants can represent a variety of sources and external
impedances such as synchronous machines, induction machines and equivalent
infeeds from transmission or distribution networks. Figure 6.10 curve (a) shows
the total dc fault current at point F supplied by the three parallel sources and
calculated using Equation (6.11a), i.e. from the accurate sum of three expo-
nential terms. Figure 6.10 also shows the total dc current derived from a single
time constant as calculated by two different approximate methods. The first,
curve (b), is calculated from the single X/R ratio of the equivalent impedance
‘seen’ at the fault point, ZThév. = R + jX, also known as IEC 60909 Standard
Method B (this is discussed in Chapter 7). The second, curve (c), is calculated
from the ratio of the equivalent reactance at the fault point, XThév., (with all
resistances set to zero) to the equivalent resistance at the fault point, RThév.,
(with all reactances set to zero), as per IEEE C37.010 Standard (this is dis-
cussed in Chapter 7). It can be shown that the single equivalent time constant at
the fault point using the IEC method is equal to 48.6 ms (X/R = 15.2 at 50 Hz).
Using the IEEE method, the single equivalent time constant at the fault point
is equal to 76.3 ms (X/R = 24.0 at 50 Hz). The equations for the dc currents
calculated by the three methods are given by

idc(accurate)(t) = 0.6e−t/50 + 0.3e−t/150 + 0.1e−t/15

idc(IEC)(t) = e−t/48.6 idc(IEEE)(t) = e−t/76.3
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Figure 6.10 Illustration of IEC and IEEE approaches for the calculation of dc short-circuit current variation
with time for Figure 6.9
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where t is in ms. Figure 6.10 shows that the IEC Method B single equiva-
lent time constant underestimates the actual dc current for t ≥ 10 ms and this
underestimate increases with time. Conversely, and because the IEEE RThév.

is significantly smaller than the equivalent resistance calculated using the
IEC approach, the IEEE time constant is 1.57 times the IEC time constant.
Figure 6.10 shows that the IEEE approach, in this example, significantly over-
estimates the actual dc current over the period up to 140 ms, then the over-
estimate disappears. It should be noted that the degree of underestimate of IEC
Method B and overestimate of IEEE Method varies with the initial magnitude
of each current source and the relative time constants between them. Larger
and smaller underestimates and overestimates can be found in practice and the
reader is encouraged to analyse the effect of different combinations.

6.5.3 Multiple short-circuit sources in
interconnected networks

The topologies of transmission, subtransmission and many distribution power
systems are such that multiple sources of short-circuit currents feed into the short-
circuit fault via a meshed or interconnected network topology. For most practical
networks, the effect of multiple short-circuit sources supplying currents through a
meshed network configuration on the ac and dc time constants of the short-circuit
current at the fault location is not amenable to analytical treatment. However,
understanding this effect is of vital importance in practical short-circuit calcula-
tions if significant inaccuracies are to be avoided. The analysis presented next will
explain the problem.

Network ac time constant

Figure 6.11(a) shows a simple meshed network that consists of three indepen-
dent short-circuit current sources, each is connected by an external impedance
to a common node N. The three sources are then connected to the short-circuit
fault location F via a common impedance. To illustrate the problem, each source
is assumed to be a synchronous machine whose time-dependent reactance is
given by

1

Xm(i)(t)
= 1

Xd(i)
+
(

1

X ′
d(i)

− 1

Xd(i)

)
e−t/T ′

d(i) +
(

1

X ′′
d(i)

− 1

X ′
d(i)

)
e−t/T ′′

d(i) (6.12)

where i = 1, 2 or 3.
The equivalent circuit is shown in Figure 6.11(b) where each machine is replaced

by a constant voltage source Eo behind its time-dependent PPS reactance, given
by Equation (6.12), and the armature resistance. The equivalent time-dependent
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Figure 6.11 Simple meshed network for the analysis of ac short-circuit current decrement (variation
with time): (a) network configuration and (b) equivalent circuit

PPS system impedance at the fault point F is given by

ZF(t) = RF(t) + jXF(t) = Rc + jXc + 1
3∑

i=1

1
(Ra(i) + R(i)) + j[Xm(i)(t) + X(i)]

(6.13)

From Equation (6.13), it is interesting to note that not only the equivalent reactance
XF at the fault point is time dependent but also the equivalent resistance RF. In
many practical calculations, we can assume that Xm(i)(t) + X(i)(t) � (Rai + Ri) for
i = 1, 2 and 3, and Xc � Rc. Therefore, from Equation (6.13), we have

XF = Xc + 1
1

Xm(1)(t) + X1
+ 1

Xm(2)(t) + X2
+ 1

Xm(3)(t) + X3

(6.14)

In general, the magnitude of the time-dependent ac component of fault current at
the fault point F is given by

|iF(t)| = Eo

|ZF(t)| (6.15a)
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or

iF(t) = Eo

XF(t)
(6.15b)

The substitution of Equation (6.12) in Equation (6.13) or (6.14) shows that the fault
current magnitude given by Equation (6.15) would still exhibit subtransient and
transient decay. However, the corresponding time constants are very complicated
functions of the three individual machine time constants and no general analytical
formula can be derived. The accuracy of various methods of calculating the time
variation of the ac short-circuit current component is illustrated using an example.

Example 6.2 Consider Figure 6.11. The three machines are generators
having the following parameters: Xd = 2.04 pu, X ′

d = 0.275 pu, X ′′
d = 0.19 pu,

T ′′
d = 40 ms, T ′

d = 1100 ms, X1 = X2 = X3 = 0.19 pu, Xc = 0.2 pu.
Curve (a) of Figure 6.12 shows the accurate time variation of the magnitude

of the rms short-circuit current obtained from Equation (6.15b) with Eo = 1 pu.
Curve (b) shows the current waveform obtained from the Thévenin’s equiva-
lent subtransient, transient and steady state impedances calculated at the fault
point F as X ′′

F = 0.3267 pu, X ′
F = 0.355 pu and XF = 0.9434 pu, respectively.

The subtransient and transient time constants that include the effect of each
machine’s external impedance up to node N but exclude the effect of the com-
mon impedance Zc are calculated as T ′′

de(i) = 47.3 ms and T ′
de(i) = 1701.5 ms.

X ′′
F , X ′

F and XF are calculated using X ′′
d(i), X ′

d(i) and Xd(i), respectively, for each
machine. The current obtained by using the Thévenin’s equivalent subtransient,
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Figure 6.12 Illustration of different approaches for the calculation of ac short-circuit current variation
with time for a meshed network
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transient and steady state impedances is given by,

iF(t) = 1

XF
+
(

1

X ′
F

− 1

XF

)
e−t/T ′

de(i) +
(

1

X ′′
F

− 1

X ′
F

)
e−t/T ′′

de(i) (6.16)

As expected, curve (b) Equation (6.16) underestimates the current magni-
tude for t > 0 and this underestimate increases with time. The reason is that the
common impedance Zc between node N and the fault point F will also cause
some increase in the effective time constants of each source but Equation (6.16)
fails to capture this effect. Curve (c) of Figure 6.12 shows the current varia-
tion if maximum known values of practical synchronous machine transient and
subtransient time constants are used in Equation (6.16). These are 2000 and
70 ms, respectively. The result shows a small overestimate of up to around
90 ms, then an increasing underestimate thereafter. If the time range of inter-
est is up to around 120 ms, as would be the case in high voltage and extra
high voltage systems, then an approximation can be made in Equation (6.16)
by setting e−t/T ′

d(i) ≈ 1. Also, using an average value for synchronous machine
subtransient time constants of around 40 ms, we can write

iF(t) = 1

X ′
F

+
(

1

X ′′
F

− 1

X ′
F

)
e−t/40 t in ms (6.17)

Equation (6.17) is plotted as curve (d) in Figure 6.12 where the current falls to
the minimum transient value then remains constant. Equation (6.17) gives an
increasing overestimate with time for t ≥ 50 ms.

The above analysis can easily be extended to single-phase short-circuit
faults using the machine time-dependent PPS reactance equations derived in
Chapter 5.

There is no international consensus on how to calculate the time variation of
the ac component of short-circuit current in practical meshed networks, when
fixed impedance analysis techniques are used. Different empirical approaches
are used, and this will be covered in Chapter 7.

Network dc time constant

We will continue to use the meshed network topology shown in Figure
6.11(a), but to simplify the analysis, we now use constant voltage sources
instead of synchronous machines. The voltage source equation is given by
v(t) = √

2V sin(ωt + φ). When a short-circuit fault occurs at point F, the time
domain solution of the short-circuit currents supplied by each source and the
total fault current can be obtained by replacing all reactances with correspond-
ing inductances and writing the differential equations relating the currents and
voltages in this network. We encourage the reader to carry out this simple but time
consuming exercise in Kirchoff’s voltage and current laws to obtain the solutions
of the four currents. It can be shown that the instantaneous short-circuit current
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supplied by each voltage source and the total short-circuit current at the fault point
F are given by

i(i)(t) = √
2Vω[Ai cos(ωt) + Bi sin(ωt) + Cie

−t/Tdc(1) + Die
−t/Tdc(2) + Eie

−t/Tdc(3) ]

(6.18a)

iF(t) = √
2Vω[A cos(ωt) + B sin(ωt) + Ce−t/Tdc(1) + De−t/Tdc(2) + Ee−t/Tdc(3) ]

(6.18b)

where

Ai + Ci + Di + Ei = 0 for i = 1, 2 and 3

and

A =
3∑

i=1

Ai B =
3∑

i=1

Bi C =
3∑

i=1

Ci D =
3∑

i=1

Di

E =
3∑

i=1

Ei and A + C + D + E = 0

All the constant multipliers and the three dc time constants are complicated
functions of the network resistances and inductances.

Equation (6.18b) shows that the dc component of the total short-circuit current
consists of three components having different time constants Tdc(1), Tdc(2) and
Tdc(3). The following example compares the accurate solution against the methods
of characterising the dc current by a single decaying exponential having a time
constant derived from the IEC 60909 Method B and the IEEE C37.010 approaches.

Example 6.3 In Figure 6.11(a), the X/R ratios of the four network branches
are as follows: X1/R1 = 15.7, X2/R2 = 47.0, X3/R3 = 4.7, Xc/Rc = 10.
Figure 6.13 shows that, as in the case of parallel independent sources, the equiva-
lent X/R ratio at the fault point or single exponential method underestimates the

0

0.2

0.4

0.6

0.8

1

0 20 40 60 80 100 120

IEC (Method B)

IEEE Method

Accurate time domain

Magnitude of dc current component (pu)

Time (ms)

Figure 6.13 Illustration of IEC and IEEE approaches for the calculation of dc short-circuit current variation
with time for Figure 6.11(a)
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true magnitude of the dc current component. However, the underestimate pro-
duced using the IEC Method B is generally smaller in meshed network than that
produced in a network having parallel independent sources, due to the common
impedance branch that is shared by the three sources in the meshed network.
The configuration of parallel independent short-circuit sources generally pro-
duces the worst case underestimate. An overestimate is observed using the IEEE
C37.010 Method. The errors in the dc currents calculated using the IEC and
IEEE approaches on one hand and the accurate solution reduce with increasing
Zc that is increasing distance between the machines and the fault location. In
other words, as Zc increases, the IEC and IEEE curves move towards the curve
that represents the accurate solution. Although we have used simple parallel and
meshed network configurations to present the problem of dc current estimation,
the conclusions regarding the errors observed in such network configurations
are generally applicable in other networks.

6.6 Fixed impedance short-circuit analysis of
large-scale power systems

6.6.1 Background
Fixed impedance analysis allows the direct calculation of the rms value of the ac
component of short-circuit current using phasor algebra. Hand calculations play
a useful and important role in gaining an insight into problems. However, these
can only be used in problems of low dimensionality. General analysis methods
using matrix algebra suitable for digital computer calculations are almost univer-
sally used. Our presentation will be of practical nature that allows the inclusion, as
required, of some or all of the following: resistive elements of series impedances,
shunt capacitance of lines and cables, transformer magnetising reactances, trans-
former actual off-nominal tap positions determined from an initial loadflow study,
shunt reactors and capacitors, etc. The sequence interconnection networks of vari-
ous faults developed in Chapter 2 and the sequence models of various power plants
developed in Chapters 3–5 are used to formulate a sequence model of the entire
network. In this section, we will present a brief overview of the type of general
analysis techniques that are directly applicable to large-scale N bus systems.

6.6.2 General analysis of balanced three-phase
short-circuit faults

Thévenin’s and Norton’s PPS equivalent of
models of machines

The topology of power system networks and the data of all network elements,
as well as the initial network loading and generation operating conditions, allow
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Figure 6.14 Machine equivalent PPS model: (a) Thévenin’s equivalent and (b) Norton’s equivalent

the formation of a nodal equivalent network of admittances and injected current
sources. Short-circuit current sources such as generators and, where required,
motors can be represented at the time instant of interest as constant voltage sources
behind the appropriate machine fixed impedance, e.g. subtransient or transient
impedance or any another value, as appropriate. Figure 6.14(a) and (b) shows
equivalent models of a loaded synchronous machine. The latter shows a nodal or
Norton’s equivalent which consists of a current source in parallel with the machine
admittance.

From Figure 6.14(a), the apparent power output of a machine connected to node
(i) is given by

Pm(i) + jQm(i) = ViI
∗
m(i) or Im(i) = Pm(i) − jQm(i)

V∗
i

and Em(i) = Vi + Zm(i)Im(i)

(6.19a)

The short-circuit current supplied by the machine for a fault at node i is given by

Is
m(i) = ym(i)Em(i) ym(i) = 1

Zm(i)
(6.19b)

Using Em(i) from Equation (6.19a) in Equation (6.19b), we obtain

Is
m(i) = ym(i)Vi + Im(i) (6.19c)

PPS admittance and impedance matrix equations

Figure 6.15 shows a simple power system network that will be used to illustrate
the process of formulating the sequences nodal matrices.

The formation of the admittance matrix starts by forming the positive sequence
nodal model shown in Figure 6.16, where each network element is replaced by its
PPS model.

Figure 6.17 shows the nodal equivalent model with all shunt elements at every
node collected into an equivalent shunt branch. The result is only one shunt branch
at each node and a series branch interconnecting two nodes. The nodal admittance
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Figure 6.15 Simple power system network

matrix equation of the resultant nodal equivalent circuit is given by⎡
⎢⎢⎣

I1

I2

·
IN

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

Y11 Y12 · Y1N

Y21 Y22 · Y2N

· · · ·
YN1 YN2 · YNN

⎤
⎥⎥⎦
⎡
⎢⎢⎣

V1

V2

·
VN

⎤
⎥⎥⎦ (6.20a)

or in concise matrix form

I = YV (6.20b)

where

Yii =
∑

j

yij and Yij = −yij i �= j (6.20c)

The admittance matrix of Equation (6.20) is in general symmetric, and even for
small power systems, it is quite sparse, i.e. it contains only a few non-zero elements,
each representing an admittance element connecting two nodes. For example, for
a medium size system of 4000 nodes and 3000 series branches, the number of
non-zero elements is 4000 + 2 × 3000 = 10 000. This is only 0.0625% of the total
number of elements of the full matrix (4000 × 4000 = 16 000 000).

The use of the nodal admittance matrix in calculating short-circuit currents is
inefficient, as it requires a new solution for each fault location and fault type.
Therefore, the nodal impedance matrix given in Equation (6.21) below is used. It
is important to note that the current vector represents a set of injected nodal current
sources. Thus, from Equation (6.20b),

V = Y−1I = ZI (6.21a)
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or ⎡
⎢⎢⎢⎢⎣

V1

·
Vk

·
VN

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

Z11 · Z1k · Z1N

· · · · ·
Zk1 · Zkk · ZkN

· · · · ·
ZN1 · ZNK · ZNN

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

I1

·
Ik

·
IN

⎤
⎥⎥⎥⎥⎦ (6.21b)

The nodal impedance matrix is generally full, i.e. it contains elements in every
position unless there are disconnected parts of the network, as would be the case
in the ZPS network as we discuss later. However, in practice, it is inefficient to
obtain this matrix by direct inversion of the admittance matrix for medium and
large size systems. Direct inversion of large matrices is avoided by the use of
various computer-based numerical calculation techniques, such as the method of
successive forward elimination and backward substitution (also known as Gaussian
elimination). Other similar methods are also used, such as Kron reduction, triangu-
lar factorisation, LU decomposition and others. Generally, the sparse admittance
matrix can be retained and the impedance matrix is calculated or built directly
from the factorised admittance matrix.

Referring back to Equation (6.21b), it is important to appreciate the meaning
of the diagonal and off-diagonal elements of the nodal impedance matrix. The
diagonal terms Zkk = Vk

Ik
, with all other current sources set to zero, is termed the

driving point impedance or the Thévenin’s impedance as ‘seen’ from node k. This
impedance is equal to the voltage produced at node k divided by the current injected
at node k. The off-diagonal terms are, for example, Z1k = V1

Ik
again with all other

current sources set to zero is termed the transfer impedance between nodes 1 and k.
It is equal to the voltage produced at node 1 divided by the current injected at node k.

General analysis of three-phase short-circuit faults

We will present a general analysis technique suitable for the calculation of not
only the short-circuit current at the fault location but also the currents and voltages
throughout the network. As explained in Section 6.3.2, the application of the fault
will cause current and voltage changes in the network. The calculation of these
quantities in a large-scale system of N nodes makes use of the efficiently calculated
nodal bus impedance matrix of the system. Since the three-phase short circuit is
a balanced fault, the system nodal admittance and nodal impedance matrices are
in effect PPS admittance/impedance matrices since all the network elements are
replaced by their PPS models. The actual currents and voltages in the network due
to the fault are obtained by the superposition of the initial currents and voltages
and the Thévenin’s changes. Thus,

V = ZI = Z(Io + �I) = ZIo + Z�I

or

V = Vo + �V I = Io + �I (6.22a)

�V = Z�I (6.22b)
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Three-phase short-circuit fault at one location
Denote the faulted node as k, the fault impedance as ZF, the connection fault current
as IF, the Thévenin’s impedance at node k as Zkk and the prefault voltage at node
k as Vk(o). The calculation of the current and voltage changes at the fault location
and elsewhere is illustrated using Figure 6.18 and the nodal bus impedance matrix
of Equation (6.21b).

Since we are considering a fault at one location only, namely node k, there is
only one injected node current Ik = −IF and all other injected currents are zero.
Therefore, from Equation (6.21b), the voltage changes are given by

⎡
⎢⎢⎢⎢⎣

�V1

·
�Vk

·
�VN

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

Z11 · Z1k · Z1N

· · · · ·
Zk1 · Zkk · ZkN

· · · · ·
ZN1 · ZNK · ZNN

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

0
·

−IF

·
0

⎤
⎥⎥⎥⎥⎦ (6.23a)

From Equation (6.23a), the voltage changes caused by the fault are given by

⎡
⎢⎢⎢⎢⎣

�V1

·
�Vk

·
�VN

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

−Z1kIF

·
−ZkkIF

·
−ZNkIF

⎤
⎥⎥⎥⎥⎦ (6.23b)

Nodal impedance matrix

1 2 3

ZF

N

Vk(0)

IF

k

�

�

�

�

(a) (b)

ZF

Vk(0)

IF IF

k

Zkk

Figure 6.18 Calculation of current and voltage changes using Thévenin’s equivalent circuit:
(a) representation of the entire network and (b) equivalent at the faulted node k
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The actual voltage during the fault at the faulted node k is given by

Vk = ZFIF (6.24)

From Equation (6.23b) row k, we can write �Vk = Vk − Vk(o) = −ZkkIF and using
Equation (6.24), we obtain

IF = Vk(o)

Zkk + ZF
(6.25)

Having calculated the fault current, the nodal voltage changes throughout the
network are calculated using Equation (6.23b). The changes in branch currents are
calculated from the nodal voltage changes using

�I ij = yij(�Vi − �Vj) (6.26)

where yij is the retained admittance of branch ij.
Denoting the actual nodal voltages during the fault as V1, Vk . . . VN , then from

Equation (6.23b), we can write⎡
⎢⎢⎢⎢⎣

V1

·
Vk

·
VN

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

V1(o)−Z1kIF

·
Vk(o) − ZkkIF

·
VN(o) − ZNkIF

⎤
⎥⎥⎥⎥⎦ (6.27)

Substituting Equation (6.25) in Equations (6.24) or (6.27), the actual nodal voltages
can be expressed as

Vk = ZF

Zkk + ZF
Vk(o) (6.28)

and

Vi = Vi(o) − Zik

Zkk + ZF
Vk(o) i �= k (6.29)

For a solid short-circuit fault, ZF = 0. The actual branch currents are calculated
using

Iij = Iij(o) + �I ij = yij(Vi − Vj) i �= j (6.30)

The short-circuit current contribution of each machine is calculated from the actual
nodal voltages where each machine is connected and using Equation (6.19c)

Im(i) = Is
m(i) − ym(i)Vi (6.31)

or, alternatively, using Equation (6.19b) in Equation (6.31)

Im(i) = ym(i)[Em(i) − Vi] (6.32)
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Simultaneous three-phase short-circuit faults at
two different locations
In Figure 6.19(a), denote the faulted nodes as j and k, the corresponding fault
impedances as Zj(F) and Zk(F) and the connection fault currents as Ij(F) and Ik(F).
The Thévenin’s impedances at nodes j and k are Zjj and Zkk , the transfer impedances
between nodes j and k are Zjk and Zkj and the prefault voltages at nodes j and k are
Vj(o) and Vk(o).

From Equation (6.21b), we can write

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

�V1

·
�Vj

�Vk

·
�VN

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Z11 · Z1j Z1k · Z1N

· · · · · ·
Zj1 · Zjj Zjk · ZjN

Zk1 · Zkj Zkk · ZkN

· · · · · ·
ZN1 · ZNj ZNk · ZNN

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0

·
−Ij(F)

−Ik(F)

·
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(6.33)

Nodal impedance matrix 

j 1 2

N

Zk(F)

Vk(0)

Ik(F)

k

(a)

(b)

Zj(F)

Vj(0)

Ij(F)�

�

�

�

Ik(F)

Zjj�Zjk Zkk�Zjk

Zjk

� �� �

Zk(F)

Vj(0) Vk(0)
Node j Node k

Ik(F)

Ij(F) � Ik(F)
Zj(F)

Ij(F)

Ij(F)

Figure 6.19 Calculation of current and voltage changes for two simultaneous short-circuit faults using
Thévenin’s equivalent circuits: (a) representation of the entire network for two simultaneous short-circuit
faults and (b) equivalent between faulted nodes j and k



426 Short-circuit analysis techniques in ac power systems

Since the nodal impedance matrix is symmetric, Zjk = Zkj. Therefore, the voltage
changes in Equation (6.33) caused by the faults are given by⎡

⎢⎢⎢⎢⎢⎢⎣

�V1

·
�Vj

�Vk

·
�VN

⎤
⎥⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎣

−Z1jIj(F) − Z1kIk(F)

·
−ZjjIj(F) − ZjkIk(F)

−ZjkIj(F) − ZkkIk(F)

·
−ZNjIj(F) − ZNkIk(F)

⎤
⎥⎥⎥⎥⎥⎥⎦ (6.34)

The actual voltages during the faults at the faulted nodes j and k are given by

Vj(F) = Zj(F)Ij(F) (6.35a)

Vk(F) = Zk(F)Ik(F) (6.35b)

From Equation (6.34) rows j and k, we can write

�Vj = Vj(F) − Vj(o) = −ZjjIj(F) − ZjkIk(F) (6.36a)

and

�Vk = Vk(F) − Vk(o) = −ZjkIj(F) − ZkkIk(F) (6.36b)

Substituting Equations (6.35a) and (6.35b) in Equations (6.36a) and (6.36b),
respectively, and solving for the fault currents, we obtain[

Ij(F)

Ik(F)

]
= 1

[Zj(F) + Zjj][Zk(F) + Zkk] − Z2
jk

[
Zk(F) + Zkk −Zjk

−Zjk Zj(F) + Zjj

][
Vj(o)

Vk(o)

]
(6.37)

It is instructive to visualise the Thévenin’s equivalent circuit seen from the two
faulted nodes j and k. Adding and subtracting ZjkIj(F) to Equation (6.36a) and
ZjkIk(F) to Equation (6.36b), we obtain

Vj(F) = Vj(o) − Zjk[Ij(F) + Ik(F)] − [Zjj − Zjk]Ij(F) (6.38a)

and

Vk(F) = Vk(o) − Zjk[Ij(F) + Ik(F)] − [Zkk − Zjk]Ik(F) (6.38b)

Equations (6.35) and (6.38) can be represented by the equivalent circuit shown
in Figure 6.19(b). As expected, the Thévenin’s impedance from nodes j and k
to earth, or to the reference node, are Zjj and Zkk , respectively. The equivalent
Thévenin’s impedance between the faulted nodes j and k is given by

ZThév.( jk) = Zjj + Zkk − 2Zjk (6.39)

Having calculated the fault currents using Equation (6.37), the nodal voltage
changes are calculated using Equation (6.34). The actual voltages are then cal-
culated using Equation (6.22a). The actual branch and machine currents are
calculated using Equations (6.30) and (6.32), respectively.
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Three-phase short-circuit fault between two nodes
In Figure 6.20(a), consider a fault between nodes j and k. The fault impedance
is ZF, the connection fault currents are Ij(F) and Ik(F), the Thévenin’s impedances
at nodes j and k are Zjj and Zkk , the transfer impedance between nodes j and k is
Zjk = Zkj, and the prefault voltages at nodes j and k are Vj(o) and Vk(o). Consider
the fault current to flow out of node j and into node k hence the injected currents
are Ij(F) = −I(F) and Ik(F) = I(F).

From Equation (6.21b), we can write

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

�V1

·
�Vj

�Vk

·
�VN

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Z11 · Z1j Z1k · Z1N

· · · · · ·
Zj1 · Zjj Zjk · ZjN

Zk1 · Zjk Zkk · ZkN

· · · · · ·
ZN1 · ZNj ZNk · ZNN

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0

·
−I (F)

I(F)

·
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(6.40)

(a)

(b)

Nodal impedance matrix

1 2 3

N

k

ZF

j

ZF

Ik(F)

Zjj � Zjk Zkk � Zjk

Zjk

��� �

Vj(0) Vk(0)
 Node j

I � 0

Node k

Ik(F)

Ij(F)

Ij(F)

Figure 6.20 Representation of a three-phase short-circuit fault between two nodes: (a) Thévenin’s
representation of the entire network and (b) Thévenin’s equivalent between nodes j and k for a short-circuit
fault between them
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From Equation (6.40), the voltage changes caused by the fault are given by⎡
⎢⎢⎢⎢⎢⎢⎣

�V1

·
�Vj

�Vk

·
�VN

⎤
⎥⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎣

(−Z1j + Z1k)I(F)

·
(−Zjj + Zjk)I(F)

(−Zjk + Zkk)I(F)

·
(−ZNj + ZNk)I(F)

⎤
⎥⎥⎥⎥⎥⎥⎦ (6.41)

The actual voltage during the fault between the faulted nodes j and k is given by

Vjk(F) = Vj(F) − Vk(F) = ZFI(F) (6.42)

From Equation (6.41) rows j and k, we can write

�Vj = Vj(F) − Vj(o) = (−Zjj + Zjk)I(F) (6.43a)

and

�Vk = Vk(F) − Vk(o) = (−Zjk + Zkk)I(F) (6.43b)

From Equations (6.42) and (6.43), the fault current is given by

I(F) = Vj(o) − Vk(o)

Zjj + Zkk − 2Zjk + ZF
(6.44)

Equations (6.42) and (6.44) are represented by the Thévenin’s equivalent circuit
shown in Figure 6.20(b). Having calculated the fault current, the nodal volt-
age changes are calculated using Equation (6.41). The actual voltages are then
calculated using Equation (6.22a). The actual branch and machine currents are
calculated using Equations (6.30) and (6.32), respectively.

6.6.3 General analysis of unbalanced
short-circuit faults

Nodal sequence impedance matrices

In the case of a three-phase short circuit, only the PPS nodal impedance matrix is
required, as presented in Section 6.6.2. For a two-phase unbalanced short circuit,
the NPS nodal impedance matrix is also required. This can be efficiently derived
from the NPS nodal admittance matrix, as we discussed for the PPS impedance
matrix. From the early days of digital computer analysis of large power systems,
an assumption has generally been made that the NPS and PPS impedance matri-
ces are identical in order to remove the need to form, store and calculate the
NPS nodal matrix. This is based on the assumption that the PPS and NPS models
and parameters of all passive network elements are identical and that those for
machines do not differ significantly. However, this assumption is only approxi-
mately valid when calculating the subtransient short-circuit current using machine
subtransient impedances. It is not valid when calculating the short-circuit current
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some time after the instant of fault, e.g. the transient current using machine
transient impedances, because these differ significantly from the machine NPS
impedances. On the whole, with the huge and cost-effective increases in computing
storage and speed, particularly since the early 1990s, this assumption is no longer
needed.

In the case of a single-phase to earth and two-phase to earth faults, the nodal ZPS
impedance matrix is also required in addition to the PPS and NPS impedance matri-
ces. This matrix is radically different from the PPS and NPS impedance matrices
both in connectivity due to e.g. transformer windings and impedance values of
most network elements. Figure 6.21 shows the ZPS network model of Figure 6.15.

General fault impedance/admittance matrix for
unbalanced short-circuit faults

It is useful to derive a single method of analysis that covers all unbalanced short-
circuit faults, namely single-phase to earth, two-phase and two-phase to earth.
Such a method needs to allow for both solid short circuits and those through
fault impedances. Figure 6.22 shows a general fault connection node with four
impedances or admittances, the values of which can be appropriately chosen to
represent any type of unbalanced short circuit.

It can be shown that the phase voltages and currents at the fault location are
related by the following equation:⎡

⎣VR(F)

VY(F)

VB(F)

⎤
⎦
⎡
⎣ZR + ZE ZE ZE

ZE ZY + ZE ZE

ZE ZE ZB + ZE

⎤
⎦
⎡
⎣IR(F)

IY(F)

IB(F)

⎤
⎦ (6.45a)

and the fault impedance matrix is defined as

ZRYB
F =

⎡
⎣ZR + ZE ZE ZE

ZE ZY + ZE ZE

ZE ZE ZB + ZE

⎤
⎦ (6.45b)

For example, to represent a solid single-phase to earth fault, we set ZR = 0, ZE = 0,
ZY = ∞ and ZB = ∞. Similarly, we represent a solid two-phase (Y–B) short circuit
by setting ZY = 0, ZB = 0, ZR = ∞ and ZE = ∞. The sequence fault impedance
matrix is calculated using ZPNZ

F = H−1ZRYB
F H. The result is given by

ZPNZ
F = 1

3

⎡
⎣ ZR + ZY + ZB ZR + h2ZY + hZB ZR + hZY + h2ZB

ZR + hZY + h2ZB ZR + ZY + ZB ZR + h2ZY + hZB

ZR + h2ZY + hZB ZR + hZY + h2ZB ZR + ZY + ZB + 9ZE

⎤
⎦

(6.46)

However, as we have already seen, some of the impedances will be infinite under
certain fault conditions and as a result ZPNZ

F will become undefined. This problem
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Figure 6.21 ZPS network model of Figure 6.15
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Faulted
node

Balanced
three-phase

power system 

ZR

R

ZY ZB

Y B

ZE

VR VY VB

IR(F)

IR(F) � IY(F) � IB(F)

IB(F)IY(F)

Figure 6.22 General fault impedance connection matrix

is solved by inverting ZPNZ
F to obtain the sequence fault admittance matrix as

follows:

YPNZ
F = 1

3(YT + YE)

⎡
⎣YEYT + 3YM YEY ′ − 3YN YEY ′′

YEY ′′ − 3YP YEYT + 3YM YEY ′
YEY ′ YEY ′′ YEYT

⎤
⎦ (6.47)

where

YT = YR + YY + YB Y ′ = YR + h2YY + hYB Y ′′ = YR + hYY + h2YB

YM = YRYY + YYYB + YRYB YN = YYYB + hYRYY + h2YRYB

YP = YYYB + h2YRYY + hYRYB YR = 1

ZR
YY = 1

ZY
YB = 1

ZB
YE = 1

ZE

Single-phase to earth short circuit through a fault impedance ZF
As already outlined, this case is produced by setting ZR = ZF or YR = 1/ZF, ZE = 0
or YE = ∞ and ZY = ZB = ∞ or YY = YB = 0. Therefore, the elements of Equa-
tion (6.46) are infinite and the sequence impedance matrix is thus undefined.
However, Equation (6.47) results in indeterminate expressions which can be
reduced to the following:

YPNZ
F = 1

3ZF

⎡
⎣1 1 1

1 1 1
1 1 1

⎤
⎦ (6.48)

Two-phase short circuit through a fault impedance ZF/2
This case is produced by setting ZY = ZB = ZF/2 or YY = YB = 2/ZF, ZE = ∞
or YE = 0 and ZR = ∞ or YR = 0. Therefore, the elements of Equation (6.46)
are infinite and the sequence impedance matrix is thus undefined. However,
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Equation (6.47) results in the following useful matrix:

YPNZ
F = 1

ZF

⎡
⎣ 1 −1 0

−1 1 0
0 0 0

⎤
⎦ (6.49)

Two-phase to earth short circuit through a fault impedance
ZF and earth impedance ZE
This case is produced by setting ZY = ZB = ZF or YY = YB = 1/ZF, ZR = ∞ or
YR = 0. Where the earth impedance is equal to zero, ZE = 0, YE = ∞. Therefore,
the elements of Equation (6.46) are infinite and the sequence impedance matrix is
consequently undefined. However, Equation (6.47) results in the following useful
matrix:

YPNZ
F = 1

3ZF

⎡
⎣ 2 −1 −1

−1 2 −1
−1 −1 2

⎤
⎦ (6.50a)

where the earth impedance ZE is finite, Equation (6.47) results in the following:

YPNZ
F = 1

3ZF(ZF + 2ZE)

⎡
⎣ 2ZF + 3ZE −(ZF + 3ZE) −ZF

−(ZF + 3ZE) 2ZF + 3ZE −ZF

−ZF −ZF 2ZF

⎤
⎦ (6.50b)

General mathematical analysis

Using Thévenin’s theorem, and Equation (6.22b) the current and voltage changes
in the PPS, NPS and ZPS networks, dropping the delta sign for currents for
convenience, are given by

�VP
N×1 = ZP

N×N IP
N×1 (6.51a)

�VN
N×1 = ZN

N×N IN
N×1 (6.51b)

�VZ
N×1 = ZZ

N×N IZ
N×1 (6.51c)

where ZP
N×N , ZN

N×N and ZZ
N×N are the PPS, NPS and ZPS nodal impedance matri-

ces, respectively, of the N node network. Prior to the short-circuit fault, the NPS
and ZPS currents between all nodes, and the NPS and ZPS voltages at all nodes
are zero because the three-phase system is assumed to be balanced. Where the
system loading or operating condition is to be taken into account, the PPS volt-
ages and currents are obtained from an initial loadflow study. Therefore, using the
superposition principle, the actual nodal voltages during the fault are given by

VP
N×1 = VP

(o)N×1 + ZP
N×N IP

N×1 (6.52a)

VN
N×1 = ZN

N×N IN
N×1 (6.52b)

VZ
N×1 = ZZ

N×N IZ
N×1 (6.52c)
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where

VP
N×1 =

⎡
⎢⎢⎢⎢⎣

VP
1·

VP
(k)
·

VP
N

⎤
⎥⎥⎥⎥⎦ VN

N×1 =

⎡
⎢⎢⎢⎢⎣

VN
1·

VN
(k)
·

VN
N

⎤
⎥⎥⎥⎥⎦ VZ

N×1 =

⎡
⎢⎢⎢⎢⎣

VZ
1·

VZ
(k)
·

VZ
N

⎤
⎥⎥⎥⎥⎦ (6.53a)

IP
N×1 =

⎡
⎢⎢⎢⎢⎣

IP
1·

IP
(k)
·

IP
N

⎤
⎥⎥⎥⎥⎦ IN

N×1 =

⎡
⎢⎢⎢⎢⎣

IN
1·

IN
(k)
·

IN
N

⎤
⎥⎥⎥⎥⎦ IZ

N×1 =

⎡
⎢⎢⎢⎢⎣

IZ
1·

IZ
(k)
·

IZ
N

⎤
⎥⎥⎥⎥⎦ (6.53b)

The short-circuit fault is applied at node k. Thus, all injected sequence currents in
the three sequence networks are zero except the sequence currents injected at the
faulted node k. Equations (6.53a) and (6.53b) become

VP
N×1 =

⎡
⎢⎢⎢⎢⎣

VP
1·

VP
F(k)
·

VP
N

⎤
⎥⎥⎥⎥⎦ VN

N×1 =

⎡
⎢⎢⎢⎢⎣

VN
1·

VN
F(k)
·

VN
N

⎤
⎥⎥⎥⎥⎦ VZ

N×1 =

⎡
⎢⎢⎢⎢⎣

VZ
1·

VZ
F(k)
·

VZ
N

⎤
⎥⎥⎥⎥⎦ (6.54a)

IP
N×1 =

⎡
⎢⎢⎢⎢⎣

0
·

−IP
F(k)
·
0

⎤
⎥⎥⎥⎥⎦ IN

N×1 =

⎡
⎢⎢⎢⎢⎣

0
·

−IN
F(k)
·
0

⎤
⎥⎥⎥⎥⎦ IZ

N×1 =

⎡
⎢⎢⎢⎢⎣

0
·

−IZ
F(k)
·
0

⎤
⎥⎥⎥⎥⎦ (6.54b)

From Equations (6.52) to (6.54), we can extract the sequence voltage components
of row k as follows:⎡

⎢⎣
VP

F(k)

VN
F(k)

VZ
F(k)

⎤
⎥⎦ =

⎡
⎢⎣VP

k(o)

0

0

⎤
⎥⎦−

⎡
⎢⎣ZP

kk 0 0

0 ZN
kk 0

0 0 ZZ
kk

⎤
⎥⎦
⎡
⎢⎣

IP
F(k)

IN
F(k)

IZ
F(k)

⎤
⎥⎦ (6.55a)

or

VPNZ
F(k) = VPNZ

k(o) − ZPNZ
kk IPNZ

F(k) (6.55b)

where

VPNZ
F(k) =

⎡
⎢⎣

VP
F(k)

VN
F(k)

VZ
F(k)

⎤
⎥⎦ IPNZ

F(k) =
⎡
⎢⎣

IP
F(k)

IN
F(k)

IZ
F(k)

⎤
⎥⎦ ZPNZ

kk =
⎡
⎢⎣ZP

kk 0 0

0 ZN
kk 0

0 0 ZZ
kk

⎤
⎥⎦ (6.55c)

The PPS, NPS and ZPS networks are interconnected at the fault location in a
manner that depends on the fault type, as described in Chapter 2. For the general
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analysis of any type of unbalanced fault, in fact even balanced faults if desired,
we need to describe the conditions at the fault location using a general method.
One method is to use of a fault admittance matrix that is dependent on the fault
type, as described in the previous section. Thus, the sequence fault currents can
be written as

IPNZ
F(k) = YPNZ

F VPNZ
F(k) (6.56)

Substituting Equation (6.56) into Equation (6.55b), we obtain

VPNZ
F(k) = [U + ZPNZ

kk YPNZ
F ]

−1
VPNZ

k(o) (6.57)

where U is the identity matrix. The sequence fault currents at the faulted node k
are now obtained by substituting Equation (6.57) back into Equation (6.56), giving

IPNZ
F(k) = YPNZ

F [U + ZPNZ
kk YPNZ

F ]
−1

VPNZ
k(o) (6.58)

The sequence voltages at the faulted node k, VPNZ
F(k) , are calculated using Equ-

ation (6.57). The PPS, NPS and ZPS voltages throughout the PPS, NPS and ZPS
networks can be calculated by substituting Equation (6.54) in Equation (6.52).
Therefore, for a fault at node k, the sequence voltages at any node i are given by⎡

⎢⎣VP
i

VN
i

VZ
i

⎤
⎥⎦ =

⎡
⎢⎣VP

i(o)

0

0

⎤
⎥⎦−

⎡
⎢⎣ZP

ik 0 0

0 ZN
ik 0

0 0 ZZ
ik

⎤
⎥⎦
⎡
⎢⎣

IP
F(k)

IN
F(k)

IZ
F(k)

⎤
⎥⎦ (6.59)

The actual sequence currents flowing in the branches of the PPS, NPS and ZPS
networks are calculated as follows:⎡

⎢⎣
IP
ij

IN
ij

IZ
ij

⎤
⎥⎦ =

⎡
⎢⎣

yP
ij 0 0

0 yN
ij 0

0 0 yZ
ij

⎤
⎥⎦
⎡
⎢⎣

VP
i − VP

j

VN
i − VN

j

VZ
i − VZ

j

⎤
⎥⎦ i �= j (6.60)

The sequence current contributions of each machine are calculated as follows:⎡
⎢⎣

IP
i(m)

IN
i(m)

IZ
i(m)

⎤
⎥⎦ =

⎡
⎢⎣Is

i(m)

0

0

⎤
⎥⎦−

⎡
⎢⎣

yP
i(m) 0 0

0 yN
i(m) 0

0 0 yZ
i(m)

⎤
⎥⎦
⎡
⎢⎣ VP

i

VN
i

VZ
i

⎤
⎥⎦ (6.61)

Having calculated the sequence components of every nodal voltage and branch
current, the corresponding phase voltages and currents are calculated using
VRYB = HVPNZ and IRYB = HIPNZ, where H is the transformation matrix given in
Chapter 2. The reader should remember to modify the phase angles of the sequence
currents and voltages in those parts of the network which are separated from the
faulted node by star–delta transformers, as discussed in Chapter 4.
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6.6.4 General analysis of open-circuit faults

One-phase open-circuit fault

The connection of the PPS, NPS and ZPS sequence networks was covered in
Chapter 2, and shown in Figures 2.10 and 2.11 for one-phase and two-phase open-
circuit faults, respectively. In these figures, the PPS, NPS and ZPS impedances
are the Thévenin’s impedances seen looking from the open-circuit fault points F
and F′. We first illustrate how these impedances are calculated making use of the
nodal impedance matrix and the Thévenin’s impedance between two nodes using
Figure 6.23.

In Figure 6.23, consider an open-circuit fault on a circuit connected between
two nodes j and k and having sequence impedances ZP, ZN and ZZ. In Equation
(6.39), we derived the equivalent Thévenin’s impedance between two nodes j and
k and showed it in Figure 6.19(b). This Thévenin’s impedance includes the circuit
that is physically connected between nodes j and k. An open-circuit fault can
be represented by removing the circuit between nodes j and k completely, i.e.
all three phases, and then reinserting the appropriate sequence impedances ZP,
ZN and ZZ of the circuit. The disconnection of the circuit can be simulated by
connecting −ZP, −ZN and −ZZ between nodes j and k in the PPS, NPS and ZPS
Thévenin’s equivalents. Therefore, the equivalent Thévenin’s impedance between
the open-circuit points F and F′ is calculated as illustrated in Figure 6.24 and is
given by

Zx
(FF′) = −(Zx)2

Zx
Thév.( jk) − Zx

where x = P, N, Z (6.62a)

where, using Equation (6.39),

Zx
Thév.( jk) = Zx

jj + Zx
kk − 2Zx

jk where x = P, N, Z (6.62b)

Nodal impedance matrix

1 2 3

N

j

k

F F� ZP

ZN

ZZ

Figure 6.23 Open-circuit fault on a circuit connected between nodes j and k
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Figure 6.24 Calculation of (a) PPS, (b) NPS and (c) ZPS Thévenin’s impedances between open-circuit
points F and F′

The prefault current flowing between F and F′ at node j before the open-circuit
fault occurs is a PPS current, and is calculated from the initial loadflow study
using

IP
jk = Pj − jQj

V∗
j

(6.63a)

Alternatively, an approximate value may be calculated as follows:

IP
jk = Vj − Vk

ZP
(6.63b)

Therefore, Equation (6.62) and the prefault current can be used in the equations
derived in Chapter 2 for one-phase open circuit and two-phase open circuits to
calculate the sequence currents and voltages at the fault location FF′.

To calculate the sequence voltage changes throughout the PPS, NPS and ZPS
sequence networks using their nodal impedance matrices, we need to calculate the
equivalent sequence currents to be injected at nodes j and k in each sequence net-
work. These are easily calculated from Figure 6.24 by replacing each sequence
voltage Vx in series with the circuit impedance Zx (x = P, N or Z) with a current
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Figure 6.25 Representation of open-circuit faults by injection of PPS, NPS and ZPS current sources into
respective sequence networks

source equal to Vx/Zx in parallel with Zx, the latter cancelling out when combined
with −Zx. This current source Vx/Zx flows from node k to node j and can be con-
sidered as two separate current sources. The first is equal to Vx/Zx and is injected
into node j, and the second is equal to −Vx/Zx and is injected into node k. Figure
6.25 illustrates the sequence current sources injected into each sequence network.
In summary, the sequence current sources injected into nodes j and k are given by

Ix
s( j) = Vx

Zx
and Ix

s(k) = −Vx

Zx
x = P, N, Z (6.64)

From Equations (6.51) and using x = P, N or Z, we have⎡
⎢⎢⎢⎢⎢⎢⎣

�Vx
1·

�Vx
j

�Vx
k·

�Vx
N

⎤
⎥⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎣
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11 · Zx

1j Zx
1k · Zx

1N
· · · · · ·

Zx
j1 · Zx

jj Zx
jk · Zx

jN
Zx

k1 · Zx
kj Zx

kk · Zx
kN

· · · · · ·
Zx

N1 · Zx
Nj Zx

Nk · Zx
NN

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

0
·

Ix
s( j)

Ix
s(k)
·
0

⎤
⎥⎥⎥⎥⎥⎥⎦ (6.65)

Using Equation (6.64), we obtain⎡
⎢⎢⎢⎢⎢⎢⎣

�Vx
1·

�Vx
j

�Vx
k·

�Vx
N

⎤
⎥⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎣

(Zx
1j − Zx

1k)Vx/Zx

·
(Zx

jj − Zx
jk)Vx/Zx

(Zx
jk − Zx

kk)Vx/Zx

·
(Zx

Nj − Zx
Nk)Vx/Zx

⎤
⎥⎥⎥⎥⎥⎥⎦ x = P, N, Z (6.66)

The actual NPS and ZPS sequence voltages are equal to the changes calculated
using Equation (6.66), as shown in Equations (6.52b) and (6.52c). The actual PPS
voltages are calculated by adding the prefault voltages obtained from the initial
loadflow study to the PPS voltage changes calculated using Equation (6.66), as
shown in Equation (6.52a). The actual sequence currents flowing in the branches
of the PPS, NPS and ZPS networks are calculated using Equation (6.60).



438 Short-circuit analysis techniques in ac power systems

6.7 Three-phase short-circuit analysis of
large-scale power systems in the
phase frame of reference

6.7.1 Background
In some detailed short-circuit studies, fixed impedance analysis using three-phase
modelling of the power system is used. One reason for this is to correctly include
the inherent network unbalance, such as that due to untransposed overhead lines
and cables. Another reason is the need to correctly calculate the earth return cur-
rents which requires the calculation of currents flowing through the earth wires of
overhead lines and through cable sheaths. Such calculations require the explicit
modelling of the earth wire and sheath conductors. The representation of all con-
ductors of an overhead line or cable necessitates the use of three-phase models.
Thus, three-phase modelling and analysis is then carried out in the phase frame
of reference, since the symmetrical components sequence reference frame loses
its advantages. In Chapter 3, we presented three-phase modelling of overhead
lines and cables, and in Chapter 4, we presented three-phase modelling of trans-
formers and other static power plant. In this section, we present a three-phase
model of a current source, e.g. a synchronous machine and a general three-phase
short-circuit analysis technique in the phase frame of reference that can be used in
large-scale power systems.

6.7.2 Three-phase models of synchronous and
induction machines

In Figure 6.14, we presented a PPS machine model using Thévenin’s and Norton’s
equivalents. From Chapter 5, we know that an ac machine will also present an NPS
impedance to the flow of NPS current. Whether a ZPS impedance is presented to
the flow of ZPS currents depends on the stator winding connection and earthing
method.

Synchronous machines

To maintain generality, we assume that, the synchronous machine NPS impedance
is not equal to the PPS impedance. From the three independent sequence networks
of the machine, shown in Figure 6.26, the following sequence equation can be
written ⎡

⎣ VP

VN

VZ

⎤
⎦ =

⎡
⎣EP

0
0

⎤
⎦−

⎡
⎣ZP 0 0

0 ZN 0
0 0 ZZ

⎤
⎦
⎡
⎣ IP

IN

IZ

⎤
⎦ (6.67a)

or

VPNZ = EPNZ − ZPNZIPNZ (6.67b)
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Figure 6.26 Independent machine sequence circuits

Before the short-circuit fault occurs, the machine is assumed to produce a balanced
set of three-phase voltages having a PPS component only. However, the machine
may be assumed to be connected to either a balanced or an unbalanced network.
If the network is balanced, then only PPS currents flow, but if the network is
unbalanced, then NPS and ZPS currents will also flow. Multiplying Equation
(6.67b) by the sequence-to-phase transformation matrix H, we obtain

VRYB = ERYB − ZRYBIRYB (6.68a)

where

VRYB = HVPNZ IRYB = HIPNZ

VRYB = [ VR VY VB ]
t

and IRYB = [ IR IY IB ]
t

ERYB = HEPNZ or [ ER EY EB ]
t = [ EP h2EP hEP ]

t
(6.68b)

and

ZRYB = HZPNZH−1 (6.68c)

From Equation (6.67), the machine sequence impedance matrix is given by

ZPNZ =
⎡
⎣ZP 0 0

0 ZN 0
0 0 ZZ

⎤
⎦ (6.69a)

After some algebra, Equation (6.68c) results in the following machine phase
impedance matrix

ZRYB = 1

3

⎡
⎣ ZS ZM1 ZM2

ZM2 ZS ZM1

ZM1 ZM2 ZS

⎤
⎦ (6.69b)

where

ZS = ZZ+ZN+ZP ZM1 = ZZ+hZP+h2ZN ZM2 = ZZ+h2ZP+hZN (6.69c)

The machine phase impedance matrix shows equal self-phase impedances for
the three phases, full interphase but unequal mutual coupling between the three



440 Short-circuit analysis techniques in ac power systems

phases, and is non-symmetric, i.e. Z12 �= Z21. In cases where the machine’s NPS
impedance is assumed to be equal to the PPS impedance, i.e. ZN = ZP, then
Equation (6.69b) simplifies to the following familiar symmetric phase impedance
matrix

ZRYB =
⎡
⎣ ZS ZM ZM

ZM ZS ZM

ZM ZM ZS

⎤
⎦ (6.70a)

where

ZS = ZZ + 2ZP

3
ZM = ZZ − ZP

3
(6.70b)

Since the machine’s RP and RZ are usually taken to be equal, ZM is mainly reactive,
i.e. ZM ≈ jXM, and it is worth noting that XM is negative because XZ < XP.

From Equations (6.68a), (6.68b), (6.69b) and (6.70a), the three-phase
Thévenin’s equivalent circuit of the machine is as shown in Figure 6.27(a).

From Equation (6.68a), under a three-phase short-circuit fault at the machine ter-
minals, the short-circuit current vector is given by IRYB

S = YRYBERYB. Substituting
for ERYB from Equation (6.68a) we obtain

IRYB
S = YRYBVRYB + IRYB (6.70c)

Equation (6.70c) represents the machine’s three-phase Norton’s equivalent circuit
model shown in Figure 6.27(b).

Induction machines

A three-phase induction machine model can be derived in a similar way to a
synchronous machine model, with one exception. Viewed from its terminals, an
induction machine appears as an open circuit in the ZPS network where the stator
winding is connected in either delta or star with an isolated neutral as is usually
the case. Thus, the machine’s ZPS impedance is infinite. Using the machine’s
sequence admittances YP = 1/ZP, YN = 1/ZN and YZ = 0, as well as Equation
(6.69a), the machine’s sequence admittance matrix is given by

YPNZ =
⎡
⎣YP 0 0

0 YN 0
0 0 0

⎤
⎦ (6.71a)

Using Equation (6.68c), the induction machine phase admittance matrix is
given by

YRYB = 1

3

⎡
⎣ YP + YN hYP + h2YN h2YP + hYN

h2YP + hYN YP + YN hYP + h2YN

hYP + h2YN h2YP + hYN YP + YN

⎤
⎦ (6.71b)
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Figure 6.27 Three-phase (a) Thévenin’s and (b) Norton’s equivalent circuit models of machines

In the case where YP ≈ YN, Equation (6.71b) reduces to

YRYB = 1

3

⎡
⎣ 2YP −YP −YP

−YP 2YP −YP

−YP −YP 2YP

⎤
⎦ (6.71c)

6.7.3 Three-phase analysis of ac current in the
phase frame of reference

In Chapter 3, we presented three-phase lumped admittance matrix models of over-
head lines and cables, and in Chapter 4, similar three-phase models were presented
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for transformers and other static power plant. Where ac short-circuit analysis is
being undertaken, the prefault loadflow study that sets up the initial conditions
for the short-circuit study may be based on a balanced or an unbalanced loadflow
study. The latter study produces unbalanced voltages and currents in the network,
whereas the former produces PPS voltages and currents only. Figure 6.28 illustrates
a power system containing balanced three-phase voltage or current sources, an
unbalanced power network such as an untransposed overhead line and a three-phase
node k where a balanced or unbalanced short-circuit fault may occur.

Similar to the collection of lumped shunt elements, shown in Figure 6.17 for
single-phase elements, the three-phase self-admittance matrix at any three-phase
node can be calculated as the sum of all the individual element self-admittance
matrices at that node. The three-phase admittance matrix of the entire system can
then be constructed, and the three-phase system admittance matrix equation is
given as

⎡
⎢⎢⎢⎢⎣

IRYB
1·

IRYB
k ·

IRYB
N

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

YRYB
1 · YRYB

1k · YRYB
1N· · · · ·

YRYB
k1 · YRYB

kk · YRYB
kN· · · · ·

YRYB
N1 · YRYB

Nk · YRYB
NN

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

VRYB
1·

VRYB
k·

VRYB
N

⎤
⎥⎥⎥⎥⎦ (6.72a)

where

YRYB
ii =

∑
j

yRYB
ii YRYB

ij = −yRYB
ij i �= j

and

VRYB
k = [ VR

k VY
k VB

k ]
t IRYB

k = [ IR
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Figure 6.28 Illustration of a three-phase network for multiphase short-circuit analysis in the phase frame
of reference
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The elements of the three-phase admittance matrix of Equation (6.72a) are 3 × 3
matrices. Written in concise matrix form, Equation (6.72a) becomes

IRYB = YRYBVRYB (6.72b)

and

VRYB = (YRYB)
−1

IRYB = ZRYBIRYB (6.72c)

As described in Section 6.6, the matrix Y is sparse and generally symmetrical,
and its inverse Z may be obtained by factorising Y into its upper triangle using
Gaussian elimination and back substitution. Using the superposition theorem, the
actual phase voltages at all nodes in the three-phase network are obtained using
similar equations to those given in Equation (6.22), thus

VRYB = VRYB
o + �VRYB (6.73a)

The phase voltage changes �VRYB caused by the injected phase currents IRYB are
given by

�VRYB = ZRYBIRYB (6.73b)

For a general shunt short-circuit fault of any type at node k, the injected phase
currents at all nodes in the system except node k are zero. Thus,

IRYB = [ 0 · −IRYB
F(k) · 0 ]

t
(6.73c)

where IRYB
F(k) = [ IR

F(k) IY
F(k) IB

F(k)]
t
.

From Equations (6.73), the actual phase voltages at the faulted node k are
given by

VRYB
F(k) = VRYB

k(o) − ZRYB
kk IRYB

F(k) (6.74)

Using the general phase fault impedance matrix of Equation (6.45b), the phase
fault admittance matrix is given by

YRYB
F = 1

YT

⎡
⎣YR(YY + YB + YE) −YRYY −YRYB

−YRYY YY(YR + YB + YE) −YYYB

−YRYB −YYYB YB(YR + YY + YE)

⎤
⎦

(6.75)

where

YT = YR + YY + YB + YE YR = 1

ZR
YY = 1

ZY
YB = 1

ZB
YE = 1

ZE

The phase fault admittance matrix for various unbalanced faults through a fault
impedance ZF and an earth impedance ZE can be calculated. For a single-phase to
earth short-circuit fault, the phase fault admittance matrix is given by

YRYB
F =

⎡
⎢⎣

1

ZF + ZE
0 0

0 0 0
0 0 0

⎤
⎥⎦ (6.76a)
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For a two-phase unearthed fault, the phase fault admittance matrix is given by

YRYB
F =

⎡
⎢⎢⎢⎢⎣

0 0 0

0
1

ZF

−1

ZF

0
−1

ZF

1

ZF

⎤
⎥⎥⎥⎥⎦ (6.76b)

For a two-phase to earth short-circuit fault, the phase fault admittance matrix is

YRYB
F = 1

ZF(ZF + 2ZE)

⎡
⎣0 0 0

0 ZF + ZE −ZE

0 −ZE ZF + ZE

⎤
⎦ (6.76c)

For a three-phase earthed or unearthed short-circuit fault, the phase fault admittance
matrix is given by

YRYB
F = 1

mZF

⎡
⎣ 2 −1 −1

−1 2 −1
−1 −1 2

⎤
⎦ (6.76d)

where m = 1 for a three-phase unearthed fault and m = 3 for a three-phase to earth
fault as presented in Chapter 2.

Using the fault admittance matrix, the actual phase voltages at the faulted
node k are

IRYB
F(k) = YRYB

F VRYB
F(k) (6.77)

From Equations (6.74) and (6.77), we obtain the phase fault voltages as

VRYB
F(k) = [U + ZRYB

kk YRYB
F ]

−1
VRYB

k(o) (6.78)

where U is the identity matrix. Substituting Equation (6.78) in Equation (6.77) the
phase fault currents at the faulted node k are given by

IRYB
F(k) = YRYB

F [U + ZRYB
kk YRYB

F ]
−1

VRYB
k(o) (6.79)

The actual phase voltages at any node throughout the network, say node i, are
calculated using Equation (6.73), thus

VRYB
i = VRYB

i(o) − ZRYB
ik IRYB

F(k) (6.80)

The actual phase currents flowing in the network three-phase branches are given by

IRYB
ij = yRYB

ij [VRYB
i − VRYB

j ] (6.81)

The phase current contributions of each machine, say the machine connected at
node i, are calculated using Equation (6.70c) as follows:

IRYB
i(m) = IRYB

i(s) − YRYB
i(m) VRYB

i (6.82)

Sequence currents and voltages, if required, can be calculated using the phase to
sequence transformation VPNZ = H−1VRYB and IPNZ = H−1IRYB.
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6.7.4 Three-phase analysis and estimation of
X /R ratio of fault current

General

Where the magnitude of the dc component of the short-circuit fault current is
estimated from the X/R ratio at the fault location, the X/R ratio can be calculated
using Thévenin’s impedance matrix at the fault location ZRYB

kk in accordance with
IEC 60909 Method B, IEC 60909 Method C or IEEE C37.010 Method. These will
be discussed in Chapter 7.

In general, the Thévenin’s phase impedance matrix ZRYB
kk representing the

mutually coupled three-phase network is bilateral and the elements of ZRYB
kk are

reciprocal, i.e. ZRY = ZYR except in special cases. This may be due to the generally
unequal PPS and NPS impedances of machines and the non-symmetric admittance
matrices of quadrature boosters and phase shifting transformers.

The effective X/R ratio at the fault location is dependent on the short-circuit
fault type. To illustrate how the X/R ratio can be calculated, we use Figure 6.28
where the following equation can be written⎡

⎣ER

EY

EB

⎤
⎦−

⎡
⎢⎣VR

k

VY
k

VB
k

⎤
⎥⎦ =

⎡
⎢⎣ ZRR

kk ZRY
kk ZRB

kk

ZYR
kk ZYY

kk ZYB
kk

ZBR
kk ZBY

kk ZBB
kk

⎤
⎥⎦
⎡
⎣ IR

IY

IB

⎤
⎦ (6.83)

We will consider one-phase to earth and three-phase to earth short-circuit faults
but the method is general and can be extended to cover other fault types.

One-phase to earth short-circuit fault

For a solid one-phase to earth short-circuit fault on phase R at node K, we have
IR = IF, IY = 0, IB = 0 and VR

k = 0. Therefore, from the first row of Equation
(6.83), we have

ER = ZRR
kk IF (6.84)

Similar equations can be written where the faulted phase is either phase Y or phase
B. Therefore, in general, the X/R ratio of the phase fault current is calculated from
the self-impedance of the faulted phase, or(

X

R

)
Phase x

= Imaginary[Zxx
kk ]

Real[Zxx
kk ]

x = RR, YY or BB (6.85)

Alternatively, the X/R ratio can be calculated by transforming Equation (6.83) to
the sequence reference frame using VPNZ = H−1VRYB, IPNZ = H−1IRYB and
ZPNZ

kk = H−1ZRYB
kk H. The result is given by⎡
⎣EP

0
0

⎤
⎦−

⎡
⎢⎣VP

k

VN
k

VZ
k

⎤
⎥⎦ =

⎡
⎢⎣ ZPP

kk ZPN
kk ZPZ

kk

ZNP
kk ZNN

kk ZNZ
kk

ZZP
kk ZZN

kk ZZZ
kk

⎤
⎥⎦
⎡
⎣ IP

IN

IZ

⎤
⎦ (6.86)
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Figure 6.29 Calculation of X/R ratio of single-phase short-circuit fault current in an unbalanced
three-phase network

As we discussed in Chapter 2, the boundary conditions IR = IF, IY = 0, IB = 0
and VR

k = 0 translate to IP = IN = IZ = 1
3 IF and VP

k + VN
k + VZ

k = 0. Using these
sequence boundary conditions and Equation (6.86), the symmetrical component
equivalent circuit is shown in Figure 6.29.

Now, summing the three rows of Equation (6.86), or using Figure 6.29, and
using IP = 1

3 IR, the following equation can be written

EP = (ZPP
kk + ZPN

kk + ZPZ
kk + ZNN

kk + ZNP
kk + ZNZ

kk + ZZZ
kk + ZZP

kk + ZZN
kk )

3
IF (6.87)

Therefore, the equivalent X/R ratio of the phase fault current IR for a single-phase
short-circuit fault on phase R is given by

X

R
= Imaginary[ZPP

kk + ZPN
kk + ZPZ

kk + ZNN
kk + ZNP

kk + ZNZ
kk + ZZZ

kk + ZZP
kk + ZZN

kk ]

Real[ZPP
kk + ZPN

kk + ZPZ
kk + ZNN

kk + ZNP
kk + ZNZ

kk + ZZZ
kk + ZZP

kk + ZZN
kk ]

(6.88)

It is quite interesting to note that one third of the sum of the nine elements of the
sequence impedance matrix for a one-phase fault on phase R is equal to the self-
phase impedance of phase R that is Equations (6.84) and (6.87) are identical. Thus,

ZRR
kk = (ZPP

kk + ZPN
kk + ZPZ

kk + ZNN
kk + ZNP

kk + ZNZ
kk + ZZZ

kk + ZZP
kk + ZZN

kk )

3
(6.89)

Equation (6.89) can be obtained using Equations (2.25) and (2.26) from Chapter 2
even though Equation (2.26) was derived assuming a bilateral network.

Three-phase to earth short-circuit fault

For a three-phase to earth short-circuit fault, we have VR
k = VY

k = VB
k = 0. How-

ever, unlike the balanced network analysis presented in Chapter 2, because the
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network is now unbalanced, IR
F + IY

F + IB
F = IE �= 0. Therefore from Equation

(6.83) we have ⎡
⎣ER

EY

EB

⎤
⎦ =

⎡
⎢⎣ ZRR

kk ZRY
kk ZRB

kk

ZYR
kk ZYY

kk ZYB
kk

ZBR
kk ZBY

kk ZBB
kk

⎤
⎥⎦
⎡
⎢⎣

IR
F

IY
F

IB
F

⎤
⎥⎦ (6.90)

or ⎡
⎢⎣

IR
F

IY
F

IB
F

⎤
⎥⎦ =

⎡
⎢⎣ YRR

kk YRY
kk YRB

kk

YYR
kk YYY

kk YYB
kk

YBR
kk YBY

kk YBB
kk

⎤
⎥⎦
⎡
⎣ER

EY

EB

⎤
⎦ (6.91)

Therefore, using EY = h2ER, EB = hER and expanding Equation (6.91), the
effective impedance seen by phase fault current R is given by

ZRR
Eq = ER

IR
F

= 1

YRR
kk + h2YRY

kk + hYRB
kk

(6.92a)

and the X/R ratio of phase R fault current is given by(
X

R

)
Phase R

= Imaginary[ZRR
Eq ]

Real[ZRR
Eq ]

(6.92b)

The effective impedance seen by phase fault current Y is given by

ZYY
Eq = EY

IY
F

= 1

hYYR
kk + YYY

kk + h2YYB
kk

(6.93a)

and the X/R ratio of phase Y fault current is given by(
X

R

)
Phase Y

= Imaginary[ZYY
Eq ]

Real[ZYY
Eq ]

(6.93b)

The effective impedance seen by phase fault current B is given by

ZBB
Eq = EB

IB
F

= 1

h2YBR
kk + hYBY

kk + YBB
kk

(6.94a)

and the X/R ratio of phase B fault current is given by(
X

R

)
Phase B

= Imaginary[ZBB
Eq ]

Real[ZBB
Eq ]

(6.94b)

It is important to note that the three-phase fault currents are generally unbalanced
both in magnitude and phase and that the three X/R ratios are generally different.
The differences being dependent on the degree of network unbalance.

In the author’s experience, and depending on the type of study being carried
out, it is often more advantageous in three-phase unbalanced analysis to use actual
physical units, i.e. volts, amps and ohms, instead of per-unit quantities.
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6.7.5 Example

Example 6.4 The three-phase Thévenin’s impedance matrix at the fault
location ZRYB

kk of Figure 6.28 is given by

ZRYB
kk =

R
Y
B

⎡
⎣ 0.1 + j1 0.05 + j0.3 0.04 + j0.32

0.05 + j0.3 0.12 + j0.9 0.04 + j0.28
0.04 + j0.32 0.04 + 0.28 0.09 + j1.1

⎤
⎦

The balanced three-phase voltage sources have an rms value of unity. Calculate
the fault currents and X/R ratios for a one-phase to earth fault on phase R, Y
and B, and a three-phase to earth fault as presented in Section 6.7.4.

One-phase to earth fault
Using Equation (6.84), the current for a fault on phase R is equal to

IR
F = 1

0.1 + j1
≈ 1∠−84.29◦

For a fault on phase Y

IY
F = 1

0.12 + j0.9
= 1.1∠ − 82.4◦

For a fault on phase B

IB
F = 1

0.09 + j1.1
= 0.906∠ − 85.32◦

Using Equation (6.85) and for a fault on phase R, we have(
X

R

)
Phase R

= 1

0.1
= 10

For a fault on phase Y (
X

R

)
Phase Y

= 0.9

0.12
= 7.5

and for a fault on phase B(
X

R

)
Phase B

= 1.1

0.09
= 12.2

The sequence Thévenin’s impedance matrix at the fault location ZPNZ
kk is

calculated as

ZPNZ
kk =

P
N
Z

⎡
⎣ 0.06 + j0.7 −0.051 − j0.023 0.064 + j0.022

0.041 − j0.017 0.06 + j0.7 −0.064 − j1.547×10−3

−0.064 − j1.547×10−3 0.064 + j0.022 0.19 + j1.6

⎤
⎦
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Using Equation (6.88), we have(
X

R

)
Phase R

= 3

0.3
= 10

Three-phase to earth fault
The Thévenin’s phase admittance matrix at the fault location YRYB

kk is calcu-
lated as

YRYB
kk =

R
Y
B

⎡
⎣ 0.101 − j1.169 −0.017 + j0.31 −0.015 + j0.263

−0.017 + j0.31 0.153 − j1.269 −0.018 + j0.236
−0.015 + j0.263 −0.018 + j0.236 0.076 + j1.041

⎤
⎦

Using Equation (6.91), we have

IR
F = YRR

kk + h2YRY
kk + hYRB

kk = 1.46∠−83.8◦

IY
F = YYR

kk + h2YYY
kk + hYYB

kk = 1.54∠153.93◦ = 1.54∠(−83.8 − 122.27)◦

and

IB
F = YBR

kk + h2YBY
kk + hYBB

kk = 1.3∠35.12◦ = 1.3∠(−83.8 + 118.92)◦

Using Equation (6.92a),

ZRR
Eq = ER

IR
F

= 1

YRR
kk + h2YRY

kk + hYRB
kk

= 0.074 + j0.681

and the X/R ratio of phase R fault current is(
X

R

)
Phase R

= 0.681

0.074
= 9.2

Using Equation (6.93a),

ZYY
Eq = EY

IY
F

= 1

hYYR
kk + YYY

kk + h2YYB
kk

= 0.0445 + j0.6478

and the X/R ratio of phase Y fault current is given by(
X

R

)
Phase Y

= 0.6478

0.0445
= 14.5

Using Equation (6.94a),

ZBB
Eq = EB

IB
F

= 1

h2YBR
kk + hYBY

kk + YBB
kk

= 0.0686 + j0.766

and the X/R ratio of phase B fault current is given by(
X

R

)
Phase B

= 0.766

0.0686
= 11.16
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7

International standards
for short-circuit analysis

in ac power systems

7.1 General

Guidelines and standards for short-circuit analysis have been developed in some
countries. These standards generally aim at producing consistency and repeatabil-
ity of conservative results or results that are sufficiently accurate for their intended
purpose. Three very popular and widely used approaches are the International
Electro-technical Commission (IEC) 60909-0:2001 Standard, the American Insti-
tute for Electrical and Electronics Engineers (IEEE) C37.010:1999 Standard and
the UK Engineering Recommendation ER G7/4 procedure. In this chapter, we
give a brief introduction to the three approaches.

7.2 International Electro-technical Commission
60909-0 Standard

7.2.1 Background
In 1988, the International Electro-technical Commission published IEC Standard
IEC 60909 entitled ‘Short-Circuit Current Calculation in Three-Phase AC Sys-
tems’. This was derived from the German Verband Deutscher Electrotechniker
(VDE) 0102 Standard. The IEC Standard was subsequently updated in 2001 and
is the only international standard recommending methods for calculating short-
circuit currents in three-phase ac power systems. Its aim, when conceived, was
to present a practical and concise procedure, which, if necessary, can be used to



452 International standards for short-circuit analysis in ac power systems

carry out hand calculations and which leads to conservative results with sufficient
accuracy. However, non-conservative results were subsequently identified in par-
ticular applications and this objective was revised in the 2001 update to ‘leading
to results which are generally of acceptable accuracy’. Other methods, such as the
superposition or ac method covered in Section 6.3.3, are not excluded if they give
results of at least the same precision.

The Standard is applicable in low voltage and high voltage systems up to 550 kV
nominal voltages and a nominal frequency of 50 or 60 Hz. The Standard deals with
the calculation of maximum and minimum short-circuit currents and distinguishes
between short circuits with and without ac current component decay corresponding
to short circuits that are near to and far from generators.

7.2.2 Analysis technique and voltage source at the
short-circuit location

The basis of the IEC 60909-0 Standard is the calculation of the initial symmetrical
rms short-circuit current, I ′′

k , for any fault type by a method which is based on
the use of an equivalent voltage source at the fault location such as the passive
method covered in Section 6.3.2. The magnitude of this voltage source is equal
to cUn/

√
3 where Un is the nominal system phase-to-phase voltage and c is the

voltage factor. The voltage factor is intended to give a worst-case condition and
is assumed to account for the variations in loadflow conditions, voltage levels
between different locations and with time, transformer off-nominal tap ratios and
internal subtransient voltage sources of generators and motors. Table 7.1 shows
the recommended value of the c factor.

The calculations are based on the use of rated nominal impedances and neglect-
ing capacitances and passive loads, except in the zero phase sequence (ZPS)
networks in systems with isolated neutrals or resonant earth. The fault arc resist-
ance is also neglected. The calculation method ignores the initial prefault system
loading and operating conditions and is essentially a fixed impedance passive
analysis method as described in Chapter 6. In calculating the maximum short-
circuit currents, the resistances of lines and cables are calculated at 20◦C whereas
for minimum short-circuit current, higher conductor operating temperatures are
used. A number of correction factors and scaling factors are used in order to satisfy

Table 7.1 Voltage factor c (IEC 60909-0)

Voltage factor c for the calculation of

Nominal system phase-to-phase Maximum short-circuit Minimum short-circuit
voltage Un currents (cmax) currents (cmin)

LV (100 V up to 1000 V)
Upper voltage tolerance +6% 1.05 0.95
Upper voltage tolerance +10% 1.1 0.95

MV and HV (>1 kV up to 550 kV) 1.1 1
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acceptable accuracy whilst maintaining simplicity. In addition to the voltage factor
c, the following factors are used:

(a) Factor KT for the correction of the impedance of network transformers.
(b) Factors KG; KS; KG,S; KT,S; KSO; KG,SO and KT,SO for the correction of the

impedance of generator and combined generator–transformer units.
(c) Factor κ for the calculation of the peak make current.
(d) Factor μ for the calculation of symmetrical short-circuit breaking current.
(e) Factor λ for the calculation of symmetrical steady state short-circuit current.
(f) Factor μq for the calculation of the symmetrical breaking current of asyn-

chronous motors.

IEC 60909 provides three methods for the calculation of the equivalent system
X/R ratio at the fault point used in the calculation of the peak make current as well
as the dc break current component at the minimum time delay tmin. IEC 60909-0
defines tmin as the shortest time from the instant of short circuit to contact separation
of the first pole to open of the switching device. This is taken as the sum of the
minimum relay protection time and minimum circuit-breaker operating time. In
calculating the initial symmetrical short-circuit current, I ′′

k , for a far from generator
short circuit, the positive phase sequence (PPS) and negative phase sequence (NPS)
generator impedances are assumed equal.

7.2.3 Impedance correction factors

Network transformers (factor KT)

Impedance correction factors are applied to the nominal rated impedance values
of two-winding and three-winding network transformers. The correction factor
covers transformers with and without on-load tap-changers if the transformer’s
voltage ratio is different from the ratio of the base voltages of the network. The
corrected PPS impedance is given by

ZTK = KTZT = KT(RT + jXT)� (7.1a)

and the correction factor KT is given by

KT = 0.95 × cmax

1 + 0.6xT
(7.1b)

where ZT = RT + jXT is the uncorrected rated transformer PPS impedance in � and
xT is the rated transformer PPS reactance in pu. This correction factor is also applied
to the transformer’s NPS and ZPS impedances. For three-winding transformers, the
correction factor is applied to the three reactances between windings. For example,
if the three windings are denoted A, B and C and the pu reactance between windings
A and B with C open is considered, the correction factor is given by

KT(AB) = 0.95 × cmax

1 + 0.6xT(AB)
(7.2)

and similarly for the two other windings.
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No correction is applied to the star winding neutral earthing impedance, where
present. Similarly, this correction factor is not applied to generator step-up
transformers.

Directly connected synchronous generators and
compensators (factor KG)

Where the short-circuit location is on a low or medium voltage network directly
fed from generators without step-up transformers, such as in industrial power
systems, a correction factor is applied to the PPS subtransient impedance of the
generators. This correction is introduced to compensate for the use of the equivalent
voltage source cUn/

√
3 instead of the subtransient voltage E′′ behind subtransient

reactance calculated at rated operation. The corrected PPS subtransient impedance
is given by

ZGk = KG ZG = KG(RG + jX ′′
d )� (7.3a)

where the correction factor KG is given by

KG = Un

UrG
× cmax

1 + x′′
d sin ϕrG

(7.3b)

where ZG = RG + jX ′′
d is the uncorrected generator subtransient impedance, UrG

is the rated phase–phase voltage of the generator, ϕrG is the phase angle between
UrG/

√
3 and the rated current IrG and x′′

d is the generator subtransient reactance in
pu. To calculate the peak make current using the factor κ (this is covered in Section
7.2.5), a fictitious generator resistance RGf is used such that:

RGf = X ′′
d /20 for UrG > 1 kV and rated apparent power SrG ≥ 100 MVA

RGf = X ′′
d /14.286 for UrG > 1 kV and SrG < 100 MVA

RGf = X ′′
d /6.667 for UrG ≤ 1 kV

The correction factor KG is also applied to the NPS and ZPS generator impedances
but not to the generator neutral earthing impedance, where present. If the terminal
voltage of the generator is different from UrG by a factor pG, then UrG in Equation
(7.3b) is replaced by UrG(1 + pG). Synchronous motors equipped with voltage
regulation equipment are treated as synchronous generators.

Power station units with and without on-load tap-changers
(factors KS; KG,S; KT,S; and KSO; KG,SO; KT,SO)

A power station unit is defined as the combined generator and its step-up trans-
former is shown in Figure 7.1. Two cases are considered: the first where the step-up
transformer is equipped with an on-load tap-changer and the second where it is not.
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G
SrG SrT, tr

T
UQ

UnQ

HVLV

Q

F2 F1

UrG(1 � pG)

Power station unit

Three-phase
grid

Figure 7.1 IEC 60909 power station unit for calculation of impedance correction factors for short-circuit
faults at F1 and F2

Step-up transformer with an on-load tap-changer
(factors KS; KG,S and KT,S)
For a short-circuit fault on the high voltage side of the step-up transformer, i.e. at
F1, the corrected impedance of the entire power station unit referred to the high
voltage side of the step-up transformer is given by

ZS = KS

[
U2

rTHV

U2
rTLV

× ZG + ZTHV

]
� (7.4a)

and the correction factor KS is given by

KS = U2
nQ

U2
rG

× U2
rTLV

U2
rTHV

× cmax

1 + ∣∣x′′
d − xT

∣∣ sin ϕrG
(7.4b)

where ZTHV is the uncorrected transformer’s impedance referred to the high voltage
side, UnQ is the nominal system voltage at the power station unit connection point,
xT is the transformer reactance in pu at nominal tap position and tr = UrTHV/UrTLV

is the rated voltage ratio of the transformer. U2
nQ may be replaced with UnQUQ min

if experience shows that the minimum operating voltage is such that UQ min > UnQ

and the worst-case current is not required. UrG may be replaced with UrG(1 + pG)
if the actual generator voltage is always higher than the rated value. In Equation
(7.4b), the absolute value of (x′′

d − xT) is taken.
For unbalanced short circuits, KS is also applied to the NPS and ZPS impedances

of the power station unit provided overexcited generator operation is assumed.
The correction is not applied to the transformer’s neutral impedance, if present.
However, for underexcited generator operation, the application of KS may give
non-conservative results in which case the superposition method may be used. In
calculating the current contribution of the entire power station unit on the trans-
former’s high voltage side, it is not necessary to take into account the contribution
of the motors within the auxiliary system.

When calculating the partial short-circuit currents from the generator and
through the transformer for a fault between the generator and the transformer, i.e. at
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F2, the generator and transformer impedance correction factors are, respectively,
given by

KG,S = cmax

1 + x′′
d sin ϕrG

(7.5a)

and

KT,S = cmax

1 − xT sin ϕrG
(7.5b)

Step-up transformer without an on-load tap-changer
(factors KSO; KG,SO and KT,SO)
For a short-circuit fault on the high voltage side of the step-up transformer, i.e. at
F1, the corrected impedance of the entire power station unit referred to the high
voltage side of the step-up transformer is given by

ZSO = KSO(t2
r ZG + ZTHV)� (7.6a)

and the correction factor KSO is given by

KSO = UnQ

UrG(1 + pG)
× UrTLV

UrTHV
× (1 ± pT) × cmax

1 + x′′
d sin ϕrG

(7.6b)

1 ± pT is used if the transformer has off-load taps and one tap position is per-
manently used otherwise pT = 0. If the highest current is required, then 1 − pT

is used.
For unbalanced short-circuit faults, KSO is also applied to the NPS and ZPS

impedances of the power station unit but not to the transformer’s neutral earthing
impedance, if present. In calculating the current contribution of the entire power
station unit on the transformer’s high voltage side, it is not necessary to take into
account the contribution of the motors within the auxiliary system.

When calculating the partial short-circuit currents from the generator and
through the transformer for a fault between the generator and the transformer, i.e.
at F2, the generator and transformer impedance correction factors are, respectively,
given by

KG,SO = 1

1 + pG
× cmax

1 + x′′
d sin ϕrG

(7.7a)

and

KT,SO = 1

1 + pG
× cmax

1 − xT sin ϕrG
(7.7b)

7.2.4 Asynchronous motors and static converter drives
Low voltage and medium voltage motors contribute to the initial symmetrical
short-circuit current, the peak make current, the symmetrical breaking current
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and, for unbalanced faults, the steady state short-circuit current. The contribution
of medium voltage motors is included in the calculation of maximum short-circuit
currents. The contribution of low voltage motors in power station auxiliaries and
industrial power systems, e.g., chemical plant, steel plant and pumping stations,
etc., is taken into account.

Large numbers of low voltage motors, e.g. in industrial installations and power
station auxiliaries, together with their connection cables, can be represented as an
equivalent motor. The rated current of the equivalent motor

∑
i IrM is the sum of

the rated currents of all motors. For asynchronous motors in low voltage supply
systems directly connected to the fault location, i.e. without intervening transform-
ers, the motor’s contribution to the initial symmetrical short-circuit current may
be neglected if ∑

i

IrM ≤ 0.01 × I ′′
k (7.8a)

where I ′′
k is the total initial symmetrical short-circuit current at the fault location

calculated without the contribution of the motors. If ILR/IrM = 5 where ILR is the
motor’s locked rotor current, and I ′′

kM = ILR where I ′′
kM is the initial short-circuit

current of the motor, Equation (7.8a) gives∑
i

I ′′
kM ≤ 0.05 × I ′′

k (7.8b)

The short-circuit PPS, and NPS, motor impedance is calculated using

ZM = RM + jXM = 1

ILR/IrM
× U2

rM

SrM
� (7.9a)

where SrM and UrM are the rated apparent power and rated voltage of the
motor. With PrM/p being the motor’s rated active power per pair of poles, the
recommended XM/RM ratios of the motor’s short-circuit impedance are given by:

XM/RM = 10 for high voltage motors with PrM/p ≥ 1 MW.
XM/RM = 6.67 for high voltage motors with PrM/p < 1 MW.
X/R = 2.38 for low voltage motor groups with connection cables.

Low voltage and medium voltage motors feeding through two-winding transform-
ers to the short-circuit location may be neglected if∑

i
PrM∑

i
SrT

≤ 0.8∣∣∣∣∣
100×c×∑

i
SrT

√
3UnQI ′′

kQ
− 0.3

∣∣∣∣∣
(7.9b)

where
∑

i PrM is the sum of the rated powers of low voltage and medium voltage
motors,

∑
i SrT is the sum of the rated apparent powers of all parallel transformers

feeding the motors and I ′′
kQ is the initial symmetrical short-circuit current at the
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fault location calculated without motors. The absolute value of the denominator
should be used if it is negative.

Reversible static converter drives are considered for three-phase short circuits
if the rotational masses of the motors and the static equipment provide reverse
transfer of energy for deceleration at the time of the short circuit. They are con-
sidered to contribute to the initial symmetrical short-circuit current I ′′

k and the peak
make current but they do not contribute to the symmetrical short-circuit breaking
current or the steady state short-circuit current. These drives are represented as
an equivalent asynchronous motor with the equivalent PPS impedance as given in
Equation (7.9a) with ILR/IrM = 3 and XM/RM = 10.

In the calculation of minimum short-circuit currents, the contribution of
asynchronous motors is neglected.

7.2.5 Calculated short-circuit currents

Calculation of peak make current

From the initial rms symmetrical current I ′′
k , the peak make current for a single

radial circuit is calculated using a peak factor κ and is given by

ip = κ
√

2I ′′
k (7.10a)

where

κ = 1.02 + 0.98e−3/(X/R) (7.10b)

and (X/R) is the system X/R ratio at the fault point calculated using generator
fictitious resistance RGf as described in Section 7.2.3. The variation of κ with the
X/R ratio is shown in Figure 7.2.

For parallel independent radial circuits, the total peak make current is the
sum of the individual make currents of each radial circuit. For meshed systems,
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Figure 7.2 IEC 60909 factor κ for the calculation of initial peak short-circuit current
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Equation (7.10a) is also used but Equation (7.10b) changes to

κ = 1.02 + 0.98e−3/(X/R)i (7.11)

where (X/R)i is calculated in accordance with one of the following three methods:

Method A: Uniform X/R ratio
κ is calculated using the largest X/R ratio of all the network branches that feed par-
tial short-circuit current into the fault location. This method can lead to significant
errors.

Method B: Equivalent X/R ratio at the fault point
The X/R ratio at the fault point is calculated from the Thévenin’s impedance
obtained by network reduction of complex impedances. A safety factor of 1.15 is
used to compensate for the underestimate in the dc current caused by the different
X/R ratios of network branches and sources, i.e.

ip = 1.15κ
√

2I ′′
k (7.12)

The factor 1.15 κ should not exceed 1.8 and 2 in low voltage and high voltage
systems, respectively. The 1.15 safety factor is not applied if the smallest X/R ratio
in the network is greater than or equal to 3.33.

Method C: Equivalent frequency fc

Initially, the magnitude of network reactances are scaled from their power fre-
quency f values to a reduced frequency fc then the Thévenin’s impedance at the
fault point is calculated. If the calculated PPS and ZPS impedances at fc at the
fault point are ZP

C = RP
C + jXP

C and ZZ
C = RZ

C + jXZ
C, the X/R ratio at the fault point

is calculated from

X

R
=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(
XP

C

RP
C

)
× f

fc
for a three-phase short circuit

(
2XP

C + XZ
C

2RP
C + RZ

C

)
× f

fc
for a single-phase to earth short circuit

(7.13)

where f is nominal system frequency (50 or 60 Hz) and fc/f = 0.4. This gives the
equivalent frequency fc = 20 Hz for f = 50 Hz and fc = 24 Hz for f = 60 Hz. Equal
PPS and NPS impedances are assumed. Similar equations can be derived for other
fault types.

Calculation of dc current component

The maximum dc component of the short-circuit current is calculated using

idc = √
2I ′′

k exp

[−2πf tmin

(X/R)b

]
(7.14)
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Table 7.2 Equivalent frequency fc for the calculation of the break (X/R)b ratio used to estimate the
magnitude of the break dc current component at tmin

f × tmin (cycles) <1 <2.5 <5 <12.5

tmin (ms) f = 50 Hz <20 <50 <100 <250
f = 60 Hz <16.67 <41.67 <83.34 <208.34

fc/f 0.27 0.15 0.092 0.055
fc (Hz) f = 50 Hz 13.5 7.5 4.6 2.75

f = 60 Hz 16.2 9 5.52 3.3

where f is power frequency and (X/R)b is the break X/R ratio calculated using
Method C equivalent frequency depending on the minimum time tmin from the
instant of fault. In calculating (X/R)b, the actual resistance of generators, RG, is
used. The equivalent frequency fc to be used in calculating ZC is determined as
shown in Table 7.2.

Calculation of rms symmetrical breaking current

For a near to generator three-phase short-circuit fault, consider first either a singly
fed short circuit or a non-meshed network consisting of parallel independent short-
circuit sources. In the case of two sources namely a synchronous generator and an
asynchronous motor, the symmetrical short-circuit breaking current is given by

Ib = IbG + IbM (7.15a)

where

IbG = μI ′′
kG and IbM = (μq)I ′′

kM (7.15b)

I ′′
kG and I ′′

kM are the synchronous generator and asynchronous motor initial sym-
metrical short-circuit current contributions measured at their terminals. Denoting
IrG and IrM as the generator and motor rated currents, the multiplying factors μ

and q are given by

μ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0.84 + 0.26 × exp[−0.26 × (I ′′
kG/IrG)] for tmin = 20 ms

0.71 + 0.51 × exp[−0.30 × (I ′′
kG/IrG)] for tmin = 50 ms

0.62 + 0.72 × exp[−0.32 × (I ′′
kG/IrG)] for tmin = 100 ms

0.56 + 0.94 × exp[−0.38 × (I ′′
kG/IrG)] for tmin ≥ 250 ms

(7.16)

For asynchronous motors, I ′′
kG/IrG in Equation (7.16) is replaced with I ′′

kM/IrM.
and

q =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1.03 + 0.12 × ln(PrM/p) for tmin = 20 ms

0.79 + 0.12 × ln(PrM/p) for tmin = 50 ms

0.57 + 0.12 × ln(PrM/p) for tmin = 100 ms

0.26 + 0.10 × ln(PrM/p) for tmin ≥ 250 ms

(7.17)

where PrM and p are the motor rated power in MW and number of pole pairs. The
maximum value for q is unity. Equations (7.16) and (7.17) are plotted in Figures 7.3
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and 7.4, respectively. Equation (7.16) for μ applies for synchronous generators
employing rotating or static exciters provided, for the latter, that tmin < 250 ms and
the maximum excitation voltage is <1.6 pu of the rated value. μ is set equal to
unity if the excitation system is unknown.

For a far from generator three-phase short circuit, i.e. I ′′
kG/I ′′

rG ≤ 2, or for unbal-
anced short circuits, μ = 1 and IbG = I ′′

kG. Similarly, for far from motor three-phase
short circuit or for unbalanced short circuits μq = 1 and IbM = I ′′

kM.
For meshed networks, the approximation Ib = I ′′

k can be used. Alternatively, for
improved accuracy, the decay in short-circuit currents from synchronous machines
and asynchronous motors can be estimated from the partial step changes in voltage
at the connection locations of the machines due to the fault and the following
equation can be used:

Ib = I ′′
k − 1

cUn/
√

3

⎡
⎣∑

i

�U ′′
Gi(1 − μi)I

′′
kGi +

∑
j

�U ′′
Mj(1 − μjqj)I

′′
kMj

⎤
⎦

(7.18a)



462 International standards for short-circuit analysis in ac power systems

where

�U ′′
Gi = jX ′′

diK × I ′′
kGi and �U ′′

Mj = jX ′′
Mj × I ′′

kMj (7.18b)

are the voltage drops at the terminals of the synchronous machine (i) and the asyn-
chronous motor ( j). X ′′

diK is the corrected subtransient reactance of synchronous
machine (i), i.e. X ′′

diK = Kυ X ′′
di with Kυ = KG, KS or KSO as appropriate and X ′′

Mj
is asynchronous motor j subtransient or transient reactance. I ′′

kGi and I ′′
kMj are the

initial symmetrical current contributions from synchronous machine (i) and asyn-
chronous motor ( j) as measured at their terminals. For a far from motor short
circuit, μj = 1 and 1 − μjqj = 0 irrespective of the value of qj.

Calculation of rms symmetrical steady state current

IEC 60909-0 recognises that the calculation of the steady state current Ik is less
accurate than the calculation of I ′′

k because it depends on factors such as the gener-
ator initial operating point, machine saturation, excitation system characteristics
and automatic voltage regulator action, etc. Worst-case assumptions are made to
calculate maximum and minimum steady state short-circuit currents using factors
expressed in terms of the generator rated current. For a single-fed near to gener-
ator three-phase short circuit, the maximum and minimum steady state short-circuit
current is given by

Ik max = λmaxIrG (7.19a)

Ik min = λminIrG (7.19b)

λmax is a factor that is dependent on the saturated direct axis synchronous react-
ance and for turbo-generators and salient-pole generators is obtained from IEC
60909-0 Figures 18(a and b) and 19(a and b), respectively. For turbo-generators,
these figures apply for maximum excitation voltages of 1.3 and 1.6 pu whereas for
salient-pole generators, they apply for maximum excitation voltages of 1.6 and
2 pu. The voltage factor c = cmax is used. λmin is calculated under constant no-load
excitation, i.e. without voltage regulator action and the c factor used is c = cmin.

For meshed networks, Ik max = I ′′
k max and Ik min = I ′′

k min and similarly for
unbalanced short-circuit faults.

7.2.6 Example

Example 7.1 In Figure 6.10, the dc current component was calculated using
an accurate time domain solution, IEC 60909 Method B and IEEE C37.010
Method. Repeat the calculation using IEC 60909 Method C and compare
the result against the accurate time domain solution assuming a 50 Hz power
system.

The equivalent frequency used to calculate the peak make factor is 20 Hz
and together with the equivalent frequencies shown in Table 7.2, the equivalent
X/R ratios and corresponding time constants of the three parallel branches are
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Table 7.3 Calculated equivalent X/R ratio and corresponding equivalent dc time constant

Time (ms) fc (Hz) Equivalent X/R Equivalent Tdc (ms)

0 ≤ t < 10 20 15.9 50.7
10 ≤ t < 20 13.5 16.6 52.9
20 ≤ t < 50 7.5 18.3 58.1
50 ≤ t < 100 4.6 20 63.7
100 ≤ t < 250 2.75 22.5 71.8
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Figure 7.5 IEC 60909 dc current component of three parallel independent sources calculated using
IEC Methods B and C and accurate time domain solution

calculated using Equation (7.13). The results are summarised in Table 7.3 and
the dc current comparison is shown in Figure 7.5.

The equivalent frequency Method C is clearly far superior to Method B
because it calculates new and higher X/R ratios and hence dc time constants as
time elapses from the onset of the short-circuit fault. This process counteracts
the increasing underestimate with time of Method B. In practice, it is found that
Method C ensures that the degree of error is kept to a minimum.

7.3 UK Engineering Recommendation ER G7/4

7.3.1 Background
Following the publication of IEC 60909 in 1988, the UK electricity supply industry
convened a group of power system engineers from across the industry to consider
the application of IEC 60909 or a more appropriate alternative. As a result, Engin-
eering Recommendation ER G7/4 ‘Procedure to Meet the Requirements of IEC
60909 for the Calculation of Short-Circuit Currents in Three-Phase AC Power
Systems’ was published in 1992. At that time, although most companies in the
UK used computer methods for the calculation of short-circuit currents, a vari-
ety of approaches were used for both the modelling of power system elements
and the techniques used in the calculation of short-circuit currents. As a result,
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different short-circuit current results would be obtained for the same power system
characteristics.

UK ER G7/4 is a procedure that sets out ‘good industry practice’ and applies for
the calculation of short-circuit currents used in the assessment of circuit-breaker
make and break duties in ac power systems having a nominal voltage range of 380 V
to 400 kV. It is also applicable for currents used in the calculation of protection
relay settings and mechanical forces on conductors and busbars.

7.3.2 Representation of machines and passive load

Synchronous machines

Synchronous machines are represented by a voltage source behind an impedance
model where the PPS reactance is time dependent and is given by

1

XP
G(t)

= 1

Xd
+
(

1

X ′
d

− 1

Xd

)
e−t/T ′

d +
(

1

X ′′
d

− 1

X ′
d

)
e−t/T ′′

d (7.20)

The time constants are affected by the external network between the machine
and the point of fault, as discussed in Chapter 6. Where the machines are connected
to the faulted network by step-up transformers having comparable reactances to the
machine subtransient reactances, unsaturated subtransient and transient reactances
are used. However, saturated reactances are used where the machines are directly
connected to the faulted system. For extended fault clearance times, the effect of
excitation control systems, and in particular those that have high speed response,
may need to be considered.

Asynchronous machines

Asynchronous machines or groups of such machines are represented by a voltage
source behind an impedance model where, for a single-cage or single-winding
rotor, the time-dependent PPS reactance is given by

1

XP
m(t)

= 1

X ′ e
−t/T ′

(7.21)

where X ′ and T ′ are calculated from the machine parameters or tests as discussed in
Chapter 5. Like synchronous machines, the time constant is modified by the exter-
nal network impedance. Where neither the internal parameters of the machines
nor its starting characteristics are known, the IEC 60909-0 approach of using the
ratio of locked rotor current to rated current shown in Equation (7.9a) can be used
to calculate the initial PPS impedance. If ac current decrement cannot be directly
represented, the asynchronous machine’s current adjustment factor (μq) of IEC
60909 of Equation (7.15b) is used to calculate the PPS reactance corresponding
to any elapsed time t after the instant of fault as follows:

XP
m(t) = X ′

m

μq
(7.22)
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X/R ratios for induction motors and static converter drives are considered as per
IEC 60909-0 and is given in Section 7.2.4. The NPS impedance is assumed equal
to the initial motor PPS impedance.

Small induction motors forming part of the
general power system load

Numerous small induction motors that form part of the general load in the power
system and hence are not individually identifiable are represented as an equiva-
lent motor. The initial PPS impedance and time constant of the equivalent motor
should be obtained by measurement. In the absence of measured data, indica-
tive empirical estimates are suggested. For calculating the initial three-phase rms
short-circuit current contribution at a 33 kV bulk supply substation busbar from
induction motors in the general load supplied from that busbar the induction motor
contribution is represented as follows:

(a) 1 MVA of short-circuit infeed per MVA of aggregate substation winter demand
where the load is connected at low voltage, i.e. ≤1 kV.

(b) 2.6 MVA of short-circuit infeed per MVA of aggregate substation winter
demand where the load is connected at medium voltage, i.e. >1 kV.

These short-circuit infeeds relate to a complete loss of supply voltage to the motors.
The time variation of the PPS reactance of the equivalent motor is given by

Equation (7.21) and the ac time constant is taken as T ′ = 40 ms. It is therefore
assumed that the contribution to a three-phase short circuit from motors in the
general load decays to a negligible value at around 120 ms. The effective X/R ratio
of the equivalent motor at the 33 kV busbar is taken equal to 2.76.

Passive loads

Both the real and reactive power components of passive loads are represented in
the analysis. In particular, ER G7/4 recognises that the reactive load may have an
appreciable effect on short-circuit currents because of its effect on transformer tap
positions and rotating plant internal voltages.

7.3.3 Analysis technique
IEC 60909 describes methods for the hand calculation of short-circuit currents that
lead to results that are generally of acceptable accuracy for their intended purpose.
However, other methods are not excluded provided they give results of at least
the same precision. ER G/74 is essentially a computer-based short-circuit current
calculation procedure that uses the superposition method and can be used as an
alternative to IEC 60909 where higher precision is required. ER G7/4 is based on
the following key principles:

(a) Credible prefault power system operating conditions giving rise to maximum
short-circuit currents are first established.
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(b) Prefault ac loadflow studies are carried out to determine the network volt-
age profile, internal voltages of generators and motors and transformer tap
positions.

(c) The short-circuit contributions of all rotating plant are included. In addition
to individually identifiable rotating plant, the aggregate effect of numerous
small motors forming part of the general load in the power supply system are
included using a suitable equivalent.

The loadflow results and the current changes due to the short circuit are combined
using the superposition theorem as described in Chapter 6. A search is carried
out for the worst-case prefault operating condition that leads to the maximum
short-circuit current.

The above procedure is intended for use where calculations of improved accur-
acy are required. However, a simplified procedure that does not use a loadflow
study may also be used where maximum currents are well within the rating of
plant and equipment. Such a procedure will still include the contributions of all
rotating plant including induction machines.

ER G7/4 does not specify the analysis methods to be used in calculating the
ac and dc components of short-circuit currents or their decrements. The user may
choose to use suitable time-step simulations or fixed impedance techniques similar
to those described in Chapter 6.

7.3.4 Calculated short-circuit currents
The short-circuit currents calculated by ER G7/4 are the short-circuit making and
breaking currents. The magnitude of each of these currents consists of an rms ac
current component and a dc current component. Although the initial value of the
dc component depends on the point on the voltage waveform at which the fault
occurs, maximum dc current offset is assumed.

Short-circuit making current

This is the peak asymmetric current or the maximum instantaneous value of the
prospective short-circuit current. If the analysis method used does not allow the
initial peak current to be directly calculated, IEC 60909 Equation (7.10) is used.

Short-circuit breaking current

The short-circuit breaking current allows for both ac and dc current decay. Both
the ac and dc currents are calculated at a specified break time tb. The magnitude
of the dc current component at t = tb is given by

idc = √
2I ′′

k exp

[−2πf tb
(X/R)

]
(7.23)

To determine the ability of a circuit-breaker to interrupt these component cur-
rents or a combination of them, reference should be made to the test data of the
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circuit-breaker and the standards on which the test data is based, e.g. BS 116:1952,
ESI 41-10:1987 or IEC 62271-100 Standard.

X /R ratio for estimation of the magnitude of the
dc current component

The system X/R ratio at the fault point is calculated and used to estimate the
magnitude of the required dc current component where explicit calculation of
the asymmetric initial peak and break currents cannot be made. If some network
elements have X/R ratios below 3.3, as may be the case in low voltage networks,
then a 1.15 safety factor is used in calculating the peak asymmetric currents unless
the equivalent frequency Method C of IEC 60909 is used to calculate the X/R ratio.
Since the time constants of the dc current decrements for three-phase and earth
faults, e.g. single-phase to earth fault, are different, different X/R ratios will need
to be evaluated. Where a conservative estimate is adequate, the initial peak current
can be assumed to be equal to 1.8

√
2I ′′

k for low voltage networks (i.e. 1 kV or
below) and 2

√
2I ′′

k for networks operating above 1 kV thereby obviating the need
to calculate the X/R ratio.

7.3.5 Implementation of ER G7/4 in the UK
In this section, we briefly describe the implementation of ER G7/4 in com-
puter analysis methods in England and Wales. The analysis is based on the fixed
impedance technique where synchronous and induction machines are represented
by a voltage source behind a fixed impedance. Essentially, two rms symmetrical
short-circuit currents are calculated corresponding to two time instants. The first
is the initial symmetrical rms short-circuit current, I ′′

k , corresponding to the instant
of fault, and the second is the symmetrical rms short circuit after the subtransient
contribution has decayed to a negligible value, I ′

k. In order to calculate these two
PPS currents, two PPS networks are created: a subtransient network and a tran-
sient network using machine subtransient and transient reactances, respectively.
Corresponding to these two time instants, two system X/R ratios are calculated
using IEC 60909 equivalent frequency Method C and these are denoted (X/R)i
and (X/R)b where i and b represent initial and break, respectively. The peak make
current is calculated as follows:

ip = √
2I ′′

k [1.02 + 0.98 × e−3/(X/R)i ] (7.24)

The rms subtransient current component at the fault location is assumed to have
a single effective subtransient time constant of 40 ms, i.e. it is assumed that all
subtransient components from across the system have decayed to a negligible value
by 120 ms. The break time tb is defined as the time from the instant of short-circuit
fault to the time instant that corresponds to the peak of the major current loop just
before current interruption at current zero. Thus, for a given break time tb in ms,
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the rms ac break current component is given by

Ib =
{

I ′
k + (I ′′

k − I ′
k)e−tb/40 for tb < 120 ms

I ′
k for tb ≥ 120 ms

(7.25)

An inherent assumption in Equation (7.25) is that the effect of even modern fast
acting excitation control systems is negligible for tb < 120 ms. However, after this
time, the reduction in fault current due to increasing machine reactance is offset
by the action of excitation control systems through field voltage forcing and the
short-circuit current is assumed to remain constant at I ′

k.
The magnitude of the dc current component at the break time tb is calculated,

assuming maximum offset, as follows:

idc = √
2I ′′

k exp

[−2πf tb
(X/R)b

]
(7.26)

Practical break times considered are those that correspond to the peaks of major
asymmetrical current loops, i.e. approximately 30, 50, 70, 90 and 110 ms, etc. in
the UK 50 Hz power system. If the amplitude of the peak asymmetric break current
at t = tb is required, then this is calculated using Equations (7.25) and (7.26) as

ib = √
2Ib + idc (7.27)

Alternatively, if the rms asymmetric breaking current of the total asymmetric
current is required, as may be the case for the old British Standard BS 116 and
IEEE C37.010 Standard, then this is calculated using Equations (7.25) and (7.26) as

Iab =
√

I2
b + i2dc (7.28)

For balanced faults, subtransient and transient PPS system admittance matrices
are formed. In addition, NPS and ZPS system admittance matrices are formed in
the case of unbalanced faults. The formation of the NPS matrix allows machines
to have a different NPS reactance from machine PPS reactance as well as the
correct modelling of plant such as quadrature boosters and phase shifters. Passive
loads shunt admittances are included in the PPS and NPS short-circuit current
calculations but not in the ZPS networks where loads are separated from the bulk
distribution system by one or more delta connected transformer windings.

The initial and break system X/R ratios are calculated using the equivalent
frequency Method C of IEC 60909. In the UK 50 Hz power system, 20 Hz is used
in the calculation of (X/R)i and an appropriate equivalent frequency is selected
from Table 7.2, depending on the break time tb, in the calculation of (X/R)b.

In addition to the PPS system X/R ratio, NPS and ZPS system X/R ratios are
also calculated depending on the unbalanced fault being studied. In the calculation
of the PPS X/R ratio, all passive shunts, e.g. line shunt capacitances and load
impedances, etc., are excluded. However, the calculated NPS and ZPS X/R ratios
generally include the network shunt elements.



American IEEE C37.010 Standard 469

7.4 American IEEE C37.010 Standard

7.4.1 Background
The IEEE method for the calculation of system short-circuit currents is described
in IEEE Standard C37.010:1999 which is a revision of C37.010:1979. The Stan-
dard is entitled IEEE Application Guide for AC High-Voltage Circuit Breakers
Rated on a Symmetrical Current Basis. Prior to 1964, the applicable American
National Standard Institute (ANSI) Standards were based on ‘Total Current Basis’
as opposed to ‘Symmetrical Current Basis’. The IEEE C37.010:1999 Standard is
applicable to high voltage circuit-breakers above 1 kV for use in utility, industrial
and commercial power systems operating at a nominal frequency of 60 Hz.

The IEEE C37.010 short-circuit calculation methodology was developed to pro-
vide conservative results for the determination of short-circuit duties and the sizing
and selection of circuit-breaker ratings. The method is intended to provide a degree
of accuracy that is within the practical limits of short-circuit calculation con-
sidering the accuracy of data that are usually available for such computations. The
asymmetrical short-circuit current waveform is assumed to have maximum dc cur-
rent offset. Other alternative methods, though not identified, are not excluded if
they give results of at least the same precision. The Standard makes no distinction
between radial or single-fed short circuits and those fed from meshed power sys-
tems. The Standard deals with the calculation of maximum short-circuit currents
only and distinguishes between short circuits with significant and insignificant ac
current component decay corresponding to short circuits that are local to or remote
from generators, respectively.

Unlike IEC 60909 or ER G/74 which are short-circuit current calculation
procedures only, the IEEE Standard is aimed at the sizing and selection of circuit-
breakers. As a result, the IEEE short-circuit calculation methodology is included
within a circuit-breaker application guide.

7.4.2 Representation of system and equipment
The IEEE Standard uses the concept of ‘local’ and ‘remote’ generation contribution
to the short-circuit fault. If the external reactance between the generator terminals
and the short-circuit location is such that XExternal > 1.5X ′′

d , the generator is con-
sidered to be remote. Otherwise, it is considered to be local. The IEEE Standard
recommends neglecting the shunt impedances of static loads as well as the PPS
line capacitance. The NPS and PPS reactances of rotating plant are assumed equal
and similarly for the NPS and PPS resistances.

Two separate and different impedance networks are created; the first is the
closing & latching (momentary) impedance network and the second is the inter-
rupting impedance network. From the first network, the first cycle symmetrical
current and the system X/R ratio are calculated and these are used to calculate the
closing and latching current duty. From the interrupting impedance network, the
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Table 7.4 Machine reactance adjustment factors to account for ac short-circuit current decay
according to IEEE C37.010 Standard

PPS reactances (pu)

Type of rotating machine Closing and latching network Interrupting network

All turbo-generators, all hydro-generators 1.0X ′′
d 1.0X ′′

d
with damper windings and all condensers

Hydro-generators without damper windings 0.75X ′
d 0.75X ′

d
All synchronous motors 1.0X ′′

d 1.5X ′′
d

Induction motors
Above 1000 hp at 1800 rpm or less 1.0X ′′

d 1.5X ′′
d

Above 250 hp at 3600 rpm 1.0X ′′
d 1.5X ′′

d
From 50 to 1000 hp at 1800 rpm or less 1.2X ′′

d 3.0X ′′
d

From 50 to 250 hp at 3600 rpm 1.2X ′′
d 3.0X ′′

d

Three-phase induction motors below 50 hp and all single-phase motors are neglected.
X ′′

d and X ′
d of synchronous machines are the rated voltage saturated values.

symmetrical interrupting current and the system X/R ratio are calculated and these
are used to calculate the asymmetrical interrupting current duty. The Standard rec-
ommends machine reactance adjustment factors, i.e. multipliers to account for ac
current decay and these are generally different for the closing and latching duty,
and interrupting duty calculations as shown in Table 7.4.

7.4.3 Analysis technique

General

IEEE C37.010 is a fixed impedance short-circuit calculation method. The ini-
tial generator and motor prefault loading conditions are not modelled nor are the
explicit decay rates of individual generators and motors. The Standard recom-
mends the use of a voltage source at the short-circuit location whose magnitude is
equal to the highest typical prefault operating voltage E at the fault location.

The system X/R ratio at the fault point is calculated from separate X and R
networks. The standard assumes that the reduction of separate X and R networks
tends to correct for the multiple time constants and associated decay rates due
to short-circuit currents passing through multiple paths to the fault location. In
practical cases, the resultant error is on the conservative side.

Both a simplified E/X method and a more accurate, semi-rigorous, E/X method
that accounts for ac and dc current decrements are described. Where the use of
impedances is preferred to the use of reactances in the calculation of the magnitude
of short-circuit current, the E/X calculation may be replaced with E/Z calculation.

E/X simplified method

The E/X simplified method calculates the symmetrical short-circuit current and
is very simple to use. The ‘E’ represents the prefault voltage at the short-circuit
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location. The ‘X’ is the equivalent system reactance at the fault point calculated
with the resistances of network elements set to zero and machine reactances set to
their subtransient values. The equivalent reactance at the fault point is equal to XP

for three-phase short circuits and 2XP + XZ for single-phase to earth short circuits.
The calculated short-circuit currents are thus E/XP for three-phase short circuits
and 3E/(2XP + XZ) for single-phase short circuits. The Standard considers this
simplified procedure to be sufficient provided that:

(a) The calculated three-phase short currents do not exceed 80% of the circuit-
breaker symmetrical interrupting capability.

(b) The calculated single-phase to earth short-circuit currents do not exceed 70%
of the circuit-breaker symmetrical interrupting capability for single-phase to
earth short circuits.

Otherwise, the more accurate E/X procedure, described below, should be used.

E/X method with correction for ac and dc decrements

This more accurate procedure involves applying multiplying factors to the E/X
calculated short-circuit results to account for ac and dc current decrements. The
factors to be used depend on the calculated system X/R ratio seen at the fault point
and on whether the fault is ‘local’ to or ‘remote’ from generation. The applicable
factors are taken from three figures in the IEEE Standard namely ‘Figures 8, 9 and
10’. The curves of ‘Figures 8 and 9’ give the Kacdc factor that includes the effects
of both ac and dc decrements and applies for ‘local’ three-phase and single-phase
to earth short circuits. ‘Figure 8’ gives a maximum value of Kacdc of 1.25 which
supports the 80% criterion used in the application of the E/X simplified method for
three-phase faults. ‘Figure 9’ gives a maximum multiplying factor of Kacdc of 1.41
which supports the 70% criterion used in the application of the E/X simplified
method for one-phase faults. ‘Figure 10’ gives the Kdc factor that includes the
effect of dc decrement only and applies for ‘remote’ three-phase and single-phase
short-circuit faults. These three figures also include multipliers for longer circuit-
breaker contact parting times than the minimum. The corrected E/X short-circuit
current result should not exceed the symmetrical interrupting capability of the
circuit-breaker. A more accurate multiplying factor can be determined by using
the ratio of remote generation contributions to total fault current known as the
no ac decrement or NACD ratio. The new multiplying factor KInterpolated may be
obtained by interpolation between Kacdc and Kdc using the NACD ratio as follows:

KInterpolated = Kacdc + NACD × (Kdc − Kacdc) (7.29)

7.4.4 Calculated short-circuit currents

First cycle symmetrical current

This is the half cycle rms current and is calculated using the closing and latching
impedance network and the appropriate machine reactances shown in Table 7.4.
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Closing and latching current

The closing and latching current is equivalent to the half cycle peak current. If the
first cycle symmetrical current including motor infeed is below the symmetrical
current rating of the circuit-breaker and the system X/R ratio is less than 17 at
60 Hz, then no further calculations are required. If the system X/R ratio is greater
than 17, the closing and latching current, expressed as a peak current, may be
calculated using a peak factor similar to the IEC 60909-0 peak factor κ of Equation
(7.10) as follows:

Peak factor = √
2

[
1 + sin{tan−1(X/R)} exp

{−[π/2 + tan−1(X/R)]

(X/R)

}]
(7.30)

where the X/R ratio is calculated from the closing and latching impedance network.
If the value of the closing and latching current duty is calculated as a total rms

value of the asymmetrical peak current, a simplified rule using a factor equal to
1.6 times first cycle symmetrical current, which assumes an X/R ratio of 25 at
1/2 cycle, may be used. Alternatively, the total rms value may be calculated using
a more accurate multiplying factor of the rms symmetrical current based on the
calculated X/R at the fault location as follows:

Irms total at 1/2 cycle (kA) =
√

1 + 2 exp

[
− 2π

(X/R)

]
× ISym at 1/2 cycle (kA) (7.31)

Symmetrical interrupting current

This current is calculated using the interrupting impedance network and the
appropriate machine reactances shown in Table 7.4.

Asymmetrical interrupting current

The asymmetrical interrupting current is calculated using the symmetrical inter-
rupting current and an applicable multiplying factor which is a function of the
circuit-breaker contact parting time and the system X/R ratio at the fault location.
The factor is obtained from C37.010 ‘Figures 8, 9 and 10’ depending on whether
the fault is fed by local or remote sources and the short-circuit type. The asym-
metrical interrupting current duty is calculated as an rms value of an asymmetrical
current.

Time-delayed 30 cycle (steady state) current

The time-delayed 30 cycle (steady state) short-circuit current applies when tran-
sient effects have completely decayed. In calculating this current, C37.010
recommends the use of a network that comprises only generators represented by
either their transient reactance or a higher reactance that takes into account the ac
component decay. The dc component is assumed to have decayed to zero.
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7.5 Example calculations using IEC 60909, UK ER
G7/4 and IEEE C37.010

Example 7.2 Consider the simple example network shown in Figure 7.6 to
illustrate the maximum current quantities supplied by a power station unit for
a three-phase short-circuit fault on the high voltage side of the transformer.

At node Q, the power station unit supplies a static impedance load, the load
voltage magnitude is 380 kV and the generator is operating at rated active and
reactive power output. The calculations are carried out in accordance with IEC
60909, UK ER G7/4 and IEEE C37.010. The turbo-generator and transformer
data on their MVA rating are:

Generator : SrG = 588 MVA UrG = 23 kV RG = 0.18%

x′′
d = 18% x′

d = 24% cos ϕrG = 0.85

Transformer : SrT = 588 MVA UrTHV = 432 kV UrTLV = 23 kV

uXr = 15% uRr = 0.2% pT = −16% to +2%

System(load) : UnQ = 400 kV

IEC 60909 calculation
The transformer impedance in � referred to the high voltage side is calcu-
lated as

ZTHV =
(

0.2

100
+ j

15

100

)
× 4322

588
= (0.63477 + j47.608)�

The generator impedance in � is calculated as

ZG = RG + jX ′′
d =

(
0.18

100
+ j

18

100

)
× 232

588
= (0.0016194 + j0.16194)�

Using Equation (7.4b), the correction factor of the power station unit is given by

KS = 4002

232
× 232

4322
× 1.1

1 + |0.18 − 0.15| × 0.526783
= 0.9284

G
SrG

T
SrT,   t

HVLV
F

QPrG � jQrG

UrG � 1.0

Static load

Figure 7.6 Example of a simple circuit for calculation of maximum short-circuit currents according
to various standards
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Using Equation (7.4a), the corrected impedance of the power station unit
referred to the high voltage side is given by

ZS = 0.9284

[(
432

23

)2

(0.0016194 + j0.16194) + (0.63477 + j47.608)

]

= (1.1197 + j97.239)� = 97.245ej89.34 �

The three-phase short-circuit current supplied by the power station unit is
given by

I ′′
kS = 1.1 × 400/

√
3

97.245e j89.34
= 2.61232e−j89.34 kA

Since UrG > 1 kV and rated apparent power SrG > 100 MVA, RGf = X ′′
d /20 and

RGf = 0.0081 �. Thus, the corrected impedance of the power station unit
referred to the high voltage side is given by

ZSf = 0.9284

[(
432

23

)2

(0.0081 + j0.16194) + (0.63477 + j47.608)

]

= (3.2423 + j97.239)�

Therefore, XSf/RSf = 30. From Equation (7.10b), the peak current factor is
given by κ = 1.02 + 0.98e−3/30 = 1.9067. Using Equation (7.10a), the peak
current is given by ip = 1.9067 × √

2 × 2.61232 = 7.044 kA.

To calculate the rms breaking current, we need to calculate the factor μ

which depends on the minimum time tmin and the ratio I ′′
kG/IrG. The rated

current is given by IrG = 588/(
√

3 × 23) = 14.76 kA. The short-circuit current
delivered by the generator at its terminals to the high voltage side fault is given
by I ′′

kG = 2.61232 × 432/23 = 49.066 kA. The required ratio is

I ′′
kG

IrG
= 49.066

14.76
= 3.324

Therefore, using Equation (7.16) and tmin = 50 ms, we have

μ = 0.71 + 0.51 × e−0.3×3.324 = 0.898.

The rms short-circuit breaking current is given by

Ib = 0.898 × 2.61232 = 2.346 kA

The magnitude of the dc breaking current at tmin = 50 ms is calculated using
Equation (7.14) and (X/R)b = 97.239/1.1197 = 86.84, thus

idc = √
2 × 2.61232 × exp

[−2π × 50 × 0.05

86.84

]
= 3.083 kA
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UK ER G7/4 calculation
The most realistic operating condition of the power station unit before the short
circuit that maximises the short-circuit current is when the generator is produc-
ing rated power output and the magnitude of the high voltage is minimum. The
rated generator power output in pu on rating is given by SrG = (0.85 + j0.526)pu.
With a transformer on-load tap-changer, UrG = 1.0 pu. The generator load cur-
rent is calculated from SrG = UrGI∗

rG and is given by IrG = (0.85 − j0.526)pu.
Considering the voltage drop across the transformer rated impedance, we have

VT = 1 − (0.002 + j0.15)(0.85 − j0.526) = 0.928 × e−j7.83

The transformer tap ratio required to achieve a high voltage voltage of 0.95 pu
is equal to t = 0.95/0.928 = 1.0237.

For a real network, the above prefault quantities are calculated using a
computer-based ac loadflow study.

The subtransient and transient internal voltages of the generator are given by

E′′
G = 1.0 + (0.0018 + j0.18)(0.85 − j0.526) = 1.107 × e j7.89 pu

E′
G = 1.0 + (0.0018 + j0.24)(0.85 − j0.526) = 1.146 × e j10.2 pu

The short-circuit subtransient current is calculated as

I ′′
k = 1.107 × e j7.89

1.0237 × [(0.0018 + j0.18) + (0.002 + j0.15)]
= 3.2767 × e−j81.44 pu

or

|I ′′
k | = 3.2767 × 588√

3 × 400
= 2.78 kA

The short-circuit transient current is calculated as

I ′
k = 1.146 × ej10.2

1.0237 × [(0.0018 + j0.24) + (0.002 + j0.15)]
= 2.870 × e−j79.24 pu

or

|I ′
k| = 2.87 × 588√

3 × 400
= 2.43 kA

The system initial and break X/R ratios at the fault point are calculated as
follows:

(X/R)i = 0.18 + 0.15

0.0018 + 0.002
= 86.84 (X/R)b = 0.24 + 0.15

0.0018 + 0.002
= 102.6

The peak make short-circuit current is calculated using Equation (7.24)

ip = √
2 × 2.78 × [1.02 + 0.98 × e−3/86.84] = 7.73 kA

The short-circuit rms break current at 50 ms break time is calculated using
Equation (7.25) or

Ib = 2.43 + (2.78 − 2.43)e−50/40 = 2.53 kA
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The magnitude of the dc break current at 50 ms break time is calculated using
Equation (7.26) or

idc = √
2 × 2.78 × exp

[−2π × 50 × 0.05

102.6

]
= 3.37 kA

The peak asymmetric break current at 50 ms break time is calculated using
Equation (7.27) or

ib = √
2 × 2.53 + 3.37 = 6.95 kA

The rms asymmetric break current at 50 ms break time is calculated using
Equation (7.28) or

Iab =
√

2.532 + 3.372 = 4.21 kA

IEEE C37.010 calculation

Simplified E/X method
The highest typical operating voltage on the transformer high voltage side is
1.03 pu. Using the subtransient reactance of the generator, the total subtransient
reactance at the fault point is equal to 0.18 + 0.15 = 0.33 pu. The short-circuit
current is given by

E/X = 1.03/0.33 = 3.12 pu or 3.12 × 588√
3 × 400

= 2.65 kA

No further calculations are required if this current is smaller than 80% of the
symmetrical interrupting capability of the circuit-breaker. Otherwise, the more
accurate method is used.

E/X method with correction for ac and dc decrements
The first cycle rms current is calculated using the ‘closing and latching’ network
and is given by

E/X = 1.03/0.33 = 3.12 pu or 3.12 × 588√
3 × 400

= 2.65 kA

Using Equation (7.30), the closing and latching duty peak current is calcu-
lated as

√
2 × 2.65 ×

[
1 + sin{tan−1 (86.84)} exp

{
−[π2 + tan−1(86.84)]

86.84

}]

= 2.778 × 2.65 = 7.36 kA

This peak current duty must not exceed the corresponding breaker capability of
2.6 times the rated symmetrical short-circuit current. Alternatively, if the total
rms current is required, this can be calculated using Equation (7.31) as follows:√

1 + 2 exp

[
− 2π

86.84

]
× 2.65 = 1.69 × 2.65 = 4.48 kA

For a 5-cycle breaker and a 3-cycle contact parting time, the multiplying factor
for X/R = 86.84 is obtained from ‘Figure 8’ in IEEE C37.010 and is equal
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to 1.225. Therefore, the product 1.225 × 2.65 = 3.25 kA must not exceed the
symmetrical interrupting capability of the circuit-breaker.

Example 7.3 The above example for IEEE C37.010 analysis is trivial. There-
fore, consider the network shown in Figure 7.7 that provides a more realistic
example of the IEEE C37.010 calculation method. All quantities shown in
Figure 7.7 are in % on 100 MVA base and F is the short-circuit fault location.
The circuit-breaker being considered is denoted as breaker A and is a 132 kV,
16 kA, 5-cycle breaker with a 3-cycle contact parting time.

Case 1: three-phase short-circuit fault
The reader may draw the PPS impedance network model of the system to help in
the calculation of the Thévenin’s impedance at the fault point. The Thévenin’s
equivalent PPS reactance (all resistances set to zero) and PPS resistance (all
reactances set to zero) at the fault point are calculated as

XP =
(0.18+0.1)

2 × (0.025 + 0.02)
(0.18+0.1)

2 + (0.025 + 0.02)
= 0.0340 pu

and

RP =
(0.0018+0.002)

2 × (0.01 + 0.0005)
(0.0018+0.002)

2 + (0.01 + 0.0005)
= 0.00160 pu

The highest typical operating voltage at the circuit-breaker location is 1.03 pu.
The first cycle symmetrical short-circuit current is equal to

1.03

0.034
= 30.29 pu or 30.29 × 100√

3 × 132
= 13.25 kA

Static
load

A

132 kV

33 kV
Open

ZP � (1 � j2.5)% 

ZZ � (2 � j6)% 

X �d � 18%
XP

 � 10%

XP
 � 12% XZ

 � 11%

RP
 � 0.24% RZ

 � 0.24%

RP
 � 0.2%

XZ
 � 9.5%

RZ
 � 0.2%

Ra � 0.18%

132 kV

Z p � (0.05 � j2)%

Z z � (0.1 � j3)%

F

G

G

System
equivalent

Figure 7.7 Example of a simple system for the calculation of maximum short-circuit currents
according to IEEE C37.010 Standard
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The X/R ratio is given by 0.034/0.0016 = 21.25. Using Equation (7.30), the
closing and latching duty peak current is calculated as follows:

√
2 × 13.25 ×

[
1 + sin{tan−1 (21.25)}exp

{
−[π2 + tan−1(21.25)]

21.25

}]

= 2.63 × 13.25 = 34.9 kA
This peak closing and latching duty is lower than the circuit-breaker peak current
capability of 2.6 × 16 = 41.6 kA. Alternatively, if the rms value of the total
asymmetric current is required, this can be calculated using Equation (7.31) as
follows: √

1 + 2 exp

[
− 2π

21.25

]
× 13.25 = 1.58 × 13.25 = 20.9 kA

For this 5-cycle circuit-breaker with a 3-cycle contact parting time, the inter-
rupting duty to be compared with the symmetrical interrupting capability of
16 kA and is equal to 1.0 × 13.25 = 13.25 kA where the multiplying factor of
1.0 is obtained from ‘Figure 8’ of IEEE C37.010 at X/R = 21.25.

Case 2: single-phase to earth short-circuit fault
Again, the reader may draw the ZPS impedance network model of the system.
The Thévenin’s equivalent ZPS reactance (all resistances set to zero) and ZPS
resistance (all reactances set to zero) at the fault point are calculated as

XZ =
(0.095)

2 ×
(

0.06 +
0.11

2 × 0.03
0.11

2 + 0.03

)

(0.095)
2 +

(
0.06 +

0.11
2 × 0.03

0.11
2 + 0.03

) = 0.0297 pu

and

RZ =
(0.002)

2 ×
(

0.02 +
0.0024

2 × 0.001
0.0024

2 + 0.001

)

(0.002)
2 +

(
0.02 +

0.0024
2 × 0.001

0.0024
2 + 0.001

) = 0.000954 pu

The first cycle symmetrical short-circuit current is equal to
3 × 1.03

2 × 0.034 + 0.0297
= 31.93 pu or 31.93 × 100√

3 × 132
= 14 kA

The X/R ratio is equal to
2 × 0.034 + 0.0297

2 × 0.0016 + 0.00095
= 23.6

Using Equation (7.30), the closing and latching duty peak current is calcu-
lated as

√
2 × 14 ×

[
1 + sin{tan−1 (23.6)} exp

{
−[π2 + tan−1(23.6)]

23.6

}]

= 2.65 × 14 = 37.1 kA
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This peak closing and latching duty is lower than the circuit-breaker peak current
capability of 2.6 × 16 = 41.6 kA. If the rms value of the total asymmetric current
is required, this can be calculated using Equation (7.31) as√

1 + 2 exp

[
− 2π

23.6

]
× 14 = 1.59 × 14 = 22.3 kA

For this 5-cycle circuit-breaker with a 3-cycle contact parting time, the inter-
rupting duty to be compared with the symmetrical interrupting capability of
16 kA is equal to 1.06 × 14 = 14.84 kA where the multiplying factor of 1.06 is
obtained from ‘Figure 9’ of IEEE C37.010 at X/R = 23.6.

7.6 IEC 62271-100-2001 and IEEE C37.04-1999
circuit-breaker standards

7.6.1 Short-circuit ratings

Breaking or interrupting rating

IEC 62271-100 defines a rated short-circuit breaking current in kA and this is
characterised by two values; the rms value of its ac component and the percentage
dc component. Standard values of the ac component are selected from the R10
series 6.3, 8, 10, 12.5, 16, 20, 25, 31.5, 40, 50, 63, 80 and 100 kA.

The IEEE Standard defines a symmetrical interrupting capability equal to rated
short-circuit current × K where K = 1 for most modern circuit-breakers. For some
older circuit-breakers, K = rated maximum voltage/operating voltage except that
for single-phase to earth faults, the symmetrical interrupting capability is 15%
higher. The IEEE rated short-circuit current in amperes is equivalent to the IEC
rms ac component of the rated short-circuit breaking current.

dc current rating

In both IEC and IEEE Standards, the value of the percentage dc component can be
determined from an envelope that consists of a single decaying exponential having
a time constant Tdc. The percentage value of the dc component (%dc) in per cent
of the peak ac current component or peak symmetrical interrupting capability is
given by

%Idc = 100 × e−(Tr+Tcb)/Tdc (7.32a)

where

Tdc = (X/R)

2πf
(7.32b)

and (Tr + Tcb) is the circuit-breaker contact parting time measured from the fault
instant. Tcb is the minimum opening time of the circuit-breaker and Tr is the
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protection relay time and is equal to half cycle of power frequency (10 ms at 50 Hz
and 8.33ms at 60 Hz). Tr is equal to zero for self-tripping circuit-breakers.

If the rms component of the short-circuit breaking current or the symmetrical
current component is denoted ISym in kA, the dc current component in kA is
given by

Idc(kA) = %Idc

100

√
2ISym(kA) (7.33)

Both IEC and IEEE specify a standard dc time constant Tdc = 45 ms. In addition,
IEC provides special case time constants related to the rated voltage of the circuit-
breaker. These recognise the higher time constants that may be encountered at
locations close to generating stations, transformer or series reactor fed faults and
extra high voltage transmission lines, etc. The special case time constants are:

(a) Tdc = 120 ms for rated voltages up to and including 52 kV.
(b) Tdc = 60 ms for rated voltages from 72.5 kV up to and including 420 kV.
(c) Tdc = 75 ms for rated voltages 550 kV and above.

The dc current envelope rating is shown in Figure 7.8.
From Equation (7.32b), a dc time constant of 45 ms is equivalent to a system

X/R ratio of 14.14 at 50 Hz and 17 at 60 Hz. For IEEE Standard, the dc current
value is taken at the time of primary arcing contact parting.

Asymmetrical ratings

IEC specifies a rated short-circuit making current (peak current at half cycle) of
2.5 times the rms value of the ac component of the rated short-circuit breaking
current for Tdc = 45 ms and a nominal frequency of 50 Hz. The factor is 2.6 for a
nominal frequency of 60 Hz. For all special case time constants, the factor is 2.7
irrespective of the nominal frequency.
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IEC: Time interval from initiation of short-circuit
IEEE: Time interval from initiation of short-circuit to contact part

Special IEC dc time constants
Tdc � 60 ms

Tdc � 75 ms
Tdc � 120 ms

Figure 7.8 Percentage dc current component for standard IEC and IEEE dc time constants, and
special IEC cases
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IEEE specifies a peak current capability at half cycle of 2.6 times the rated
rms symmetrical short-circuit current. In addition, IEEE defines a total rms
(asymmetric) fault current as follows:

Irms(total) =
√

I2
rms(symmetrical) + I2

dc (7.34a)

and using Equations (7.31a) and (7.32), we obtain

Irms(total) = Irms(symmetrical)

√
1 + 2 exp

[
− 4πc

(X/R)

]
(7.34b)

where c is the circuit-breaker contact parting time in cycles.

7.6.2 Assessment of circuit-breakers short-circuit
duties against ratings

For IEC circuit-breakers, the peak make current duty calculated using Equations
(7.10a) and (7.11) should not exceed the rated short-circuit making current of
2.5, 2.6 or 2.7 times the rms value of the ac component of the rated short-circuit
breaking current. For IEEE circuit-breakers, the peak make current should not
exceed 2.6 times the symmetrical interrupting current.

The assessment of circuit-breaker interrupting duty against rating is not straight-
forward where the calculated duty dc time constant is significantly greater than the
circuit-breaker rated dc time constant. Figure 7.9 illustrates two current waveforms.
One for a circuit-breaker having a rated symmetrical rms short-circuit current of
50 kA and a rated dc time constant of 45 ms. The other waveform represents a
duty of 41kA symmetrical rms current and 100 ms duty dc time constant. At the
first, second and third current peaks, the amplitude of the duty is lower than the

T 1 � length of last major loop of rated waveform

T 2 � length of last major loop of duty waveform
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Current
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Figure 7.9 Illustration of the effect of large duty dc time constant on circuit-breaker short-circuit rating
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corresponding rating. For the fourth and subsequent peaks, the reverse is true. This
reversal is caused by the higher duty dc time constant. From the circuit-breaker’s
viewpoint, the larger duty dc time constant shown in this example results in a duty
current waveform with the following characteristics:

(a) It produces a slower rate of current decay and larger dc current component at
contact separation.

(b) The duration of each major current loop of the duty current waveform is longer
than the corresponding rating, e.g. T�2 > T�1 .

(c) The arcing time duration measured from contact separation to arc extinction
(current interruption) is increased.

(d) The arc energy is increased. This may be measured either from contact
separation to arc extinction or over the major current loop lengths.

(e) The minor current loops have reduced in both amplitude and duration.
(f) The rate of change of current at current interruption (zero current) is decreased

and, as a result, the peak of the transient recovery voltage (TRV) could also be
decreased.

The arc energy is defined as

E =
t2∫

t1

v(t)i(t)dt (7.35a)

where

v(t) = i(t)R(t) (7.35b)

and v(t) and i(t) are instantaneous arc voltage and instantaneous arc current,
respectively. t2 − t1 is the arcing time duration or, more usually, the duration
of the last major current loop before interruption. If available, a circuit-breaker arc
model may be used since this accurately represents the time-dependent non-linear
variation of the arc resistance and hence arc voltage. Where such a model is not
available, two simplified options exist. The first is to assume that the arc voltage
is constant and the arc energy is therefore proportional to

E ∝
t2∫

t1

|i(t)|dt for constant arc voltage (7.36a)

The second is to assume that the arc resistance is constant and the arc energy is
therefore proportional to

E ∝
t2∫

t1

i2(t)dt for constant arc resistance (7.36b)

Current international consensus in both IEC and IEEE Standards is that where the
symmetrical short-circuit current duty is less than 80% of the rated symmetrical
short-circuit current, then a circuit-breaker tested with a time constant of 45 ms may
be considered adequate for any higher time constant except where current zeros
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are delayed for several cycles. For short-circuit duties above 80%, IEEE allows
the use of the derating (correction) method described in Section 7.4.3 provided
that the time constant does not exceed 120 ms (X/R = 45.2 at 60 Hz).

For short-circuit duties above 80%, IEC 62271-308:2002 Guide for Asymmet-
rical Short-Circuit Breaking Test Duty T100a includes a criterion when the duty
time constant exceeds the standard test time constant of the circuit-breaker. The
criterion is a measure of the arc energy and is based on the product Î × �T where
Î and �T are the peak and duration of the last short-circuit major current loop,
before interruption, respectively. The IEC Guide may be applied such that if the
energy represented by the Î × �T area under the duty current curve is less than
that of the rated current curve, the duty is judged to be within rating and current
interruption is deemed successful. For example, from Figure 7.9, and considering
the third major current loop, we have

ÎDuty × T�2(Duty) = 93.16 kA × 14.19 ms = 1.322 kA s

The corresponding circuit-breaker rating is equal to

ÎRating × T�1(Rating) = 94.06 kA × 12.15 ms = 1.142 kA s

Therefore, the (50 kA rms, Tdc = 45 ms) circuit-breaker is not capable of breaking
a duty of (41 kA rms, Tdc = 100 ms). It is interesting to note the corresponding
duty and rating values for the second major current loop. These are equal to

(Î × T )Duty = 100.96 kA × 15.39 ms = 1.554 kA s

and

(Î × T )Rating = 107.1 kA × 13.55ms = 1.454 kA s

An alternative criterion is to evaluate the total arc energy that corresponds to the
last major loop of both the rated and duty current waveforms using Equation (7.36).
A trade-off between the ac and dc components of the total asymmetric instanta-
neous currents can then be calculated so that the total arc energy of the major
loop duty current is equal to that of the rated or tested current. In addition, the
increase in the last major loop arc duration may be conservatively limited to a
small amount of 10–15% compared to the major loop arc duration of the rated
current. This method enables the calculation of effective derating factors that may
be applied to the rated symmetrical short-circuit current of the circuit-breaker.
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8

Network equivalents and
practical short-circuit

current assessments in
large-scale ac power

systems

8.1 General

In this chapter, we discuss some of the practical issues faced by power system
engineers engaged in short-circuit current assessment. We will present methods
for the derivation of practical power system equivalents and describe how gener-
ation plant, power transmission and distribution networks may be represented in
large-scale system studies. Some factors that maximise the calculated short-circuit
current magnitudes are discussed as well as the range of uncertainties faced when
making such calculations.

An introduction to the subject of probabilistic analysis of ac and dc short-circuit
currents is presented, and finally an introduction to the theory of quantified risk
assessment that may be used in the support of practical decisions concerning health
and safety is given.

8.2 Power system equivalents for large-scale
system studies

8.2.1 Theory of static network reduction
A power system equivalent is a mathematical model intended to represent a large
portion of a power system network that may contain generation plant, network
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Network to
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nodes
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1

N

Figure 8.1 Illustration of static network reduction terminology used in the calculation of power system
equivalents

branches, load or any combination of these. Figure 8.1 illustrates the general case
of a large interconnected network divided into two parts or subsystems where one
part is to be reduced to a small equivalent network whereas the second part is to be
retained in full. The two parts are connected by a number of boundary circuits. The
derivation of the power system equivalent is carried out by a network reduction
process and Figure 8.1 shows the terminology used.

Network reduction is effectively a mathematical process that combines and
eliminates network nodes and branches, so that the reduced equivalent contains
smaller number of nodes and branches than the original network. The equivalent
must be capable of reproducing the electrical behaviour of the original network at
the boundary interface or nodes with sufficient accuracy. There are several types
of power system equivalents the characteristics of which depend on the type of
power system analysis being carried out. Equivalents may generally be classed
as static or dynamic equivalents. The former may be used in dc and ac loadflow
analysis, ac short-circuit analysis and harmonic analysis etc. The latter are used
in power system stability and control analysis. In this chapter, we are concerned
with the derivation of power system equivalents by network reduction for use in
power system short-circuit analysis.

To illustrate the theory, subsystem 1 in Figure 8.1 is the power system network
whose reduced equivalent is to be calculated as seen from nodes 1 to N which are
termed the boundary nodes. All internal nodes and branches in subsystem 1 are to
be eliminated in deriving the equivalent seen ‘looking’ from the boundary nodes
into subsystem 1. The equivalent, as seen from the boundary nodes 1 to N consists
of these nodes only, self (shunt) impedances to the reference node, usually the zero
voltage node, and transfer impedances between all boundary nodes. All internal
nodes and their interconnecting elements, e.g. lines, cables, transformers, etc.,
within subsystem 1 are to be eliminated by the reduction process. The reduced
equivalent is illustrated in Figure 8.2. Both the boundary circuits and subsystem 2
are excluded from the reduction process.
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Figure 8.2 Illustration of the power system equivalent produced by the network reduction process of
subsystem 1 of Figure 8.1

The number of boundary nodes should not be very large otherwise a very large
number of transfer or series branches will be generated between all boundary
nodes in the equivalent and this is equal to N(N − 1)/2, where N is the number of
boundary nodes. For example, if the original full network of subsystem 1 consists of
500 nodes and 1000 series branches, a 50-boundary node equivalent of subsystem
1 will result in a 1225 series branches!

8.2.2 Need for power system equivalents
During the early days of power system network analysis by digital computers, the
need for network equivalents arose in order to allow the analysis of large-scale
power systems to be practically possible given the limited computer storage and
speed at that time. However, due to the huge developments in computer technology,
this constraint is no longer applicable and very large power systems can nowadays
be analysed quickly and cost effectively on personal computers.

However, power system equivalents are still required in industry. Practical
examples include a distribution network company that owns and operates a dis-
tribution network and obtains its bulk power needs from a transmission company
from one or several substations. The transmission network may be very large and
an equivalent at one or more boundary nodes that are judiciously selected is usually
sufficient for the short-circuit analysis needs of the distribution company. Simi-
larly, the transmission company itself would not need to represent the distribution
network in its entirety and an appropriate equivalent at one or more boundary nodes
is usually sufficient. The added practical advantages are that the exchange and pro-
cessing of data between companies is simplified, extraneous networks are removed
from studies and the volume of data to be exchanged is reduced thus minimising
the scope for errors in data handling. In general and in order to maintain sufficient
accuracy of calculated short-circuit currents, experience shows that the network
voltage level being studied should be represented in full as well as individual trans-
formers stepping up or down to the next voltage level. For example, consider a
network consisting of the following voltage levels: 400 kV transmission; 132 kV
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subtransmission; 33, 11 and 0.43 kV distribution. If the voltage level being stud-
ied is 132 kV, then the 132 kV network should be modelled in its entirety (all
lines, cables, series reactors, etc.) as well as all 132 kV/400 kV autotransformers,
132 kV/33 kV and 132 kV/11 kV transformers. Power system equivalents may be
placed at 400, 33 or 11 kV voltage levels if required as this will generally have a
negligible effect on the precision of the results of short-circuit currents calculated
on the 132 kV network.

Further, the ongoing liberalisation, restructuring and privatisation of electricity
supply industries around the world since the 1990s have created the need for the
calculation of equivalents. Generally, new electricity trading markets and new mar-
ket participants are established, e.g. independent generating companies (Gencos),
independent transmission system owners and/or operators (TSOs) and independent
distribution system owners and/or operators (DSOs). Figure 8.3 illustrates some
typical exchange requirements of either detailed network data or power system
equivalents among the main participants in a typical electricity market. The actual
flow of data may differ from one market to another depending on whether network
owners are also operators of networks owned by other companies.

Normally, network codes are also established that include legal obligations for
the exchange of planning and operational data between various companies and
much of the detailed technical data is usually classed as confidential. As a result,
using Figure 8.3, TSOs may be required to provide equivalents to DSOs and
vice versa. TSOs may also exchange equivalents among themselves but where
the accuracy of these equivalents is of critical importance in terms of operating
safe and secure interconnected transmission networks, full network data may be
exchanged. Gencos and large industrial consumers are usually required to provide
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Figure 8.3 Illustration of exchange requirements of detailed network data or power system equivalents
in a liberalised electricity market
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full network data to their host network operators who may not be allowed to pass
it on to other network users due to confidentiality.

8.2.3 Mathematical derivation of power
system equivalents

Conventional bus impedance or admittance matrices

Various mathematical methods can be used to carry out the network reduction
process and derive the required power system equivalent. Most methods use either
the bus impedance matrix or the bus admittance matrix of the entire network. For
a W node network, let the bus impedance matrix be given by

Z =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Z11 Z12 . Z1j Z1k Z1� . Z1W

Z21 Z22 . Z2j Z2k Z2� . Z2W

. . . . . . . .

Zj1 Zj2 . Zjj Zjk Zj� . ZjW

Zk1 Zk2 . Zkj Zkk Zk� . ZkW

Z�1 Z�2 . Z�j Z�k Z�� . Z�W

. . . . . . . .

ZW1 ZW2 . ZWj ZWk ZW� . ZWW

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(8.1)

For a given set of boundary nodes N , an impedance submatrix ZBound, whose
diagonal terms correspond to the boundary nodes, can be extracted from the full
network impedance matrix of Equation (8.1). For example, if the boundary nodes
are nodes 2, 5 and 9, then ZBound is given by

2 5 9

ZBound =
2
5
9

⎡
⎣Z22 Z25 Z29

Z52 Z55 Z59

Z92 Z95 Z99

⎤
⎦ (8.2)

In the general case of N-boundary nodes, and renumbering the nodes 1 to N for
convenience, ZBound is given by

ZBound =

⎡
⎢⎢⎢⎢⎣

Z11 Z12 Z13 . Z1N

Z21 Z22 Z23 . Z2N

. . . . .

. . . . .

ZN1 ZN2 ZN3 . ZNN

⎤
⎥⎥⎥⎥⎦ (8.3)

The terms of ZBound are directly extracted from the full network bus
impedance matrix. Therefore, the diagonal terms represent the driving point
or Thévenin’s impedances seen at the boundary nodes and the off-diagonal
terms represent the transfer impedances between the boundary nodes. The nodal
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admittance matrix of the boundary nodes YBound is obtained by inverting ZBound as
follows:

YBound = Z−1
Bound =

⎡
⎢⎢⎢⎢⎣

Y11 −y12 −y13 . −y1N

−y21 Y22 −y23 . −y2N

−y31 −y32 Y33 . .

. . . . .

−yN1 −yN2 −yN3 . YNN

⎤
⎥⎥⎥⎥⎦ (8.4a)

where

Yii = yii +
n∑

j=2
j �=i

yij (8.4b)

The diagonal element of node i, Yii is the sum of all admittances connected to node
i including the shunt admittance yii to the reference node. Therefore, the shunt
admittance connected at boundary node i is calculated by summing all the elements
of row i of Equation (8.4a). An off-diagonal element in the nodal admittance
matrix of Equation (8.4a) is equal to the negative of the admittance connecting the
boundary nodes i and j.

Using Equation (8.3), the calculation of a single-node equivalent results in a
single equivalent impedance admittance, as shown in Figure 8.4, as follows:

V1 = Z11 × I1 or I1 = Y11 × V1 (8.5)

Similarly, the calculation of a two-node equivalent using Equation (8.3) results in
the following nodal impedance and nodal admittance matrices:[

V1

V2

]
=
[
Z11 Z12

Z21 Z22

][
I1

I2

]
(8.6a)

and its inverse, using Equation (8.4) is expressed as[
I1

I2

]
=
[
y11 + y12 −y12

−y21 y21 + y22

][
V1

V2

]
(8.6b)

Equation (8.6) is general and allows for a situation where these matrices are non-
symmetric, i.e. Z12 �= Z21 and y12 �= y21 such as in the case of quadrature boosters
or phase shifting transformers as discussed in Chapter 4. For symmetric matrices,

Z11

1
V1

I1

Y11 = 1/Z11

Figure 8.4 Power system equivalent of a single-boundary node
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the two-node equivalent can be represented as a star equivalent impedance or a π

equivalent admittance circuit as shown in Figure 8.5.
Again, assuming symmetric matrices, the calculation of a three-node equivalent

results in the following matrices:⎡
⎣V1

V2

V3

⎤
⎦ =

⎡
⎣Z11 Z12 Z13

Z12 Z22 Z23

Z13 Z23 Z33

⎤
⎦
⎡
⎣I1

I2

I3

⎤
⎦ (8.7a)

and⎡
⎣ I1

I2

I3

⎤
⎦ =

⎡
⎣y11 + y12 + y13 −y12 −y13

−y12 y22 + y12 + y23 −y23

−y13 −y23 y33 + y13 + y23

⎤
⎦
⎡
⎣V1

V2

V3

⎤
⎦ (8.7b)

The three-node equivalent can be represented as a star equivalent impedance or π

equivalent admittance circuit as shown in Figure 8.6.
It is interesting to note that two-boundary nodes are described by a single-

π equivalent circuit whereas for three-boundary nodes, three-π equivalents are
required. Therefore, it is to be expected that the calculation of a multiple-node
equivalent results in multiple-π equivalent networks. Although a one-node increase
in the number of boundary nodes adds one shunt impedance only, it, however, adds
transfer admittances/impedances to all the original boundary nodes. Therefore,
the number of transfer admittances/impedances rises rapidly with the number of
boundary nodes. In practice, the transfer admittance/impedance between any two
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Figure 8.5 Power system equivalent for two-boundary nodes: (a) star impedance equivalent and
(b) π admittance equivalent
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Figure 8.6 Power system equivalent for three-boundary nodes: (a) star impedance equivalent and
(b) π admittance equivalent
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nodes is equal to the apparent impedance between these nodes in the original unre-
duced network. Thus, some transfer impedances will be very large (admittances
very close to zero) where nodes are electrically quite remote from each other and
hence these branches may be neglected.

Direct derivation of admittance matrix of
power system equivalents

The conventional method described above requires the derivation of the entire net-
work bus impedance matrix using techniques such as formulating and indirectly
inverting the bus admittance matrix or by a step-by-step impedance matrix building
process. An alternative is to derive the admittance matrix of the reduced equiva-
lent directly from the full network admittance matrix given a specified number of
boundary nodes. Figure 8.7(a) shows an interconnected passive linear network with
N-boundary nodes and it is required to reduce the entire network to an equivalent as
seen from these boundary nodes. All passive elements, e.g. lines, cables and trans-
formers, are represented by their appropriate impedances. Rotating machines, e.g.
synchronous generators are represented by an appropriate positive phase sequence
(PPS) impedance such as subtransient or transient impedance, and their voltage
sources are short-circuited.

(b)

I(1)

V1(1)
V2(1) V3(1) VN(1)

← yN1

y1N →

← y31

y13 →

y12 →
y22

y23 →
y33

← y32

y11

← y21

← yN2

← yN3
y2N →

yNN

y3N →
1 2 3 N

 

(a)

1 3 N

Passive static linear network
full unreduced admittance matrix

N-boundary nodes

I(1)

V1(1) V2(1) V3(1) VN(1)

2

Figure 8.7 Direct derivation of a power system equivalent of N-boundary nodes: (a) network to be
reduced as seen from N-boundary nodes and (b) multiple-π equivalent admittance circuit
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In the calculation of negative phase sequence (NPS) and zero phase sequence
(ZPS) equivalents, the machines are represented by their NPS and ZPS impedances
to earth. The technique is based on the connection of a voltage source at each
boundary node in turn, measuring the injected current into the boundary node and
the resultant voltages at all other boundary nodes. The injected voltage source
at each boundary node must have the same magnitude and phase angle, if any,
though the latter may be zero. The magnitude of the voltage source is arbitrary,
but a sufficiently large value may be used to improve the precision of calculated
parameters.

The objective is to derive the equivalent nodal admittance matrix of the
N-boundary nodes which is represented by the multiple-π circuit of Figure 8.7(b).
A current I(1) injected into node 1 will produce currents and voltages throughout
the network including voltages at the boundary nodes 1, 2, 3, . . . , N . From Figure
8.7(b), we can write

I(1) = y11V1(1) + y12[V1(1) − V2(1)] + y13[V1(1) − V3(1)] + · · · + y1N [V1(1) − VN(1)]

(8.8)

where y11 is the shunt admittance between node 1 and the reference node, y12 is
the transfer admittance between nodes 1 and 2, V1(1) is the voltage at node 1 due
to injected current I(1), V2(1) is the voltage at node 2 due to injected current I(1),
etc. Rearranging Equation (8.8), we obtain

I(1) = Y11V1(1) − y12V2(1) − y13V3(1) − · · · − y1NVN(1) (8.9a)

where

Y11 = y11 + y12 + y13 + · · · + y1N (8.9b)

At boundary node 2, where the injected current is 0, we can write

0 = y22V2(1) + y21[V2(1) − V1(1)] + y23[V2(1) − V3(1)] + · · · + y2N [V2(1) − VN(1)]

or

0 = −y12V1(1) + Y22V2(1) − y23V3(1) − · · · − y2NVN(1) (8.10a)

where

Y22 = y21 + y22 + y23 + · · · + y2N (8.10b)

and similarly for nodes 3, 4, 5, . . . , N . For node N , we obtain

0 = −yN1V1(1) − yN2V2(1) − yN3V3(1) − · · · + YNNVN(1) (8.11a)

where

YNN = yN1 + yN2 + yN3 + · · · + yNN (8.11b)
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Equations (8.9a) and (8.10a) to (8.11a) can be written in matrix form as follows:⎡
⎢⎢⎢⎢⎣

I(1)

0
0
0
0

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

Y11 −y12 −y13 . −y1N

−y21 Y22 −y23 . −y2N

−y31 −y32 Y33 . −y3N

. . . . .

−yN1 −yN2 −yN3 . YNN

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

V1(1)

V2(1)

V3(1)

.

VN(1)

⎤
⎥⎥⎥⎥⎦ (8.12)

The process is now repeated for boundary node 2. A current I(2) is now injected
into node 2 and this will produce currents and voltages throughout the network
including voltages at the boundary nodes 1, 2, 3, . . . , N . Using a similar derivation
process to that of Equation (8.12), we obtain⎡

⎢⎢⎢⎢⎣
0

I(2)

0
0
0

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

Y11 −y12 −y13 . −y1N

−y21 Y22 −y23 . −y2N

−y31 −y32 Y33 . −y3N

. . . . .

−yN1 −yN2 −yN3 . YNN

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

V1(2)

V2(2)

V3(2)

.

VN(2)

⎤
⎥⎥⎥⎥⎦ (8.13)

Continuing with the above current injection process, i.e. to boundary nodes
3, 4, . . . , N , writing the derived equations in matrix form in each case, we can
collect the individual matrix Equations (8.12), (8.13), etc., into the following
system of matrix equations:⎡
⎢⎢⎢⎢⎣

I(1) 0 0 . 0
0 I(2) 0 . 0
0 0 I(3) . 0
. . . . .

0 0 0 . I(N)

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

Y11 −y12 −y13 . −y1N

−y21 Y22 −y23 . −y2N

−y31 −y32 Y33 . −y3N

. . . . .

−yN1 −yN2 −yN3 . YNN

⎤
⎥⎥⎥⎥⎦

×

⎡
⎢⎢⎢⎢⎣

V1(1) V1(2) V1(3) . V1(N)

V2(1) V2(2) V2(3) . V2(N)

V3(1) V3(2) V3(3) . V3(N)

. . . . .

VN(1) VN(2) VN(3) . VN(N)

⎤
⎥⎥⎥⎥⎦ (8.14)

or in concise matrix form

IN×N = YN×N × VN×N (8.15)

where IN×N is a diagonal N × N matrix of known injected currents and VN×N is a
known N × N non-symmetric matrix of resultant voltages, i.e. V1(2) �= V2(1) in the
general case. Knowing the injected currents and voltages into the boundary nodes,
the equivalent admittance matrix of the N-boundary nodes can be calculated as
follows:

YN×N = IN×N × V−1
N×N (8.16)

where YN×N is a general non-symmetric admittance matrix. In most practical
system networks, YN×N is actually a symmetric matrix. The admittance connect-
ing node i to any other boundary node, e.g. yij, is equal to the negative of the
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corresponding off-diagonal element of YN×N . The shunt admittance at boundary
node i shown in Figure 8.7(b) is given by

yii = Yii −
N∑

j=2
j �=i

yij (8.17)

The impedances of the admittance branches of Figure 8.7(b) are calculated as
follows:

zij = 1

yij
j = i + 1, i + 2, . . . , N for i = 1, 2, . . . , N − 1 (8.18a)

and

zii = 1

yii
i = 1, 2, . . . , N (8.18b)

In practical applications, the technique described above can be used to calculate
more than one PPS equivalent such as subtransient and transient equivalents corre-
sponding to subtransient and transient reactances of machines. In deriving the PPS
equivalent, and depending on the national approach followed, line and cable shunt
susceptance and shunt admittance of static loads may be excluded. In addition, the
technique can also be directly applied to the calculation of NPS and ZPS equiva-
lents. The shunt elements that may be excluded in the PPS equivalent calculation
may also be excluded in the NPS equivalent calculation but they are generally
included in the calculation of the ZPS equivalent.

Generalised time-dependent power system equivalents

Power system PPS, NPS and ZPS equivalents are calculated and included in PPS,
NPS and ZPS models of the power system network used to calculate both balanced
and unbalanced short-circuit fault currents. A generalised PPS time-dependent
power system equivalent for a single node consists of a voltage source behind a
series PPS impedance. The source voltage is the PPS Thévenin’s or open-circuit
voltage and the PPS impedance consists of a resistance in series with a time-
dependent reactance. In the general case where the equivalent contains active
sources, a generator model can be used to represent the equivalent whose PPS
reactance at any point in time is given by

1

XP
Eq(t)

= 1

XEq
+
(

1

X ′
Eq

− 1

XEq

)
exp

(
−t

T ′
Eq

)
+
(

1

X ′′
Eq

− 1

X ′
Eq

)
exp

(
−t

T ′′
Eq

)
(8.19)

where XEq, X ′
Eq and X ′′

Eq are the steady state, transient and subtransient PPS reac-
tances of the equivalent at the boundary node. T ′

Eq and T ′′
Eq are the transient and

subtransient time constants of the equivalent at the boundary node. The NPS
and ZPS equivalent impedances at the boundary node, denoted 1, are ZN

11(Eq) and

ZZ
11(Eq), respectively. Figure 8.8 illustrates the PPS, NPS and ZPS equivalents of a

single-boundary node.
The sequence representation of a single-node equivalent can be extended to

equivalents of two or more boundary nodes. The shunt branch connected at each
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Figure 8.8 Sequence power system equivalents for a single-boundary node: (a) PPS time-dependent
equivalent, (b) PPS subtransient equivalent, (c) PPS transient equivalent, (d) NPS equivalent and (e) ZPS
equivalent
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Figure 8.9 Sequence power system equivalents for two-boundary nodes: (a) PPS subtransient π
equivalent, (b) PPS transient π equivalent, (c) NPS π equivalent and (d) ZPS π equivalent

boundary node in the π or multiple-π equivalents represents an equivalent source
of short-circuit current, i.e. rotating plant. Figure 8.9 illustrates the PPS, NPS and
ZPS π admittance circuit equivalents for two-boundary nodes.

8.3 Representation of power systems in
large-scale studies

8.3.1 Representation of power generating stations
In a practical power system, the amount of installed generation plant exceeds
the system peak demand by an appropriate margin, typically 20%, to allow for
generation unavailability and demand forecasting errors. In order to maximise the
magnitude of calculated short-circuit currents in planning and design studies, all
generation plant is usually assumed operating but appropriately scaled to match
system demand plus power losses. For off-peak demand year round operational
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planning studies, usually only scheduled generation dispatched to meet system
demand, system frequency control and operating reserves may be used in the
calculation of short-circuit currents.

In Chapter 5 , we discussed the modelling of individual generators for short-
circuit analysis purposes. In a power station comprising a number of generators
that may be connected to the power system network being studied either directly
or through their own step-up transformers, the precision in the calculated short-
circuit currents is generally improved if each generator is represented individually.
However, the representation of power stations as equivalents is generally adequate
if they are electrically quite remote from the locations being studied.

As presented in Chapter 5, power stations driven by renewable energy sources
such as wind are being connected in increasing numbers and sizes both to distribu-
tion and transmission networks. A single wind farm power station may comprise,
tens to hundreds of generators rated at, say, 2 to 5 MW each. The large number
of small generators in such a wind farm may be comparable to the total number
of large generators individually modelled in the entire network of an average size
utility. Figure 8.10(a) illustrates a typical layout of a 128 MW offshore wind farm
consisting of eight rows of eight wind turbines each and each wind turbine gener-
ator is rated at 2 MW. Each turbine generator has its own transformer that steps up
to medium voltage, typically 20–33 kV, and all are connected by cables to a single
collector busbar.

The wind farm may be modelled in its entirety including all 64 generators for
local wind farm connection design studies. However, for studies at electrically
remote locations on the wider host distribution, subtransmission or transmission
systems, a reduced short-circuit equivalent for the wind farm generators, their
transformers and cables at the collector busbar is usually sufficient. PPS, NPS
and ZPS equivalents would be required to completely describe the equivalent as
illustrated in Figure 8.10(b). The ZPS equivalent impedance is usually infinite
because the transformer is usually delta–star connected.

8.3.2 Representation of transmission, distribution
and industrial networks

For short-circuit analysis on transmission systems, transmission networks are usu-
ally modelled in their entirety in order to avoid loss of accuracy of calculated
short-circuit currents. Generators connected to transmission networks are mod-
elled in full and distribution networks supplied from a transmission network are
modelled in part with appropriate equivalents for the remainder.

For short-circuit analysis on distribution systems, distribution networks may
be modelled in their entirety as well as generators connected to these networks.
Transmission networks supplying these distribution networks may be modelled
using appropriate equivalents.

For short-circuit analysis in power station auxiliary systems or industrial power
systems where a significant number of motors of different sizes may be used, a
full representation of the entire station auxiliary and industrial networks is usually
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Figure 8.10 Offshore wind farm and sequence equivalents: (a) typical layout of a 128 MW wind farm
(64 generators) and (b) sequence equivalents at collector busbar (boundary node(s))

required. However, groups of parallel low voltage, e.g. 0.415 kV may be lumped
together to form a single equivalent model for each. The modelling of motors
above 1 kV individually improves calculation accuracy.

Where ac superposition analysis is used, general power system static load at bulk
supply substations in transmission and distribution networks is usually modelled
as shunt PPS and NPS impedances derived from the prefault load voltage, MW
and MVAr demand. The load ZPS impedance is derived from the network and
transformer impedances that provide a path for ZPS currents. Where required by
national practice, small induction motors forming part of the general substation
load may be modelled as an equivalent motor connected at the substation.

8.4 Practical analysis to maximise short-circuit
current predictions

8.4.1 Superposition analysis and initial ac loadflow
operating conditions

The magnitude of short-circuit current is primarily determined by the amount
of connected generation plant and network topology. Where the superposition
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analysis technique is used, such as that described by the UK ER G7/4 guide, and
although of secondary influence, the effect of initial network and generating plant
operating conditions is nonetheless important when assessing the short-circuit
duties on existing switchgear. A loadflow operating condition that gives a particu-
lar network voltage profile, transformer tap positions and machine internal voltages
that maximise the short-circuit current at one location, will not necessarily do so
at other locations in the network. For example, short-circuit currents at locations
remote from generation plant will be higher for higher prefault voltages at these
locations. However, at generating stations with generator–transformers equipped
with on-load tap-changers, the short-circuit currents delivered on the high voltage
side of the transformers will be higher for lower prefault voltage on the trans-
former high voltage side. This is because the fault currents delivered from this
power station unit depend on the ratio of the generator impedance to transformer
impedance and on the transformer tap position. Similarly, a lower voltage profile
on a subtransmission or distribution system, e.g. 132 kV, will generally cause an
increase in the short-circuit current delivered through autotransformers from the
transmission system, e.g. 275 or 400 kV. Also, a lower voltage at 132 kV together
with a higher voltage at 33 or 11 kV will cause higher short-circuit currents at
33 and 11 kV delivered through the 132 kV/33 kV and 132 kV/11 kV transformers
which are equipped with high voltage winding on-load tap-changers. Therefore,
in calculating maximum short-circuit currents at various locations in a power sys-
tem, there may be conflicting requirements in the loadflow study, so that a single
study cannot be established to calculate maximum short-circuit currents at various
locations.

8.4.2 Effect of mutual coupling between
overhead line circuits

In Chapter 3, we showed that for double-circuit overhead lines, there will be
like sequence PPS, NPS and ZPS couplings between the two circuits where six-
phase transpositions are assumed and ZPS coupling only where ideal nine-phase
transpositions are assumed. The PPS/NPS inter-circuit mutual impedances are
generally small and typically only a few per cent of the PPS/NPS self-circuit
impedances. However, the ZPS inter-circuit mutual impedance can be significant
in comparison with the ZPS self-circuit impedance. To illustrate the effect of ZPS
mutual coupling on the magnitude of the ZPS short-circuit current, consider the
ZPS representation of a double-circuit overhead line shown in Figure 8.11(a) where
the two circuits are denoted A and B.

Using Equation (3.89a) from Chapter 3, the series voltage drop across circuits
A and B are �VA = ZZ

AIZ
A + ZZ

ABIZ
B and �VB = ZZ

ABIZ
A + ZZ

B IZ
B. The effect-

ive ZPS impedance of each circuit is given by ZA(effective) = ZZ
A + ZZ

AB and
ZB(effective) = ZZ

B + ZZ
AB if the ZPS currents IZ

A and IZ
B are equal and flow in the

same direction. However, if the ZPS currents are equal but flow in the opposite
direction, ZA(effective) = ZZ

A − ZZ
AB and ZB(effective) = ZZ

B − ZZ
AB. Therefore, if the
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Figure 8.11 Effect of ZPS mutual coupling between two overhead line circuits: (a) ZPS inter-circuit
coupling with both circuits in service; (b) ZPS inter-circuit coupling with one circuit out of service and
earthed at both ends

ZPS mutual impedance between the two circuits is neglected in the modelling of
the line, the short-circuit current calculated may be either an overestimate or an
underestimate depending on the direction of ZPS currents flowing in each circuit.
Where the ZPS currents flow in the same direction, there will be an overestimate
but where the ZPS currents in each circuit flow in opposite directions, there will
be an underestimate.

Figure 8.11(b) shows another practical case of a double-circuit overhead line
with two identical circuits and with one circuit assumed of service and earthed at
both ends for safety reasons. The voltage drops across each circuit are given by
�VA = ZZ

S IZ
A + ZZ

MIZ
B and �VB = ZZ

MIZ
A + ZZ

S IZ
B. Since circuit B is earthed at both

ends,

�VB = 0 and IZ
B = −ZZ

M

ZZ
S

IZ
A

Therefore, the effective impedance of the in-service circuit A is given by

ZZ
A(effective) = �VZ

A

IZ
A

= ZZ
S − (ZZ

M)
2

ZZ
S

For example, for a typical 400 kV double-circuit line used in England and Wales
with four subconductor bundle per phase, the ZPS impedance per circuit and the
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ZPS mutual impedance between the two circuits are ZZ
S = (0.103 + j0.788)�/km

and ZZ
M = (0.085 + j0.420)�/km, respectively. Therefore, the effective impedance

of one circuit with the second circuit earthed at both ends is equal to
ZZ

A(effective) = (0.0415 + j0.565)�/km. This represents a 28.7% reduction in the
magnitude of the series impedance and an increase in its effective X/R ratio from
7.6 to 13.7. The increase in X/R ratio occurs because the phase conductors of the
earthed circuit effectively act as short-circuited secondary turns where a significant
proportion of the return short-circuit current flows via these ‘turns’ and much less
returns via the single conductor earth wire.

8.4.3 Severity of fault types and
substation configuration

Figure 8.12 shows typical air and gas insulated substations that include several
circuit-breakers. For the assessment of the making and breaking (interrupting)
duties of existing circuit-breakers, the selection of new circuit-breakers or the
assessment of substation infrastructure integrity, both three-phase and single-phase
short-circuit fault currents are usually calculated. In isolated or high impedance
earthed systems, three-phase fault calculations are sufficient but for solidly earthed
systems such as 132 kV and above in the UK, single-phase fault currents have to
be calculated as well. Single-phase short-circuit currents will be higher than three-
phase short-circuit currents at locations where the ZPS equivalent impedance at
the fault point is lower than the PPS/NPS impedance. Figure 8.13(a) shows the
direction of short-circuit currents for a close-up fault at F before fault clearance
in a double-busbar or transfer bus substation layout. The maximum short-circuit
breaking (interrupting) duty on circuit-breaker A is calculated assuming it is the
last circuit-breaker to open to clear the fault, i.e. all circuit-breakers B, C and
D have already opened. This duty can also occur under automatic circuit-breaker
reclosure onto a persistent short-circuit fault. The two duty conditions are depicted
in Figure 8.13(b).

Bus coupler and bus section circuit-breakers, shown as A and B in Figure 8.14(a)
and (b) are required to make and interrupt the maximum fault current associated
with short-circuit infeeds from all connected circuits when energising a section
of busbar which is still inadvertently earthed. The resultant direction of current
flow in the substation is also indicated. The making onto such a fault also imposes
maximum duty on substation infrastructure equipment.

Figure 8.15(a) illustrates the direction of short-circuit current flows for a close-
up fault on an outgoing line in a 1 and ½ circuit-breaker substation where
circuit-breaker A or B being the last to open will be required to clear the fault.
Figure 8.15(b) illustrates a busbar short-circuit fault on the same substation con-
figuration, cleared by opening of circuit-breakers A, B, C and D with the last to
open seeing the duty.
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Figure 8.12 Air and gas insulated substations: (a) 400 kV outdoor air insulated substation and (b)
275 kV outdoor gas insulated substation
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Figure 8.13 Illustration of the effect of substation configuration on maximum short-circuit currents:
(a) direction of current flows for a short-circuit fault at F before fault clearance and (b) A is last
circuit-breaker to clear short-circuit fault F or A recloses onto a persistent fault F by automatic circuit
reclosure

8.5 Uncertainties in short-circuit current
calculations: precision versus accuracy

The confidence that can be assigned to the calculated short-circuit currents depends
on several factors which can be generally classified as follows:

(a) Confidence in the power system generation, network and load data used in the
calculations.

(b) Confidence in the mathematical models used for power system plant.
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Figure 8.14 Short-circuit currents seen by bus section and bus coupler circuit-breakers in double-busbar
substations: (a) inadvertent energising of a ‘faulted’ busbar section using bus coupler circuit-breaker A and
(b) inadvertent energising of a ‘faulted’ busbar section using bus section circuit-breaker B
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Figure 8.15 Short-circuit currents in ‘1 and ½’ circuit-breaker substations: (a) direction of current flows
for a close-up short-circuit fault on a line at F before fault clearance and (b) direction of current flows for
a short-circuit busbar fault at F before fault clearance
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(c) Confidence in the accuracy of analysis techniques used to calculate the ac and
dc short-circuit currents.

(d) Confidence in the ability of engineers to correctly manage, create and use the
system data, network topology diagram and network model.

(e) Confidence in the engineers’ ability to understand and correctly apply the
relevant national or international engineering standard being used, e.g. IEC
60909, UK ER G7/4 or IEEE C37.010.

(f) Confidence in the engineers’ ability to make correct interpretation of short-
circuit current results and to make appropriate engineering judgement.

(g) Confidence in the rated data or declared capabilities of circuit-breakers and
substation infrastructure equipment.

At the system planning and design stage, actual data for new plant is usually
not available and typical generic data is generally used as informed by similar
plant family types already in use. Uncertainty in plant data is defined as the inter-
val of design tolerances associated with plant generic data and these should be
known and factored into the analysis. For example, design tolerances are ±15%
on subtransient and transient reactances for synchronous machines manufactured
to IEC 60034 Standard. Actual data for some existing small generation plant con-
nected to distribution networks may not be known due to age of plant or change of
ownership, etc. In such situations, typical parameters from similar plant may be
used. Design tolerances for impedances of generator–transformers and network
transformers manufactured to IEC 60076 Standard are ±10% and ±15% for two-
winding and three-winding transformers, respectively. For autotransformers, the
design tolerance is ±15%. Factory test certificates for transformers and generators,
when and where available, are usually the best-quality data. For overhead lines,
PPS/NPS and ZPS impedances (and susceptances) are usually calculated based on
line constructional data as presented in Chapter 3. Various assumptions are made
such as uniform conductor height above ground, transposition, uniform earth resis-
tivity (ZPS impedance varies with the logarithm of earth resistivity) for the entire
line length, etc. Generally, the PPS impedances may have small tolerances of a
few per cent, but the tolerances for the ZPS impedances are generally larger and
may possibly reach 20%. There may also be a tolerance of a few per cent, on the
length of installed lines which affects the total line impedance. For underground
cables, the sequence impedances are normally measured at commissioning and
in practice this is the only way of obtaining a good snapshot estimate of the ZPS
impedance. There may also be a significant tolerance in the short-circuit infeed
from induction motors due to unknown quantity and/or parameters. In addition,
there is a significant uncertainty of the short-circuit infeed from small single-phase
induction motors forming part of the general power system load.

The actual tolerances associated with various plant may be positive for some
plant and negative for others so that some may cancel others out. The effect of
impedance tolerances on the magnitude of short-circuit current depends on the
location of the fault and the relative short-circuit contribution through the plant.
For example, consider a generator–transformer unit with machine subtransient
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reactance and transformer reactance of 15% on MVA rating each. A 15% under-
estimate in the machine subtransient reactance will result in 8% overestimate in
the short-circuit current delivered on the transformer’s high voltage side. How-
ever, if the contribution of the generator–transformer unit is 20% of the total
short-circuit current, the effect of the 15% underestimate in the generator sub-
transient impedance will only be 1.6% overestimate in the total short-circuit
current.

Mathematical models used in steady state power frequency analysis for lines,
cables, transformers, etc. are quite accurate and together with the analysis tech-
nique used, should contribute very little error to the ac component of short-circuit
current at a fixed point in time, e.g. at the instant of fault. However, the estimation
of the time variation of the ac component in fixed impedance analysis techniques
is necessarily approximate and depending on the approximation method used this
will lead to some error. The error in the dc component of short-circuit current
depends on the analysis technique used. If this component is estimated from the
system X/R ratio at the fault point, then, in the author’s experience, the range of
error may be up to ±5% if IEC 60909 Method C is used or up to +30% if IEEE
C37.010 Method is used. IEC Method B can give substantial underestimates and
its use is not recommended.

In most power system networks, there is a very large volume of data to be
managed; that of the existing plant and network where some plant may be 40 or 50
years old, and that of the future network that includes modifications, extensions
and decommissioning. Errors can be reduced if there is a single source of technical
data such as a single database that is continuously kept complete and accurate. This
is not a trivial task! The problem may be compounded where those responsible for
the data in such a database are not the ones that use the data in network analysis
or are not even engineers. In the author’s experience, technical data can be the
biggest single source of error in short-circuit analysis!

Standardisation of the short-circuit work undertaken through documented qual-
ity control procedures will contribute to precision in the calculations. Uncertainties
can be reduced by the use of sensitivity studies on assumptions made in order to
provide a measure of the possible range of errors. However, precision does not
guarantee accuracy! Precision is a measure of consistency or repeatability and
relates to variations between individual calculations of the same quantity. Accur-
acy, however, is the degree of closeness that the calculated value approaches the true
value.

Given the discussion above, is there a need, in practice, for a safety margin to
be applied to the calculated maximum short-circuit current results? The answer
obviously depends on the views taken regarding all the above factors and individual
practices. For example, an approach such as that of IEC 60909 that relies on
acceptable accuracy for the intended purpose may be deemed not to require add-
itional safety margin. Equally, an approach such as that of the UK ER G7/4 that
relies on the ability of power system engineers to search for and find the worst-case
realistic short-circuit currents may be deemed not to require an additional safety
margin. In practice, the application or otherwise of safety margins depend on the
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philosophy of individual companies including attitude to safety, investment, asset
risk management and risk aversion.

8.6 Probabilistic short-circuit analysis

8.6.1 Background
The international standards of short-circuit current calculation, IEC 60909 and
IEEE C37.010 are essentially deterministic in approach. The former is aimed at cal-
culating results with acceptable accuracy for their intended purpose and the latter is
generally aimed at calculating sufficiently conservative results. The UK ER G7/4
approach is also deterministic although it is aimed at the calculation of worst-case
realistic results. These approaches include various assumptions aimed at calcu-
lating maximum values of short-circuit currents. On the other hand, probabilistic
short-circuit analysis techniques are generally aimed at calculating a probability
distribution of short-circuit current magnitudes at various locations in the system.
This can provide information on the probability of short-circuit currents exceeding
certain values or falling below certain values.

8.6.2 Probabilistic analysis of ac short-circuit
current component

Probabilistic analysis techniques of ac short-circuit current component recog-
nise that the magnitude of short-circuit current at a given location is primarily
determined by the following three random statistical factors:

(a) the nature of the fault type e.g. single-phase, three-phase, etc
(b) the location of the fault e.g. on busbars, on outgoing lines from a substation, etc
(c) the state of the power system in terms of generation plant, network state and

demand level at the time of the occurrence of the fault

The deterministic short-circuit analysis approach considers (a) and (b) above
although not faults some distance away from substations except where tower cur-
rents are being calculated. However, for network design studies, this approach
does not consider (c) but instead it usually assumes that all installed generation
plant is available and connected to the network and can contribute short-circuit
current. The network elements e.g. lines and transformers etc are all assumed to
be 100% available. In network operational planning studies, 100% availability
of generation plant and network may be assumed in the area close to the faulted
locations but not on a system wide basis.

The probabilistic short-circuit analysis approach aims at avoiding the com-
pounding of safety factors or the assumption of simultaneous coincident worst
case conditions. Thus, many power system states are considered and analysed at
the time of occurrence of the fault and a fault current is calculated for each state.
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Figure 8.16 Illustration of probabilistic analysis results of short-circuit current ac component in a 400 kV
transmission system: (a) probability distribution of ac short-circuit current magnitude and (b) risk of
three-phase short-circuit faults exceeding abscissa

The probability distributions of the calculated short-circuit current magnitudes
may be compared to the deterministic or probabilistic rating of circuit-breakers or
busbars, as required, as illustrated in Figure 8.16(a) in a typical 400 kV system.

The current magnitude calculated by the deterministic approach is 64 kA and is
greater than the circuit-breaker rating of 63 kA. The maximum current calculated
by the probabilistic approach for peak demand hours is 65 kA. Assuming a 1 kA
safety margin is used, there is a 2% probability of exceeding 62 kA. These results
may be combined with an assumed uniform probability of three-phase fault occur-
rence throughout the year per substation, in the absence of better information. The
outcome is illustrated in Figure 8.16(b). This shows that 0.023 faults per annum
exceed 50 kA or a risk of one fault in 43.5 years exceeding 50 kA. Also, this shows
that 0.04 faults per annum exceed 62 kA or a risk of one fault in 250 years exceed-
ing 62 kA. The off-peak demand hours show much lower short-circuit currents due
primarily to the reduced amount of connected generation plant.

Monte Carlo simulations may be used to simulate the behaviour of the power
system under fault conditions by applying faults at random times during a year of
system operation and at random locations in the network. However, the description
of such simulations is outside the scope of this book. Probability distributions of
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subtransient, transient or other intermediate short-circuit current magnitudes may
be calculated.

8.6.3 Probabilistic analysis of dc short-circuit
current component

Assumptions of international standards

The international standards of short-circuit current calculation, IEC 60909, IEEE
C37.010 and UK ER G7/4 make similar assumptions regarding the dc component
of short-circuit fault current. The standards generally assume that the short-circuit
fault results in maximum dc offset on the faulted phase for a single-phase short-
circuit fault or one of the phases for a three-phase short-circuit fault. IEEE C37.010
considers that this corresponds to full 100% asymmetry except at generator bus-
bars where asymmetry greater than 100% may occur. IEC 60909 makes similar
assumption of full asymmetry and notes that the dc current component may exceed
the peak value of the ac component for some near to generator faults. Similarly,
ER G7/4 assumes full asymmetry of dc current component.

Factors affecting dc short-circuit current magnitude

In IEC 60909 and as implied in IEEE C37.010 and ER G7/4, evolving short circuit
faults are not considered. Therefore, a three-phase short circuit is assumed to
occur simultaneously on all three phases. This is important because sequential
short-circuit faults can lead to dc current asymmetry greater than 100% but this is
not dealt with in this book.

Recalling Equation (1.17) derived in Chapter 1 for the dc short-circuit current
component following a simultaneous three-phase short-circuit fault, we have

ii(dc)(t) = −√
2I rms sin

[
ϕi − tan−1

(
ωL

R

)]
× exp

[
−t

( L
R )

]
(8.20)

where

Irms = Vrms√
R2 + (ωL)2

(8.21)

and

i = r, y, b ϕy = ϕr − 2π

3
ϕb = ϕr + 2π

3
(8.22)

The magnitude of the dc current component in any phase depends on the magnitude
of the initial or subtransient ac current component Irms and the instant on the voltage
waveform ϕr when the short circuit occurs. The rate of decay of the dc current
component depends on the time constant L/R or initial X/R ratio at the fault
point (X/R = ωL/R). The X/R ratio will vary with the fault location and fault
type as well as the state of the system at the time of short circuit. The system
state is determined by the availability of generation plant and network elements as
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Figure 8.17 Illustration of a typical probability distribution of X/R ratio of dc short-circuit current

well as the availability of any induction motor short-circuit infeed. The probability
distributions of initial three-phase and single-phase X/R ratios at a 400 kV location
comprising a large power station, a number of transmission circuits and a local
distribution load are illustrated in Figure 8.17. The X/R ratios are calculated using
IEC 60909 Method C. The results shows that the rated X/R ratios are almost always
exceeded at such a location.

From Equation (8.20), the initial magnitude of the dc current component in any
phase at the instant of short circuit, t = 0, expressed in per cent of the peak ac
short-circuit current component is given by[

ii(dc)(t = 0)√
2I rms

]
% = −100 × sin

[
ϕi − tan−1

(
ωL

R

)]
i = r, y, b (8.23)

Maximum dc current offset or full asymmetry assumed by the deterministic IEC,
IEEE and ER G7/4 calculations occurs for ϕi − tan−1(ωL/R) = −π/2 or

ϕi = tan−1
(

ωL

R

)
− π

2
(8.24)

At any value of phase R angle ϕr, one or two dc current components will be
negative. However, since we assumed a simultaneous three-phase fault condition,
it is instructive to plot the absolute value of Equation (8.23) and this is shown in
Figure 8.18. The initial dc current is plotted against the voltage phase angle ϕr

for the IEC 62271 and IEEE C37.04 circuit dc time constant of 45 ms as well as
the additional maximum quoted IEC 62271 circuit dc time constant of 120 ms. It
is shown that for any value of ϕr, one of the three phases will have a dc current
component of at least 86.6%. The effect of the dc time constant on the initial
magnitude of the dc current is, as expected, negligible.

The above analysis assumed a simultaneous three-phase short-circuit fault. In the
case of a circuit-breaker being inadvertently closed onto a network where a three-
phase short-circuit fault already exists, as discussed in Section 8.4.3, the above
analysis will equally apply if it is assumed that the three poles of the circuit-breaker



Probabilistic short-circuit analysis 511

0

25

50

75

100

0 30 60 90 120 150

Phase angle (degree)

Phase R
Phase YPhase B

Initial magnitude of dc current component
(% of peak ac component)

Tdc = 45 ms Tdc = 120 ms

Figure 8.18 Absolute initial magnitude of dc current component in the three phases under a simultaneous
three phase short-circuit fault

close simultaneously. In practice, the three poles do not close mechanically at the
same time due to pole stagger or span which, according to IEC 62271 Standard,
should not exceed half cycle of power frequency (10 ms for 50 Hz systems and
8.33 ms for 60 Hz systems). Also, electrical closure or prestrike may occur before
mechanical closure and this is discussed in the next section.

Probabilistic analysis of voltage phase angle ϕ

In practice, the deterministic assumption of maximum dc offset has a substantial
impact on the sizing of circuit-breakers and substation infrastructure such as bus-
bars particularly with the increasing X/R ratios in power systems. The assumption
of near to zero voltage phase angle ϕr results in maximum dc offset so the question
is: For non-simultaneous closure of the three circuit-breaker poles when closing
onto a fault, what is the probability of one of the poles closing at a voltage phase
angle near zero?

Now, we describe the factors that can give rise to the dispersion between the
three circuit-breaker poles. First, we note that there are two distinct cases relating
to whether the circuit-breaker is independent pole operated, i.e. has one closing
mechanism per pole, or three-pole operated, i.e. has one closing mechanism driving
all three poles. The latter results in near simultaneous mechanical closure so that
the mechanical dispersion is very small, controllable and fixed. However, for
circuit-breakers with independent pole operation, larger and variable dispersion
can occur since there is no mechanical coupling between the three poles. Further,
for any pole, using Figure 8.19, there is a dispersion in the time lag between
the closing order Tco and the instant of actuation of the closing mechanism Ta.
Second, there is a dispersion in the operating time between actuation and instant
of mechanical closure when contacts touch Tmc. Also, electrical closures due to
electrical breakdown or prestrikes between the approaching contacts, at Tec, may
occur. These parameters are illustrated in Figure 8.19 for a single phase or pole
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Figure 8.19 Illustration of circuit-breaker electrical closure, or prestrike, and mechanical closure

of the circuit-breaker. Curve (i) is a cosinusoid of period 4 × Tmc and indicates
the time variation of pole 1 gap withstand voltage during closing, assuming the
dielectric strength of the insulation medium to be constant. Curve (ii) indicates the
system voltage across pole 1 gap of the circuit-breaker. As the withstand voltage
of pole 1 contact gap falls to the level of voltage across the gap, an electrical
closure or prestrike occurs at Tec before the contacts mechanically touch. Similar
process may occur for poles 2 and 3 of the circuit-breaker. The latter part of
curve (i) can be approximated as a straight line and indicated by curve (iii) whose
negative slope is defined as S where S = dv/dt = average rate of decay of dielectric
strength of the gap during circuit-breaker closing in kV/s = (dielectric strength of
the insulation medium in kV/cm) × (relative speed of approach of the contacts at
impact in cm/s).

To derive an expression for the probability density function of the voltage phase
angle ϕ, we neglect the voltage polarity effect on the electrical strength of the
gap, i.e. v(t) = √

2V rms|sin (ωt)|. Figure 8.20(a) illustrates the mechanical closing
instants and the corresponding range of electrical closing instants or angles for
two different slopes S1 and S2 and Figure 8.20(b) shows an expanded section of a
small element on the voltage curve.

Using Figure 8.20(b), consider two closing curves of the same slope S separated
by a small time interval �t, Tmc1 and Tmc2 are their respective mechanical closing
times and Tec1 and Tec2 are their respective electrical closing instants. On the
voltage waveform, the electrical phase angles ϕe1 and ϕe2 correspond to the time
instants Tec1 and Tec2, respectively. The probability element of electrical closing
between ϕe1 and ϕe2 is F(ϕ)�ϕ where F(ϕ) is the probability density function of
angle ϕ. The probability element between the mechanical closure instants Tmc1

and Tmc2 is F(t)�t where F(t) is the probability density function of mechanical
closure with time t. Therefore, with ϕ and t being two functionally connected
stochastic variables, we can write

F(ϕ)�ϕ = F(t)�t (8.25)

or

F(ϕ) = F(t)�t

�ϕ
(8.26)
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Figure 8.20 Probabilistic analysis of voltage phase angle of circuit-breaker closure onto a fault: (a) range
of electrical closing angle due to a circuit-breaker prestrike and (b) an expanded section of a small element
on the voltage curve of Figure 8.20(a)

The instant when the circuit-breaker closing order is given is random and is inde-
pendent of the voltage phase angle ϕ and the breaker closes independently of time.
Thus, the mechanical closing instant is uniformly distributed and has a constant
probability density F(t) between the minimum and the maximum closing angles
of 0 and π as shown in Figure 8.20(a). Thus,

π/ω∫
0

F(t)dt = 1 or F(t) = ω

π
(8.27)

However, the instant at which electrical closure, or prestrike, occurs is correlated
with the voltage across the circuit-breaker contact gap. Thus, the distribution of
the electrical closing instant, or angle, will not be uniform. From the geometry of
Figure 8.21(b), we have

�ϕ tan α = −(�ψ − �ϕ) tan β �ψ = ω�t tan β = S (8.28)

where S is the slope of the closing curve and is negative, tan α is the slope of
the source voltage v(t) = √

2Vrms sin(ωt), i.e. tan α = √
2V rmsω cos ϕ and ϕ = ωt.
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From these relations and Equation (8.28), we obtain

�t

�ϕ
= 1

ω

(
1 −

√
2V rmsω cos ϕ

S

)
(8.29)

Therefore, using Equations (8.27) and (8.29) in Equation (8.26), we obtain

F(ϕ) = 1

π

(
1 +

√
2V rmsω cos ϕ

S

)
ϕmin ≤ ϕ ≤ ϕmax (8.30)

The probability distribution f (ϕ) of the closing angle being equal to or greater than
ϕ is equal to

f (ϕ) =
ϕmax∫
ϕ

F(ϕ)dϕ

and is given by

f (ϕ) = 1

π

[
(ϕmax − ϕ) −

√
2V rmsω

S
(sin ϕmax − sin ϕ)

]
(8.31)

Besides probabilistic design and operational planning studies, the calculated prob-
ability equations may also be used in quantified risk assessments where calculated
short-circuit currents may potentially exceed the rating of circuit-breakers. This is
discussed in the next section.

For other causes of short-circuit currents, e.g. a lightning strike on top of a tower,
then three scenarios may be considered. The first is where the magnitude of the
lightning current is so large that the induced tower top voltage will cause back-
flashover to the three phases of the circuit irrespective of the actual instantaneous
value of the voltage on each phase. This is similar to the simultaneous three-phase
short circuit where one of the phases will have an initial dc current component of
at least 86.6%. The second scenario is where a substantial lightning strike directly
hits one of the phases of the circuit and causes a short circuit. In this case, since the
short circuit is effectively independent of the voltage magnitude or phase angle,
the probability of the short circuit occurring between voltage zero and voltage
peak is uniform. The probability of maximum dc current offset requires a short
circuit at or near to voltage zero and if this is assumed to be within 0 ± 10◦, then this
equates to 40◦ over a full power frequency cycle of 360◦. Therefore, the probability
of maximum dc current offset is approximately equal to (40◦/360◦) × 100 ≈ 11%.
The third scenario is where the magnitude of the lightning induced voltage alone is
insufficient but together with that of the actual instantaneous value of the voltage on
any one phase will cause back-flashover and short circuit. Under this mechanism,
the short circuit is more likely to occur when the phase voltage is significantly
away from voltage zero. In this case, the probability of maximum dc current offset
arising may be assumed to be negligible.

It is noted that the variable S used in Equations (8.30) and (8.31) is an important
circuit-breaker parameter for the practical application of point-on-wave closing
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technique of circuit-breakers. This application is aimed at reducing transient over-
voltages such as when energising shunt capacitor banks. To achieve this, the
technique aims at closing the three poles at or very close to voltage zero on the
source voltage waveform which requires a high value of S. Therefore, a circuit-
breaker equipped with point-on-wave closing will produce maximum dc offset in
each phase if it were inadvertently closed onto an existing three-phase to earth
short-circuit fault. The effect of the parameter S on the probability of closing at
various voltage phase angles is illustrated in an example in the next section.

8.6.4 Example

Example 8.1 Derive and plot the probability density and distribution func-
tions of the electrical closing angle for a 400 kV circuit-breaker having eight
gaps in series. The power system has a nominal frequency of 50 Hz.

Using Equations (8.30) and (8.31), and above a certain limiting circuit-
breaker closing speed, i.e. when |S| ≥ Slimit, ϕmin = 0 and ϕmax = π. Also, at
ϕ = ϕmax = π, F(ϕ) = 0 and Equation (8.30) gives S = −Slimit = −√

2V rmsω.
Thus,

Slimit = √
2 × 400 kV√

3 × 8
× 2π × 50 rad/s = 12.825 kV/ms

For |S| < Slimit, we have F(ϕmax) = 0 giving

ϕmax = cos−1
(

S

Slimit

)
Also ϕmin can be determined from

ϕmax∫
ϕmin

F(ϕ)dϕ = 1 or (ϕmax − ϕmin) − Slimit

S
(sin ϕmax − sin ϕmin) − π = 0

It can be easily shown that for [|S| ≥ Slimit, ϕmin = 0, ϕmax = π]; [S = − 1
2 Slimit,

ϕmin = 13.2◦, ϕmax = 120◦]; [S = − 1
4 Slimit, ϕmin = 30.5◦, ϕmax = 104.47◦];

[S = − 1
8 Slimit, ϕmin = 45.5◦, ϕmax = 97.18◦]. The results of the probability

functions are shown in Figure 8.21(a) and (b).

At low circuit-breaker closing speed, e.g. S = − 1
8 Slimit the electrical closing

angles are higher and their range is more restricted. Therefore, the assumption of
maximum 100% dc current offset is unrealistic. Even the worst case of ϕmin = 45.5◦
gives an initial dc current magnitude, using Equation (8.27), of 65% (for 45 ms
circuit dc time constant) and 68% (for 120 ms circuit dc time constant). However,
for modern circuit-breakers with high closing speeds, all closing angles are likely
but it is generally more likely that a circuit-breaker will close at smaller angles.
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Figure 8.21 Probability density and distribution of electrical closing angle of a 400 kV circuit-breaker:
(a) probability density of electrical closing angles and (b) probability of electrical closing angles

At |S| ≥ 5Slimit, there is almost equal probability of closing at any angle between
0◦ and 180◦, i.e. the closure instant is independent of the voltage phase angle. In
other words, there is equal probability of 100% and zero dc current offset.

8.7 Risk assessment and safety considerations

8.7.1 Background
Short-circuit studies carried out in long-term network design short-term network
operational timescales or real time may identify short-circuit duties on existing
switchgear in excess of ratings. The condition is usually defined as switchgear that
is potentially overstressed. In the unlikely event of switchgear being identified to be
potentially permanently overstressed, and in the absence of operational solutions
(this is discussed in the next chapter) to remove the condition, it is usual to replace
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such switchgear with higher rated equipment. In network operational planning
timescales, temporary overstressing may be identified such as may occur during
switching operations to reconfigure the network. Depending on operating prac-
tices, substation configurations and circuit definitions, the duration of such a poten-
tial temporary overstressing may extend from a few minutes to possibly an hour.

8.7.2 Relevant UK legislation
When the health and safety of employees and the general public is affected, there
may be legal duties which must be observed. With reference to the UK, the relevant
legislation can be summarised as follows:

• The Health and Safety at Work Act 1974 (Sections 2 and 3): ‘An employer
has a duty to ensure the health and safety of all his employees and to carry on
his business in such a way that persons in his employment are not exposed to
danger’.

• The Electricity at Work Regulations 1989:
– Regulation 5: ‘No electrical equipment shall be put into use where its strength

and capability may be exceeded in such a way as may give rise to danger’.
– Regulation 29: ‘Provided a company takes all reasonable steps and exercises

all due diligence to avoid danger arising, a defence can be formed by the
implementation of risk management procedures’.

• The Management of Health and Safety at Work Regulations 1999 (Section 3
Risk Assessments): ‘Every employer shall make an assessment of the risks to
the health and safety of his employees whilst at work and the risks to persons
not in his employment in connection with his undertaking’.

• The Electricity Safety, Quality and Continuity Regulations 2002: Part 1 places
general duties on employers to prevent danger so far as is reasonably practicable,
and to ensure their equipment is sufficient for the purpose in which it is used.

Breaches of legislation in the UK are criminal offences and can lead to
prosecution. Switchgear should not be overstressed if this gives rise to danger
but if an employer takes all reasonably practicable steps and exercises all due dili-
gence to avoid danger, a defence can be formed by the implementation of a suitable
risk management procedure such as a quantified risk assessment.

8.7.3 Theory of quantified risk assessment
The objectives of quantified risk assessment are to identify the risk of fatality to
an individual associated with equipment catastrophic failure and to reduce these
individual risks to a level which is As Low As Reasonably Practicable (ALARP).
The UK Health and Safety at Work Act 1974 includes the ALARP concept and
the Health and Safety Executive have interpreted this concept in a risk diagram as
shown in Figure 8.22.
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Figure 8.22 The ‘ALARP’ principle of the UK’s Health and Safety at Work Act

The diagram consists of three regions. The bottom ‘broadly acceptable region’
is where the individual risk is so small that no further measures are necessary. The
top ‘unacceptable region’ is where the individual risk is so large that it cannot be
tolerated. The middle ‘ALARP region’ is where the individual risk must be ‘As
Low As Reasonably Practicable’ considering the benefits of accepting the risk
against the costs incurred of any further risk reduction measures. The UK Health
and Safety Executive suggests certain numerical levels of risks. A risk of 10−7

or 1 in 10 million per person per year represents negligible risk. A risk level at
the lower limit of the ALARP region is 10−6 or 1 in 1 million per person per
year. Also, the suggested level of risk at the upper limit of the ALARP region is
10−4 or 1 in 10 000 per person per year for the public and 10−3 or 1 in 1000 per
person per year for employees, respectively. The maximum tolerable level of risk
to the public, 1 in 10 000 per person per year, is based on the proportion of people
killed in road-traffic-related accidents in the UK per year. At the bottom of the
ALARP region, the risk may be tolerated if the cost of reducing it would exceed
the improvement gained. However, at the top of the ALARP region, the risk must
be reduced unless the cost of reduction, which would exceed the improvement
gained, is grossly disproportionate to the improvement gained.

8.7.4 Methodology of quantified risk assessment
A quantified risk assessment method consists of two steps: (a) risk analysis and
(b) risk evaluation. Risk analysis may use an event tree risk analysis model in
order to quantify the risks. This is a method originally devised to assess protective
systems reliability and safety in nuclear power plants. Risk analysis consists of the
following steps:
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(a) Analysis of the site layout and configuration, maximum short-circuit current
and critical location of the fault, and identification of potentially overstressed
switchgear and its rating, type, age, maintenance record, etc. An estimation of
the frequency of short-circuit fault f and proportion of time per year when the
plant is subject to potential overstressing P1 are made.

(b) Analysis of the consequences of plant failure on people. Estimates of the prob-
ability of catastrophic plant failure P2, the proportion of time the individual is
exposed to the hazard P3 and the probability of fatal injury P4.

The individual risk (IR) is estimated as follows:

IR = f × P1 × P2 × P3 × P4 per person per year (8.32)

Risk evaluation consists of comparing the estimated IR against the criteria for risk
unacceptability, acceptability and tolerability as described in Section 8.7.3 and
shown in Figure 8.22.
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Control and limitation of
high short-circuit currents

9.1 General

Many power system networks can be subject to high potential short-circuit fault
currents. Some of the reasons for this include the connection of new generation
plant to transmission and distribution networks, the strengthening of the power
networks by the addition of new parallel routes, the use of low impedance equip-
ment to improve voltage and reactive power control and system transient stability,
the connection of many induction motors in industrial networks, and others. In
this chapter, we describe some of the practical methods and techniques that may
be used for the control and limitation of the magnitude of short-circuit currents in
both power system operational and design timescales. Various types of established
and emerging state of the art short-circuit fault current limiters that may be used to
control and limit fault currents to safe values as well as their modelling techniques
will be described.

9.2 Limitation of short-circuit currents in
power system operation

9.2.1 Background
Depending on national or even particular utility practices, power system operation
may extend from real time up to typically 6 months to 2 years ahead. The objectives
are to ensure that the power system is operated in a safe, secure, reliable and
economic manner, whilst planned maintenance and construction outages can be
carried out as necessary. In both real time and operational planning timescales,
the only measures that are usually available to control and limit the magnitudes



Limitation of short-circuit currents in power system operation 521

of potential short-circuit currents are those that utilise existing equipment in the
existing system. Some of these measures are described in the next sections.

9.2.2 Re-certification of existing plant
short-circuit rating

This method may be used when a short-circuit current duty is predicted to be in
excess of the nominally declared short-circuit capability of the circuit-breaker or
substation infrastructure equipment. The method consists of re-examination of
existing equipment’s test certificates for any additional inherent capability that
may be available over and above that specified in initial tender documents. If
found available, this additional capability is usually re-certified with the equipment
manufacturer before being released for use.

9.2.3 Substation splitting and use of
circuit-breaker autoclosing

For substations that are normally run solid, and where potentially excessive short-
circuit currents are predicted, the substation may be split in order to reduce the
short-circuit currents for faults on either side of the split. The reduction is caused
by the increase of the effective impedance between the fault location and some of
the short-circuit current sources in the system. Substation splitting, in its simplest
form, in single- and double-busbar substations, is accomplished by opening bus
section or bus coupler circuit-breakers and operating them in a normally open
position as shown in Figure 9.1.

Unfortunately, substation splitting reduces the degree of interconnectivity of the
substation and in some cases may equate, electrically, to the removal of circuit(s)
out of service. The reduction in reliability is illustrated in Figure 9.1(a) in the case
of a single-busbar transformer fed substation as may be found in typical distribution
systems. A fault outage on transformer T1 results in the loss of supply to busbar
section 1 and all demand supplied from the distribution feeders connected to it.

Since the operation of the three transformers in parallel causes excessive short-
circuit currents in the single-busbar substation, it is required to improve the security
of supply to busbar section 1 and limit the potential short-circuit currents to within
circuit-breaker ratings. These objectives may be met by using one of the schemes
shown in Figure 9.2.

In Figure 9.2(a), the bus section circuit-breaker is normally run open with an
autoclosing facility so that fault currents on either busbar sections are safely limited.
In the event of loss of transformer T1, the normally open bus section circuit-breaker
is automatically closed so that transformers T2 and T3 supply the entire substation
load. Sometimes autotripping may also be used in order to automatically reopen
the bus section breaker when T1 is returned to service. Figure 9.2(b) shows an alter-
native arrangement where the bus section circuit-breaker is run normally closed
and either T2 or T3 is operated on hot standby. This means that the transformer is
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(a)

T1 T2 T3

Busbar
section 1

Busbar
section 2

N/O

Grid

(b)

Bus coupler
breaker

Bus coupler
breaker

N/O

(c)

N/O

Bus
section
breaker

N/O

Figure 9.1 Substation splitting for short-circuit current limitation: (a) Single-busbar substations, bus
section breaker normally open (N/O), (b) vertical split in double-busbar substations and (c) horizontal split
in double-busbar substations

T1 T2 T3

N/O

Busbar
section 1

Busbar
section 2

(a) (b)

T1 T2 T3 On
hot standby

N/O

Grid Grid

Figure 9.2 Use of autoclose schemes in short-circuit current limitation: (a) normally open bus section
circuit-breaker with autoclosing and (b) normally open breaker of a hot standby transformer with
autoclosing

permanently energised from its primary but its secondary breaker is normally run
open with an autoclosing facility. This breaker is automatically closed in the event
of loss of transformer T1 to prevent overloading of transformer T2. Autotripping
may also be used.
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11 kV/0.415 kV
Distribution system

B

132 kV/33 kV/
11 kV/0.415 kV
Distribution system

Interconnected transmission system

Figure 9.3 Illustration of subtransmission/distribution network splitting for short-circuit current control

The principle of substation splitting can also be applied in industrial power
systems where generally single-busbar substations are used and these are inter-
connected by busbar sectionalisers which may be a cable circuit controlled
by two circuit-breakers. In this case, one of these circuit-breakers is normally
operated open.

9.2.4 Network splitting and reduced system
parallelism

Transmission systems operating at different voltage levels, e.g. 400 and 275 kV
(or 220 kV), are normally operated in parallel. In addition, distribution systems
operating at, say, 132 or 110 kV may in some cases be operated in parallel with
transmission systems. The latter is illustrated in Figure 9.3 where the 132 kV
distribution system is supplied from two substations that may be many kilo-
metres apart from each other and the entire distribution system is normally operated
interconnected.

Sources of short-circuit currents in the transmission and distribution systems
can contribute to faults at substations A or B. However, if the interconnected dis-
tribution network is split by operating circuit-breakers CB1 and CB2 normally
open, the short-circuit sources in distribution subnetwork A become electrically
remote from faults at substation B and vice versa. The magnitude of short-circuit
current reduction depends on the specific characteristics of the distribution system,
e.g. the degree of interconnection and amount of connected generation plant as
well as the relative proportions of currents supplied from the transmission and
distribution systems. In general, reductions of up to 30% might be obtained.
As in Section 9.2.3, it should be noted that the interconnection is planned in
the first place to increase the reliability of the distribution network and the effect
of network splitting on demand security would need to be considered. Although
more difficult in this case, autoclosing may also be considered as discussed in
Section 9.2.3.
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9.2.5 Sequential disconnection of healthy then
faulted equipment

This method of short-circuit current limitation is only suitable when the circuit-
breaker breaking or interruption duty is the limit rather than the making duty which
is within equipment rating. The method is illustrated using Figure 9.4.

Consider a short-circuit fault on the line side of circuit-breaker F that results in
a short-circuit current that exceeds the rating of circuit-breaker F. All other circuit-
breakers in the substation may also be overstressed. The short-circuit breaking
current at F with the remote circuit-breaker Fr open is given by IF = ∑4

j=1 Ij.
In this method of current limitation, another upstream circuit-breaker feeding the
short-circuit fault, e.g. CB1, is opened first then circuit-breaker F is opened to
safely interrupt the reduced short-circuit current. This method can introduce sig-
nificant disadvantages and risks to the reliability and safety of power systems and
these have to be thoroughly evaluated. The fault clearance time is delayed by the
upstream breaker operation time. Also, a fault at F would normally constitute a
(N − 1) condition but in this method, another healthy circuit is deliberately discon-
nected giving a (N − 2) contingency. The term (N − x) represents the total system
N less x circuits. Where automatic circuit reclosure on the faulted circuit is not
employed, i.e. circuit-breaker F will not reclose after clearing the fault, circuit-
breaker CB1 can be reclosed immediately once circuit-breaker F has opened and
cleared the fault. However, if automatic reclosure is employed, then the decision to
reclose CB1 should consider the two possibilities of the fault being transient or per-
manent. In practice, the engineering of such schemes may be very complex. In add-
ition, from a safety point of view, in-service breaker F is potentially overstressed,
but its safe operation is dependent on the success of a sequential tripping scheme
that must ensure the opening of breaker CB1 first. If for some reason this scheme
fails, there may be significant adverse system reliability and safety consequences.

9.2.6 Increasing short-circuit fault clearance time
This method consists of delaying the current interruption time of the circuit-breaker
from, say, 50 to 100 ms. The delay is used in order to benefit from the decrease with

Fr

Fault

I1 I2 I3 I4

Passive load

IF

CB1 CB2 CB3 CB4

I4

I2

I1 � I2 I3 � I4

F

Figure 9.4 Fault current limitation by opening healthy equipment (CB1) then faulted equipment (CBF)
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time of both the ac and the dc components of the short-circuit current. However,
the effect of any delay in the fault clearance time on the stability of the power
system will need to be considered. The method depends on national practice in
terms of the standard used for the calculation of short-circuit currents since some
ignore the decay of short-circuit currents with time altogether.

9.2.7 De-loading circuits
This method of fault current limitation consists of opening one circuit-breaker at
one end of a circuit but keeping the circuit energised from the other end(s) in order
to benefit from its reactive power gain generated by its susceptance. The opened
circuit-breaker is operated normally open to reduce the short-circuit infeed into the
substation. An autoclose arrangement may be used in the event of a loss of another
infeeding circuit into the substation. The method is conceptually similar to oper-
ating transformers on hot standby with autoclosing as described in Section 9.2.3.

9.2.8 Last resort generation disconnection
In real-time system operation, the disconnection of generation plant that can feed
short-circuit currents into a local substation for fault current limitation is highly
unusual. Such action can be very costly in liberalised electricity markets so that
even if the disconnection is required only once and for a few hours, the costs
that may be incurred may be similar to or exceed the cost of purchasing and
installing a new extra high voltage circuit-breaker. Some of the other techniques
already described are examined first and usually the splitting of the substation or
the de-loading of one feeder circuit may be used.

9.2.9 Example

Example 9.1 Figure 9.5 shows a 400 kV transmission substation supplying
a 132 kV substation through four 240 MVA 400 kV/132 kV autotransformers.

132 kV

400 kV

Bus
section
breakerB1 B2

12% on 100 MVA

17% on 100 MVA

Three-phase
subtransient
infeed 40 000 MVA

20% on 240 MVA

Static load

Grid

Figure 9.5 System for Example 9.1
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The 132 kV substation is of a double-busbar design and the 132 kV network is
radial. Three 100 MVA generators are connected to the 132 kV busbar as shown.
The 132 kV circuit-breakers and substation infrastructure three-phase short-
circuit rating is 5000 MA corresponding to 21.9 kA three-phase short-circuit
current. Calculate the 132 kV three-phase busbar short-circuit current when the
132 kV substation is operated solid and split using the busbar section circuit-
breaker. For quicker hand calculation, all network resistances are ignored and
the 132 kV feeders are assumed to supply a static load only. The generator’s
subtransient reactances are given. The initial ac currents are to be calculated.

Solution

132 kV substation solid
The positive phase sequence (PPS) subtransient reactance of the system infeed
on a 100 MVA base is calculated as

XThév. = 100 MVA

40 000 MVA
× 100 = 0.25%

The autotransformer PPS reactance on a 100 MVA base is equal to

XT = 20% × 100 MVA

240 MVA
= 8.34%

The Thévenin’s equivalent impedance ‘seen’ at the faulted 132 kV busbar is
calculated as

XThév. = 1
1

0.0025 + 0.0834/4 + 3
0.17 + 0.12

= 0.0188 pu

The 132 kV busbar three-phase fault level is equal to 100 MVA/0.0188 pu =
5319 MVA and this corresponds to a three-phase fault current of 5319 MVA/
(
√

3 × 132 kV) = 23.3 kA which exceeds the 21.9 kA rating. Clearly, the bus
section and feeder circuit-breakers are all potentially overstressed. Also, the
generator–transformer breakers are overstressed for a fault on the transformer
side of the breaker since each generator contribution to the fault is equal to
1.5 kA. The reader is encouraged to show that the 132 kV breakers of the
autotransformers are not overstressed since the fault current for a fault on the
transformer side with the 400 kV breaker open is only 19 kA. It is noted that
under the busbar fault condition, the current supplied through each autotrans-
former is 4.7 kA, but the duty on the autotransformer 132 kV breaker is not
equal to 23.3 kA–4.7 kA = 18.6 kA!

132 kV substation split with bus section breaker normally open
The Thévenin’s equivalent impedance ‘seen’ at the fault point for a fault on
busbar section B1 is calculated as

XThév. = 1
2

0.29 + 1

0.0834/2 + 1
1

0.17 + 0.12 + 0.0834/2 + 1
0.0025

= 0.03386 pu
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The 132 kV busbar three-phase fault level is given by XThév. = 100 MVA/
0.03386 pu = 2953 MVA and this corresponds to a three-phase fault current
of 2953 MVA/(

√
3 × 132 kV) = 12.9 kA which is substantially less than the

21.9 kA rating. The three-phase fault current at busbar B2 is equal to 11.4 kA.
Therefore, the short-circuit current duties are well within the ratings of all
132 kV circuit-breakers.

This huge reduction in short-circuit current magnitude is due to the assump-
tion that the 132 kV network emanating from the 132 kV substation is radial.
Where this network is interconnected, an equivalent interconnecting impedance
would still exist between the two 132 kV busbar sections when the 132 kV
busbar is split. The effect of this is that the reduction in the magnitude of
short-circuit current may be significantly reduced.

9.3 Limitation of short-circuit currents in
power system design and planning

9.3.1 Background
Depending on national or even particular utility practices, power system design
and planning may extend from typically 6 months ahead up to 7 years ahead or
more. The objectives are generally to design the connection of new generation plant
and demand centres to the existing network as well as the network infrastructure
reinforcements required to ensure secure and reliable power system into the future.
In future network planning and design timescales, many competing measures are
available to the designer to secure the network and ensure safe short-circuit fault
level management including the planning and engineering of the installation of
new equipment.

In general, some of the methods described in Section 9.2 can also be used at the
network design stage, e.g. re-certification of existing plant short-circuit capability,
substation splitting and use of circuit-breaker autoclosing, network splitting and
reduced system parallelism, increasing circuit-breaker fault clearance time
and de-loading of circuits. In the next sections, we will describe some of the
additional measures generally available to the system design engineer.

9.3.2 Opening of unloaded delta-connected
transformer tertiary windings

Many transformers used in power systems have an additional unloaded third or
tertiary winding. As we discussed in Chapter 4, the delta tertiary winding presents
a low zero phase sequence (ZPS) impedance path to the flow of ZPS currents.
Therefore, when opened, no ZPS current can circulate inside the winding. This
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has the effect of increasing the shunt ZPS impedance to earth to a very large value
depending on the transformer core construction. This increase is greatest for 5-limb
and shell-type core transformers. However, experience shows that the overall effect
on the reduction of the magnitude of single-phase to earth short-circuit current
is relatively small and local and hence this technique, which is very attractive
economically, is potentially useful in marginal overstressing at specific locations.
The delta tertiary winding also provides a path for the circulation of third harmonic
currents which arise mainly from the transformer magnetising current. The opening
of the delta winding causes third harmonic ZPS currents to circulate further into the
system which may cause unacceptable voltages and interference in communication
networks. Therefore, the use of this technique requires careful consideration.

9.3.3 Specifying higher leakage impedance for
new transformers

A short-circuit overstressing problem may be caused when a substation is being
reinforced through the addition of one or more new transformers. The short-circuit
currents fed through the transformers to the fault location can be reduced by speci-
fying higher than average transformer leakage impedance, e.g. by up to 40% or
50%. However, the increased transformer impedance causes an increase in the
transformer reactive power losses and voltage drop and hence the provision of the
required supply voltage quality may require a tap-changer to have a wider tapping
range. Nonetheless, appreciable reduction in the magnitude of short-circuit current
may be obtained.

9.3.4 Upgrading to higher nominal system
voltage levels

The short-circuit current magnitude in kA for a given short-circuit fault level in
MVA is inversely proportional to the nominal system voltage level. In most prac-
tical situations, however, electrical power systems and their voltage levels already
exist and the construction of higher voltage systems for short-circuit limitations
only may not be economically justifiable. To illustrate the effect on the short-
circuit current magnitude of connecting a power station unit (a generator and its
step-up transformer) at two different voltage levels, consider a 100 MVA gener-
ator having a 20% subtransient reactance and a step-up transformer having a 15%
leakage reactance, both on 100 MVA. With the generator unloaded and a 1 pu pre-
fault voltage, the initial magnitude of the short-circuit current for a three-phase
short-circuit fault on the transformer’s high voltage side is equal to

1

0.2 + 0.15
× 100 MVA√

3 × Vline

Therefore, the magnitude of the short-circuit current delivered from the power
station unit will be equal to 1.25 and 0.75 kA for connecting to 132 and 220 kV
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systems, respectively. In practice, the reduction in short-circuit current for con-
necting to 220 kV will be a little higher because the transformer’s leakage reactance
increases with winding voltage. In general, the benefits of such reductions will
need to be balanced against the increased costs of connecting at a higher voltage
level.

9.3.5 Uprating and replacement of switchgear and
other substation equipment

When a short-circuit duty is predicted to be in excess of the available rating of
existing equipment, it is usually the case that more than one circuit-breaker is
found to be potentially overstressed. Depending on the particular technology and
design of the circuit-breaker, some uprating or replacement of some components
that provides higher short-circuit capability may be possible. Alternatively, the
circuit-breakers are replaced with new circuit-breakers with higher short-circuit
rating. The costs of such replacements are usually quite high and the potential
short-circuit current duty is not reduced.

9.3.6 Wholesale replacement of switchgear and
other substation equipment

This is a very expensive and usually last resort design option if the existing sub-
station is still relatively new although the new equipment may be specified to
enable sufficient future growth in short-circuit duty. However, consideration of
wholesale replacement may be affected by other factors. These include: if the
substation equipment is approaching the end of its nominal life, if significant
equipment unreliability is identified, environmental or safety issues, installation,
and system outage and access requirements.

9.3.7 Use of short-circuit fault current limiters
A fault current limiter is a power system device that, when installed at specific
location(s) in the power system, is capable of appreciably reducing the short-
circuit current magnitude very quickly following the instant of the short-circuit
fault. Some limiters may also interrupt the short-circuit current. Various types of
fault current limiters and their modelling requirements are presented in Section 9.4.

9.3.8 Examples

Example 9.2 Using Example 9.1 system and data shown in Figure 9.5, cal-
culate the initial three-phase short-circuit current for a solid 132 kV busbar, but
with the reactances of autotransformers now 30% higher.
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The Thévenin’s equivalent impedance ‘seen’ at the fault point is given by

XThév. = 1
1

0.0025 + (0.0834 × 1.3)/4 + 3
0.17 + 0.12

= 0.02266 pu

The 132 kV busbar three-phase fault level is equal to 100 MVA/0.02266 pu =
4412 MVA and this corresponds to a three-phase fault current of 4412 MVA/

(
√

3 × 132 kV) = 19.3 kA which is within the 21.9 kA rating. If the reactance
of each autotransformer is 50% higher, the three-phase fault current would be
equal to 17.5 kA.

Example 9.3 Again, we will use the system and data of Figure 9.5. In addition,
the ZPS system infeed at 400 kV is assumed equal to the PPS infeed. The auto-
transformers have unloaded, closed 13 kV delta-connected tertiary windings
and their equivalent 400, 132 and 13 kV windings ZPS reactances on 240 MVA
base are 19.2%, 0% and 24%, respectively. The generator–transformers’ wind-
ings are star–delta connected and the ZPS reactance is 11% on 100 MVA.
Calculate the single-phase short-circuit fault current at the solid 132 kV busbar
under the following conditions:

(a) Normal condition with autotransformer’s delta windings closed.
(b) Autotransformers’s delta windings are opened. The core construction is

3-limb. The effective equivalent 400 kV, 132 kV and neutral reactances are
−4%, 12% and 100% on 100 MVA base, respectively.

Delta windings closed
From Example 9.1, the PPS/NPS (negative phase sequence) Thévenin’s equiv-
alent impedance ‘seen’ at the fault point is equal to 0.0188 pu. Also, the ZPS
Thévenin’s equivalent impedance ‘seen’ at the fault point is calculated as

XZ
Thév. = 1

1
0.0025 + 0.08/4 + 3

0.11 + 1
0.1/4

= 0.00895 pu

The single-phase fault current is equal to

3

2 × 0.0188 + 0.00895
× 100 MVA√

3 × 132 kV
= 28 kA

As expected, in this example, the single-phase fault current is 20% higher than
the three-phase fault current.

Delta windings opened
The opening of the autotransformer delta windings for 3-limb cores would
produce changes in the ZPS equivalent reactances of the autotransformers, as
discussed in Chapter 4. The Thévenin’s PPS/NPS reactance is unchanged and
is equal to 0.0188 pu. The ZPS Thévenin’s equivalent impedance ‘seen’ at the
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fault point is amenable for hand calculation but requires one simple star-to-delta
transformation. It is easily shown that XZ

Thév. = 0.0324 pu. The single-phase
fault current is equal to

3

2 × 0.0188 + 0.0324
× 100 MVA√

3 × 132 kV
= 18.7 kA

It is interesting to note that although opening the delta windings increases
the ZPS Thévenin’s impedance by a factor of 0.0324/0.00895 = 3.6, the single-
phase fault current is reduced by 33% which in this example is quite significant.

Where the autotransformers are of 5-limb core or shell-type construction,
then as we discussed in Chapter 4, the opening of the delta winding will cause
the ZPS shunt neutral impedance to become very large. Values may range from
3000% to 5000% on 100 MVA base. The reader may wish to repeat the calcu-
lation of single-phase fault current for a 5-limb or shell-type autotransformer
and compare with questions (a) and (b) above.

9.4 Types of short-circuit fault current limiters

9.4.1 Background
There are several types of short-circuit fault current limiters for application in
low, medium, high and extra high voltage systems. Some, like the current limiting
series reactor, have been used for decades. Others, like superconducting and solid
state limiters, are undergoing extensive research and development and some are
now being prototyped and are expected to be ready for commercial applications
within the next few years.

Besides their main benefits of avoiding the otherwise unnecessary replace-
ment of switchgear, fault current limiters introduce additional benefits caused
by the reduction of stresses on equipment during short-circuit faults. A number
of concomitant economic benefits include increased power plant life by limit-
ing let-through current, lower thermal, mechanical and electrodynamical stresses
of equipment, improved network capacity by allowing several transformers to
operate in parallel and possibly lower need for spares. In this section, we briefly
describe established and emerging fault current limiter technologies as well as
their modelling needs.

9.4.2 Earthing resistor or reactor connected to
transformer neutral

An earthing resistor or reactor may be connected to the neutral of a transformer star
connected winding in order to limit earth fault currents, i.e. single-phase and two-
phase to earth. Usually, neutral earthing reactors are used on autotransformers
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such as those connecting 400–132 kV networks and 380 kV/365 kV to 110 kV
networks. Neutral earthing resistors are usually connected to the neutral of the
lower voltage winding of distribution transformers such as on the 11 kV neutral of
a star-connected winding of a 132 kV/11 kV transformer.

The modelling of earthing reactors and resistors was covered in Chapter 4. The
use of earthing reactors in autotransformers with a tertiary winding is modelled as
shown in Figure 4.23 where the effects are to increase the shunt ZPS impedance
branch, increase the net ZPS series impedance and move the shunt ZPS impedance
towards the high voltage side of the transformer. As a result, the main benefit of
this method is to reduce the single-phase to earth short-circuit current during a
fault on the low voltage substation side of the transformer. The ohmic value of
the earthing reactor for use with existing transformers is usually a compromise
between the desire to increase the reactance as much as possible to limit the short-
circuit current and the need to limit the voltage at the transformer neutral point to
within the insulation level of the winding.

For two-winding and three-winding transformers, the effect of the neutral reactor
is to increase the transformer’s ZPS leakage impedances as shown in Figures 4.12
and 4.19 of Chapter 4 respectively.

9.4.3 Pyrotechnic-based fault current limiters
These fault current limiters, also known as ‘IS-limiter’, are widely used in low and
medium voltage systems and industrial power systems at nominal voltages up to
40.5 kV with interrupting currents up to 210 kA symmetrical rms. The IS-limiter
is a device that consists of two parallel conductors as shown in Figure 9.6(a).

The first is the main conductor that carries the load current under normal
unfaulted system operating conditions. The second is a parallel fuse with a high
breaking capacity that limits the short-circuit current at the first current’s rise and
interrupts it at the next current zero. Figure 9.6(b) shows the effect of IS-limiter
operation where the two sources of fault currents are characterised by an rms
current equal to 31.5 kA and a peak factor equal to 1.8 giving an initial peak asym-
metric current of 80 kA. The IS-limiter is activated by a small charge that opens
the main conductor and diverts the short-circuit current to the fuse. The normal
instantaneous current through the IS-limiter is monitored by an electronic mea-
suring and tripping circuit. Both the current and its rate of rise are continuously
evaluated and compared to selected set points. If both set points are simultaneously
reached, the IS-limiter trips and the total operating time to current interruption is
5–10 ms. After an operation, the IS-limiter insert (one unit per phase), i.e. the main
conductor, the parallel fuse and the charge need to be replaced. These limiters can
be used in a variety of applications such as to couple substation busbars, connec-
tion of two separate subsystems, connection in series with generator feeders or in
parallel with a current limiting reactor, etc.

Since the current is generally limited and interrupted before the half cycle asym-
metric peak is reached, as illustrated in Figure 9.6(b), the IS-limiter current will
not contribute to this initial half cycle peak current. Therefore, the limiter can be
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Figure 9.6 The IS-limiter (Source: ABB Germany): (a) insert and insert holder and (b) performance

modelled as a zero admittance (phase, PPS, NPS and ZPS) element in short-circuit
analysis studies.

9.4.4 Permanently inserted current limiting
series reactor

Short-circuit current limiting series reactors have been used in power systems at
almost all voltage levels for decades. They introduce a leakage impedance into
the current path which limits the fault current. Because they are permanently
inserted in the system, i.e. under normal unfaulted system conditions, they have
several disadvantages. These include: they introduce a voltage drop, have active
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Figure 9.7 Series resonant fault current limiters using a bypass switch: (a) tuned series resonant fault
limiter design (i) and (b) tuned series resonant fault limiter design (ii)

and reactive power losses, may adversely affect the optimum distribution of power
flow in interconnected networks and may also adversely affect the transient and
dynamic stability performance of power systems. Series reactors are modelled
using their leakage impedance as discussed in Chapter 4.

9.4.5 Series resonant current limiters using
a bypass switch

To eliminate the active and reactive power losses in bus tie applications using single
reactor component, an alternative is to use a power frequency tuned resonant series
inductor and capacitor combination. The combination has a zero impedance under
normal operating conditions. To limit the fault current, the capacitor element is
shorted out using a fast closing bypass switch. A variant of this approach is to use
a series/parallel arrangement of tuned inductors and capacitors in order to create
two parallel tuned elements in series by the operation of a single bridging switch at
the circuit mid-point. Both circuits are shown in Figure 9.7. Some of the disadvan-
tages of these circuits are that a number of large components are mounted at line
potential and there may be a risk of sub-synchronous resonance which may dam-
age turbo-generator shafts. In the second circuit, if all the inductive and capacitive
reactances are chosen to be equal, the impedance switches from zero to almost
an infinite value, and while this is very attractive, may be impractical because of
its significant adverse effect on downstream protection. Also, the shorting switch
may have to close near zero voltage across the capacitor to avoid a very large
transient current duty.

9.4.6 Limiters using magnetically coupled circuits
Figure 9.8 shows two configurations of magnetically coupled circuits. Two wind-
ings, a primary and a secondary, having equal number of turns are shown. The two
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Figure 9.8 Fault current limiters using magnetically coupled circuits: flux cancelling limiter with
(a) reverse secondary winding bypass and (b) secondary winding polarity changeover

windings are connected so that the same current flows through them and the
primary winding MMF balances that of the secondary winding.

During normal or unfaulted operation, the voltage induced across the self-
inductance of the primary winding is cancelled by the voltage induced in the
same primary winding due to the current flowing in the secondary winding, and
vice versa. Therefore, the net voltage across each winding is zero. Since close
mutual coupling between the two windings is required as well as safe clearances
where high voltages are involved, an iron core would be required. The device would
result in resistive losses. Because under normal unfaulted operation, the secondary
MMF cancels out the primary MMF, this limiter is termed a flux cancelling limiter.
A sensing and control circuit is required to detect the onset of short-circuit current
and switch the device into the limiting mode.

Flux cancelling limiter with reverse secondary winding bypass

This is shown in Figure 9.8(a). When an external short-circuit fault occurs, the
coupling between the two windings is broken by immediately closing the normally
open switch and opening the normally closed switch. This effectively open circuits
the secondary winding and causes the primary winding to appear as a series reactor
with an impedance ZR that acts to limit the short-circuit current. The actions of
the switches make the circuit appears as 1:1 transformer with an open-circuited
secondary winding. The voltage rating of the normally closed switch is equal to
the voltage across the primary winding under short-circuit conditions. This switch
only carries the normal load current. The current rating of the normally open switch
is equal to the limited short-circuit current and under unfaulted system conditions,
the voltage across this switch is zero because it is equal to the voltage across the
secondary winding.
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Figure 9.9 Orthogonally wound saturable reactor fault current limiter with dc control winding

Flux cancelling limiter with reverse parallel to
series reconnection

This is shown in Figure 9.8(b). When an external short-circuit fault occurs, the
direction of the secondary winding is reversed so that the induced voltage adds to
the voltage across the self-inductance of each winding, instead of subtracting, and
hence doubles the effective impedance in series with the network. The normally
open switches carry the limited short-circuit current whereas the normally closed
switches carry the load current.

9.4.7 Saturable reactor limiters
Saturable reactors have a non-linear voltage–current characteristic so that when
the voltage across the reactor rises above a certain threshold, the reactor cur-
rent increases disproportionately due to core saturation. As a result, its effective
impedance reduces below that without saturation. Figure 9.9 illustrates a sat-
urable reactor with a dc and an ac windings that are wound orthogonally on an
iron core.

The amount of saturation is controlled by injecting a variable dc current into
the dc control winding. With the exception for the core saturation, the current
in the main ac winding is not affected by that in the dc control winding. Because the
two windings are orthogonal, the mutual coupling between them is negligible. The
device operates in the saturation region under normal unfaulted system conditions
and must be quickly taken out of saturation upon the onset of short-circuit current.
The increase in impedance offered by this limiter is generally small and may not be
sufficient if appreciable current limitation is required. A conventional series iron
core saturable reactor may also be used where saturation is obtained by injecting
a dc current into the main winding.

9.4.8 Passive damped resonant limiter
Figure 9.10 illustrates one phase of a three-phase damped resonant limiter circuit
using only passive components.

The limiter consists of an isolation transformer whose primary winding is con-
nected in series with the system and a capacitor is connected across its secondary
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Figure 9.10 Passive damped resonant fault current limiter

winding. A non-linear resistor, e.g. a varistor, or a fast closing triggered switch, is
connected in parallel with the capacitor and a damped tuned filter is connected in
parallel with the varistor. Under normal unfaulted system condition, the secondary
circuit appears as a capacitor at 50 Hz that when transferred to the primary of the
transformer, is equal to and hence cancels out the transformer’s leakage reactance.
Therefore, at 50 Hz, the limiter appears as a short circuit except for the resistance
of the transformer. When a short circuit fault occurs in the power system, the
increase in current flowing in the transformer’s primary winding causes a corres-
ponding increase in the secondary winding’s current. The rise in voltage across
the secondary winding impedance would cause the varistor or switch to conduct
and short circuit the capacitor. Thus, the effective impedance that remains in the
primary circuit is the transformer’s leakage impedance and this acts to limit the
fault current to the desired value. A circuit-breaker in parallel with the varistor or
switch may be used to short circuit the secondary and reduce the energy absorption
duty on the varistor.

The fault current limiting described can be obtained without the circuitry involv-
ing XL1, R, XL2 and XC2. However, with series capacitors in transmission systems,
sub-synchronous resonance phenomenon has occurred and caused damage to
turbo-generator shafts. Thus, the purpose of this circuitry is to provide damp-
ing at sub-synchronous frequencies. The circuit consists of a reactance XL1, and
a ‘C’ filter whose XL2 and XC2 are tuned at power frequency (50 or 60 Hz), so that
the damping resistor R is short-circuited at this frequency. XL1, is used because the
filter can not be connected across the main capacitor XC1 to avoid short-circuiting
this capacitor. The value of XL1 is chosen so that at power frequency, the parallel
combination of XL1 and XC1 appears as a capacitive reactance whose value is equal
to the leakage reactance of the series transformer.

In summary, the limiter has a negligible impedance under normal unfaulted
system operation and a fault limiting reactance equal to the transformer’s leakage
reactance under short-circuit conditions. A damping circuit is included to reduce
the risk of sub-synchronous resonance. The modelling of this limiter as a leakage
impedance in short-circuit studies is straightforward.
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Figure 9.11 Fault current limiters using power electronic switches: (a) thyristor protected series capacitor
and (b) thyristor controlled series capacitor

9.4.9 Solid state limiters using power electronic
switches

Series resonant limiter using thyristor protected
series capacitor

Figure 9.11(a) illustrates this type of limiter which is based on a flexible ac trans-
mission system series compensation device called the thyristor protected series
capacitor. In parallel with the capacitor is a power electronic switch that consists
of anti-parallel thyristors. Under normal unfaulted system operation, the thyristor
switches are not conducting current, and the series inductance and capacitance
are tuned at power frequency. Therefore, only the inductor’s resistance remains
in the circuit and this incurs active power losses. Under system fault conditions,
the thyristor switches are made to conduct the fault current and bypass the capac-
itor thus inserting the reactor impedance into the fault path within a few
milliseconds. The reactor acts to limit the fault current.

Series resonant limiter using thyristor controlled
series capacitor

The circuit is illustrated in Figure 9.11(b) and is essentially a flexible ac trans-
mission system series compensation device employing thyristor controlled series
capacitor used for improving the power transfer capability of the network. Under
normal system operating conditions, the thyristor conduction angles are small (fir-
ing angles are large), so that most of the current flows through the series capacitor.
The effective impedance of the parallel inductor/capacitor combination is capaci-
tive. However, when a short-circuit fault occurs, the firing angle of the thyristors
is quickly reduced, so that the parallel inductor/capacitor combination changes to
inductive thus limiting the fault current. Fault current limitation is generally an
attractive by-product of these controlled series capacitor devices.
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Solid state limiter using normally conducting power
electronics switches

This type of fault limiter is illustrated in Figure 9.12.
It consists of a power electronics switch that is connected in series in the ac

system. A fault limiting resistor or reactor is connected in parallel with the switch.
Under normal unfaulted system operation, the switch conducts and carries the
normal load current and the fault limiting resistor/reactor is short-circuited. When
a system short-circuit fault occurs, the rising fault current is detected and the switch
is turned off thus diverting the fault current to the parallel resistor/reactor which
acts to limit the fault current. The fault current limiting is accomplished within
a few milliseconds. The use of a current limiting resistor brings the useful benefit
of reducing the phase angle difference between the voltage and current and quickly
removing the dc fault current component. A varistor may be connected in parallel
with the switch to limit the transient voltage that appears across it. The switches
may accomplish the current switch off using gate turn off thyristors or modern
alternatives. Because they are normally conducting, the switches incur on-state
active power losses and these are typically 0.1–0.2% of the throughput power.

9.4.10 Superconducting fault current limiters

Background

A superconductor is a wire or a coil such as Bismuth-2233 or YBa2Cu3O7 that,
when cooled, acts as a perfect conductor that has a zero resistance. Beyond a cer-
tain critical limit of a particular property, the conductor loses its superconductivity
state and transition to a normal high resistive state. The property referred to is
the conductor critical temperature, critical current or current density, or magnetic
field. Figure 9.13 illustrates the magnetic field and resistance/current, properties
of a superconductor. Cryogenic cooling equipment is used to cool the supercon-
ductor using liquid nitrogen and for high temperature superconductors, the cooling
temperature is less than −100◦C. The ‘high temperature’ term refers to material
that becomes superconductors at temperatures that are typically above 30◦K. To
the author’s knowledge, 100◦K has so far been achieved.

The transition from the superconducting to the normal resistive state occurs
automatically within a few milliseconds. No special devices or circuitry is needed
to detect and trigger the fault limiting action since the transition in the state material
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Figure 9.13 Basic electrical property of a superconductor: (a) magnetic flux lines and (b) resistance/
current characteristics of a high temperature superconductor

is only dependent on the magnitude of the current flowing through it. In practical
installations, recovery of the superconducting property should occur quickly in
order to limit and withstand subsequent faults in the power system within a short
period of time.

At the time of writing, superconducting fault current limiters remain mainly lab-
oratory prototypes although the resistive type (see below) is nearing commercial
use at low distribution voltages. Currently, there are four types of superconducting
fault current limiters: (a) resistive superconducting limiter, (b) shielded inductance
superconducting limiter, (c) saturated inductance superconducting limiter and
(d) air-gap superconducting limiter. These are briefly described in the next section.

Resistive superconducting limiter

This limiter uses a superconductor connected in series in the system. Under normal
unfaulted system operation, the limiter is in the superconducting state and has a zero
resistance. When a system short-circuit fault occurs, the current or current density
in the superconductor increases beyond a certain critical limit. The material loses
its superconducting state and effectively becomes a high series resistance which
limits the fault current. Figure 9.14 illustrates two connections: a series connection
and a shunt connection.

The main disadvantage of the series connection is that fast reclosing operation
cannot be achieved in a cost-effective design because recovery of the limiter in
readiness for a second limiting operation may take several minutes. This is caused
by the heat generated in the conductor in the resistive state which must be dissipated
to avoid conductor damage. In the shunt connection, a resistor or a reactor is
connected in parallel with the limiter. Under normal unfaulted system operation,
the current flows through the superconductor that has a zero resistance. Under
faulted system conditions, the resistance of the limiter increases and the fault
current is shared between the limiter and the resistor/reactor. If the design enables
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Figure 9.15 Shielded inductance superconducting fault current limiter: (a) circuit schematic, (b) equiva-
lent circuit and (c) equivalent circuit referred to primary side

most of the fault current to flow through the resistor/reactor, multiple operation in
a short period of time may be possible.

Shielded inductance superconducting limiter

In this type of limiter, a series transformer whose primary winding is connected
in series in the power system is used. The secondary winding of the transformer
is a single turn superconductor as illustrated in Figure 9.15(a).

During normal unfaulted system operation, the superconducting secondary
winding is effectively short-circuited and its MMF balances that of the primary
winding so that almost no flux penetrates the iron core. This introduces the trans-
former leakage reactance into the primary circuit as illustrated in Figure 9.15(b)
and (c). During faulted system operation, the superconductor current increases
beyond the critical value and becomes highly resistive. In order to achieve MMF



542 Control and limitation of high short-circuit currents

Superconducting
dc bias windings

Iron
core

ac
system

ac
system

Figure 9.16 Saturated inductance superconducting fault current limiter

Iron core

ac
system

ac
system

Superconducting
element in air gap

Figure 9.17 Air-gap superconducting current fault limiter

balance, flux penetrates the iron core and the effective impedance appearing in the
primary circuit is sharply increased thus limiting the fault current. The mass of iron
and copper, cryogenics, civil engineering, overall size and cost can significantly
exceed that of the resistive limiter so that practical applications may be unlikely
unless new breakthroughs are made.

Saturated inductance superconducting limiter

In this type of limiter, illustrated in Figure 9.16, the line current flows through a
series winding around an iron-cored reactor.

During normal unfaulted system operation, the iron of this reactor is held in
saturation by a second dc superconducting winding and the effective reactance of
the device is quite small. Under faulted system operation, the high fault current
drives the core out of saturation and the effective reactance increases to the air core
value. Two such devices are connected in series to provide limiting action for both
polarities. The use of superconducting dc winding reduces steady state losses and
because it remains in the superconducting state during system fault conditions, it
enables instantaneous recovery. Another advantage is the improvement in the ratio
of faulted to unfaulted impedance. The total mass of iron and copper required, as
well as overall size, for a practical three-phase high voltage device are significant.

Air-gap superconducting limiter

This limiter is illustrated in Figure 9.17 and is similar to the shielded inductance
limiter except that the secondary winding is replaced by a strip of superconductor
inserted into an air gap in the iron core.
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During normal unfaulted system operation, the superconductor expels the flux
from the gap causing a high reluctance and a low primary inductance. However,
during a faulted system condition, the superconductor can no longer support the
currents necessary to expel the flux which now exceeds the superconductor critical
limit and the magnetic reluctance drops causing the primary inductance to rise.
The ratio of faulted to unfaulted limiter impedance may not be significant.

9.4.11 The ideal fault current limiter
The ideal fault current limiter should be invisible to the system in which it is
installed except the short-circuit conditions it is designed to operate under. The
ideal limiter should have the following characteristics:

(a) It should have a zero impedance and zero active and reactive power losses
under normal unfaulted system conditions.

(b) It should detect, discriminate and respond to all types of short-circuit faults in
less than 1 or 2 ms.

(c) When it responds, it should insert a very high limiting impedance to limit
current flow. A mainly inductive impedance may be preferred in higher voltage
networks although resistive limiters have the benefit of quickly suppressing
the dc fault current component.

(d) It should automatically and quickly recover once the fault has been removed
ready for another current limiting operation.

(e) It should be capable of performing successive current limiting operations
without replacement.

(f ) It should cause no unacceptable overvoltages or harmonics in the power
system.

(g) It should have no adverse impact on power system protection performance.
(h) It should be highly reliable and fail-safe.

In practical installations, such an ideal limiter is not achievable and various
design compromises have to be made.

9.4.12 Applications of fault current limiters
There are many different possible applications of fault current limiters in low,
medium, high and extra high voltage power networks as well as in industrial power
systems. The most efficient, in terms of fault current reduction, and economic
method is chosen depending on network and substation specific factors. A brief
summary of the main applications is given below.

Figure 9.18 illustrates a case where the solid coupling of the 132 kV (110 kV)
busbar is not possible due the short-circuit ratings of connected circuit-breakers
being exceeded.

The busbar is split into two sections which are connected by a fault current
limiter. The limiter’s impedance is chosen in order to reduce the short-circuit
infeed from one side of the limiter for a fault on the other side, and vice versa,
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Figure 9.19 Fault current limiter used to couple substation busbars at extra high voltage levels
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Figure 9.20 Fault current limiter in high-to-medium voltage transformer circuit

to well within switchgear ratings. For sufficiently large limiter impedance, the
majority of the fault current on either side of the limiter is supplied through the
transformers from the higher voltage network.

Figure 9.19 illustrates an extra high voltage substation with a significant amount
of connected generation where the substation cannot be operated solid because
the available short-circuit currents will exceed various switchgear and substation
infrastructure ratings.

Busbar splitting through a fault current limiter is quite effective in limit-
ing the short-circuit current magnitude to well within switchgear and substation
infrastructure ratings.
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Figure 9.20 illustrates a fault current limiter application in series with a trans-
former in a high-to-medium voltage substation. The limiter acts to limit transfomer
fed short-circuit currents for faults on the medium voltage substation.

Figure 9.21 illustrates a fault current limiter application in series with a
generator–transformer circuit. The limiter acts to limit the short-circuit current
infeed from the generator for faults on the high voltage substation and the generator
terminals.

Figure 9.22 illustrates a fault current limiter application in series with a
generator–unit transformer that supplies the power station auxiliaries. The
limiter acts to limit the short-circuit infeed from the generator and the grid via
the unit transformer for faults on the unit board and lower voltages within the
auxiliary system.

Figure 9.23 illustrates a fault current limiter application in series with circuit
feeders that export power from a large concentration of generation plant located
at one or several locations.
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Figure 9.25 Fault current limiters that limit fault currents and improve supply voltage quality

Figure 9.24 illustrates the connection of a generator through a fault current
limiter to a medium voltage grid to limit the generator’s short-circuit contribution
to faults within this grid. In this example, the limiter serves as an alternative to a
transformer (and switchgear) connection to the high voltage grid.

Figure 9.25 illustrates fault current limiters in series with low impedance
transformers and medium voltage substation busbars coupled via a resistive
superconducting fault current limiter.

Operating the medium voltage busbars split reduces the short-circuit fault level
at each busbar and reduces the supply voltage quality to customers supplied from
the busbar section that supplies a fluctuating load such as an arc furnace load.
Coupling the busbar sections through a superconducting fault current limiter, or
ideally one that has a very low unfaulted impedance, increases the available short-
circuit level at the busbar supplying the fluctuating load and improves the supply
voltage quality.

9.4.13 Examples

Example 9.4 Using Example 9.1 system and data, calculate the short-circuit
current for a single-phase short-circuit fault at the solid 132 kV busbar if each
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400 kV/132 kV autotransformer is equipped with a neutral earthing reactor
having a reactance of 10 �.

The value of the neutral earthing reactor in per cent on 100 MVA is equal to

XNER = 10 �

(132)2

(100)

× 100 = 5.739%

The changes in the transformer ZPS T equivalent reactances and the new 400,
132 and 13 kV reactances are calculated as

�XZ
400 kV = −3 × ( 400

132 − 1
)

( 400
132

)2 × 5.739% = −3.8%

thus

XZ
400 kV = −3.8% + 8% = 4.2%

�XZ
132 kV = 3 × ( 400

132 − 1
)( 400

132

) × 5.739% = 11.5%

thus

XZ
132 kV = 11.5% + 0% = 11.5%

�XZ
13 kV = 3( 400

132

) × 5.739% = 5.7%

thus

XZ
13 kV = 5.68% + 10% = 15.68%

The ZPS Thévenin’s equivalent impedance ‘seen’ at the 132 kV fault point is cal-
culated using a simple star-to-delta transformation. Thus, XZ

Thév. = 0.01877 pu.
It is interesting to compare this with the value obtained in Example 9.3 of
0.00895 pu. The effect of the neutral earthing reactor is to double the ZPS
Thévenin’s impedance at the 132 kV faulted busbar. It is also worth noting
that the opening of the delta-connected tertiary windings is more effective in
increasing the ZPS Thévenin’s impedance by a factor of 0.0324/0.01877 = 1.72.

The single-phase fault current is equal to

3

2 × 0.0188 + 0.01877
× 100 MVA√

3 × 132 kV
= 23.3 kA

Example 9.5 Figure 9.26(a) shows a power station having N operational but
unloaded identical generators connected to a high voltage busbar through iden-
tical transformers. An interbus series reactor short-circuit limiter is used as
shown in Figure 9.26(b). Derive a general expression relating the ratio of the
three-phase short-circuit current with and without the reactor. Assume that the
generators and transformers have equal MVA rating.
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Figure 9.26 Systems for Example 9.5

Let the PPS reactance of each generator and transformer be denoted XG and
XT in pu on rating and let the series reactor’s PPS reactance on the generator’s
rating be denoted XR. The three-phase short-circuit current for a fault on the
high voltage busbar of Figure 9.26(a) is given by

IF = N

X
where X = XG + XT

Using a short-circuit limiting series reactor with N /2 generators arranged on
either side, it can be easily shown that the three-phase short-circuit current for
a fault on either side of the high voltage busbars is given by

IF(R) =
4X
N + XR

2X
N

( 2X
N + XR

)
Therefore, using the above two equations, we obtain

IF(R)

IF
= 1 + 4

N
X
XR

2 + 4
N

X
XR

Clearly, the limiting value is found by setting N → ∞ giving a fault current of
50% of that without the reactor. However, it is more instructive to examine a
practical situation where XG ≈ XT and XR ≈ XG. Thus,

IF(R)

IF
= 1 + 8

N

2 + 8
N

and for N = 2, 4, 6, 8, and 10, IF(R)/IF = 0.83, 0.75, 0.7, 0.67 and 0.64, respec-
tively. Small reductions in fault current occur as N increases and the current
reduces asymptotically towards 0.5.
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10

An introduction to the
analysis of short-circuit

earth return current, rise
of earth potential and
electrical interference

10.1 Background

We outlined in Chapter 1, one area where short-circuit current calculations are
made to calculate rise of earth potential at substations and at overhead transmission
line towers. During an unbalanced single-phase to earth or two-phase to earth short-
circuit fault, either the total earth fault current or a proportion of it will flow through
the general mass of the earth and return to the source. The earth current will return
to the neutral point(s) of the supply transformers or sources supplying the fault
current through a substation earth electrode system that has a finite impedance. The
product of the earth return current and the substation earthing impedance causes
a rise in the potential of the substation earthing system and of the earth in the
vicinity of the substation with respect to the potential of the general mass of the
earth. Excessive rise of earth potential may be dangerous to people in the vicinity
or may even cause damage to plant.

The flow of current in earth through a substation earthing system will produce
potential gradients or contours within and around the substation. However, the
detailed analysis of these contours using electromagnetic field theory is outside
the scope of this book. Here, we present the calculation of rise of earth potential
only at the location where the current enters earth.
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The calculation of rise of earth potential requires the calculation of the earth
return current or the proportion of earth fault current that returns through earth. We
will present methods for the calculation of such currents that are generally accurate
and sufficient in the majority of practical applications except where several long
cable circuits emanate from the substation. In these cases, detailed multiphase
modelling of connected equipment is recommended.

At substations, an earthing conductor is used to connect to earth exposed metal
surfaces of various substation equipment. Because of its huge volume, the overall
body of the earth is used as a reference, i.e. it has zero voltage. Earthing conductors
do not normally carry current and should have a zero voltage, i.e. their voltage
is identical to that of remote earth except under short-circuit conditions. An earth
electrode is a part of the earthing system that is in contact with the earth and may
comprise copper conductor, cast iron plates or steel piles, etc. Earthing of neutral
points in a power system is made by the connection to the earthing electrode
system of: substation equipment, metalwork, cladding, overhead line earth wires,
cable sheaths and armouring terminating at the substation. In North America, the
term grounding is used and is analogous to earthing.

10.2 Electric shock and tolerance of the
human body to ac currents

10.2.1 Step, touch, mesh and transferred potentials
Electric shock may occur when a person touches an earthed structure during a
short-circuit fault or walks within the vicinity of an earthing system during a fault
or touches two separately earthed structures. Figure 10.1 illustrates a person in the
vicinity of an ac substation subject to step, touch, mesh and transferred potentials.
Step potential is the surface potential difference between the 2 ft of a person that
are assumed to be 1 m apart. Touch potential is the potential difference between
the hands and feet of a person when they are standing 1 m away from an earthed

Step
potential

VS

Remote earth

VT Vm
VTrans

Touch
potential Mesh

potential

Transfer
potential

Surface
potential
profile

Figure 10.1 Illustration of persons subject to step, touch, mesh and transferred potentials



552 Earth return current, earth potential and electrical interference

object they are touching with their hands. Mesh potential is the maximum touch
potential to be found within a mesh of the substation earthing system. Transferred
potential is a case of a touch potential in a remote location where the shock voltage
may be approaching the full rise of earth potential of an earth electrode.

10.2.2 Electrical resistance of the human body
The human body presents a resistance (impedance) to the flow of ac power
frequency current which decreases non-linearly with the applied touch voltage.
Various parts of the human body such as skin, blood, muscles, tissues and joints,
tend to oppose current flow. Broadly speaking, the human body presents an
impedance that consists of two parts. The internal impedance which is mainly
resistive, and the impedance of the skin at the point of contact which consists of
a resistance and capacitance in parallel. Above about 200 V touch voltage, the dc
resistance and ac impedance of the human body are generally equal.

Figure 10.2 shows a simplified representation of the resistances of the human
body where the following equations can be written

RHand–Hand = 2RArm RFoot–Foot = 2RLeg RHand–Foot = RArm + RLeg (10.1)

Measurements of the hand-to-hand and hand-to-foot body resistances suggest that
the arm and leg resistances are related by RLeg ≈ 0.6 × RArm. Thus,

RHand–Foot = 0.8 × RHand–Hand (10.2)

ROne hand–Both feet = 0.65 × RHand–Hand (10.3)

and if both hands and both feet are in parallel

RBoth hands–Both feet = 0.4 × RHand–Hand (10.4)

and

RBoth hands–Body centre = 0.25×RHand–Hand (10.5)

RHead

RArmRArm
Hand Hand

RLeg RLeg

Foot Foot

Head

Figure 10.2 Representation of the electrical resistances of the human body
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The above equations indicate that the effective resistance of interest is between
extremities, e.g. from one hand to the other, from one hand to both feet or
from one foot to the other. The resistance of internal body tissues is around
300 � excluding skin resistance. Including skin, the total resistance from
hand to hand is typically between 600 and 3300 �. The total body resistance
reduces with increasing touch voltage because of the considerable reduction
in the skin resistance part due to damage or puncture. For example, for
RHand–Hand = 1725 � at a 100 V touch voltage, RArm = 862.5 �, RLeg = 517.5 �,
RHand–Foot = 1380 �, ROne hand–Both feet = 1121 �, RBoth hands–Both feet = 690 �,
RBoth hands–Body centre = 431 � and RFoot–Foot = 1035 �. The most dangerous cur-
rents in terms of ventricular fibrillation of the heart (this is discussed in the next
section) are those that flow from left hand to one or both feet. For other paths
through the body, IEC 60479-1:2005 provide a rough estimation of the current
magnitude required to present an equivalent danger of ventricular fibrillation. For
example, for a left foot to a right foot path, the magnitude of the current required
is 25 times higher. According to American IEEE Standard 80:2000, the total body
resistance from one hand to both feet, hand to hand and foot to foot is generally
taken equal to 1000 �.

10.2.3 Effects of ac current on the human body
The effects of an ac electric current passing through the vital parts of a human
body depend on magnitude, frequency and duration of this current. The most
common physiological effects of electric current on the human body, in order of
increasing current magnitude, are perception, muscular contraction, unconscious-
ness, ventricular fibrillation, respiratory nerve blockage and burning. Accordingly,
a number of touch current thresholds are defined such as perception, reaction or
muscular contraction, let-go and ventricular fibrillation. The threshold of reaction
is usually taken as 0.5 mA independent of duration. The threshold of let-go cur-
rent is the maximum touch current at which a person can let-go of the electrodes
they are holding. This threshold is assumed in IEC 60479-1:2005 to be equal to
10 mA for adult males and 5 mA for all population of adult males, females and
children. Ventricular fibrillation is a condition of incoordinate action of the main
chambers (ventricles) of the heart resulting in immediate arrest of blood circul-
ation. Humans are vulnerable to the effects of power frequency currents and values
as low as tens of mA can be lethal. In comparison with power frequency current,
it is generally accepted that the human body can tolerate a slightly higher cur-
rent at 25 Hz and approximately five times larger current at zero frequency i.e.
dc current. Fortunately, the human body may tolerate hundreds of amperes in the
case of lightning surges because of their very short microseconds duration. The
threshold of perception is generally taken as 1 mA. Currents from 0.5 to 5 mA,
usually termed let-go currents, do not impair the ability of a person holding an
energised object to control his muscles and release it. From 5 mA with a duration
of 7 s up to 200 mA with a duration at 10 ms, currents are quite painful. They
can result in strong involuntary muscular contraction, difficulty in breathing and
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immobilisation but do not usually cause organic damage and the effects are tem-
porary and would disappear if the current is interrupted. It is generally not until
a current magnitude of around 100 mA that ventricular fibrillation, stoppage of
the heart or inhibition of respiration might occur and cause injury or death. In
such cases, resuscitation does not work and the only known remedy is controlled
electric shock. Industrial practice usually attempts to ensure that shock currents
are kept below the ventricular fibrillation threshold in order to prevent death or
injury. According to American IEEE Standard 80:2000 that provides guidance on
safe earthing practices in ac substations, the non-fibrillating 50–60 Hz current is
related to the energy absorbed by the human body and is given by

IB = 0.116√
ts

A 0.03 s ≤ ts ≤ 3 s (10.6)

where IB is the tolerable body current and ts is the duration of shock current in
seconds. The constant 0.116 is based on a body weight of 50 kg and a probability
of ventricular fibrillation of 0.5% in a large population of adult males. Equation
(10.6) gives tolerable body currents of 367 and 116 mA for 0.1 and 1 s, respectively.
Based on the permissible body current, American IEEE Standard 80:2000 provides
criteria for the permissible touch and step voltages for a 50 kg person as follows:

VStep 50 kg = (1000 + 6CS × ρS)IB V (10.7)

VTouch 50 kg = (1000 + 1.5CS × ρS)IB V (10.8)

where ρS is the resistivity of earth surface material in �m, IB is the permissible
shock current given in Equation (10.6), the number 1000 is the body resistance in
� and CS is a derating factor of the earth’s surface layer given as

CS = 1 + 8

πr2

∞∑
n=1

Kn

r∫
0

sin−1
(

2r

R1 + R2

)
x dx m−1 (10.9a)

and

R1 =
√

(r + x)2 − (2nhS)2 R2 =
√

(r + x)2 + (2nhS)2 (10.9b)

and K = (ρ − ρS)/(ρ + ρS) is the reflection coefficient between the surface layer
having a resistivity of ρS and the soil beneath having a resistivity of ρ, r, in m, is
the equivalent radius of the foot that is assumed a conducting plate on the earth’s
surface and usually taken equal to 0.08 m. hS is the thickness of the surface layer
in m.
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10.3 Substation earth electrode system

10.3.1 Functions of substation earth electrode system
Substation earth electrode systems provide a means to carry and dissipate electric
currents into earth under both normal and short-circuit conditions. Also, they are
designed to provide a degree of safety for persons working or walking in the
vicinity of earthed equipment so that they are not exposed to the danger of critical
electric shock. In providing an earthing point for various equipment associated
with the substation, the substation earth electrode system must fulfil the following
requirements:

(a) The resistance of the earth electrode system to a remote earth must be suf-
ficiently low to ensure operation of protection relays for earth faults at the
substation and along lines and cables connected to it.

(b) The earth potential gradient within and near to the substation should be such
that under earth faults, ‘step’ and ‘touch’ voltages are limited to safe levels.

(c) The earth electrode system must be isolated from services entering the
substation so that any rise in substation earth voltage, which can be
kilovolts at times, is not ‘transferred’ to telephones, water mains, railway
sidings, etc.

(d) The earth electrode system should be such that non-current carrying parts of
electrical equipment, e.g. sheaths and armouring of low voltage power and
control cables, do not suffer heavy fault currents.

(e) The earth electrode system should be capable of carrying the maximum earth
fault currents without overheating, mechanical damage or unduly drying out
the soil around buried earth electrodes and conductors.

10.3.2 Equivalent resistance to remote earth

General

In electrical power systems, various shapes of buried earth electrode systems are
used and approximate formulae are available to enable the calculation of the equiva-
lent resistance to remote earth of common types of electrode systems. At power
frequency, the inductive component of the impedance of the earth electrode system
is very small and is usually neglected. The earth electrode system is designed to
have a resistance, so that the voltage rise with respect to remote earth is limited to
a certain value. For example, if the maximum earth fault current flowing through
this resistance is 10 kA and the earth electrode potential rise is to be limited to
1 kV, the earth electrode should be designed to have a resistance of less than or
equal to 0.1 �. Approximate formulae for the equivalent resistance to remote earth
of common types of electrode systems are given below.
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Figure 10.3 Buried hemisphere earth electrode

Buried hemisphere

The equivalent resistance to remote earth of a buried hemisphere, shown in
Figure 10.3, is given by

RG = ρe

2πr
� (10.10a)

where ρe is average earth resistivity in �m and r is hemisphere radius. The arrows
represent the diffusion of current through the earth. For example, for ρe = 100 �m
and r = 1 m, RG ≈ 15.9 �.

If the sphere is buried at a depth of h in m which is large compared to twice its
radius, the resistance to earth is given by

RG = ρe

4π

(
1

r
+ 1

2h

)
� (10.10b)

One driven vertical rod

Driven earth rods are generally solid and circular and are effective in small area
substations or where low soil resistivity strata, into which the rod can penetrate, lies
beneath a layer of high soil resistivity. The resistance to earth of a single isolated
earth rod driven vertically into earth, shown in Figure 10.4, is given by

RG = ρe

2πL

[
loge

(
4L

r

)
− 1

]
� L >> r (10.11)

where L and r are the length and radius of the rod in m, respectively. For example,
for a driven rod in an 11 kV substation with L = 3 m, r = 0.01 m and ρe = 100 �m,

RG = 100

2π × 3

[
loge

(
4 × 3

0.01

)
− 1

]
= 32.3 �

Where the vertical electrode is surrounded by an infill material such as semi-
conductive concrete or cement, the earth resistance is given approximately by

RG = 1

2πL

{
ρe

[
loge

(
4L

ri

)
− 1

]
+ ρiloge

(
ri

rrod

)}
� (10.12)



Substation earth electrode system 557

Air

L
2r

Remote
earth

I

RG
Earth

Figure 10.4 An isolated driven vertical rod earth electrode
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Figure 10.5 Multiple driven vertical rods in a hollow square earth electrode

where ρi is resistivity of infill material in �m, ri is radius of shell of infill material in
m and rrod is the radius of the rod in m. The resistivity of concrete infill material lie
in the range of 30–90 �m.

Multiple driven vertical rods in a hollow square

Figure 10.5 shows multiple driven vertical rods in parallel arranged in a hollow
square with adjacent rods being equally spaced. The equivalent resistance to earth
of the combined rods is given by

RG(N) = 1

N

[
RG + ρe

2πd
× λ(N)

]
� (10.13)

where RG is the resistance of a single isolated rod given in Equation (10.11),
N is the number of rods along each side of the square, d is the distance between
adjacent rods in m and λ(N) is a factor that depends on the number of rods along
each side of the hollow square. British Standard BS EN 7430:1998 Table 3 gives
the value of λ as a function of N where λ = 2.71 for N = 2, λ = 7.9 for N = 10 and
λ = 9.4 for N = 20. For example, using the previous example rod data, N = 20 and
d = 10 m, we obtain

RG(N) = 1

20

[
32.3 + 100

2π × 10
× 9.4

]
= 2.36 �

Buried horizontal strip or wire

Horizontal strip or round wire conductor electrodes are very useful where high
resistivity earth layer underlies shallow surface layers of low resistivity. The resist-
ance to earth of a single strip or round wire conductor, shown in Figure 10.6,
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Figure 10.6 Buried horizontal strip or round wire earth electrode
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Figure 10.7 Buried horizontal or vertical flat plate earth electrode

is given by

RG = ρe

2πL

[
loge

(
2L2

wh

)
− k

]
� (10.14)

where k = 1 for a strip conductor and k = 1.3 for a round wire conductor, L is length
of strip or wire in m, h is depth in m and w is width of strip or diameter of round
wire in m. For example, for a round wire conductor with L = 50 m, h = 0.5 m,
w = 0.02 m and ρe = 100 �m, we obtain

RG = 100

2π × 50

[
loge

(
2 × (50)2

0.02 × 0.5

)
− 1.3

]
= 3.76 �

Buried vertical or horizontal flat plate

Vertical or horizontal flat plate electrodes have large surface area and are used in
soils where it is difficult to drive rods or where soil resistivity is very high. The
resistance to earth of a buried vertical or horizontal flat plate, shown in Figure 10.7,
is given by

RG = ρe

8r

(
1 + r

2.5h + r

)
� (10.15a)

where h is depth to plate centre in m, r is the radius of an equivalent circular plate
in m and is given by

r =
√

A

π
m (10.15b)

where A is area of plate in m2.
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Figure 10.8 Buried horizontal ring of wire earth electrode

For example, for a 1.1 m × 1.1 m plate buried at a depth of 1 m in a soil having

ρe = 50 �m r =
√

1.1 × 1.1

π
= 0.62 m

RG = 50

8 × 0.62

(
1 + 0.62

2.5 × 1 + 0.62

)
= 12.1 �

If the plate is placed on the surface of the earth, h = 0 and RG = 50/(4 × 0.62) =
20.2 �.

Buried horizontal ring of wire

The resistance to earth of a buried horizontal ring, shown in Figure 10.8, is given by

RG = ρe

4π2r
loge

(
32r2

hrw

)
� (10.16)

where r is radius of ring in m, h is depth in m and rw is radius of wire in m. For
example, for ρe = 100 �m, r = 0.5 m, h = 0.5 m and rw = 0.01 m,

RG = 100

4π2 × 0.5
loge

(
32 × 0.52

0.5 × 0.01

)
= 37.4 �

Buried horizontal grid or mesh

Figure 10.9 illustrates a horizontal grid or mesh system where RG represents
the equivalent resistance to remote earth and Rm represents the local conductor
resistance within the mesh.

The mesh is generally buried at a depth of 0.3–1 m. The resistance of the metal
conductors forming the mesh is generally negligible compared to the resistance of
the volume of earth in which the mesh is buried. The resistance to earth of a buried
grid or mesh, is given by

RG(mesh) = ρe

(
1

4r
+ 1∑

�

)
� (10.17)

where r = √
A/π in m and A is area of mesh in m2.

∑
� is sum of lengths

of buried conductors. For example, for a large 400 kV/132 kV substation with
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Figure 10.10 Combined horizontal mesh and driven vertical rods around periphery earth electrode

a 171 m × 171 m square mesh that consists of 20 × 20 conductor rods at 9 m
intervals buried in a soil having ρe = 100 �m, r = √

(171 × 171)/π = 96.5 m,
� = (20 × 171) × 2 = 6840 m and

RG(mesh) = 100 ×
(

1

4 × 96.5
+ 1

6840

)
≈ 0.274 �

Combined horizontal mesh with driven vertical rods
around periphery

Using Figure 10.10, the total equivalent resistance of an earthing system that con-
sists of a combination of horizontal mesh and vertical rods electrodes is given by

REq = RG(mesh)RG(N) − R2
Mut

RG(mesh) + RG(N) − 2RMut
� (10.18)

where RG(mesh) and RG(N) are as given in Equations (10.17) and (10.13),
respectively, RMut is a mutual resistance and is given by

RMut = RG(mesh) − ρe

π�

[
loge

(
πL

w

)
− 1

]
� (10.19)

where L is length of driven vertical rod in m and w is width of strap in m. For
example, from the previous mesh and multiple vertical rods, RG(mesh) = 0.274 �

and RG(N) = 2.36 �. For w = 0.05 m, the mutual resistance is

RMut = 0.274 − 100

π × 6840

[
loge

(
π × 3

0.05

)
− 1

]
= 0.274 − 0.0197 = 0.254 �



Overhead line earthing network 561

Therefore, the total equivalent resistance is

REq = 0.274 × 2.36 − 0.2542

0.274 + 2.36 − 2 × 0.254
= 0.2738 �

In this example, REq is practically equal to RG(mesh). Thus, the buried horizontal
mesh is by far the most effective earth electrode and the additional vertical rods
have introduced negligible improvement.

10.4 Overhead line earthing network

10.4.1 Overhead line earth wire and
towers earthing network

Most high voltage lines and generally all extra high voltage lines have one or
more earth wires. The earth wire is usually bonded to the tower top and connected
to the earth meshes of substations where the line terminates. Terminal towers of
lattice steel structures and poles of metallic construction are usually bonded to
the substation earth electrode system. The line’s earth wire, as seen from the sub-
station earthing system, usefully serves to extend this earthing system beyond the
substation due to the tower connections to earth via the tower footing resistances.
Figure 10.11 illustrates a single-circuit overhead line with a single earth wire
where ZS is the self-series impedance of the earth wire per span with earth return.
A span is the distance between two adjacent towers and ZS can be calculated using
Equation (3.19a). RT is the tower earthing or footing resistance with the impedance
of the tower itself being negligible at power frequency. For homogeneous earth
resistivity ρe and with only earth wires present, i.e. no counterpoise conductor, the
tower earthing or footing resistance RT is given by

RT = ρe

2πr
� (10.20)

where r is the radius of an equivalent hemispherical electrode having the same earth
resistance as the tower footing. This radius is in the order of 1–2 m for smaller
towers and may be 6–10 m for large towers with multiple legs. For example, for
a typical 275 kV tower used in England and Wales having an equivalent radius of
2.8 m, the tower footing resistance is equal to 5.7 � for a 100 �m earth resistivity.

10.4.2 Equivalent earthing network impedance
of an infinite overhead line

In order to calculate the equivalent impedance of the combination of the earth wire
and tower footing resistances, the line or number of spans is assumed infinite.
Using Figure 10.11, the earth wire per span and tower footing resistance can be
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Figure 10.11 Illustration of overhead line earth wire and tower footing resistance network of
a single-circuit overhead line
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Figure 10.12 Equivalent earthing impedance of the infinitely long line shown in Figure 10.11: (a) ladder
network representation of the earth wire and tower footing resistances and (b) derivation of equivalent
impedance of a ladder network

represented as a ladder network that consists of an infinite number of series–parallel
elements as shown in Figure 10.12(a).

Along the entire line length, the span lengths are assumed identical and the
footing resistances of each tower are assumed equal. The tower at the fault location
is not included in the equivalent circuit of the earth wire/tower footing. Assume that
the driving point impedance of this ladder network as seen from the fault location
is Z∞. Since the line is assumed infinitely long, the addition of one more series–
parallel element does not change Z∞. This is illustrated in Figure 10.12(b) where

Z∞ = ZS + Z∞RT

Z∞ + RT
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Solving this equation for Z∞, the practical solution is given by

Z∞ = ZS

2
+
√

Z2
S

4
+ ZSRT = ZS

2

(
1 +

√
1 + 4RT

ZS

)
� (10.21)

It is interesting to note that if ZS = RT then Z∞/RT = 1.6180 a number known
since medieval times and related to the Fibonacci numbers which were first pub-
lished in the Liber Abaci in 1202 ad. Equation (10.21) shows that the driving
point impedance of this ladder network depends on the earth wire characteristics,
e.g. material and size, tower footing resistance and earth resistivity along the line
route. For example, consider a 132 kV single-circuit overhead line with a single
aluminium conductor steel reinforced (ACSR) earth wire that has three spans per
km and a self-impedance of (0.18 + j0.72)�/km. The tower footing resistance
RT = 10 �. The driving point or ladder equivalent impedance is equal to

Z∞ = 0.06 + j0.24

2

(
1 +

√
1 + 4 × 10

0.06 + j0.24

)
= (1.265 + j1.09)�

= 1.67 �∠40.75◦

In practice, the line length beyond which the driving point impedance remains
nearly constant is not infinite. This is discussed in the next section.

10.5 Analysis of earth fault ZPS current
distribution in overhead line earth wire,
towers and in earth

In this analysis, we use the single-circuit overhead line of Figure 10.11 and consider
a one-phase to earth short-circuit fault at the terminal tower, numbered 0, as shown
in Figure 10.13(a). We recall that ZS is the earth wire impedance in �/span.

The fault current IF will divide between the terminal tower and the first span of
the earth wire. The latter current will then flow into tower 1 and second span, and
so on. Writing Kirchoff’s current law for towers or nodes n and (n − 1), we have

In = in − in+1 (10.22a)

and

In−1 = in−1 − in (10.22b)

Writing Kirchoff’s voltage law for the nth earth wire span, we have

inZS − IFZm + InRT − In−1RT = 0 (10.23)

In Section 10.9, we will introduce the concept of a screening factor k for
an overhead line with an earth wire but for now we will use the formula
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Figure 10.13 Earth fault current distribution in earth wire, towers and earth of single-circuit overhead
line: (a) earth fault current distribution in earth wire, towers and earth under a one-phase to earth
short-circuit fault and (b) induced current circulating between towers

Zm = (1 − k)ZS in Equation (10.23) to obtain

in = RT

ZS
(In−1 − In) + (1 − k)IF = IC(n) + Ii (10.24a)

Similarly for the (n + 1)th earth wire span, we can write

in+1 = RT

ZS
(In − In+1) + (1 − k)IF = IC(n+1) + Ii (10.24b)

where

Ii = (1 − k)IF IC(n) = RT

ZS
(In−1 − In) IC(n+1) = RT

ZS
(In − In+1) (10.24c)

Equation (10.24) suggests that the earth wire current i consists of two compo-
nents: a variable component IC and a constant component Ii. The former is termed
a conductive current that reduces with distance from the fault location as it progres-
sively dissipates through the towers into earth. Ii is termed an inductive component
because it is induced in the earth wire by the fault current IF flowing through the
faulted phase conductor through the mutual impedance Zm between the faulted
phase conductor and the earth wire. If IF is constant throughout the length of the
line, Ii will also be constant throughout the length of the line as it effectively
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circulates within each span as illustrated in Figure 10.13(b). Now, substituting
Equation (10.24) into Equation (10.22) and rearranging, we obtain

ZS

RT
In = �2In (10.25a)

Also, substituting Equation (10.22) into Equation (10.24a), we obtain

ZS

RT
in = �2in + (1 − k)

Zs

RT
IF (10.25b)

where

�2fn = ( fn+1 − fn) − ( fn − fn−1) (10.25c)

Equations (10.25) are forward finite difference equations with a constant term in
Equation (10.25b). It can be shown that the solution is given by

In = Aeγn + Be−γn (10.26a)

and

in = aeγn + be−γn + (1 − k)IF (10.26b)

where A, B, a and b are constants and γ is the propagation constant and is given by

γ =
√

ZS

RT
= α + jβ per span (10.26c)

By substituting Equations (10.26) into Equation (10.22), we obtain

a = A

1 − eγ
and b = B

1 − e−γ
(10.27)

If the line is sufficiently long, the conductive current in the earth wire progressively
dissipates through the towers to earth and becomes negligible at, say, tower n
away from the fault location. Thus, substituting A = a = 0 in the varying terms of
Equation (10.26a) and (10.26b), we obtain

In = Be−γn (10.28a)

in = B

1 − e−γ
e−γn + (1 − k)IF (10.28b)

Therefore, at the faulted terminal tower, n = 0, and for the first span, n = 1,

I0 = B and i1 = B

1 − e−γ
e−γ + (1 − k)IF (10.29a)

and the fault current at the faulted terminal tower, tower 0, is equal to

IF = I0 + i1 (10.29b)

From Equations (10.29a) and (10.29b), we obtain

B = kIF(1 − e−γ ) (10.30)



566 Earth return current, earth potential and electrical interference

Substituting Equation (10.30) into Equation (10.28), we obtain

In = [kIF(1 − e−γ )]e−γn n ≥ 0 (10.31a)

in = kIFe−γn + (1 − k)IF n ≥ 1 (10.31b)

Equation (10.31) can be used to calculate the currents in any tower or earth
wire span.

Using Equations (10.28a) and (10.29a), the conductive current in tower n is
given by

In = I0e−γn (10.32a)

where I0 is the conductive current in terminal tower 0. The tower number n, where
the magnitude of the conductive current decays to a negligible value, say, 1.83%
of the magnitude of I0 can be determined using Equation (10.32a). Thus,

n = 4

α
= 4

Real(γ)
= 4

Real
(√

ZS
RT

) (10.32b)

If the remaining conductive current in tower n were chosen as 5% of I0, the
constant ‘4’ in Equation (10.32b) changes to ‘3’. It is also of practical interest to
determine the tower number n, or span number, and corresponding line length,
where the tower conductive current drops to a negligible value of the sum of all
tower conductive currents, denoted IC. Substituting n = 0, 1, 2, . . . , n in Equation
(10.32a), and summing up all resulting tower currents, we obtain

IC = I0 + I0e−γ + I0e−2γ + I0e−3γ + · · · + I0e−nγ

which can be rewritten as

IC = I0

[
1 − e−γ(n+1)

1 − e−γ

]
(10.33a)

Therefore, using Equation (10.33a), it can be shown that the tower number, or span
number, n, where the tower current In = I0e−γn drops to 1.83% of IC is given by

n ∼= loge(1 + e−2α − 2e−α cos β) + 8

1.8α
(10.33b)

where α = Real(γ), β = Imaginary(γ) and γ is given in Equation (10.26c). ZS is in
�/span and RT is in �. The use of 1.83% is arbitrary but such a small value ensures
a significant reduction in the nth tower current in per cent of IC. The line length
that corresponds to such n towers or spans, given in Equation (10.33b), is given by

�n = n × Sp km (10.33c)

where Sp = 1/Np is the span length in km and Np is the number of spans per km.
To illustrate how the above equations may be used, consider the 132 kV overhead

line of Section 10.4.2 that has three spans per km and ZS = (0.18 + j0.72)�/km. It
is required to determine n and the corresponding line length where the conductive
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Table 10.1 Overhead line earthing network: propagation constant, tower number and line length
where tower conductive current drops to 1.83% of total conductive current

ZS = (0.06 + j0.24)�/span

RT(�) 1 10 25 50 100

γ = √
ZS/RT 0.392037 0.1239729 0.0784074 0.0554424 0.0392037

= α + jβ/span +j0.30609 +j0.09679 +j0.06121 +j0.04328 +j0.03061
n 9 19 23 26 28
�n (km) 3 6.3 7.8 8.8 9.3

current drops to 1.83% of the total conductive current. Use a range of tower footing
resistances of RT = 1, 10, 25, 50 and 100 �. For RT = 1 �, we have

γ =
√

(0.18 + j0.72)/3

1
= (0.392037 + j0.30609)/span

n = loge(1 + e−2×0.392037 − 2e−0.392037 cos 0.30609) + 8

1.8 × 0.392037
≈ 9 and

�n = 9 × 0.334 = 3 km

Similar calculations can be made for the remaining values of RT and the results
are summarised in Table 10.1.

For the given value of ZS, n and �n saturate at around 28 and 9.3 km, respectively,
as RT reaches 100 �. It is informative for the reader to calculate the variations in
n and �n for ZS = (0.5 + j0.075)�/span.

10.6 Cable earthing system impedance

Various methods of cable sheath/armour earthing arrangements were described in
Chapter 3 and these depend on the cable rated voltage and the length of the cable.
Like an overhead line’s earth wire, where the sheath/armour of cables are bonded
to the substation earth electrode system, this serves to extend the effective area
of the substation earthing system. A major portion of the earth fault current will
normally return via the sheaths/armours of the cable supplying the fault current
depending on the effectiveness of the sheath/armour earthing. A similar approach
to that for an overhead line may be used to derive an equivalent earthing impedance
for the cable sheath/armour where this is earthed allowing current circulation.

10.7 Overall substation earthing system and its
equivalent impedance

The overall substation earthing system impedance consists of three main
components. These are the substation earth electrode system, e.g. earth mesh
or mat, the earth wire and tower footing network of overhead lines entering the
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(cables)
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Figure 10.14 General extended substation earthing system: (a) components of substation earthing
system and (b) substation equivalent earthing system impedance

substation, and the sheath/armour of cables emanating from the substation. In prac-
tice, where electrodes are spaced sufficiently far apart, it is normally sufficient to
consider the component impedances to be in parallel as ‘seen’ from the substation
as shown in Figure 10.14.

Therefore, the overall substation earthing impedance with respect to remote
earth is given by

ZE = 1
1

RG
+∑

i

1
Z∞(i)–lines

+∑
j

1
ZSheath/armour(j)–cables

� (10.34)

This impedance may be obtained by calculation at the design stage and confirmed
by measurement.

10.8 Effect of system earthing methods on
earth fault current magnitude

An earth fault current is a current that flows to earth and has a magnitude that
depends on the method of system earthing. In solidly earthed and low impedance
earthed systems, high levels of earth fault current result. However, earth fault
currents are intentionally limited to very low levels in high impedance earthed
systems. These systems may be earthed through a high impedance resistor or a
high impedance reactor connected to transformer neutral points, or through the
connection of an earthing or zig-zag transformer, sometimes with a neutral resis-
tor, to systems supplied through delta-connected transformer windings. Industrial
power systems tend to use low impedance earthing. Resonant earthing is where
the system is earthed through a high impedance reactor called a Peterson coil, or
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arc suppression coil, i.e. usually connected to the neutral of distribution or zig-zag
transformers. The variable impedance reactor is tuned to the overall system phase
to earth capacitive reactance. In isolated systems, no intentional connection to earth
is made but these systems are effectively earthed through the distributed capaci-
tance of lines, cables and transformers windings. In both resonant earthed and
isolated systems, the magnitude of earth fault current is very small. In effectively
earthed systems, earth fault currents may be higher than three-phase fault currents.

10.9 Screening factors for overhead lines

We recall Figure 10.13 and Equation (10.31). The conductive current flowing
through the first earth wire span away from the faulty terminal tower is considerably
higher than those flowing in the spans further away from the fault. The conductive
current flowing through the earth wire diminishes to zero as it dissipates through
the towers to earth. The final value of the earth wire current in+1 in span (n + 1)
is equal to the constant inductive current Ii obtained from Equation (10.31b) by
setting n → ∞,

in+1 = Ii = (1 − k)IF (10.35)

It is important to note that this current, illustrated in Figure 10.13(b), does not
enter earth and hence does not contribute to the rise of earth potential as will be
seen later. From Figure 10.13(a) and starting from the faulted tower, we can write

IF = I0 + i1 = I0 + I1 + i2 = I0 + I1 + I2 + i3 = I0 + I1 + I2 + I3 +· · ·+ In + in+1

or

IF = IC + (1 − k)IF (10.36a)

where IC =∑n
j=0 Ij is the sum of all conductive or tower currents given in Equation

(10.33a). From Figure 10.13, we observe that this current dissipates through the
towers and return to the source through the earth. This current is therefore termed
the earth return current and is given by

IER = IC =
n∑

j=0

Ij (10.36b)

Thus, from Equations (10.35) and (10.36), we have

IF = IER + Ii (10.37a)

and

IER = kIF (10.37b)
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Figure 10.15 Calculation of screening factor for a single-circuit overhead line

We are now ready to define the line’s screening factor using Equation (10.37b).
This is defined as the ratio of the earth return current IER to the total fault current
entering the earthing system at the fault location, i.e.

k = IER

IF
= IER

3IZ (10.38)

where the earth fault current entering the earthing system is IF = 3IZ and IZ is its
zero phase sequence (ZPS) component. To express the line’s screening factor in
terms of the line’s impedances, we assume that the line is sufficiently long so that
the total earth wire impedance is large compared to the terminal resistances and
we neglect the line shunt susceptance.

Figure 10.15 shows a line fed by a three-phase voltage source at the sending
end and is open-circuited at the receiving end. When a single-phase short circuit
occurs on phase R at the receiving end, the series voltage drop across one span of
the faulted phase conductor and earth wire of length S in km beyond tower n is
given by ⎡

⎢⎢⎣
�VR

�VY

�VB

0

⎤
⎥⎥⎦ = S

⎡
⎢⎢⎣

ZRR ZRY ZRB ZRS

ZRY ZYY ZYB ZYS

ZRB ZYB ZBB ZBS

ZRS ZYS ZBS ZSS

⎤
⎥⎥⎦
⎡
⎢⎢⎣

IF

0
0
−I i

⎤
⎥⎥⎦ (10.39)

Therefore, from Equation (10.39), 0 = ZRSIF − ZSSIi or Ii = (ZRS/ZSS)/IF. There-
fore, using Equations (10.37a) and (10.38), the line’s screening factor is given
by

k = IER

3IZ = 1 − ZRS

ZSS
(10.40)

where ZSS is the self-impedance of the earth wire with earth return, and ZRS is the
mutual impedance between the faulted phase conductor R and the earth wire with
earth return. It is noted that Equation (10.40) can be rewritten as ZRS = (1 − k)ZSS

which is the equation we used for Zm in Equation (10.23). The self and mutual
impedances can be calculated using Equations (3.19a) and (3.20a), respectively,
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and are in �/km. From Equations (10.38) and (10.40), the earth return current IER

and the earth wire inductive current Ii are given by

IER = k × (3IZ) =
(

1 − ZRS

ZSS

)
× (3IZ) (10.41a)

Ii = (1 − k) × (3IZ) = ZRS

ZSS
× (3IZ) (10.41b)

Equation (10.41a) shows that the screening factor k determines the proportion of
the line’s earth fault current returning through earth at a distance greater than or
equal to �n where �n is given in Equation (10.33c). In addition, Equation (10.41a)
suggests that in the absence of coupling between the faulted phase conductor and
the earth wire, or in the absence of an earth wire, all the earth fault current returns
to the source through the earth. The above analysis is also applicable to double-
circuit overhead lines with one earth wire where ZRS now represents the mutual
impedance between the faulted conductor phase R on one of the two circuits. The
analysis method presented can be extended to calculate the screening factor for
circuits with two earth wires. In England and Wales, for most 132, 275 and 400 kV
single-circuit and double-circuit overhead lines with one earth wire, the magnitude
of k ranges from 0.60 to 0.75 i.e. 60–75% of the line’s phase fault current returns
through earth and only 25–40% returns through the earth wire.

10.10 Screening factors for cables

10.10.1 General
The current flowing in a single-core cable or the flow of unbalanced currents in the
cores of a three-core cable induces voltages in the metallic sheath/armour of the
cable. Under an earthed fault condition, and if the sheath/armour is earthed at each
end, a current will circulate in the sheath/armour earth loop. This current is part of
the earth fault current and the remaining part is the earth return current that returns
through earth. The cable’s screening factor is dependent on the cable’s layout,
earthing method, sheath/armour material, terminal earthing resistances and earth
resistivity.

10.10.2 Single-phase cable with metallic sheath
Consider a single-phase cable with a metallic sheath but no armour having a length
L in km. The cable is fed from a single-phase source at end 1 and subjected to a
short-circuit fault at end 2 as shown in Figure 10.16(a). The cable core is denoted
C and the sheath is denoted S and the latter is earthed at each end. The sheath
terminal earthing resistances are denoted R1 and R2. Figure 10.16(b) shows the
cable sheath earthing equivalent circuit. IF, IS and IER are the conductor fault
current, sheath current and earth return current, respectively.
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Figure 10.16 Calculation of screening factor for a single-phase cable with metallic sheath earthed at
each end: (a) current distribution during a one-phase to earth short-circuit fault and (b) equivalent cable
sheath circuit

The series voltage drop across the length of the conductor and sheath is given by[
�VC

�VS

]
= L

[
ZCC ZCS

ZCS ZSS

][
IF

−IS

]
(10.42)

From Equation (10.42) and Figure 10.16, we have

�VS = L(ZCSIF − ZSSIS) = −IER(R1 + R2) and IF = IER + IS

Therefore, the cable’s screening factor is given by

k = IER

IF
= ZSS − ZCS

ZSS + R1+R2
L

(10.43)

The earth return current and sheath current are given by

IER = k × IF IS = (1 − k) × IF (10.44)

The sheath current can be expressed as follows:

IS = ZCS + R1+R2
L

ZSS + R1+R2
L

× IF = IC + Ii (10.45)

As in the case of an overhead line, the current returning through the cable sheath
consists of a conductive component and an inductive component given by

IC =
R1+R2

L

ZSS + R1+R2
L

× IF (10.46a)

Ii = ZCS

ZSS + R1+R2
L

× IF (10.46b)

Ii is the inductive component of the sheath current due to inductive coupling
between the core conductor and the sheath through the mutual impedance ZCS.
IC is the conductive component of the sheath current due to conduction between
the cable’s earthing terminals 2 and 1.

Equation (10.43) of the cable’s screening factor k includes the effect of the
terminal earthing resistances. However, it is sometimes required to represent the
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effect of the cable parameters only. Therefore, with the terminal resistances set to
zero, the cable’s screening factor is given by

k = IER

IF
= 1 − ZCS

ZSS
(10.47)

Equation (10.47) can be rewritten using Equations (3.101a) and (3.103) as follows:

k = IER

IF

∼= RS(ac)

ZSS
(10.48)

where RS(ac) is the sheath’s ac resistance and ZSS is given in Equation (3.101a).
It is interesting to note that the self-impedance of the faulted core conductor ZCC

does not have any effect on the cable’s screening factor and hence on the current
that returns through the sheath and also on the earth return current. Using IF = 3IZ,
the earth return current and sheath current are given by

IER = k × (3IZ) (10.49a)

Ii = (1 − k) × (3IZ) (10.49b)

10.10.3 Three-phase cable with metallic sheaths
We presented in Chapter 3, a wide variety of three-phase cable circuit layouts
and earthing arrangements. We will now illustrate the technique of calculating
the cable’s screening factor for a general three-phase cable layout since the tech-
nique can be extended and applied to other layouts including armoured cables.
Figure 10.17 illustrates a three-phase single-core cable having a length L in km
and metallic sheaths, but no armour, and laid out in a flat symmetrical arrange-
ment. At both ends of the cable, the sheaths are solidly bonded and connected to
earth electrode where the terminal earthing resistances are denoted R1 and R2.

The cable is fed by a three-phase voltage source at end 1 and is open-circuited at
end 2, the cable cores are denoted C1, C2 and C3, and the sheaths are denoted S1,
S2 and S3. Under a single-phase to earth short-circuit fault on phase R, or conductor
C1, at end 2, Figure 10.17(a) shows the resultant currents returning through the
three sheaths and the current returning through earth. Figure 10.17(b) shows an
equivalent circuit representation of the cable under this short-circuit fault condition.
Using Equation (3.86), the series voltage drop across the cable, is given by⎡
⎢⎢⎢⎢⎢⎢⎣

�VC1

�VC2

�VC3

�VS1

�VS2

�VS3

⎤
⎥⎥⎥⎥⎥⎥⎦ = L

⎡
⎢⎢⎢⎢⎢⎢⎣

ZC1C1 ZC1C2 ZC1C3 ZC1S1 ZC1S2 ZC1S3

ZC1C2 ZC2C2 ZC2C3 ZC2S1 ZC2S2 ZC2S3

ZC1C3 ZC2C3 ZC3C3 ZC3S1 ZC3S2 ZC3S3

ZC1S1 ZC2S1 ZC3S1 ZS1S1 ZS1S2 ZS1S3

ZC1S2 ZC2S2 ZC3S2 ZS1S2 ZS2S2 ZS2S3

ZC1S3 ZC2S3 ZC3S3 ZS1S3 ZS2S3 ZS3S3

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

IF

0
0

−IS1

−IS2

−IS3

⎤
⎥⎥⎥⎥⎥⎥⎦

(10.50a)

and

�VS1 = �VS2 = �VS3 = −IER(R1 + R2) (10.50b)
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Figure 10.17 Calculation of screening factor for a three-phase single-core cable having a symmetrical
flat arrangement and solidly bonded earthed sheaths: (a) current distribution during a one-phase to earth
short circuit and (b) equivalent circuit of faulted cable conductor and sheaths

From Equation (10.50) and the symmetrical cable layout shown in Figure 10.17(a),
we have ZS1S1 = ZS2S2 = ZS3S3 and ZS1S2 = ZS2S3. Thus, we can write⎡
⎣�VS1

�VS2

�VS3

⎤
⎦ = L

⎡
⎣ZC1S1IF

ZC1S2IF

ZC1S3IF

⎤
⎦− L

⎡
⎣ZS1S1 ZS1S2 ZS1S3

ZS1S2 ZS1S1 ZS1S2

ZS1S3 ZS1S2 ZS1S1

⎤
⎦
⎡
⎣IS1

IS2

IS3

⎤
⎦ =

⎡
⎣−IER(R1 + R2)

−IER(R1 + R2)
−IER(R1 + R2)

⎤
⎦

(10.51a)

and

IS = IS1 + IS2 + IS3 IF = IS + IER (10.51b)

After some algebra, it can be shown that the cable’s screening factor is given by

k = IER

IF
=

[
Z2

S1S1 − 2Z2
S1S2 + ZS1S1ZS1S3 + (ZS1S2 − ZS1S3)

× ZC1S1 − (ZS1S1 − ZS1S2)(ZC1S1 + ZC1S2 + ZC1S3)

]
Z2

S1S1 − 2Z2
S1S2 + ZS1S1ZS1S3 + (3ZS1S1 + ZS1S3 − 4ZS1S2) (R1+R2)

L

(10.52)

ZS1S1 is the self-impedance of sheath S1 with earth return, ZS1S2 is the
mutual impedance between sheaths S1 and S2 with earth return, and ZS1S3 is
the mutual impedance between sheaths S1 and S3 with earth return. ZC1S1, ZC1S2

and ZC1S3 are the mutual impedances between the faulted phase conductor R and
sheaths S1, S2 and S3, with earth return, respectively. All impedances are in �/km.
The self-impedance ZS1S1 can be calculated using Equation (3.101a) and all mutual
impedances can be calculated using Equation (3.103).

For three-core cables and three single-core cables in a touching trefoil or equilat-
eral layouts, the screening factor can be derived from Equation (10.52) by setting
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ZS1S2 = ZS1S3 = ZC1S2 = ZC1S3. Thus,

k = IER

IF
= ZS1S1 − ZC1S1

ZS1S1 + 2ZS1S2 + 3 (R1+R2)
L

(10.53)

Substituting Equations (3.101a) and (3.103) into Equation (10.53), it can be shown
that the cable’s screening factor is given by

k = IER

IF

∼= RS(ac)

RS(ac) + 3π210−4f + j4π10−4f loge

[
D3

erc
d2(ris+ros)/2

]
+ 3 (R1+R2)

L

(10.54)

where RS(ac) is the sheath ac power frequency resistance, f is the nominal power
frequency, d is the distance between the centres of cable phases, ris and ros are
sheath inner and outer radii, and Derc is the depth of equivalent earth return
conductor given in Equation (3.15).

Equations (10.52) and (10.53) of the cable’s screening factor k include the effect
of the terminal earthing resistances R1 and R2, but if it is required to represent the
effect of the cable parameters only, these resistances can be set to zero. However,
the effect of the terminating resistances is important since they act to reduce the
screening factor and hence the earth return current and increase the current that
returns through the cable’s sheaths. Using IF = 3IZ, the earth return current and
total sheath current are given by

IER = k(3IZ) (10.55a)

IS = (1 − k)(3IZ) (10.55b)

As in the case of a single-phase cable, the sheath current IS consists of an inductive
and a conductive component but we leave this simple derivation for the reader.

It is to note that in the case of three single-core cables of symmetrical flat
formation, two different screening factors can be obtained. One would correspond
to a short-circuit fault on the cable conductor laid in the central position and the
other for a short-circuit fault on one of the cable conductors occupying an outer
position. In our analysis here, we have considered the latter case. The derivation
of the screening factor for the former case is straightforward using the method we
have presented. Further, the method can be used to derive screening factors for
cables having other physical layouts as well as armoured cables.

In most practical cable installations in medium, high and extra high voltage
systems, and unlike overhead lines, the majority of the earth fault current for the
fault conditions presented in this section returns through the cable sheaths and the
rest through the earth.
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10.11 Analysis of earth return currents for
short-circuits in substations

Earth return currents are calculated under both single-phase and two-phase to
earth short-circuit faults in substations. The calculation procedure and the current
distribution under a solid one-phase to earth short-circuit fault in a substation is
presented using a simple network of two substations separated by a single-circuit
overhead power line with a single earth wire, as shown in Figure 10.18. The neutrals
of the transformer star windings at the two substations are solidly connected to
their respective substation earth electrode system. The overhead line earth wire is
bonded to the earth mesh at both substations.

At substation 1, the initial rms phase fault current is the sum of the incoming
phase fault currents on the line and the transformer and is given by

I ′′
F = I ′′

F(trans) + I ′′
F(line) A (10.56a)

Since the phase fault current under a one-phase to earth fault is equal to three times
the ZPS current, we have

I ′′
F = 3IZ

(trans) + 3IZ
(line) A (10.56b)

At the short-circuit location, the short-circuit current supplied through the trans-
former returns to the substation transformer neutral, i.e. it circulates within the
transformer. This current does not enter earth and as a result does not contribute
to the earth return current and substation rise of earth potential. Based on the anal-
ysis presented in Section 10.5, part of the incoming earth fault current on the
overhead line’s faulted phase will flow through the line’s earth wire and com-
pletely dissipates through the towers to earth at distance �n from the fault location.
At this distance, the current returning through the earth wire is the constant induc-
tive current and that returning through earth is the earth return current. Using the
line’s screening factor presented in Section 10.9, and I ′′

F(line) = 3IZ, the earth return
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Figure 10.18 Analysis of earth return currents for short circuit in substations
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current at distance �n is given by

IER = k × (3IZ)A (10.57a)

and the earth wire inductive current is given by

IS = (1 − k) × (3IZ)A (10.57b)

where k is as given in Equation (10.40) and �n is as given in Equation (10.33c).
If the line length is shorter than �n, the earth return current IER calculated by

Equation (10.57a) will be an overestimate because in this case not all the conductive
current returning through the earth wire would have dissipated through the towers
to earth. Using Equation (10.34), the overall earthing impedance at the faulted
substation with respect to remote earth consists of the parallel combination of
the substation earth electrode resistance and the line’s earth wire/tower footing
earthing impedance and is given by

ZE1 = 1
1

RG1
+ 1

Z∞
� (10.58)

10.12 Analysis of earth return currents for
short circuits on overhead line towers

The calculation procedure of earth return current due to a short-circuit earth fault
at a tower and the resultant current distribution in earth and line’s earth wire is
presented using the simple network shown in Figure 10.19.
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23I Z

1
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ZE2ZETV ET
IER

Remote earth

ZE1

Z� Z�

Figure 10.19 Analysis of earth return currents for a short circuit on an overhead line tower
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The initial rms phase fault current is the sum of the incoming phase fault currents
on both sides of the tower and is given by

I ′′
F = I ′′

F1 + I ′′
F2A (10.59a)

or rewritten in terms of their respective ZPS currents

I ′′
F = 3IZ

1 + 3IZ
2 A (10.59b)

At the faulted tower, part of the fault current flows into the earth through the
faulted tower and its footing resistance. The other part flows into the earth wire
in both directions away from the faulted tower. As in the analysis presented in
Section 10.5, the currents carried by the earth wires of the first spans on both sides
of the faulted tower are considerably higher than those flowing in the spans further
away from the fault. After a distance equal to �n in both directions, each earth wire
current becomes constant and equal to the respective inductive current. Therefore,
using the line’s screening factor k, the earth wire currents IS1 and IS2 and the earth
return currents IER1 and IER2 at distance �n from the faulted tower are given by

IS1 = (1 − k) × (3IZ
1 )A (10.60a)

IS2 = (1 − k) × (3IZ
2 )A (10.60b)

and

IER1 = k × (3IZ
1 )A (10.61a)

IER2 = k × (3IZ
2 )A (10.61b)

For a short-circuit fault on the tower, the total earth return current that will cause
a rise of earth potential at the tower base is given by

IER = IER1 + IER2 = k × [(3IZ
1 ) + (3IZ

2 )]A (10.62)

RT

RTRT RT RTRT

ZSZS ZS ZS ZSZS

Faulted tower
Z� Z�

Z�Z�

Figure 10.20 Equivalent earthing network of Figure 10.19 as seen from the faulted tower
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The overall earthing impedance at the faulted tower with respect to remote earth
consists of the faulted tower footing resistance and the two earth wire ladder
impedances in parallel as shown in Figure 10.20. Using Equation (10.34), the
overall earthing impedance is given by

ZET = 1
1

RT
+ 2

Z∞
� (10.63)

10.13 Calculation of rise of earth potential

Under normal unfaulted system conditions, the substation earthing system may
have a potential that is slightly above that of remote earth of 0 V because on
naturally unbalanced overhead lines, ZPS currents flow and return to the source via
the substation earthing system. Also, the load in low voltage distribution networks
may not be perfectly balanced. However, the design of the line and the degree of
load unbalance usually ensure that these ZPS currents are kept low, so that the rise
of earth potential with respect to remote earth is low and at safe levels.

During a single-phase to earth or two-phase to earth short circuits within a
substation, large ZPS current flows through the earthing system in solidly earthed
and low impedance earthed systems and this may cause a significant rise in earth
potential depending on the magnitude of the effective substation earthing system
impedance. In general, the electrode rise of earth potential with respect to remote
earth system is given by

VE = ZE × IER V (10.64a)

where ZE is given in Equation (10.34) and IER is the earth return current. In the
case of an earth fault in a substation, as shown in Figure 10.18, the rise of earth
potential at substation 1 with respect to remote earth, using Equation (10.58), is
given by

VE1 = 1
1

RG1
+ 1

Z∞
× IER V (10.64b)

For an earth fault on a tower, as shown in Figure 10.19, the rise of earth potential
at the tower with respect to remote earth, using Equation (10.63), is given by

VET = 1
1

RT
+ 2

Z∞
× IER V (10.65a)

Alternatively, using the tower fault current IT, the rise of earth potential at the
tower with respect to remote earth can be calculated using Equation (10.20) as
follows:

VET = RT × IT = ρe

2πr
IT V (10.65b)
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Where the tower fault current enters earth at the tower earthing electrode, the
distribution of the current in the earth is non-uniform. However, the distribution
becomes more uniform and radial after a small distance from the tower outside its
earthing electrode. Therefore, the voltage on the surface of the earth with respect
to remote earth at a distance x m from the edge of the tower earth electrode is given
by the following approximate equation:

V (x) ∼= 1

1 + 2πRT
ρe

x
VET x > 2r (10.66)

where VET is given in Equation (10.65), r is the equivalent radius of a sphere
representing the tower earth electrode. Equation (10.66) can be used where the
distance x is greater than twice the equivalent radius r.

10.14 Examples

Example 10.1 Consider the simple system of Figure 10.18. It is required to
calculate the short-circuit earth return current and rise of earth potential at
substation 1 for a single-phase to earth short-circuit fault in the substation.

The data for this system is as follows: a 50 Hz system and a 25 km 400 kV
single-circuit overhead line with a single earth wire between substations 1 and 2.

Substation 1
PPS (NPS) subtransient short-circuit infeed at 400 kV 15 000 MVA
ZPS short-circuit infeed at 400 kV 10 000 MVA
PPS and ZPS X/R ratios are assumed infinite for

convenience in hand calculation
Resistance of earth mesh electrode system R1 = 0.1 �

Substation 2
PPS (NPS) subtransient short-circuit infeed at 400 kV 32 000 MVA
ZPS short-circuit infeed at 400 kV 35 000 MVA
PPS and ZPS X/R ratios are assumed infinite

Overhead line
PPS impedance (0.017 + j0.3)/�/km
ZPS impedance (0.12 + j0.82)/�/km
Earth wire self-impedance (0.21 + j0.7)/�/km
Mutual impedance between faulted (0.04 + j0.19)/�/km

phase conductor and earth wire
Tower footing resistance 10 �

Span length 0.366 km

Substation 1

PPS/NPS subtransient impedance = j
4002

15 000
= j10.67 �
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ZPS impedance = j
4002

10 000
= j16 �

Substation 2

PPS/NPS subtransient impedance = j
4002

32 000
= j5 �

ZPS impedance = j
4002

35 000
= j4.6 �

Overhead line

Screening factor k = (0.21 + j0.7) − (0.04 + j0.19)

0.21 + j0.7
= 0.735∠−1.73◦

= 0.735 − j0.022 ≈ 0.735
Earth wire self-impedance per span = 0.366 km × (0.21 + j0.7)�/km

= (0.077 + j0.256) � per span
Driving point impedance of infinite line

Z∞ = 0.077 + j0.256

2
×
(

1 +
√

1 + 4 × 10

0.077 + j0.256

)

= (1.35 + j1.1)� = 1.74 �∠39.17◦

Substation 1 overall earthing impedance

ZE1 = 1
1

0.1 + 1
1.35 + j1.1

= (0.095 + j0.0033)�

The propagation constant is equal to

γ = α + jβ =
√

0.077 + j0.256

10
= 0.1312115 + j0.0975524 per span

The tower number or number of line spans where the conductive current drops
to 1.8% of the earth return current is equal to

n = loge(1 + e−2×0.1312115 − 2e−0.1312115 cos 0.0975524) + 8

1.8 × 0.1312115
= 18

The corresponding line length from the faulted substation is equal to
�n = 18 × 0.366 = 6.6 km.

To calculate the subtransient earth fault current, the Thévenin’s impedances
at the point of fault are given by

PPS/NPS subtransient impedance = 1
1

j10.67 + 1
(0.425 + j7.5) + j5

= (0.09 + j5.76)�

ZPS impedance = 1
1

j16 + 1
(3 + j20.5) + j4.6

= (0.45 + j9.8)�
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The earth fault current, using IEC-60909 method and a voltage factor c = 1.1,
is calculated as

I ′′
F = 3 × (400 kV/

√
3) × 1.1

2 × (0.09 + j5.76) + (0.45 + j9.8)

= 35.7 kA∠−88.3◦ = (1.05 − j35.7)kA

The ZPS component of the earth fault current is calculated as

IZ = 1.05 − j35.7

3
= (0.35 − j11.9)kA

The ZPS current component supplied through the line is calculated as

IZ
Line = j16

3 + j25.1
× (0.35 − j11.9) = 1.11 − j7.45 = 7.5 kA∠−81.5◦

The earth return current at a distance of 6.6 km from the fault location is given by

IER = 0.735 × [3 × (1.11 − j7.45)] = (2.45 − j16.4) = 16.6 kA∠−81.5◦

The earth wire current at a distance of 6.6 km from the fault location is
calculated as

IS = (1 − 0.735) × [3 × (1.11 − j7.45)] = (0.88 − j5.92) = 5.98 kA∠−81.5◦

The rise of earth potential at substation 1 is calculated as

VE = 16.6∠−81.5◦ × (0.095 + j0.0033) = 1.57 kV∠−79.5◦

Example 10.2 Consider the simple system of Figure 10.19. It is required to
calculate the short-circuit earth return current for a single-phase to earth short-
circuit fault at a tower midway through the line. Calculate the rise of earth
potentials at the tower and at 5 and 10 m distance from the edge of the tower
earth electrode. Use the same data as in Example 10.1 and assume an earth
resistivity of 100 �m.

To calculate the subtransient earth fault current, the Thévenin’s impedances
at the faulted tower are calculated as follows:

PPS/NPS subtransient impedance = 1
1

j10.67 + (0.2125 + j3.75) + 1
j5 + (0.2125 + j3.75)

= (0.1126 + j5.45)�

ZPS impedance = 1
1

j16 + (1.5 + j10.25) + 1
j4.6 + (1.5 + j10.25)

= (0.8 + j9.5)�
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Using IEC 60909 voltage factor c = 1.1, the tower earth fault current is equal to

I ′′
F = 3 × (400 kV/

√
3) × 1.1

2 × (0.1126 + j5.45) + (0.8 + j9.5)
= 37.3 kA∠−87.1◦

= (1.87 − j37.2)kA

The ZPS component of the tower earth fault current is calculated as

IZ = 1.87 − j37.2

3
= (0.62 − j12.4)kA

The ZPS current component supplied through the line from substation 1 is
calculated as

IZ
Line(1) = 1.5 + j14.85

3 + j41.1
× (0.62 − j12.4) = 0.1 − j4.5 = 4.5 kA∠−88.7◦

The ZPS current component supplied through the line from substation 2 is
calculated as

IZ
Line(2) = (0.62 − j12.4) − (0.1 − j4.5) = 0.52 − j7.9 = 7.91 kA∠−86.2◦

The earth return current flowing towards substation 1 calculated as

IER(1) = 0.735 × [3 × (0.1 − j4.5)] = (0.22 − j9.92) = 9.92 kA∠−88.7◦

The earth return current flowing towards substation 2 is calculated as

IER(2) = 0.735 × [3 × (0.52 − j7.9)] = (1.146 − j17.4) = 17.45 kA∠−86.2◦

The earth wire current at a distance of 6.6 km from the faulted tower on the side
of substation 1 is calculated as

IS(1) = (1 − 0.735) × [3 × (0.1 − j4.5)] = (0.0795 − j3.57)

= 3.57 kA∠−88.7◦

The earth wire current at a distance of 6.6 km from the faulted tower on the side
of substation 2 is calculated as

IS(2) = (1 − 0.735) × [3 × (0.52 − j7.9)] = (0.413 − j6.28)

= 6.29 kA∠−86.2◦

The total earth return current is calculated as

IER = IER(1) + IER(2) = (0.22 − j9.92) + (1.146 − j17.4)

= 27.35 kA∠−87.1◦

The overall earthing impedance at the faulted tower is calculated as

ZET = 1
1

10 + 2
1.35 + j1.1

= (0.65 + j0.48)� = 0.8∠36.4◦ �

The rise of earth potential at the faulted tower is calculated as

VET = 27.35∠−87.1◦ × 0.8∠36.4◦ = 21.88 kV∠−50.7◦
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The equivalent radius for the tower’s earth electrode represented as a hemisphere
is given by

r = 100

2π × 10
= 1.6 m

Therefore, the required distances of 5 and 10 m are greater than 2r. The voltage
on the earth’s surface at 5 m from the edge of the spherical earth electrode is

V (x = 5) ∼= 1

1 + 2π× 10
10 × 5

× 21.88 = 5.28 kV

The voltage at a distance of 10 m reduces to 3 kV.

10.15 Electrical interference from overhead
power lines to metal pipelines

10.15.1 Background
The proximity of overhead power lines, underground cables or traction lines to
adjacent structures that have metallic parts such as communication cables, fences,
surface or underground pipelines can produce harmful voltages in these structures.
Our focus in this book is on the voltages produced in metal pipelines by overhead
power lines. Metal pipelines are usually formed of steel tubes that are welded
together and used for the transportation of various substances such as crude oil,
natural gases, water, liquefied petroleum gases and sewage. The length of pipelines
may range from several kilometres to hundreds or even thousands of kilometres.
Most pipelines are usually buried at low depth although some may be installed
above ground. Since the soil is electrolytic, ac corrosion of buried pipelines may
occur when ac current is exchanged between the pipe and the earth. Therefore,
buried pipelines have a few millimetre thick coating that insulates the metal from
the surrounding earth and provides the primary protection against corrosion. New
coatings include polyethylene and epoxy but for old pipelines, bitumen and glass
cloth were used. Cathodic protection systems provide additional protection against
ac corrosion. The technique consists of applying a low dc voltage along the pipe that
negatively polarizes the metal with respect to earth thereby helping to minimise
electrochemical corrosion of the metal by the soil. The risk of ac corrosion of
pipelines begins at a much lower ac pipeline voltage than that which endangers
safety. Generally, the ac voltage between the pipeline and a reference electrode
above the pipeline should be less than 10 V if earth resistivity is greater than 25 �m
but should not exceed 4 V if earth resistivity is less than or equal to 25 �m.

Metal pipelines are conductors that are generally insulated from earth. In prox-
imity to overhead power lines, pipelines may be exposed to electrical interference
for part of their length and this causes voltages to appear on the pipeline. Many
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countries specify maximum permissible touch voltages to protect pipeline workers.
Under permanent or steady state conditions, maximum permissible touch voltages
tend to range from 15 to 65 V. Under short duration fault conditions, the range is
generally from 300 to 1500 V depending on short-circuit fault clearance times. In
some countries, the limits are reduced if the public has access to the pipelines.

There are three types of electrical interference from power lines to pipelines.
These are generally termed electrostatic or capacitive, electromagnetic or induct-
ive, and resistive or conductive couplings.

10.15.2 Electrostatic or capacitive coupling from
power lines to pipelines

Buried pipelines in proximity to overhead lines are not exposed to capacitive
coupling from the power line because the earth acts as an electrostatic shield.
Only pipelines installed above earth are subject to capacitive coupling from the
conductors of overhead lines as illustrated in Figure 10.21(a). Where the pipeline
runs physically in parallel with the conductors of the power line, the parallel
exposure of the pipeline and power line is termed a parallelism. This is illustrated
in Figure 10.21(b).

The coupling occurs under both normal and faulted power system conditions.
The coupling causes voltages to appear on the insulated pipeline metal with respect
to earth or currents to circulate in an earthed pipeline through the earthing con-
nection. In general, voltage problems caused by capacitive coupling can be easily
solved by earthing the pipeline. The pipeline voltages for a given pipeline expo-
sure with the power line can be calculated using matrix analysis techniques as
presented in Chapter 3. The self and mutual potential coefficients of the power
line conductors are given in Equations (3.2). Equation (3.2b) can also be used
to calculate the mutual potential coefficients between the pipeline and the power
line’s conductors where these form a parallelism. The self-potential coefficient of

Power
line

Pipeline

(b)(a)

Pipeline

Figure 10.21 Illustration of electrostatic or capacitive coupling interference from a power line to a
pipeline: (a) capacitive coupling and (b) parallel exposure
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a pipeline close to the earth is given by

Pp = 17.975109 × 106 × loge

⎡
⎢⎣hp +

√
h2

p − r2
p

rp

⎤
⎥⎦ km/F (10.67)

where hp is the pipeline’s height above ground measured from the pipe’s centre
and rp is the pipeline’s radius, both are in m. Recalling Equation (3.1) and writing
it in partitioned matrix form for a multi-conductor system that consists of power
lines and pipelines, we can write⎡

⎣VC

Vp

VE

⎤
⎦ =

C
p
E

⎡
⎣ PC PCp PCE

PpC Pp PpE

PEC PEp PE

⎤
⎦
⎡
⎣QC

Qp

QE

⎤
⎦V (10.68)

where C, p and E represent the power lines’ phase conductors, pipelines and power
lines’ earth wires, respectively. The equation is general and allows for the presence
of more than one power line with more than one earth wire and more than one
pipeline. All potential coefficients in Equation (10.68) are matrices. The earthed
earth wires are now eliminated by substituting VE = 0 in Equation (10.68), giving[

VC

Vp

]
= C

p

[
P′

C P′
Cp

P′
pC P′

p

][
QC

Qp

]
V (10.69a)

where

P′
C = PC − PCEP−1

E PEC P′
Cp = PCp − PCEP−1

E PEp

P′
pC = PpC − PpEP−1

E PEC P′
p = Pp − PpEP−1

E PEp (10.69b)

The next step is to apply the pipelines’ earthing constraint to Equation (10.69a). For
an insulated pipeline, Qp = 0 and, from Equation (10.69a), the pipelines’ voltages
to earth due to capacitive coupling with the power lines are given by

Vp = P′
pCP′−1

C VC V (10.70a)

where VC are the known phase voltages to earth of the power lines. If a person
touches pipeline i whose voltage is Vp(i), the current that would flow through the
person’s body is determined by the series combination of his contact resistance to
earth and the pipeline’s capacitive reactance. In practice, the latter is much greater
than the person’s resistance and therefore the discharge current is given by

Ip(i) = j2πf 103Cp(i)LiVp(i) mA (10.70b)

where

Cp(i) = 1

Pp(i)
F/km (10.70c)

and Li is length of pipeline exposed to capacitive coupling in km. If the pipelines
are solidly earthed or earthed through a very low impedance, Vp = 0 and, from
Equation (10.69a), we obtain

Qp = −P′−1
p P′

pC(P′
C − P′

CpP′−1
p P′

pC)
−1

VC C/km (10.71a)
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Since the phasor equivalent of the current i = dq/dt is I = jωQ, the pipelines’
charging currents are given by

Ip = j2πf Qp A/km (10.71b)

The discharge current through the body of a person that touches pipeline i is
given by

Ip(i) = −j2πf 103LiQp(i) mA (10.71c)

If the pipeline or some of its sections are not parallel to the power line, the distance
between the pipeline, or a section of the pipeline, and the various power line con-
ductors is no longer constant. Two such situations are illustrated in Figure 10.22.
In both cases, the non-parallel pipeline exposure can be converted to a parallelism
where the pipeline is parallel to the power line and is at an equivalent distance
from the power line given by

xEq = √
x1x2 m (10.72a)

and

1/3 ≤ x1/x2 ≤ 3 (10.72b)

where xEq is the geometric mean distance to the power line and x1 and x2 are
the minimum and maximum distances of the pipeline to the power line. The con-
straint of Equation (10.72b) is applied in order to maintain sufficient accuracy in
calculating the mutual parameters between the pipeline and the power line. This
constraint effectively places a limit on the length of a non-parallel pipeline section
which necessitates dividing the pipeline into a number of sections each of which
are converted to a parallel section to the power line.

For an insulated pipeline having a number of sections of both parallel and non-
parallel exposures, the total pipeline voltage to earth can be calculated as the mean
of the voltages in each section weighted by its length to the pipeline’s total length

Power line

x1

x2

xEq

Pipeline

Power line x1

x2

xEq

Pipeline

(b)

(a)

Figure 10.22 Conversion of non-parallel exposures to parallel exposures between a power line and a
pipeline: (a) oblique exposure near power line and (b) oblique exposure crossing power line



588 Earth return current, earth potential and electrical interference

as follows:

Vp = 1

L

N∑
j=1

Vp( j)Lj V (10.73)

This voltage can be used to calculate the current that would flow through the
body of a person that touches or comes into contact with the pipeline. The matrix
analysis technique presented above can be extended and applied to double-circuit
power lines.

10.15.3 Electromagnetic or inductive coupling from
power lines to pipelines

General

Since the earth does not act as an electromagnetic shield, both above ground and
buried pipelines in proximity to overhead lines are exposed to inductive coupling
from the power line. The coupling exists under both normal steady state and
faulted power system conditions and induces longitudinal voltages or electromo-
tive forces (EMFs) on the pipeline. These EMFs produce voltage stresses on the
pipeline and can also cause currents to circulate in the pipeline. These voltages
(to earth) can reach several tens of volts under steady state conditions and a few
kilovolts under fault conditions. The latter can damage the pipeline’s insulation
coating and cathodic protection systems. The longitudinal induced EMF depends
on the distance between the power line and pipeline and the length of parallelism.
The inductive zone of influence of a power line increases with the earth’s resistiv-
ity and is generally taken as y = 200

√
ρe where y is in metres. For example, for

A

C

B
DPipeline

y

y

y
y

Figure 10.23 Illustration of electromagnetic or inductive coupling from power line to pipeline and power
line’s inductive zone of influence
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ρe = 50 �m, y = 1.42 km. The inductive coupling mechanism and zone of influ-
ence are illustrated in Figure 10.23 where the sections of the pipeline that fall
within the zone of influence are AB, BC and CD. Each pipeline section presents
an oblique exposure that can be converted to a parallelism using Equation (10.72).

Analysis of longitudinal induced EMFs on the pipeline

Mutual impedance between power line and pipeline
The EMF induced on a pipeline can be calculated under either normal steady state or
faulted power system operating conditions. In both cases, the mutual impedances
between the pipeline and the relevant power line conductors are required. Fig-
ure 10.24(a) illustrates the mutual inductive coupling between a single-circuit
overhead power line with one earth wire and a buried pipeline parallel to the
power line within the zone of influence.

The mutual impedance between the pipeline p and an overhead line phase or
earth wire conductor j, with earth return, is calculated using Equation (3.20a) as
follows:

Zpj = π210−4 f + j4π10−4 f loge

(
Derc

dpj

)
�/km j = R, Y, B or E (10.74)

where dpj is the distance between the centres of the pipeline and line conductor
j, f is system frequency and Derc is the depth of equivalent earth return given in
Equation (3.15). If the distances between the pipeline and the power line’s con-
ductors are greater than the distance given in Equation (3.20b), i.e. dpj ≤ Derc

7.32 ,
Equation (10.74) results in an error that generally increases with distance particu-
larly at low earth resistivity. The following equation gives an alternative formula
for the mutual impedance and is valid for any distance between the pipeline and
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Figure 10.24 Calculation of induced EMF on a pipeline from a power line: (a) illustration of mutual
coupling between pipeline and power line, (b) induced EMF under normal operation and (c) induced EMF
under fault condition
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the power line:

Zpj = π210−4 f + j4πf 10−4

√√√√√
[

loge

(
1 + 1.382 D2

erc

d2
pj

)]2

4
− π2

16
�/km (10.75)

The use of Equation (10.75) may result in a safe upper overestimate in the mag-
nitude of the mutual impedance that is always lower than 8% provided that
Equation (10.72) is used.

Induced EMFs during steady state unfaulted system conditions
In Figure 10.24(a), we consider a general case of a single-circuit overhead line
with one earth wire. However, the analysis approach is general and applicable for
more than one earth wire, double-circuit lines and underground cables. The phase
and earth wire currents are illustrated in Figure 10.24(b). Each current induces
a voltage on the pipeline through the appropriate mutual impedance between the
pipeline and the conductor. Therefore, the total longitudinal EMF induced on the
pipeline due to the three-phase currents and the earth wire current is given by

−EMFp = (ZpRIR + ZpYIY + ZpBIB) + ZpEIE V/km (10.76)

where the currents are in amps. The series voltage drop across the earth wire
conductor is given by �VE = ZERIR + ZEYIY + ZEBIB + ZEEIE = 0 giving

IE = −1

ZEE
(ZERIR + ZEYIY + ZEBIB)

Substituting IE into Equation (10.76), we obtain

−EMFp = (ZpRIR + ZpYIY + ZpBIB) − ZpE

ZEE
(ZERIR + ZEYIY + ZEBIB) V/km

(10.77)

Equation (10.77) can be used whether the phase currents IR, IY and IB are balanced
or not. If the power line has no earth wire, the ZpEIE term in Equation (10.76)
disappears and the induced EMF is given by

−EMFp = ZpRIR + ZpYIY + ZpBIB V/km (10.78)

Induced EMFs during a short-circuit fault in the power system
In many practical power systems, balanced three-phase short-circuit faults on high
voltage power systems result in fault currents having a small degree of unbalance
caused by the unbalanced network such as due to untransposed overhead lines.
Therefore, the vector sum of the induced EMFs on an adjacent pipeline results
in a small net induced EMF on the pipeline because the phase angle displace-
ments between the three currents are not significantly different from 120◦. The
highest induced EMF on the pipeline will, therefore, occur under an unbalanced
one-phase to earth short-circuit fault on the power system. The high ZPS current
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that flows on the power line induces a high EMF on a nearby pipeline depending
on its proximity to the power line. Figure 10.24(c) illustrates a one-phase to earth
short-circuit fault on phase conductor B, i.e. the nearest phase to the pipeline. The
fault location is assumed at one extremity of the parallelism. For a fault within the
length of the parallelism, the net EMF is calculated as the vector sum of the EMFs
due to the opposing fault currents within the parallelism. From Figure 10.24(c),
the series voltage drop across the earth wire is given by �VE = ZEBIF + ZEEIE = 0
or IE/IF = −ZEB/ZEE. The EMF induced on the pipeline is given by −EMFp =
ZpBIF + ZpEIE and using IE/IF = −ZEB/ZEE, we obtain

−EMFp = ZpBIFk V/km, IF is in amps (10.79a)

where

k = 1 − ZEB

ZEE
× ZpE

ZpB
(10.79b)

and k is the screening factor. Equation (10.79b) is similar to Equation (10.40)
except that the screening factor now includes the effect of both the earth wire and
pipeline. Equation (10.79a) shows that since the fault current is constant within
the parallelism, the longitudinal EMF per km induced on the pipeline will also be
constant.

Analysis of pipeline voltages caused by inductive coupling

The calculation of pipeline voltages caused by the EMFs produced by inductive
coupling from the power line, where the pipeline is within an overhead line’s
zone of influence, requires the modelling of the pipeline and determination of its
electrical characteristics. Like the conductors of an overhead transmission line,
a metallic pipeline can be considered as a long lossy transmission conductor of
known geometrical dimensions and physical characteristics. The magnetic cou-
pling from the power line to the pipeline may be represented as distributed induced
EMF sources on the pipeline. The equivalent circuit of a distributed pipeline sec-
tion of length L in parallel with the conductors of an overhead power line is shown
in Figure 10.25. E(x) is the induced EMF increment from the power line per km,
z and y are the pipeline’s series impedance and shunt admittance per km and ZA

and ZB are the impedances of the pipeline seen from ends A and B, respectively.
From Figure 10.25(b), we can write

V (x) − z dx I(x) + E(x) dx − [V (x) + dV (x)] = 0 (10.80a)

or

dV (x)

dx
= −zI(x) + E(x) (10.80b)

and

I(x) − dI(x) = y dx V (x) + I(x) (10.81a)
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End A
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Figure 10.25 Equivalent circuit of a distributed metal pipeline inductively coupled to a power line: (a)
pipeline section parallel to a power line and (b) pipeline distributed parameter equivalent circuit

or

dI(x)

dx
= −yV (x) (10.81b)

Differentiating Equations (10.80b) and (10.81b) with respect to x and using the
original equations, we obtain

d2V (x)

dx2
= γ2V (x) + dE(x)

dx
(10.82a)

d2I(x)

dx2
= γ2I(x) − yE(x) (10.82b)

where

γ = √
zy km−1 (10.82c)

γ is the propagation constant of the lossy pipeline. Under normal unfaulted power
system operation, the load currents influencing the parallel pipeline section are
constant. The current will also be constant under a one-phase to earth fault con-
dition on the power line beyond the section parallel to the pipeline. Under both
conditions, the induced EMF is constant, i.e. E(x) = Eo. It can be shown that the
solutions of Equations (10.82a) and (10.82b) are given by

V (x) = Eo

γ

⎧⎪⎪⎨
⎪⎪⎩

[ZB(ZA − Zo) − ZA(ZB + Zo)eγL]e−γx

−[ZA(ZB − Zo) − ZB(ZA + Zo)eγL]e−γ(L−x)

(ZA + Zo)(ZB + Zo)eγL − (ZA − Zo)(ZB − Zo)e−γL

⎫⎪⎪⎬
⎪⎪⎭V (10.83a)
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I(x) = Eo

γZo

⎧⎪⎪⎨
⎪⎪⎩1 +

[ZB(ZA − Zo) − ZA(ZB + Zo)eγL]e−γx

+[ZA(ZB − Zo) − ZB(ZA + Zo)eγL]e−γ(L−x)

(ZA + Zo)(ZB + Zo)eγL − (ZA − Zo)(ZB − Zo)e−γL

⎫⎪⎪⎬
⎪⎪⎭V

(10.83b)

where
Zo = √z/y � (10.83c)

Zo is the characteristic impedance of the lossy pipeline. Equation (10.83a) can be
used to calculate the pipeline voltage to earth along the pipeline section, i.e. at
any value of x between zero and L and Equation (10.83b) can be used to calculate
the pipeline current. The terminal impedances ZA and ZB are chosen to represent the
pipeline’s electrical characteristics at ends A and B of the pipeline section. For a
pipeline section that continues for a few kilometres beyond end A, the electrical
continuity of the pipeline persists and the pipeline’s impedance seen from point A
may be taken as equal to the pipeline’s characteristic impedance or ZA = Zo. If the
pipeline is solidly earthed at end A then ZA = 0 but if the pipeline has insulating
joints and unearthed at end A, then ZA = ∞. These characteristics apply equally to
end B. The magnitude of the pipeline voltage will obviously vary from zero, where
the pipeline is earthed to a maximum where the pipeline is insulated and unearthed.
For the case where the pipeline parallel section is insulated and unearthed at end
B but extends beyond end A, i.e. ZA = Zo and ZB = ∞, Equations (10.83a) and
(10.83b) simplify to the following:

V (x) = Eo

2γ
[(2e−γL − e−2γL)eγx − e−γx] V (10.84a)

I(x) = Eo

2γZo
[2 + (e−2γL − 2e−γL)eγx − e−γx] A (10.84b)

The maximum pipeline voltage to earth occurs at end B, i.e. x = L and is given by

V (x = L) = Eo

γ
(1 − e−γL) V (10.85a)

and the current at end B is I(x = L) = 0. At end A, i.e. x = 0, Equation (10.84a)
gives

V (x = 0) = Eo

2γ
(2e−γL − e−2γL − 1) V (10.85b)

Beyond end A where the pipeline extends away perpendicular to the power line,
the attenuation of the pipeline voltage can be evaluated to ensure that appropriate
safety measures are taken to protect personnel working on the pipeline even many
kilometres away. Using Equation (10.85b) that gives the pipeline voltage at end A,
the pipeline voltage along a new axis u at a distance u beyond end A is given by

V (u) = Eo

2γ
[2e−γL − e−2γL − 1]e−γu V (10.86)



594 Earth return current, earth potential and electrical interference

Where the pipeline extends beyond end A and remains inductively coupled to
the power line, this can be considered a new pipeline section having an oblique
exposure and converted to a parallelism using Equation (10.72).

Electrical characteristics of metal pipelines

Series impedance with earth return
In calculating the pipeline voltage to earth, we represented the pipeline as a
long lossy distributed parameter conductor or transmission line. The pipeline was
characterised by its propagation constant and characteristic impedance given in
Equations (10.82c) and (10.83c), respectively, where z and y are the pipeline’s
series impedance with earth return and shunt admittance. The series impedance
consists of the internal impedance and external impedance with earth return. For
pipelines installed above ground, the series impedance with earth return is given by

z =
√

ρpμpf

3.163rp
+π210−4f +j

[√
ρpμpf

3.163rp
+ 4π10−4f loge

(
Derc

rp

)]
�/km (10.87)

where rp is the pipeline’s outer radius, μp is the relative permeability of the
pipeline’s metal, typically about 300 for steel, ρp is the pipeline’s resistivity, f is
the power frequency and Derc is as given in Equation (3.15). For buried pipelines,
the external impedance part of the series impedance is dependent on the soil’s
electrical characteristics and is a complicated function of the propagation constant
γ . For computer-based calculations, the series impedance of a buried pipeline is
given by

z =
√

ρpμp f

3.163rp
+ π210−4f + j

⎡
⎢⎣
√

ρpμp f

3.163rp
+ 4π10−4f

× loge

⎛
⎜⎝ 1.85

rp(Eq)

√
γ2 + 8π2f 10−7(1/ρe + j2πf εe)

⎞
⎟⎠
⎤
⎥⎦�/km (10.88)

where rp(Eq) =
√

r2
p + 4d2

p, in m, is the equivalent radius of the pipeline, dp is the

depth of the pipeline, ρe and εe are earth’s resistivity and permitivity, respectively.
In Equation (10.88), γ should be in m−1. Generally, for modern buried coated
pipelines, Equation (10.87) is found to be sufficiently accurate.

Shunt admittance
For an uncoated pipeline installed above ground at a height hp in m, the shunt
admittance y = j2πfCp is calculated using Equations (10.67) and (10.70c). Thus

y = j
0.349549 × f × 10−6

loge

[
hp+

√
h2

p−r2
p

rp

] S/km (10.89)



Electrical interference from overhead power lines to metal pipelines 595

where hp is measured from the pipe’s centre. For a coated and buried pipeline, its
equivalent shunt admittance y consists of the coating’s admittance yc in series with
the external earth admittance ye and is given by

y = 1
1
yc

+ 1
ye

S/km (10.90)

where

yc = 2000πrp

ρctc
+ j

πrp f εc10−6

9tc
S/km (10.91a)

and

ye = 1000π(1/ρe + j2πf εe)

loge

(
1.12

γrp(Eq)

) S/km (10.91b)

where ρc is the resistivity of the pipeline’s coating in �m, εc is the coating’s relative
permittivity and tc is the coating’s thickness in m. For coated pipelines with usually
high coating resistivity, ye is much greater than yc and Equation (10.90) gives

y = yc = 2000πrp

ρctc
+ j

πrpf εc10−6

9tc
S/km (10.92)

10.15.4 Resistive or conductive coupling from power
systems to pipelines

In Sections (10.11)–(10.13), we discussed how ZPS earth return currents due to
short-circuit earth faults in substations and on overhead line towers cause a rise of
earth potential with respect to remote earth over a given area. If a buried pipeline is
located in the zone of influence, i.e. earth potential rise, irrespective of whether the
pipeline is parallel to the power line or not, the coating insulation will be exposed to
a voltage stress since the pipeline’s metal remains at virtually earth potential. If this
voltage stress is greater than the dielectric strength of the insulation coating, it may
puncture the coating and damage cathodic protection systems. If the pipeline passes
through the earth electrode systems of substations or overhead power line towers,
the voltage stress may be so high that it may puncture the coating. The intense
leakage current may damage the pipeline’s metal. If the pipeline is earthed and
connected to the earth electrode of a substation or tower, the rise of earth potential of
the substation or tower will be transferred to the pipeline and may endanger safety.

10.15.5 Examples

Example 10.3 Consider a single-circuit 400 kV overhead transmission line
with one earth wire and an above ground insulated metal pipeline in the vicinity
as shown in Figure 10.26.
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e � 21.79 m

Figure 10.26 Power line and above ground pipeline for calculation of capacitive coupling for
Example 10.3

The geometrical and physical data of the overhead line circuit is identical
to that used in Example 3.4 and system frequency is 50 Hz. The pipeline is
parallel to the axis of the power line at a distance of 30 m, has an outer radius of
0.35 m and its height above ground is 1 m. The length of parallel exposure of the
pipeline and power line is 4 km. The three-phase voltages on the power line are
in a balanced steady state condition. Calculate the touch voltage to earth on the
pipeline induced by capacitive coupling with the power line and the discharge
current that can flow through a person’s body when touching the pipeline.

The pipeline’s self-potential coefficient and mutual potential coefficients
with the power line are

Pp = 17.975109 × 106 × loge

[
1 +

√
1 − 0.352

0.35

]
= 30.75 × 106 km/F

PpR = 17.975109 × 106 × loge

[√
(30 − 8.33)2 + (12.95 + 1)2√
(30 − 8.33)2 + (12.95 − 1)2

]

= 0.72978 × 106 km/F

PpY = 0.90175 × 106 km/F PpB = 0.73726 × 106 km/F

PpE = 0.56191 × 106 km/F
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The potential coefficient matrix of the power line and pipeline coupled system is

P =

R
Y
B
p
E

⎡
⎢⎢⎢⎢⎢⎣

85.366 22.165 15.253 0.72978 10.46
22.165 94.72 28.719 0.90175 18.0
15.253 28.719 101.773 0.73726 30.985

0.72978 0.90175 0.73726 30.75 0.56191

10.46 18.0 30.985 0.56191 156.833

⎤
⎥⎥⎥⎥⎥⎦× 106 km/F

Thus

PC =
⎡
⎣85.366 22.165 15.253

22.165 94.72 28.719
15.253 28.719 101.773

⎤
⎦× 106 km/F

PCp =
⎡
⎣0.72978

0.90175
0.73726

⎤
⎦× 106 km/F

PCE =
⎡
⎣ 10.46

18.0
30.985

⎤
⎦× 106 km/F PpC = PT

Cp PEC = PT
CE

Pp = 30.75 × 106 F/km

PpE = PEp = 0.56191 × 106 km/F PE = 156.83 × 106 F/km

P′
C = PC − PCEP−1

E PEC =
⎡
⎣84.668 20.964 13.186

20.964 92.654 25.163
13.186 25.163 95.651

⎤
⎦× 106 km/F

P′
Cp = PCp − PCEP−1

E PEp =
⎡
⎣0.692

0.837
0.626

⎤
⎦× 106 km/F

P′
pC = PpC − PpEP−1

E PEC = P′T
Cp

P′
p = Pp − PpEP−1

E PEp = 30.748 × 106 km/F

VC = 1√
3

⎡
⎣ 400000

h2400000
h400000

⎤
⎦V
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Therefore,

Vp = P′
pCP′−1

C VC = (142.012 − j524.367)V = 543.26 V∠−74.85◦

Ip = 2πf 103 1

Pp
× L × Vp = 2π × 50 × 1

30.75 × 106
× 4 × (142.012

− j524.367) × 1000 = (5.803 − j21.429)mA = 22.2 mA∠−74.85◦

Qp = −P′−1
p P′

pC(P′
C − P′

CpP′
p
−1P′

pC)
−1

VC = (−0.462 + j1.706) × 10−5 C/km

Ip = −j2πf 103LQp = −j2π × 50 × 103 × 4 × (−0.462 + j1.706) × 10−5

= (5.806 − j21.439)mA = 22.2 mA∠−74.85◦

As discussed in Section 10.2.3, a steady state current higher than about 5 mA
would generally be considered unacceptable from personnel safety viewpoint.
Therefore, the pipeline in this example would generally be earthed through an
appropriate resistance typically of the order of a few hundred ohms.

Example 10.4 Consider a single-circuit overhead power line and a parallel
metal pipeline in the vicinity. The power line carries a balanced set of three-
phase steady state currents. Derive an expression for the induced EMF on the
pipeline in terms of the distances between the pipeline and the power line’s
phase conductors. Consider a power line with and without one earth wire.

We start with case where the power line has no earth wire. The balanced three-
phase currents are PPS only thus IR = IP, IY = h2IP and IB = hIP. Therefore,
from Equation (10.78), we have −EMFp = (ZpR + h2ZpY + hZpB)IP. Using
Equation (10.74),

Zpj = π210−4f + j4π10−4f loge

(
Derc

dpj

)
for j = R, Y, B

h = −1

2
+ j

√
3

2
and h2 = −1

2
− j

√
3

2

we have

−EMFp = IP

{
π210−4f + j4π10−4f loge

(
Derc

dpR

)
+
(

−1

2
− j

√
3

2

)

×
[
π210−4f + j4π10−4f loge

(
Derc

dpY

)]

+
(

−1

2
+ j

√
3

2

)[
π210−4f + j4π10−4f loge

(
Derc

dpB

)]}
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or after a little algebra

−EMFp = 4π10−4f IP

{√
3

2
loge

(
dpB

dpY

)
+ j loge

(√
dpYdpB

dpR

)
V/km

where the mutual impedances are in �/km and IR = IP is in amperes.
If the line has one earth wire, using Equation (10.77), and by analogy with

the above equation, we obtain

−EMFp = 4π10−4f IP

{√
3

2
loge

(
dpB

dpY

)
+ j loge

(√
dpYdpB

dpR

)

− ZpE

ZEE

[√
3

2
loge

(
dEB

dEY

)
+ j loge

(√
dEYdEB

dER

)]}
V/km

Example 10.5 Consider the single-circuit 400 kV overhead transmission line
of Example 10.3 and a non-parallel buried coated steel pipeline in the vicinity
as shown in Figure 10.27. The pipeline is insulated and unearthed at end B and
extends perpendicular to the overhead power line at end A.

The geometrical and physical data of the pipeline is as follows:

Outer radius = 0.25 m, depth = 1 m, resistivity and relative permeabil-
ity of steel are 0.138 μ�m and 300, respectively. Insulation coating is
polyethylene with thickness = 5 mm, resistivity = 25 × 106 �m and relative
permittivity = 5.
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b

e

g

a � 6.93 m
b � 10.16 m

f � 12.95 m

c � 8.33 m
d � 32.26 m

g � 43.09 m

e � 21.79 m
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Pipeline
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line

Pipeline

300 m

100 m

End
A

B

173.2 m

IF

x � 0

x � 4

x (km)

u (km)

Figure 10.27 Power line and buried coated steel pipeline for calculation of inductive coupling for
Example 10.5
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Earth resistivity is 100 �m. System frequency is 50 Hz.
Balanced steady state currents on the power line of 2000 A rms. One-phase
to earth short-circuit fault current on phase R at the edge of zone of influence
is 13 000 A rms.

Calculation of mutual impedances
The non-parallel pipeline is converted to a parallel pipeline at a geometric
mean distance from the power line equal to dEq = √

100 × 300 = 173.2 m.
The zone of influence of the power line is y = 200

√
100 = 2000 m.

Hence, the pipeline is well within the zone. The depth of earth return
is Derc = 658.87

√
100/50 = 931.78 m. The distances between the pipeline

and the power line’s phase and earth wire conductors are dpR =√
(12.95 + 1)2 + (173.2 − 8.33)2 = 165.46 m, similarly dpY = 164.63 m, dpB =

169.56 m and dpE = 178.72 m. The mutual impedances with earth return
between the pipeline and the power line’s conductors are

ZpR = π210−4 × 50 + j4π50 × 10−4

√√√√[loge

(
1 + 1.382 931.782

165.462

)]2

4
− π2

16

= (0.0493 + j0.1088)�/km

Similarly

ZpY = (0.0493 + j0.1091)�/km

ZpB = (0.0493 + j0.1071)�/km

and

ZpE = (0.0493 + j0.1036)�/km

From Example 3.4, we have

ZER = (0.0493 + j0.1609)�/km ZEY = (0.0493 + j0.178)�/km,

ZEB = (0.0493 + j0.2147)�/km and ZEE = (0.1136 + j0.6988)�/km.

Electrical characteristics of the pipeline
The pipeline’s shunt admittance is

y = 2000π × 0.25

25 × 106 × 5 × 10−3
+ j

π × 0.25 × 50 × 5 × 10−6

9 × 5 × 10−3

= (0.01256 + j0.00436)S/km
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The series impedance of the pipeline with earth return is

z =
√

0.138 × 10−6 × 300 × 50

3.163 × 0.25
+ π210−4 × 50

+ j

[√
0.138 × 10−6 × 300 × 50

3.163 × 0.25
+ 4π10−4 × 50 × loge

(
931.78

0.25

)]

= (0.10688 + j0.5167)�/km

The pipeline’s propagation constant is

γ = √
(0.10688 + j0.5167) × (0.01256 + j0.00436)

= (0.05525 + j0.06295)km−1

The pipeline’s characteristic impedance is

Zo =
√

0.10688 + j0.5167

0.01256 + j0.00436
= 5.478 + j3.11 = 6.3∠29.58◦ �

Steady state unfaulted power system operation

Induced EMF
The balanced three-phase currents are PPS only thus IR = 2000 A,
IY = 2000 Ae−j2π/3 and IB = 2000 Aej2π/3. The induced EMF on the pipeline is

−EMFp = (0.0493 + j0.1088)(2000) + (0.0493 + j0.1091)(2000e−j2π/3)

+ (0.0493 + j0.1071)(2000ej2π/3) − (0.0493 + j0.1036)

(0.1136 + j0.6988)

× [(0.0493 + j0.1609)(2000) + (0.0493 + j0.178)(2000e−j2π/3)

+ (0.0493 + j0.2147)(2000ej2π/3)] = (3.57 + j0.182)

− (−13.13 − j8.14) = 16.7 + j8.32 V/km

Therefore, EMFp = −16.7 − j8.32 = 18.66∠−153.5◦ V/km. If the overhead
power line had no earth wire, the induced EMF is EMFp = −3.57 − j0.182 =
3.57∠−177.1◦ V/km. It is interesting to note that the effect of the power line’s
earth wire under steady state conditions is to increase the induced voltage on
the pipeline. This is opposite to the effect under fault conditions as shown in
Equation (10.79).
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Pipeline voltage to earth
The pipeline voltage to earth along the pipeline between ends A and B as well
as beyond end A can be calculated using Equation (10.84a) between ends A
and B and Equation (10.86) beyond end A where Eo = (−16.7 − j8.32)V/km
and γ = (0.05525 + j0.06295)km−1. The maximum pipeline voltage at end B
at x = 4 km is equal to −62.95 − j22.4 = 66.8∠−160.4◦ V and the voltage at
end A at x = 0 is equal to 4.82 + j8.83 = 10.06∠61.37◦ V.

One-phase to earth short-circuit fault condition

Induced EMF
The overhead line’s screening factor is

k = 1 − ZER

ZEE
× ZpE

ZpR
= 1 − (0.0493 + j0.1609)

(0.1136 + j0.6988)
× (0.0493 + j0.1036)

(0.0493 + j0.1088)

= 1 − (0.23769∠−7.8◦) × (0.96048∠−1.07◦) = 0.7744 + j0.0352

= 0.775∠2.6◦.

The induced EMF on the pipeline is −EMFp = ZpRIFk or

−EMFp = (0.0493 + j0.1088) × 13 000 × 0.775∠2.6◦ = −446.5 − j1117.5

= 1203.4∠−111.78◦ V/km
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Figure 10.28 Calculated voltages to earth and current profiles on a steel pipeline inductively coupled
to a 400 kV power line under a one-phase to earth fault condition. Corresponding to Figure 10.27



Further reading 603

Pipeline voltage to earth and pipeline current
We now calculate the profile of the pipeline voltage to earth along the pipeline
between ends A and B as well as the attenuation beyond end A using Equa-
tions (10.84a) and (10.86) respectively. We also calculate the pipeline current
along the pipeline between ends A and B using Equation (10.84b). In these
Equations Eo = (−446.5 − j1117.5)V/km, γ = (0.05525 + j0.06295)km−1 and
Zo = (5.478 + j3.11)�. The results of |V (x)| and |I(x)| are shown in
Figure 10.28.
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Appendices

A.1 Theory and analysis of distributed
multi-conductor lines and cables

In order to describe accurately the performance of multi-conductor transmission
lines, we used in Chapter 3 two-port nodal admittance equations that included the
line’s series impedance and shunt admittance matrices. We will now briefly present
the theory of distributed multi-conductor lines. The theory also applies to cables.

Consider a multi-conductor line that consists of N conductors. Each conduc-
tor, say conductor k, has a self-impedance Zkk , with earth return, and is mutually
coupled to all other conductors through mutual impedances Zkj, with earth return.
In addition, conductor k has a self-admittance Ykk and is mutually coupled to all
other conductors through mutual admittances Ykj. Taking an element of infinitesi-
mal length �x on the line, the series voltage developed in length �x on conductor
k when currents flow in all conductors, 1, 2, . . . , k, . . . , N , is given by

�Vk(k=1,...,N) = −
N∑

j=1

ZkjIj�x (A.1a)

The minus sign is because the change in voltage is negative with increasing x.
Similarly, the shunt displacement current due to the voltage applied to conductor

k and voltages on all other conductors, 1, 2, . . . , N , is given by

�Ik(k=1,...,N) = −
⎛
⎝−YkkVk +

N∑
j=1�=k

YkjVj

⎞
⎠�x (A.1b)

Writing Equations (A.1) in matrix form for �x → 0, we have

dV(x)

dx
= −ZI(x) (A.2a)

dI(x)

dx
= −YV(x) (A.2b)
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where Z and Y are the series phase impedance and shunt phase admittance matrices
of the line in per-unit length. Differentiating Equations (A.2a) and (A.2b) with
respect to x, we obtain

d2V(x)

dx2
= γ2V(x) (A.3a)

d2I(x)

dx2
= (γT)

2
I(x) (A.3b)

where

γ = √
ZY and γT = √

YZ (A.3c)

γ is the line’s propagation coefficient matrix and γT is its transpose noting that Z
and Y are symmetric matrices.

The general solutions to Equations (A.3a) and (A.3b) are given by

V(x) = e−γxVi + eγxVr (A.4a)

I(x) = e−γTxIi + eγTxIr (A.4b)

where Vi, Vr, Ii and Ir are column matrices that satisfy the boundary conditions
of the line. Differentiating Equation (A.4a) with respect to x and substituting into
Equation (A.2a), we obtain a different form for Equation (A.4b) as follows:

I(x) = Yo(e−γxVi − eγxVr) (A.5a)

where

Yo = Z−1γ (A.5b)

Yo is the characteristic admittance matrix of the line and its inverse, the
characteristic impedance matrix is given by

Zo = γ−1Z (A.5c)

Also, differentiating Equation (A.5a) and substituting in Equation (A.2b), we
obtain another formulation for Yo and Zo as follows:

Yo = Yγ−1 and Zo = γY−1 (A.5d)

Equations (A.4a) and (A.5a) are general and provide the voltage and current solu-
tions at any point along the line. However, if we are only interested in the line’s
terminal conditions, i.e. at x = 0 and at x = �, we can derive an equivalent two-
port π admittance model. Substituting x = 0 and at x = � in Equations (A.4a) and
(A.5a), and using V(x = 0) = VS, V(x = �) = VR, I(x = 0) = IS and I(x = �) = IR,
we have

For x = 0: VS = Vi + Vr (A.6a)

IS = Yo(Vi − Vr) (A.6b)
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For x = �: VR = e−γ�Vi + eγ�Vr (A.7a)

IR = Yo(e−γ�Vi − eγ�Vr) (A.7b)

From Equation (A.6), we obtain

Vi = 1

2
(VS + Y−1

o IS) (A.8a)

Vr = 1

2
(VS − Y−1

o IS) (A.8b)

Substituting Equation (A.8) into Equation (A.7), and after some matrix and
hyperbolic functions manipulations, we obtain

IS = AVS − BVR (A.9a)

IR = −BVS + AVR (A.9b)

where

A = Yo coth(γ�) (A.10a)

B = Yo cosech(γ�) (A.10b)

Substituting Equation (A.3c), γ = √
ZY, and using Equation (A.5d), Yo = Yγ−1,

in Equation (A.10), we obtain

A = Y(
√

ZY)
−1

coth (
√

ZY�) (A.11a)

B = Y(
√

ZY)
−1

cosech(
√

ZY�) (A.11b)

Using Equations (A.9), the π equivalent admittance model of a multi-conductor
line or cable is shown in Figure A.1.

coth((
�1

�1

ZY)

ZY)

A � Y 

B � Y 

BIS IR

VS VR
A�B A�B

(cosech( ZY  )

ZY  )

Figure A.1 π equivalent circuit of a multi-conductor overhead line or a multi-conductor cable where A,
B, Z and Y are square matrices, and V and I are column matrices
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A.2 Typical data of power system equipment

A.2.1 General
In this section, typical data and parameters for various power systems equipment
is assembled and presented in tabular format. Throughout, the parameters used are
defined as follows:

For overhead lines, cables, reactors and capacitors

ZP/RP/XP: positive phase sequence (PPS) impedance/resistance/reactance of a
three-phase circuit
ZZ/RZ/XZ: zero phase sequence (ZPS) impedance/resistance/reactance of a
three-phase circuit
BP/BZ: PPS/ZPS susceptance of a three-phase circuit

ZP = RP + jXP and ZZ = RZ + jXZ

ZP
12/ZZ

12: PPS/ZPS mutual impedance between two adjacent three-phase circuits

BP
12/BZ

12: PPS/ZPS mutual susceptance between two adjacent three-phase
circuits

ZP
12 = RP

12 + jXP
12 and ZZ

12 = RZ
12 + jXZ

12

For transformers

Z/R/X is leakage impedance/resistance/reactance.

ZP
HL = RP

HL + jXP
HL and ZZ

HL = RZ
HL + jXZ

HL

ZP
HT = RP

HT + jXP
HT and ZZ

HT = RZ
HT + jXZ

HT

ZP
LT = RP

LT + jXP
LT and ZZ

LT = RZ
LT + jXZ

LT

HL represents high voltage to low voltage leakage parameter, HT represents high
voltage to low voltage leakage parameter and LT represents low voltage to tertiary
voltage leakage parameter.

For synchronous machines

X ′′
d /X ′

d/Xd: d-axis subtransient/transient/synchronous reactance and X ′′
q is q-axis

subtransient reactance. XZ is ZPS reactance and Ra is armature ac resistance
T ′′

d /T ′
d: d-axis subtransient/transient short-circuit time constant

Ta: armature or dc short-circuit time constant. H is inertia constant.

For induction machines

Double-cage or deep-bar: X ′′/X ′/X is subtransient/transient/steady state reactance
T ′′/T ′: subtransient/transient short-circuit time constant
Ta: armature or dc short-circuit time constant

Single-cage: X ′/X is transient/steady state reactance
T ′: transient short-circuit time constant
Ta: armature or dc short-circuit time constant



A.2.2 Data
Table A.1 Typical parameters of synchronous generators

Ra X ′′
d X ′′

q X ′
d Xd XZ

% on % on % on % on % on % on
Rated rated rated rated rated rated rated T ′′

d T ′
d Ta H

MVA MVA MVA MVA MVA MVA MVA ms ms ms MW × s/MVA

Turbo-generators 5 0.39 15 27 25 290 8 23 550 180 1
50 0.3 17 19 24 225 9 20 634 192 1.8

110 0.16 14 14.6 18 200 8 19 662 283 5.1
150 0.2 20 21 29 182 9 22 651 336 3.2
200 0.16 17.5 19 28 194 8 31 908 367 4.5
300 0.15 17.4 18.2 23 214 9 25 1140 381 5.8
500 0.21 25 26.4 34 224 12 32 1010 395 6.2
800 0.20 23 24.2 32 219 14 51 942 344 3.9

1280 0.26 24 24.1 36 155 11 28 1406 293 4.5
1990 0.3 35 37 51 270 15 17 1010 384 8.5

Hydro-generators 90 0.17 16.6 21 22 128 5 31 834 352 3.2
320 0.12 14 19 22 116 5 79 1100 456 4.6

Table A.2 Typical parameters of induction generators

Rated Stator Stator Magnetising Rotor resistance, Rotor reactance,
voltage Rated power resistance reactance reactance running/starting running/starting
kV MVA/MW � � � � �

Doubly fed induction generators
0.69 0.9/0.8 0.003 0.030 1.2 0.0022/0.003 0.056/0.052
0.69 2.0/1.8 0.0014 0.021 0.81 0.0016/0.0019 0.022/0.021
0.69 2.0.1/2 0.0016 0.018 0.78 0.0021/0.0025 0.026/0.023
0.69 3.0/2.85 0.0011 0.01 0.6 0.0008/0.001 0.014/0.013
1 3.16/3 0.0023 0.019 0.9 0.0015/0.007 0.052/0.042

Squirrel-cage induction generators
0.69 0.68/0.6 0.004 0.028 1.6 0.0032/0.0048 0.041/0.033
0.69 1.6/1.43 0.0022 0.045 1.4 0.0021/0.0036 0.035/0.029
0.69 2.56/2.3 0.0018 0.03 0.7 0.0019/0.003 0.012/0.01



Table A.3 Typical parameters of induction motors

Ratio of locked
Rated voltage Rated power Rated current Rated power rotor current to dc time constant
kV kW A factor rated current in ms

0.415 45 74 0.89 7 15
6 500 60 0.84 5.7 52
6 3000 362 0.9 5.3 60
6.6 10 000 993 0.92 6 98

Rotor resistance Rotor reactance
Rated voltage Rated Stator resistance Stator reactance Magnetising reactance (running) (running)
kV kVA � � � � �

3.3 900 0.0968 1.331 38.7 0.0726 0.847

Generic data in
pu on rated apparent Transient short-circuit dc short-circuit
power for small and Stator Stator Magnetising Rotor Rotor time constant time constant
large three-phase resistance reactance reactance resistance reactance T′ Ta
induction motors pu pu pu pu pu ms ms

Small induction 0.031 0.1 3.2 0.018 0.18 48 28
motors

Large industrial 0.013 0.067 3.8 0.009 0.17 81 56
induction motors

Measured data of a 4.2 MVA double-cage induction motor, reactances in pu on 4.2 MVA

Subtransient Transient Steady Subtransient short-circuit Transient short-circuit dc short-circuit
Rated Rated reactance reactance state reactance time constant time constant time constant
voltage power X ′′ X ′ X T ′′ T ′ Ta
kV MW pu pu pu ms ms ms

6.6 3.46 0.16 0.2 3.73 20 80 40



Table A.4 Typical sequence parameters of single-circuit and double-circuit overhead lines
(a) Single-circuit line parameters (50 Hz)

400 kV, 400 kV, 275 kV, 275 kV, 132 kV, 132 kV, 66 kV, 33 kV,
4 × 400 mm2 2 × 500 mm2 2 × 300 mm2 2 × 175 mm2 1 × 400 mm2 2 × 175 mm2 1 × 96.8 mm2 1 × 64.5 mm2 11 kV,

Positive and ACSR, ACAR, AAAC, ACSR, ACSR, ACSR, ACSR, ACSR, 1 × 32.25 mm2

zero phase 1 × 400 mm2 1 × 175 mm2 1 × 160 mm2 2 × 70 mm2 1 × 175 mm2 1 × 175 mm2 1 × 64.5 mm2 1 × 64.5 mm2 ACSR,
sequence ACSR earth ACSR earth ACSR earth ACSR earth ACSR earth ACSR earth ACSR earth earth no earth
parameter wire wire wire wires wire wire wire wire wires

ZP(�/km) 0.017 + j0.278 0.03 + j0.30 0.044 + j0.31 0.08 + j0.346 0.069 + j0.38 0.08 + j0.3 0.183 + j0.376 0.30 + j0.44 0.537 + j0.376
ZZ(�/km) 0.1 + j0.78 0.14 + j0.8 0.113 + j0.78 0.246 + j0.706 0.185 + j0.95 0.19 + j0.86 0.42 + j1.1 0.51 + j1.04 0.81 + j1.3
BP(μS/km) 4.1 3.6 3.7 3.323 3.04 3.9 2.0 – –
BZ(μS/km) 2.28 2.05 2.1 2.467 1.66 2.0 0.6 – –

(b) Double-circuit line parameters (50 Hz)

Positive and zero 400 kV, 4 × 400 mm2 400 kV, 2 × 400 mm2 275 kV, 2 × 300 mm2 132 kV, 2 × 175 mm2 66 kV, 1 × 100 mm2

phase sequence ACSR, 1 × 400 mm2 ACSR, 1 × 400 mm2 AAAC, 1 × 160 mm2 ACSR, 1 × 175 mm2 ACSR, 1 × 30 mm2

parameter ACSR earth wire ACSR earth wire ACSR earth wire ACSR earth wire ACSR earth wire

ZP(�/km) 0.017 + j0.252 0.034 + j0.32 0.044 + j0.289 0.08 + j0.303 0.187 + j0.375
ZZ(�/km) 0.188 + j1.20 0.205 + j1.26 0.276 + j1.28 0.30 + j1.33 0.450 + j1.147
ZP

12(�/km) −0.0003 − j0.0130 −0.0003 − j0.0130 −0.00043 − j0.0107 −0.0004 − j0.0133 −0.00036 − j0.0110
ZZ

12(�/km) 0.085 + j0.420 0.085 + j0.42 0.116 + j0.446 0.111 + j0.478 0.254 + j0.646
BP(μS/km) 4.46 3.5 3.96 3.72 2
BZ(μS/km) 1.9 1.6 1.75 1.47 0.8
BP

12(μS/km) 0.126 0.084 0.076 0.097 0.02
BZ

12(μS/km) −0.72 −0.544 −0.63 −0.76 −0.3

(Continued)



Table A.4 (Continued)

(c) Single-circuit line parameters (60 Hz)

Positive and zero
phase sequence
parameter 230 kV 345 kV 500 kV 765 kV 1200 kV

ZP(�/km) 0.051 + j0.50 0.04 + j0.39 0.026 + j0.31 0.012 + j0.3 0.010 + j0.27
ZZ(�/km) 0.13 + j1.25 0.112 + j0.92 0.09 + j0.86 0.07 + j0.80 0.05 + j0.70
BP(μS/km) 3.36 4.5 5.1 5.0 4.5
BZ(μS/km) 2.0 2.7 3.2 2.9 3.4

Table A.5 Typical sequence parameters of single-circuit three-phase cables

(a) Cable parameters (50 Hz)

400 kV 400 kV 275 kV
2500 mm2 2000 mm2 1600 mm2 132 kV 66 kV 33 kV 11 kV
copper copper copper 220 kV 132 kV 1000 mm2 630 mm2 300 mm2 120 mm2

conductor, conductor, conductor, 1000 mm2 1000 mm2 copper copper 33 kV aluminium/ aluminium/
copper aluminium aluminium copper copper conductor, conductor, 400 mm2 copper copper

Positive screen/ sheath, flat sheath, flat conductor, conductor, aluminium aluminium aluminium conductor, conductor,
and zero aluminium formation, formation, aluminium aluminium sheath, flat sheath, flat conductor, XLPE, XLPE, lead
phase sheath, cross- cross- sheath, sheath, formation, formation, sheath, lead sheath,
sequence XLPE, in bonded, oil bonded, oil XLPE, XLPE, single core, oil filled, three core, sheath, flat trefoil
parameter tunnel filled filled three core three core oil filled single core oil filled single core single core

ZP(�/km) 0.011 + 0.0143 + 0.016 + 0.027 + 0.027 + 0.025 + 0.04 + 0.1 + 0.12/0.075 + 0.3/0.19 +
j0.19 j0.14 j0.175 j0.122 j0.11 j0.18 j0.174 j0.08 j0.16 j0.1

ZZ(�/km) 0.048 + 0.065 + 0.073 + 0.10 + 0.1 + 0.114 + 0.57 + 0.35 + – –
j0.057 j0.057 j0.054 j0.05 j0.04 j0.061 j0.076 j0.055

BP(μS/km) 76 121 138 56 75 193 262 254 85 150
BZ(μS/km) 76 121 138 56 75 193 262 254 85 150



(b) Cable parameters (60 Hz)

345 kV 230 kV 230 kV
2500 MCM 2000 MCM 1600 MCM 115 kV

500 kV copper copper copper copper
3000 MCM conductor, conductor, conductor, 115 kV conductor,
copper lead sheath, paper- lead sheath, copper lead sheath,

Positive and conductor, pipe-type insulated pipe-type conductor, pipe-type
zero phase aluminium high pressure lead sheath, high pressure paper- high pressure
sequence sheath, flat oil filled trefoil oil filled insulated gas filled
parameter formation cable formation cable lead sheath cable

ZP(�/km) 0.011 + j0.136 0.028 + j0.176 0.04 + j0.128 0.34 + j0.155 0.06 + j0.31 0.038 + j0.13
ZZ(�/km) 0.058 + j0.06 0.378 + j0.512 at 5 kA 0.171 + j0.083 0.40 + j0.36 at 5 kA 0.256 + j0.20 0.38 + j0.30 at 5 kA
BP(μS/km) 108 97 70 135 190 80
BZ(μS/km) 108 97 70 135 190 80



Table A.6 Typical sequence parameters of transformers

(a) Two-winding transformers

HV winding LV winding RP
HL XP

HL RZ
HL XZ

HL
terminals terminals Vector Rated % on rated % on rated % on rated % on rated
(kV) (kV) group MVA MVA MVA MVA MVA

275 33 YD 75 0.49 19.4 0.42 16.5
400 33 YD 150 0.34 22.2 0.32 20.8
275 66 YD 120 0.38 19 0.32 16.1
400 66 YD 180 0.38 24.3 0.32 20.7
132 66 YY 30 0.8 10.5 0.78 9.7
132 11 YY 55 0.6 15.5 0.6 14
132 33 YD 90 0.6 22 0.5 18.8
132 11 YY 30 1 24 1 20.7
132 25 1 Phase 18 0.48 12 0.48 12
23.5 11 DY 32.5 0.15 6.75 0.15 5.75

66 33 YY 60 0.36 13 0.32 11.8
66 11 DY 30 0.52 13 0.48 11.6
33 11 DY 37.5 0.5 12.5 0.47 11
33 11 DY 10 0.67 9.2 0.6 8.4
33 0.69 DY 2.1 0.75 8 0.75 7.5
11 0.43 DY 0.1 0.6 4.75 0.6 4.3
20 0.43 DY 1 0.5 5 0.5 4.2
20 0.43 DY 2 0.6 6 0.6 5.3



(b) Autotransformers and three-winding transformer

Tertiary ZP
HL ZP

HT ZP
LT ZZ

HL ZZ
HT ZZ

LT
HV winding LV winding winding % on % on % on % on % on % on
terminals terminals terminals Vector Rated rated rated rated rated rated rated
(kV) (kV) (kV) group MVA MVA MVA MVA MVA MVA MVA

400 132 13 Y0y0d1 240 20.3 54 32 19.4 51.9 32.4
275 132 13 Y0y0d1 240 21 46.5 22.6 16 38.5 25
275 66 11 YYD 120 21.8 30.5 6.3 17.4 29.4 6.5

(c) Positive phase sequence impedance variation with tap position

(i) Autotransformer, low voltage winding line-end tapped
Rating 240 MVA
No-load voltage ratio 275 kV/132 kV
Tap range ±15% in 18 steps of 1.67%
Tap position 1 10 19
Tap position (%) +15 0 −15
Impedance (% on rating) 14.8 19.7 29

(ii) Two-winding transformer, high voltage winding tapped
Rating 30 MVA
No-load voltage ratio 132 kV/11 kV
Tap range −20% to +10% in 18 steps of 1.67% on HV winding
Tap position 1 7 19
Tap position (%) +10 0 −20
Impedance (% on rating) 22.8 21.5 18.9
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Table A.7 Typical sequence parameters of quadrature boosters and phase shifters

Apparent positive phase
Rated Rated Rated sequence impedance Zero phase sequence
voltage throughput quadrature Rated phase at zero phase shift % impedance % on
kV MVA voltage in % shift degrees on rated MVA rated MVA

400 2500/2000 −20/+20 ±11.3 8 See Chapter 4 for
275 1000/750 −20/+20 ±11.3 5 detailed zero sequence
235 300 −72.8/+72.8 ±40 12 data of two typical plant
132 250/150 −53.6/+53.6 ±30 4

Table A.8 Typical sequence parameters of series reactors

Positive phase Zero phase Zero phase
Rated Positive phase sequence sequence sequence
voltage Rated sequence resistance reactance XP % resistance RZ reactance XZ

kV MVA RP % on rated MVA on rated MVA % on rated MVA % on rated MVA

500 2000 0.1 22 0.1 22
400 2000/1320 0.085/0.13 20/26.4 0.085/0.13 20/26.4
275 750 0.06 10.5 0.65 10.5
132 90 0.20 18 0.20 18

66 60 0.23 15.25 0.23 15.25
33 50 0.1515 12 0.1515 12
11 12.5 0.3 20 0.3 20

4.2 7.5 0.16 8 0.16 8

Table A.9 Typical sequence parameters of shunt reactors

Positive phase sequence Zero phase sequence
Rated Rating susceptance BP % on susceptance BZ % on
voltage kV MVAr 100 MVA 100 MVA

500 300/200 −300/−200 −300/−200
400 200/150/100 −200/−150/−100 −200/−150/−100
275 150/100 −150/−100 −150/−100
132 60/45/30 −60/−45/−30 −60/−45/−30

33 30/20 −30/−20 −30/−20
11 10/5 −10/−5 −10/−5

Table A.10 Typical sequence parameters of shunt capacitors

Positive phase sequence Zero phase sequence
Rated susceptance BP % on susceptance BZ % on
voltage kV Rating in MVAr 100 MVA base 100 MVA base

500 300/200 300/200 300/200
400 200/150/100 200/150/100 200/150/100
275 150/100 150/100 150/100
132 60/45/30 60/45/30 60/45/30

33 30/20 30/20 30/20
11 10/5 10/5 10/5
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Table A.11 Typical positive phase sequence X/R ratios and dc time constants of power system
equipment

(a) Synchronous generators

X ′′
d (% on Ra (% on

Rated MVA rated MVA) rated MVA) Typical X/R ratio Tdc (50 Hz), ms Tdc (60 Hz), ms

5 15 0.39 38.5 122.4 102.1
110 14 0.16 87.5 278.5 232.1
500 25 0.21 119 379 315.6

(b) Generator transformers

Rated MVA Typical X/R ratio Tdc (50 Hz), ms Tdc (60 Hz), ms

5 25 79.5 66.3
110 40 127 106.1
500 70 223 185.7

(c) Network transformers

Voltage ratio Rated MVA Typical X/R ratio Tdc (50 Hz), ms Tdc (60 Hz), ms

500 kV/235 kV 750 90 286.5 238.7
400 kV/275 kV 500 70 222.8 185.7
380 kV/150 kV 450 85 270.5 225.5
400 kV/132 kV 240 55 175 145.9
150 kV/110 kV 63 50 159 132.6
132 kV/33 kV 90 40 127.3 106.1
132 kV/11 kV 30 25 79.6 66.3
33 kV/11 kV 10 15 47.7 39.8
11 kV/0.43 kV 1 8 25.5 21.2

(d) Series reactors

Nominal voltage (kV) Rated MVA Typical X/R ratio Tdc (50 Hz), ms Tdc (60 Hz), ms

500 2000 220 700 583.6
400 1320 200 636.6 530.5
275 750 175 557 464.2
132 90 90 286.5 238.7
33 50 79 251.5 209.5
10 45 75 238.7 200
4.2 7.5 50 159 132.6

(e) Overhead lines

Voltage (kV) 11 33 66 115 132 230 275 345 400 500 765 1200

Typical X/R ratio 0.7 1.5 2 4 5 7 9 10 12 15 25 27
Tdc (50 Hz), ms 2.2 4.7 6.4 12.7 15.9 22.3 28.6 31.8 38.2 47.7 79.6 86
Tdc (60 Hz), ms 1.85 4 5.3 10.6 13.3 18.5 23.9 26.5 31.8 39.8 66.3 71.6

(Continued)
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Table A.11 (Continued)

(f) Cables

Voltage (kV) 11 33 66 115 132 230 275 345 400 500

Typical X/R ratio 0.5 1.5 3 4 7 1 (pipe type) 10 8 12 13
Tdc (50 Hz), ms 1.6 4.7 9.5 12.7 22.3 3.2 31.8 25.5 38.2 41.4
Tdc (60 Hz), ms 1.3 4 8 10.6 18.5 2.6 26.5 21.2 31.8 34.5

Note: The typical ratios given for overhead lines and cables correspond to one particular design in each
case. However, the X/R ratio for, say, 11 kV cable, may vary from 0.4 to 2.5 depending on material,
geometry and layout of the conductors. Similarly, the X/R ratio for, say a 132 kV overhead line, may
vary from 2.5 to 7 depending on material, physical dimensions and spacing of the conductors.
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American IEEE C37.010 standard, 469
ac decrement factor, 471
asymmetrical interrupting current, 472
closing and latching current, 472
closing and latching impedance

network, 469
dc decrement factor, 471
E/X method with correction for ac and

dc decrement, 471
E/X simplified method, 470
first cycle symmetrical current, 469, 471
interrupting impedance network, 469
no ac decrement (NACD) ratio, 471
reactance adjustment factors, 470
representation of:

local generation, 469, 471
remote generation, 469, 471

symmetrical interrupting current, 469,
472

time-delayed 30 cycle current, 472
X/R ratio, 470

Arc resistance, 7
As Low As Reasonably Practicable, 517
Autotransformers, 232

PPS/NPS equivalent circuits, 232
ZPS equivalent circuit, 237

Back-flashover, 514
Balanced three-phase impedances, 39
Boundary circuit, 486
Boundary node, 486, 489, 493
Bundled conductors, 76
Bus admittance matrix, 489
Bus impedance matrix, 489

Cables:
ac resistance, 150
aerial, 140
belted, 141
capacitance, 146, 148

cross bonded, 143
earth continuity conductor, 143
earthing impedance, 567
full shunt susceptance matrix, 164, 166
insulation, 140
layouts, 154
multi-conductor, 145
parameters, 145
permittivity, 147
phase impedance matrix, 157, 159,

162, 169
phase susceptance matrix, 165, 167
pipe-type, 141, 147
proximity effect factor, 150, 151
resistivity, 151
sea return impedance, 152
self and mutual impedances, 149, 150,

152, 153
self-contained, 141
sequence impedance matrix, 157,

160, 162
sequence susceptane matrix, 165,

166, 167
sheath voltage limiters, 142
single-core, 141
single-point bonded, 142
skin effect factor, 150, 151
solidly bonded, 142
submarine, 140, 141
susceptance, 146, 147
temperature coefficient, 151
three-core, 141
transposed, 143
underground, 140

Capacitance matrix, 94, 107
Circuit-breakers, 3, 10, 501

arcing time, 10
breakdown, 511



Index-H8074.tex 15/10/2007 11: 33 page 620

620 Index

Circuit-breakers (continued)
breaking duty, 501
bus coupler, 501
bus section, 501
contact separation, 10
current interruption, 10
electrical closure, 511
dielectric strength, 512
IEC62271 time constant, 510
IEEE C37.04 time constant, 510
independent pole, 511
making duty, 501
persistent fault, 501
point-on-wave closing, 514, 515
pole stagger, 511
prestrike, 511
standards ratings, 479

arc energy, 482, 483
arc extinction, 482
arcing time, 482
asymmetrical ratings, 480, 481
dc current rating, 479
derating factor, 483
major current loop, 482
percentage dc current, 479
short-circuit rating, 479
standard dc time constant, 480

substation:
1 and 1/2 switch, 501
double-bus, 501
transfer bus, 501

three-pole operated, 511
trip circuit, 10

Data exchange, 487
Depth of earth return, 83
Driving point impedance, 489

Earth electrode, 551
Earth fault current distribution, 563

cables, 576
conductive current, 564, 572
earth wire current, 564
inductive current, 564, 572
line length, 566
overhead line, 563
propagation constant, 565
sheath current, 572, 573
towers, 577

Earth fault factor, 49
Earth resistivity, 83
Earth return current, 550, 569, 576
Earth return path impedance, 81

Earthing conductor, 551
Earthing methods, 568
Earthing network:

cable sheath, 571
earth wire, 561, 563
infinite overhead line, 561

earthing impedance, 561
ladder network, 562

tower footing resistance, 561
Earthing transformers, 242
Electric shock, 551

heart fibrillation, 553, 554
let-go current, 553
muscular contraction, 553
non-fibrillating current, 554
resistance of human body, 552
ventricular fibrillation, 553

Electrical interference:
capacitive coupling, 585

discharge current, 587
pipeline charging current, 587
pipeline voltage to earth, 586

conductive coupling, 595
inductive coupling, 588

induced longitudinal voltage, 588
inductive zone of influence, 588
induced EMF, steady-state, 590
induced EMF, faults, 590
pipeline voltage to earth, 591, 592
pipeline current, 593
propagation constant, 592
characteristic impedance, 593
terminal impedances, 593

oblique exposure, 587
parallel exposure, 585
resistive coupling, 595

Electrical parameters, 76
Electricity at Work Regulations, 517
Electromagnetic forces, 12
Physical units, 15
Equipment failure, 6
Equivalent, 485

direct derivation, 492, 493, 494,
495

distribution, 497
industrial systems, 497
multiple π equivalent, 491
multiple-node, 491
NPS equivalent, 493
power station, 497
power system, 485, 489
PPS equivalent, 495
single-node, 490



Index-H8074.tex 15/10/2007 11: 33 page 621

Index 621

subtransient, 495
three-node, 491
time-dependent, 495
transient, 495
transmission, 497
two-node, 490
ZPS equivalent, 493

External impedance, 321

Fault current limiter, 529
current limiting reactor, 533
flux cancelling limiter, 535, 536
ideal fault current limiter, 543
magnetically coupled limiter, 534
neutral earthing resistor and reactor, 531
passive damped resonant limiter, 536
pyrotechnic limiter, 532
saturable reactor limiter, 536
series resonant current limiter, 534
superconducting fault current limiter,

539
cryogenic cooling, 539
high temperature superconductor, 539
resistive state, 539
resistive superconducting limiter, 540
shielded inductance limiter, 541
saturated inductance limiter, 542
air-gap superconducting limiter, 542

thyristor controlled series capacitor, 538
thyristor protected series capacitor, 538

Faults:
back flashover, 5, 75
balanced, 4
causes, 5
cross-country, 5, 65
impedance, 7
mechanical effects, 12
nature, 4
severity, 503
shunt, 43
simultaneous, 63
statistics, 6
thermal effects, 12
types, 4
unbalanced, 4
weather related, 5

General analysis of three-phase faults, 417,
422

fault between nodes, 427
fault impedance/admittance matrix, 429
sequence admittance matrices, 419,

428, 429

sequence impedance matrices, 422,
428, 429

simultaneous faults, 425
General analysis of unbalanced faults,

432
Geometric mean radius, 85
Grounding, 551

Health and safety, 517
Human error, 6

IEC 60909-0 Standard:
analysis technique, 452
asynchronous motors, 456
dc current, 459

equivalent frequency fc, 460
generators, 454
impedance correction factors, 453
network transformers, 453
peak make current, 458

peak factor k, 458
power station units, 454
static converter drives, 458
symmetrical breaking current, 460

μ factor for generators, 460
μq factor for asynchronous motors,

460
symmetrical steady-state current, 462
VDE, 451
voltage factor c, 452
X/R ratio, 459

method A, 459
method B, 459
method C, 459

Individual risk, 519
Induction motor modelling, 357

deep-bar rotor, 365
double cage rotor, 365
dq frame reference, 362
initial motor loading, 377
operator reactance, 364, 366
phase frame reference, 358
single cage rotor, 363
single-phase short circuit current, 375

NPS reactance, 376, 377
NPS resistance, 376, 377
NPS slip, 377
ZPS reactance, 377
ZPS resistance, 377

slip speed, 358, 359
subtransient reactance, 367
time constants, 364, 366, 367, 368
three-phase fault current, 368, 370,

371, 372
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Induction motor modelling (continued)
PPS reactance, 373, 374
external impedance, 374

transient reactance, 364
Induction motor tests, 378

locked rotor test, 379
no load test, 381
open-circuit voltage, 382
stator dc resistance, 378
sudden short-circuit test, 382

Leakage impedance variation, 245
leakage flux variation, 245
nominal tap position, 245
tap position, 245

Lightning strike, 5, 6
Limitation of short-circuit current,

520
autoreclosing, 524
autotripping, 521
de-loading circuits, 525
fault clearance time, 524
higher system voltage, 528
hot standby, 521
network splitting, 523
opening delta tertiary winding, 527
re-certification, 521
sequential disconnection, 524
substation splitting, 521

Load modelling, 285
Loss of synchronism, 3

Machine internal voltage:
AVRs, 339

Effect on short-circuit current, 339
field voltage, 340
static exciter, 340

Machine overheating, 6
Measurement of:

cable:
dc resistance, 197
earth loop impedance, 196
PPS/NPS impedance, 195
susceptance, 196
ZPS impedance, 195

distributed multi-conductor line, 190,
607

self and mutual phase impedance,
187

self and mutual shunt susceptance,
188

double-circuit line parameters, 192, 193
QB and PS impedances, 268
single-circuit line parameters, 187

synchronous machine:
currents, 348
d-axis reactances, 348, 349
resistances, 351
short-circuit time constants, 349, 350,

351
transformers, 249

three-winding leakage impedance,
253

autotransformer leakage impedance,
254

copper loss, 250
iron loss, 249
magnetising reactance, 249
no-load current, 249, 250
short-circuit PPS impedance, 250, 251
short-circuit ZPS leakage impedance,

252
two-winding leakage impedance test,

253
Multiple-circuit lines, 123

three-circuit lines, 124
four-circuit lines, 126

Mutual impedance, 81, 589

Network codes, 487, 488
Network reduction, 486, 489

dynamic, 486
static, 486

Overhead line, 74
counterpoise, 75, 76
double-circuit, 75
earth wire, 75
shielding, 75
single-circuit, 74

Overstressed, 516, 517

Peak current envelope, 324
Peak make current, 11
Per-unit analysis, 15

actual quantity, 19
base admittance, 17
base impedance, 17
base quantity, 19
change of base, 18
mutual admittance, 23
mutual impedance, 20
single-phase systems, 15
three-phase systems, 19

Phase sequence networks, 34
negative, 34
positive, 34
zero, 34
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Phase shifters, 262
NPS equivalent circuit, 266
PPS equivalent circuit, 263
ZPS equivalent circuit, 267

PI (π) equivalent circuit, 174
multiphase, 182, 607
sequence models, 175, 177, 179, 181

Pipeline, 584
ac corrosion, 584
cathodic protection, 584
coating, 584
distributed parameter, 592, 594
earthing, 585
equivalent circuit, 591
potential coefficient, 586
series impedance with earth return,

594
shunt admittance, 594
touch voltage, 585

Potential:
mesh, 552
step, 551
touch, 551, 552
transferred, 552

Potential coefficients, 78
Potential coefficient matrix, 94
Power quality, 4
Probabilistic analysis, 507

ac short-circuit current, 508
deterministic analysis, 507, 511
maximum dc offset, 509
Monte Carlo, 508
probability distribution, 508, 514
probability distribution of X/R ratio, 510
probability of maximum dc offset, 514
random factors, 507
risk, 508
sequential short-circuit, 509
simultaneous three-phase short-circuit,

509
voltage phase angle, 512
worst-case, 507

Protection relay, 3

Quadrature boosters, 262
NPS equivalent circuit, 266
PPS equivalent circuit, 263
ZPS equivalent circuit, 267

Reduced network, 486
Remote earth, 551
Renewable, 2

wind turbine, 2

Retained network, 486
power system, 486

Rise of earth potential, 3, 550, 551, 579
Risk assessment, 518

risk analysis, 518, 519
risk evaluation, 518, 519

Risk management, 517
Risk of fatality, 517, 518

Safety, 2
Screening factor:

cables, 571, 572, 573, 574
overhead lines, 570

Self impedance, 79
complex propagation constant, 80
external reactance, 81
internal impedance, 79
skin depth, 80
tubular conductor, 80

Series:
capacitors, 273

modelling of, 278, 279
types of schemes, 278

reactors, 272
modelling of, 273

Series phase:
impedance matrix, 92, 105, 110, 114, 126

Series
sequence impedance matrix, 93, 116,

127
Short-circuit analysis, 402

ac analysis, 403
fixed impedance, 402
general analysis in phase-frame, 438,

441, 445
passive analysis, 402
time domain analysis, 404
time variation of ac current, 405, 409,

412
time variation of dc current, 405, 410,

415
X/R ratio, 403

Shunt:
phase susceptance matrix, 95, 105, 107,

117
sequence susceptance matrix, 95, 117

Shunt capacitors, 272
modelling of, 275

Shunt reactors, 272
modelling of, 275

Single-phase transformer, 202
equivalent circuit, 203, 205
pi (π) equivalent circuit, 209

Static variable compensators, 283
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Substation earth electrode system:
function, 555
potential gradient, 555
resistance to remote earth, 555

buried flat plate, 558
buried grid or mesh, 559
buried hemisphere, 556
buried ring of wire, 559
mesh and vertical rods, 560
multiple driven vertical rods, 557
one driven vertical rod, 556

Substation earthing impedance, 567
Superposition theorem, 398

open-circuit fault, 400
short-circuit fault, 398

Surge impedance, 5
Symmetrical components, 31
Synchronous machine modelling, 302

dq0 modelling:
operator reactance analysis, 308

d-axis, 309
q-axis, 308

Park’s transformation, 305
per-unit system, 306
Single-phase to earth short-circuit fault,

328
short-circuit current, 329, 332, 338
time constants, 329
ZPS reactance, 331
ZPS resistance, 331

stator, rotor, field, damper windings, 302
subtransient and transient time

constants:
d-axis, 312
q-axis, 310, 323

subtransient, transient reactances:
d-axis, 309, 311
q-axis, 310, 311, 312

three-phase ryb modelling, 302
three-phase sequence equivalent circuit,

314
three-phase short circuit faults, 315, 323

current components, 317, 318
external impedance, 321
peak current envelope, 324
PPS reactance and resistance, 318
short-circuit current, 318, 338
stator/armature time constant, 317

time varying inductance, 304
transformation matrix ryb to dq0, 305
two-phase short-circuit fault, 324

NPS reactance, 325, 326
NPS resistance, 328

short-circuit current, 325, 328, 338
time constants, 327

two-phase to earth short-circuit fault,
332

NPS reactance, 334
NPS resistance, 328
short-circuit current, 333, 336
time constants, 334

Synchronous motor, 342
condenser, 342
compensator, 342

Temporary overstressing, 516, 517
Thermal heating of conductors, 12
Thévenin’s impedance, 399, 422, 489
Thévenin’s theorem, 398

open-circuit fault, 400
short-circuit fault, 398

Three-phase modelling of:
induction machines, 440
reactors and capacitors, 286, 287
phase shifting transformers, 297
quadrature boosters, 445
static load, 299
synchronous machines, 438
transformers, 287, 290, 293

Three-phase π models:
double-circuit, 184
single-circuit, 183

Three-phase three-winding transformers,
224

double-secondary windings, 224
harmonic currents, 224
PPS/NPS equivalent circuits, 225
PPS/NPS π equivalent circuits, 229
ZPS equivalent circuit 229

Three-phase two-winding transformers,
213

PPS/NPS equivalent circuits, 214
phase shift, 218, 222
ZPS admittance matrix, 220
ZPS equivalent circuit, 215, 217

Three-phase voltages:
complex instantaneous, 29
complex phasor, 29
real instantaneous, 29

Time constant, 10
Traction transformers, 243
Transfer impedance, 489
Transformation matrix, 33
Transposition(s), 96

double-circuit lines, 108
ideal, 122, 125
independent circuit, 108
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inter-circuit impedance matrix, 108
matrix, 98, 119
nine, 122
perfect, 96
semi-transposed, 101
single-circuit lines, 96
six, 114, 118

Unbalance, 28, 76
external sources, 28
internal sources, 28

Unbalanced three-phase impedances, 39
Uncertainty in short-circuit current, 504

accuracy, 505, 506
confidence, 504
data volume, 506
database, 506
design tolerance, 505
factory test certificates, 505
generic data, 505
precision, 506
risk management, 507
safety margin, 506, 507
time-variation of current, 506

UK Engineering Recommendation ER
G7/4, 463

break time, 467
breaking current, 466, 468
dc current, 466, 468
good industry practice, 464
making current, 466, 467
principles, 465
representation of, 464

passive load, 465
small induction motors, 465
synchronous machines, 464
asynchronous machines, 464

rms asymmetric breaking current, 468
superposition method, 465
X/R ratio, 467

Untransposed:
double-circuit lines, 102

Voltage transformers, 201

Windfarm, 497
PPS, NPS and ZPS equivalents, 497

Wind turbine generators, 2, 385
modelling for short-circuit analysis, 388

‘fixed’ speed induction generators,
388

small speed range induction
generators, 388, 389

variable speed doubly fed induction
generators, 389, 390, 391, 392

series-converter connected generator,
393, 394, 395

types, 385
‘fixed’ speed induction generators,

386
small speed range induction

generators, 386
doubly fed induction generators, 387
series-converter connected generator,

387

X/R ratio, 10

Zig-zag transformers, 242
ZPS magnetising reactance:

core magnetic reluctance, 246
effect of core construction, 246
five-limb and shell-type cores, 247
impedance of transformers, 246
three single-phase bank, 247
three-limb cores, 248
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