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Part One
Molecular Thermodynamics of Fluid Phase
Equilibria



Chapter 1
Classical Thermodynamics of Phase
Equilibria
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Around throttling valves h;=h,
2x10° 2x10°

= (50— )P, +0.5xT, x10(C,, + Cpz) = (50 - )P, +0.5xT,x10(C,, +Cpp)
1 2
5 5
= (50 - 2x10 )P, +0.5x300x10x 67 = (50— 2x10 )x1+0.5x10x 200 % 67
300 200
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= L[p (8T vnjl +z i 1L1|: (8T j|
=N, —nz.[vw{p—T(—)}dv—nzu;
:>uE = Au mixing _J' |:p T(—):|dV le |:p T(_):|
...—szj[p—T(E }dv
p:ﬂ_g:(@j _ R L p- (810) _-a
v—-b v oT -b oT v
a, = X1a1 + 2312X1X2 + Xzaz 1231 2X1X2\j a,,a,, (1_ kij) + X22a22
s bar.cm®

=0.5°x10°(1.04 + 2x 4/1.04 x 4.17 x (1— 0.l)+ 4.17) = 2.239624325 x10 : ¥
mo

Vv, =X XV, =0.5(32.2+48.5) = 40.35cm* / mol
—j md —osj e‘dv osj a’dv

Syt 2.239624325><106 * 4.17><106 »

-05

40.35 \

\'
6
:>uE:_2'239624325Xl0 +0.5><106(4 17 104)

40.35 . 32.2
bar cm® 0° pax10°m?®

= 3633.819151><
mol mol

6] w
o5, 10410

485 Vv 32.2

=3633.819151

Pa.m?®
mol

=363.4 =363.4 J/mol
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Chapter 3
Fugacities in Gas Mixtures
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Vv, RT Vv, nRT v
(AP + Dy )VZ (Ap + Dy )V2
= T_V =nB = —RT V= n(ylzBll +2y1Y,B1; + 2 By,)
Ap + 2 2 2 2
N ( P Pl))V _V_n_lBM_n_le2 _emn, B,
nRT n n
Ap+ p, V2
= B, = ( P pl)) - . - By - 22 By
2nmn,RT  2nmn, 2n, 2n,

b s Hy 30 99%5 COs Jyo 1% ol wisls 38 bslis Jga S 100C slos 55 =Y
LS o gy S SAS o o,y COs LTl o 21531 60 bar G ol by &)y pemy b ylos
Ll €Oz Jyo o 501392 Lalls 5 dalr CO; (i) gl 5Les bas ol 53) S 1o st
(Al e 27 em’mol’
S oS n dolomn [ dalr 56 ol b sl 53 1 5 &S Gy €Oz oS o 56 10l (U=
sl e ol a8 S 5 s 5 5 L >0

fiy = Sy = Pl B[ dp =g, v, P

-1 » B B, p,
ng=["2"dp=1ng’ =[ "Ldp=¢ =exp(-2LL
d=[ =g, =[] e = b =)
S ot b s e S 05
osle <=L P, (bar) T. (K) Ve (cmj/mol) (4] Zc:Pch/RTc
CO, 73.8 304.2 94 0.225 0.2742802987
H, 13 33.2 65 -0.22 0.3061175532

Tep, = (T Ty) " = (304.2x33.2) =100.4959701 K
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®, = %(a)l +m,) = %(0.225 —-0.22) =0.0025

1

l 313 1 3 3
Cc12 8 (ij ‘02) - 8(94% B 65%) - 486101;1303 i ]/
! 2 1 2 2

RT
P, = —C270C12 _ 30 84559159 bar

Veaz
F!) =0.9834555654

= FE$) =7.604817213x107?
ES =9.606040335x107

033 0.1385 0.0121 0.000607

F® =0.1445- —
TR TR TR TR

FY =-1.934503774
0.331 0.423 0.008

F® =0.0637 + — ———— = Fyy =7.288724608x10°"
TR TR TR ) -2
FY =-9.239584425x10
3
B, =-48621 em’/
BP,

T T 3

—C = FO(— &) -

RT =F (T )+af (T ) = 1 B;, =-25.95880918 CmAlol
c c ;

B, =2.244694755 <M’/

o3Li) C-19 alasly 31 JU s 033 b domlome Sl il (ol 055158 5 o5 2 4SSl

s s Vb 55 0l dslns By (65K 5 oS

: : 109.83 3
_ (2i-1)/4 _ _ cm
B= 1§:1 bx &x= — = B,, =8.839421418 /0 ]

n P
Ing. =2 B.—B . |—
¢1 |: ;yj ij mlx:|RT

2 2 P

Ing, = [Z(len +Y,B,) = (yy By +2,9,By, + yszz)]E

(v, =1-y)=1Ing = [yl(ZBll —4B,, +2B,,) + Y12 (2B, = B,, —By;) +2B,, — B, ]R_pT

("‘Su"’ O‘ijiib-' VU dsles 53 |y By 5 Bro By pslas J-
60

83.1439x173.15
—486.21x0.1392 < eXp 27.6(60-0.1392)
83.1439x173.15 83.1439x173.15

Ing, = [-850.9059204y, + 425.4529602y7 — 60.75703978

= 0.1392 x exp(
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60
83.1439x173.15

exp[(425.4529602 2 —850.9059204 y, — 60.75703978) } x , x 60

= by trial & error :y, =0.00377199047
o e 299 g ans7n673810°
0.99 + n,* 1-y

nf +n =0.01= n" =0.01—nf = n™* =0.006645243262

g
ny

1

(";LNLfa wl}w b ‘-JL.‘.J'.'.J g_,j‘f.o¢L-JJ.“w..vL’f.l LSJf‘ cU)‘ abLQ:.w\LsuS)j‘) U'.’.‘)" Z(:j) u.i:})

° 3
o) | G | pemtimony | VL | BEm, D
Table(5-1): CO, 4.416 192.25 108.5781153 0.9 -325.89
Appendix C:H, 2.928 37 31.67 4.679729 9.04
CO>,- H, 3.357 84.34 47.72 2.05 -28.63

1 2 / 3b,
o, :E(Gl +62)&6‘12(6‘182)}/2 & bogﬂ'NA0'3 =0 =3 A
Oler 4 5 pﬁ)ﬂ@ Sy Y15l Al S L a8 o polie pl ) ealinad L Jl-

bed g dmilme L yr 5l A3 5 S

38 Ll A e e oS3 LS 2 5l CHy 70% 5 COs Jse 30% Joli 558 b ylses —Y

LT o T bar i slls O s 5 5 < 40°C Gl 5 70 bar [Lis slls Js 4 63553

RO T S asse laesls aS 5 5 Les 5l Jiewe |, ol b b S50 e uliS CO;
ZZCOZ ,l:CH4 .l....::l.,@

B, =42.5-16.75x10°T* - 24.05x10°T

B,, =40.4-25.39x10°T" - 68.7x10°T*

B, =41.4-19.5x10°T " -37.3x10°T*

Slasle Jlakl S8 ey il o K ey T 5 em’mol™ s p B 01 5 oS

c, =372 Jmol k7t c, =358 Jmol k™!

Dl Cwdsle Gl S ST 6 b LS dsles

In p* (bar)=10.807 — 1980.24 (243K(T(303K)
(U=~
P=70 bar P= 1 bar
T=40°C wt— ",
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ﬂ:1 E:PV—RT+BP:>V—E+B:>@=£+CI—B
RT RT P oT P dT
NC NC NC NC B
B=%2 v,5 3——22y,y, ”)
i=1 j=1 i=1 j=1
dB dB dB dB
B=y!B,, +2y,y,B, + y;B,, = — = y; (—= 12) 4 2 (—2
Y1 Dy Y1VoD1p T VoD AT (dT) yZ(dT)

dl;_o7 (16.75x10°T 2 +25.05x10°T3) +...

.2x0.3x0.7(19.5x10°7 2 +37.3x2x10°T ) + 0.3%(25.39x10° T + 25.05x 2 x10° T )
= d? =18.6826E37T % +6.8247E6T°

_T(ﬁ)zﬂ_F _E_Td_B —T(—) B— Td_B
or” P p dT dT
B=0.7°(42.5-16.75x10°T " — 25.05x10°T?) + 0.3*(40.4 — 25.39x10°T ' — 68.7x10°T )
+2x0.3x0.7(41.4-19.5x10°T " —37.3x10°T %)

— B=41.849-18.6826E37 * —34.123E6T >
= B— T( Z’; ] 41.829 —37.3652E37 * —10.23705E67 2

= Iy = [ (41.849 - 37.3652E3T " ~10.23705E6T *)dp + ) x,c
37.3652E3 10.23705E6
T I

37.3652E3 102370566) 70x10™ +(0.7x 35.8+ 0.3x 37.2) x 313.15
31315  (313.15)

el 0 L5l Pa s bar 31 5Lzs sm’ wem’ asly s gl 0.1 .o

zptl

= h, =(41.849 - )py+(xc, T+ x5¢,,T5)

= h, = (41.849 -

— kJ
= h, =10.06924416 / ol
37.3652E£3 10. 23705E6)a’ zx

2

_ (41.849- 3" 3352]53 10. 23;705E6) 10x107 +(0.7x35.8 + 0.3x 37.2)T,

2 2

h, = hy = by trial & error = T, = 278.62113 K

hy =" (41.849 -

lpl
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In p* =10.807 —

T =278.62113 = P, = 40.43574629 bar

sl e bl V- (5,585 s sl gl 5 Stockmayer [y GU Slwe o ¢

S yaseia |y gl dites 5L 5550 Sl byl sl
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reas(2) (2] | 5 n@o.0) an-om i T
r r r 0 kT
2
I Ry
27N o KT er
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a)u :JT[P—T(S—;)V}dv+u;’

&:1+£:>PVZRT+BRT3Vdp=RdT+BRdT+RTdB
RT Vv A% v
(@) R BRRTAB g KT BRT
vV v ve dT v
op\ _ RT’ dB w RT,d
=P-T = — = u. —u, = ———d
(6]’) V2 dT g f J;g ( )
= Au=RT (d—B)(i__)
Vi Ve
(o) @

BP F()( )+a)F(1)( ) dB:RTC dF +a)dF
RT,. T.” dT dr dT
F© — 01445 0.33 B 0.13285 B 0.01321 B 0.000:507

T, T, T, T,

dF® 033 0.277 0.0363 4.856F -3
j— TC = 3 + 3 + 2 + 5
dT Ty T, T, T,
(6]
& T. dF __ 0.6?2 N 1.2?9 N 0.0554
dT Ty Ty Ty

dB _ R|033 0277 0.0363 4.856E-3 0.662 1.269 0.064
= — sttt ——+ 5 to(-—+—f+—5)
ir  P.| T} T T T, T; T, T;

3
dl; —1.531299268

mol K
In p* =-0.1463445E3 + 0.1214398E —1 —0.18888087 +0.3588317E2InT...
T —0.1920953F3

..+0.15316E —3T° = p’ = 26.64718123 bar
'L"j"qu Joles - HJ") cv.MS oalare! Jt‘.’.)’i) A.SJLJ;A)‘ v.:.:‘jsduvgj\/] ML;:A LS‘}" 4\5.13..54:-‘9:

LIJ‘)JJ‘)JB‘LSDL&A)\ ‘J"L"’ J)J&)K;JSJU&‘ lﬁﬂjﬁw&yb)b)b.}y—)

V.;.S& aJU.L.a\
p_RT _a o azngTg g p LR
v=b V? 64 P. 8 P.
3
l)
3 3
=>v, = 671.886 & v, = 90.2138
mol mol

Au = RTZ(d—Bj(l—i) = Au=9.12 W ;
ar) v, v, mo
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b) n—butane :1& Nitrogen : 2 (k, =0.12)

material Tc,(K) Pc (bar) Ve cm%w ] w Z, Tr
1 425.2 38 255 0.193 | 0.274 | 1.084195673
2 126.2 33.7 89.5 0.04 0.29 3.622931854
1-2 203.8491841 | 30.23216388 | 158.095404 | 0.1165 | 0.282 | 2.261475816

F') =0.2875094983
0.33 0.1385 0.0121 0.000607

F© —0.1445— - . . = Fz(j)z = 4.353408664FE — 2
TR TR TR TR
F') = -2.955055782F — 2
F% =9.189170298E -3
FO _ 00637, 0331 0423 0.008 FY —7.982714848E 2

A
i i ‘ FY =9.183580758E — 2
3 3 3

— B,, =-265.8306139 " B,, =14.54887287 <" B, = -10.56867004 <
mol mol

mol
2 2 3
B=y2B,+20y,B, + yiB, = B=-172.9316124cm/
tky, =0 VMS o2 S
= F\) = -5.782896938F — 2
F% =9.357480463E -2 = B, = —26.308591510’”%10 ;

3
cm

= B=-177.9683873
mol
% OoP
c) Ah . = P—-T(—) |dv+ Pv
) My, = |, [ <6T)}

R TL RO AN RN
Rt \% % ov v v v dT

2
d—deJer:—RT d—B+Pv
dT v \dT

dB

9 oJ))T s Pitzer-Curl L—."}) Li JL.’.J.L_} Il sl )\ oalaral La b E 9V mixture ..LLL, Qj,\S\

2
= Ahmix = I - RY;
v A4

Obsn S 10% 5 055,008 Jso 50% O35, Jge 40% Lol 25C 55 38 0L > 1

Gl 3 s 0Pl Dl Sl B L ) s 1 bl () 05 s se 0L el e el
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b ooder S e o OB o558) il sl o Sl WU pLis s Cder
aaly 51 s5 4S oee (S50 5 Sl 40 bar S L5 AS aile
Driving force= p, — p,

Sl 3 S8 5B s i S sl pr s 38 S SB s i S DL pr OF s oS e
5Ll 5l (L/G) 3w mle sleb o Joe 00 S 7 opl 2 il e mle 5B L dole
O35 ko BB ey, cpl L inert a8 N sl Sl WL g5 0Ly z 95%
Jia=Hx g aaly 51 255 53 Olspy S 5035 0.95 635,55 58 s pds o135 o b Aol
(25 C los ,3) H=33.3 bar 01,5 S L] o oy
(J~

N,= 0.4 mol 0Oil= 5 mol

H,= (0.5 mol
C3;Hg= 5E-3 mol

N.= 0.4 mol

H-= (.5 mol Oil= 5 mol
Ci;Hg= 0.1 mol CyHg= 0.095 mol
Hx,

Pas = Hyxy = py = & p,=y,p=> Py = )P

3
0.4mol N,

G |0.5mol H, =y, = 0.44198895, y, = 0.552486, y, = 5.524861878F -3
SE —3mol CyH,

Smol oil
= x, = 0.018645731
0.095mol C;H
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Physical properties & second virial coeficent calculation:

substance Tc(K) Pc (bar) v, cm’ ol ® 2
N>(1) 126.2 33.7 89.5 0.04 0.2878
H>(2) 33.2 13 65 -0.22 0.3086

C;Hy(3) 369.8 42.4 203 0.152 0.27884
1-2 64.72897342 | 20.95164668 | 76.59820431 -0.09 0.2982
2-3 110.803249 | 22.9245619 | 121.2086074 -0.034 0.29372
1-3 196.5868769 | 33.41206016 | 138.508616 0.096 0.28332

groups FO %) FO%.) B
1-1 -2.091372441E-2 9.091631782E-2 -5.379352223
2-2 0.106019348 6.722020648E-2 19.37167165
3-3 -0.5043574368 -0.2790199338 -425.4413115
1-3 -0.1367904112 8.606144738E-2 -62.87545502
1-2 0.066204546 7.497263471E-2 15.2726362
2-3 2.11017328E-3 8.770089759E-2 0.3597043441

B, =11.99882743 = ¢, = 0.8893427064

. X,H
= Pp3=

=1.117474125 bar & P, =0.1x40 =4 bar = p, — p, = 2.9 bar

3

w2l o S B s 5 (2) O3 e 98% 5 (1) 061 Jse 2% Jals (38 b glss -V
bglsen aSiles oS o SO bar Lid 5 40°C slos 55 (Ko 2 I b ol sl 55 1, 0U]
Sl iz QU1 4y 035 2 gamd )l B 00,8 o0 D13 ol 3 i b (58
_ I
X0

(40°C glos 53) A5 Hke 3L 5550 sla eals

Qy,

1000 bar = & ;5 055y (6 g <ol

100 bar = =& 55 OG) g pn &b

B, = —44;B,, = -15;B,, =172 (cm’mol™") JL 5 £33 b
60 OU1 525 055 50 (em’mol™) <& s S S >

()
Ing, =23 y,B, - B,.)—
1 j:l J y mix RT

B, = ylzBll +2y,y,B, + ySBzz = ylanZJ’l(l_ y)B, + (1~ J’1)2Bzz
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=B, =y (B,+B,, —2B,)+y,(2B, - 2B,,) +B,,

Ing = (2y,B,, + 2B,, Bmix)%T

= ¢ = exp{[yf (2B, — B, — B,,) + v,(2B,, + 2B,, —4B,,) + 2B,, — B,, ]R—PT}
& ¢, =exp{ly?(2B,, — B,y — B,, )+ By, |

1: Ethane & 2: Nitrogen, P=50 bar, T=40"C

—0 —0

P Vi P Vi
¢yp=Hx expjpxﬁdp & ¢,y,p=H,x, expLA_Edp

223 =

=&ﬁ—ixﬂexpjp—(vz _Vl)dp
X,y H ¢, 0 RT

H P
=, = erxp{Lvl(ZB22 +2B,, —4B,)+2B,, - 2B,, ]}E

1

xexpl 2=ve | 1000 6 675,0.985 = o, = 7.89
RT *7 100 '

S o Cand Gy 056 51 (2) Jpke 55 (1) Ole oM 20 bar b Lis 5 0C gles 3 —A
o35 ilpo A3 e 0.0401 bar 4, 0C 3 Jsika S 5Lis 5 1022 bar ) s b
Ls ;5 (B,, = 4068, B, =166, B,, =—53.9 :3| 13 ,le 0C slos yscm’mol’ —om 5 JL i

Sl iz Ole 5 Jgilie ((J o S) Cdds e glanl 3 ol S35 L35

(J=~
Vo P =x,0,p, & n$P=xH,
N exp{[)’lz (2B, — By, — By,) + »1(2By, + 2B, —4B,,) + 2B,, — B, ]%T}P
X, =
H,

B,pi.
(1—x1)exp(;§—;’2)pz

Yo = P
Pexp{[yf (_Bzz -B, + 2B12) + By, ]RT}

= by trial & error:y, =2.5383097E -3

a3 g psise Sl bl j3aS das OLAS ol Dl s 4 biled sl Sl b -4

sl onlize 05530 enlS 55 5 sdzms b jeus axnlS 5
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()~

NP NC i f i f
G=>>n,(AG" +RTIn"2) = VG =G,/ + RT In-~
i=1 j=1 ij i

= AG;’ +RT|nLlO:0 & AG;’ +RT|nL§=0

1 2

= (AG;”’ —2AG2°'-")+RT|n%—RT|n(LlO)2 =0 (S =1)

2 1

AGW+RT|n%:o & AG,, =-RTInK

1

fof° K
K:%:fzzflzﬁ fzocflz
1
S o Ol anendls 51 (gl dharr L S0l Dpsear 1) 6y o515 g e U doles VY

z=1+BP+CP? +... 0
25 o dbps dsle Sos IS0 el el Jitns Skie Ol L3 3l eslizad <SSl S|
2y Ol

z=1+BP+CP? +.. @)
A3l Gy Redlich-Kwong dsles 53b 50 o |y C B JL 1 e3> il 5a
abes 31k S 8 3 1) ey, =020 e S Glls 03555 5 DSl S s 38 bk (B
635w rb Sl S Al 50 bar s 5 50C sles 55 1 Sl a8 5 AS g5 2
Glaosls bl 1) .S eslil Redlich-Kwong dslxs &l 5 (@) 5l odsl s alasly 31 JU o
(sl 8.87 bar s j3 sds S5 Lol iy JS) anal8 5b ¢ o 2 ez
(J=~

Pv % a 1 a

a = - =z =
)RT v—b RT™(v+b)

1- (Q) RT™v(l+ é)
v A%

O a5 e by
=z=) () RTl'sz( 1) (V)

n=o n=o

2 n
L L S | I A S G\ a1y
vV v v'  RT™v v v \% v
1 a 1 ab 1 ab?
:>Z:1+;(b_—RTl'5)+V_2(b2+—RT1'5)+_3 3—RT1_5)+...
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a , ab ., 3ab
:B:b_—RTlS&CZb +— _(b_RT15)&C :—R3T3'5_
RT (nya)
bv——+b—— V—— b) —
) P RT*® + () RT*®
oV RT 0(n,b) 1 Jd(n,a)
1= (_)T,p,nj = + - 15
on, P on, RT on,
b= by + v,b, = nb = nib, +nyb, = b _
n
Q= pla,+2y,y,a, + V30, = yra; + 2y v, aa, = y;a,
s na = n’a, +2mn, laa, +n’a,
nr
o(n,a)
= # =2ya,+2y,\aa, — ylza =2y, aa, - J’22a2
1
f »,— RT 2
RTIny_:J; (I/i_j)dp_j by, — 715 — 5 @ya, +2y,4Jaa, - yra,
ip

1
:>|n¢i:|:b1_m(2y1a1+2yz alaz_ylzal_zylyz\/alaz yz 2)}

2
a

R'T®

RT

=21V, @a, _yzzaz)

V':'S 4-:-“”{’“ b (b 9 b «ay a;) I dslas C,.:‘jj .le lef\

Q R*T?® Q,RT,
a=—"—C&b=-"L—C 0 =04323,Q_  =0.429,Q, =0.0876,Q2, =0.087
PC PC 1 2 1 2
3

substance | T., K | P.,bar | V.M 41 ol w Z. a b
CoHy1) | 282.4 | 50.4 129 0.085 | 0.2824 | 79.4652426E6 | 40.81019351

N>(2) 126.2 33.7 89.5 0.04 | 0.2878 | 15.7447787E6 | 27.08813459
= Ing, =(-91.29797829) x 50 = f, =8.437481199 bar

83.1439x323.15

J\fwbwb@kﬁmc);d;) 5okl bls LU s o368 bye Jse S -IY

JU s il 1 sl axils |y HLad o ni 45 1S acles |y bslies 51 gy oS 5 05,5 e

R SR SES IR

B B pyrr e B p KT BRT
RT v Y Y v
oP RT ,dB dB
(_)T,v = _2(_)T,v = O = (_) T, = 0
oy, ve ody, dy,
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dB
B = )ﬁan + yngz +2y,y,B, = (d_y)T’v =2y,B,, -2y,B,, +2y,B, -2y, B;, =0

B,—B

=y = 22 — Do

Bn + Bzz - 2312

(oS ot | Jb s p s IS 0 5S]
(ky =3x107 for T, = |T.T, (L= Jk;)
substance T. K P, ,bar Ve cm’ ol Ze w
Ar(1) 150.8 48.7 74.9 0.29132 | -0.004
C>Hy(2) 282.4 50.4 129 0.2842 0.085
1-2 200.1726558 | 48.12698851 | 99.51232678 | 0.28776 | 0.0405
groups FO(7.) FO(7.) B

1-1 -4.88518838E-2 9.319772624E-2 -12.4242993

2-2 -0.2748702216 1.916140342E-2 -127.294961

1-2 -0.1262128065 8.824207543E-2 -42.41066335

= y, =1.546220269

P

RT BRT
= + =

P

v V2

RT

P
=== y12 (By +B,, —2B,)+y,(2B), —2B,,) + B,, +1

RT

P
—':O:} =
(RT) N1

Bzz B BlZ

Bll

+B,, —2B,

B 0= ,=184665 & y, =1.24579

RT

¥i

=00

1.25

=1+B= ylzBll +yé2322 +2y,y,B,, +1

=y =155= b/ =495

+00

1.85

(P/RT)'

0

P/RT

o /' 0 /“ 495
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sdalie MWMJ)&)JASJ}E Olaa ML&&.)‘UJ.M)U/] CJ\J.:.:;:S °'>)'J‘N4S("?~'."'>L5‘
ol sl HLis v.A.i}SLAA?L::.;)J ASl o (83 gm0 o) sen @U S U ae ol s gl e

J.va u.éj‘&- J.]a: )40 osle u.\xi c.)wal; y1:] LY m‘gf‘

L SCobsgpl 5 SSULsT oo pay 20.7 bar JLis 5 302.6 K aJsl sles 53 55,08 Jse 100 =V
o b ol gles gl e bl 20.7 bar 5 259.5 K 4l Ll 5 5 sl Jse 2000
fe
q=
AR = b — Zn h,  (adiabatic = Ah"™™ ~ Q)
= 1B e Znh = 2100h,,,,,, =100k, + 2000k,

‘mixture

h=|" [v - T(S—;)M }dp +> X,k

oS o o3lizal Jl s Sl doles S

ﬂ:1+B’P:1+£:>PV:RT+BP (—)—R dB
T RT P dT
jp & B———T—)dP+th = h=(B- T—)P+Zx,h,
() @
P.B PB_ o), 0 P.dB _7. dF +TcwdF
RT, RAT dT
dF 033 0.277 0.0363 4.856FE-3
T, =—F t+t—5+ T+ S
dT T} T3 T, T,
dF® 0.662 1.269 0.064
T, =——at—t——
dT T T, T
:>P dB 033+(o 277 -0.6620) (0.0363+1.269a))+(4.856E—3+0.064a))
R dT T} TS T, T,

_ _ _ _Ep2 a3 J
Cy,, = 2T14EL+Q.274F 37 ~1.381E ~5T* + T645E —OT° /'

=3.806+1.566F —1T —8.348E — 57" +1.755E — 87"/,

cp’CzHA - mol K

F© 1) B d_B
£ dT

substance
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Hy:1 0.1066106051 6.712577052E-2 | 19.50162854 | 2.875106063E-2

CoHy:2 -0.3954326288 -0.1051975583 | -188.3858262 | 1.483923923474

groups T., K P.,bar Ve cm%w / w Z,
1-1 33.2 13 65 -0.22 0.3086
2-2 282.4 50.4 129 0.085 0.2842
1-2 96.8280951 | 25.55497264 93.375848 -0.0675 | 0.2964

dB dB
h= (B_Td_T)p+zxihi = hHZ =(By _Tld_zl,l)p"'cp,lTl

dB
hC2H4 = (Bzz -T, =

dB
)p +CPv2T2 & hmixture = (B _Td_T)p +incp,iT

dT
hy, = (19.50162851—302.6 x 2.875106063F — 2)20.7 + 28.89360388x 10 x 302.6
3
— h, 8841147949247
z mol

he,, = (-188.3858262 — 259.5x1.483923474)20.7 + 39.1288185% 259.5x 10

3
— b, —B89668.57987 <™
2 mol
100x 88411.47949 + 2000 x 89668.57987 = 21004, =>h =89608.71795
dB dB dB
hmixture = ylz(Bll _T d;,l)P-i_yZz(BZZ _T dzz-,z )p+ 2y1y2p(812 _T d;,z)

ot (1€, T +yyc,,, T)x10
100 2000

- = -
717 %100 & 77 7 2100
= by trial &error:T =258K

S ol slgin IS pl sl et i A JT el 51U Gl VL | (lasmio al = s )0

(ﬂ.)g}g‘:‘)Jﬁ“‘“‘u‘“""\SWuﬂ‘é-ﬁ)djﬁﬁ\ L;éJLJJ)l’.LIUV?‘h'>°J.l’."}°JJSJ:’.‘tS|)J“l;~'

gpressurq P

Vaporized

Soli
Organic /1\
Solid A 7} Z I l

Sheet

(ol UL ples Bl 14 aSbnsl 5l il 4 S5 L 4 azaly 00 aslaS &

JS )L:..‘B v.:ﬁs B YL )l..:.ﬁ U_US J.:,NS\LSJ L: b 4.2.2}!.‘ S ol Jl.é...\:.:i dv\.\;' u.\.;\.,\.S CJ.’ L).:ub.‘)‘
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033 e B 0T 55 &S Al e ot v_R—PT+B daly 1A =CO; ez Lols 55,505 )3
ZV.:)‘J_;.SOKJJ .LJ:L'@ L}Jow Jﬁ’ﬁ"‘vﬁdlﬂﬁﬁ
Ay 350 K 53 A s Jye eme B, (em’mol ™) =430, B, =-85,B, =-500

sk 0 200 em’mol”
(=~
_ S 4S ?Vy _ s _
v,Po,=p,9, eXpI —~dp ,Py, =10torr, p;, =1ltorr
» RT

S
5 =exp(3;é%), B, =-500, B, ., =-85 B, =-430, T=350K

—co, A-co,

10x1.33E£ -3
¢, = eXp{[yi (2B, = B;, = By,) +y,(2By, +2B,, —4B,,) + 2By, _Bzz]x—}

83.1439y,T

104, x exp(—

B, x1.33E _3) X exp 200 (10X1'33E —3 -133E£-3)|=0.1
RT T Y4

= By trial & error= y , =1.939542542F —5 = p = 68.73908002 bar

C Al e 1142 gem” OF adls 5 2.8x10% el i b LS 35°C gles 5 )
1S ol 30 bar S Lis 5 35°C L5 VL e st s 1, s

Jlesl 58 056 5l eslizal L (@

teloes (Wl Sl sl s dslas 0T s 033 s oS by dslae 3l eslinad L (B
Sty

B=b--%
RT

5058 555 638 bl gl al e Sy Gl ol el 1l sl Sl

(J>~

S =S

: , s povs _ P P V4
a) ideal gas: Py, = p; eXpLj 7 dp =y, 3 eXpLj »T dp
_28E-4 { 128.174(30-2.8E - 4)

=V,

= vy, =1.06404948E -5
30 1.145x83.1439 x 308.15

PV
b)y.b.p=pid. expjij—;dp

m,Sda oaleul u,Jb‘)JJU Jsles )‘
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R
p= R gy BTy 4 v="101 4 (0, b) - 2
P P RT P RT
— o(n,b o(n,b
= (—) = RT (n,b) 1 0lmb) , (use result of problem 12)
P " on, RT o,
2 P
=Ing =|b, __T(Zylal +2y,\aa, —yra; =2y, Y, aa; - J/Zaz RT
oS aloms |5 (by 5 by @2 ) = slas Sl S L 055
substance T. K P, bar a=27R’T’c/64Pc | B=RTc/8Pc
Nap. 748.4 40.5 40.33268258E6 192.0521443
Ethy. 282.4 50.4 4.614699463E6 | 58.23372361

_S

noP=p; ¢1 expj _d & ¢1 =exp(—— 11p1)

p1 exp(By, p; | RT) x exp Vi (p - p.)IRT
$P

=0 =

35 g et 5 m 595 51 Ol o Ly Sl

—y,;=3E-5

3l ale 4l (Sl 355 3 ST0C B il LS a5 53 30 bar s b e sl pa VY
S 4 Ol Jgo S) ool Sk a3 Sugby Sl Ole S 5 e SIS u b
(b33 e B) Iy dslan 51 30 bar JLid s 1sa Cousby amm ol A 55 SGE
3 20% 5 05555 Jee 80% Jols St glaa AS 55 Sllse gl bl e s

(em’mol’ - ) 51 455Le -10C 55 Il s 35 3l b ool O3S
2 Oisps 1 Gl ,s & By =-53,B,=-63 B, =-15,B,, =-1500, B,, = -12, B, =25
il 2 0.92 gem™ & S 5 1.95 torr o sl Lz 10°C slos 53 il o o1 3 5 0505

(J>~

—S

VsPo; = p3¢3 epr‘ dp ¢3 =eX p( Bsy 3 )
B,.=n Bn + YZBzz + J’3B33 +2y,y,B), + 2)’1)’3313 +2y,y;B,;

P
|n¢3 [2()’1313 + 1By + 13 33) Bmm]RT

= by trial &error = y, =1.0329EF -4
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Sy 150°C &30atm 55 1, w IS e a8 55 square-well @b S eslad L -YY
3By > LIS Jte Osemlin e oSl 5 W) s Lledd ls 5 s Jedly sla bl
A8 oslized Jlody) 38 5100kl I 510 gnl 2 003 5,51 (Gl 2 S drmslies | 3

()~

oS m o3zl 5 (slaosls

T =150°C, P =30atm, el k =469K, o =6.429m, R=0.337c

(w0l> square well sl s

2 3 3 R3_1 (9
B=§”NAUR {1— 23 exp[—ﬂ

kT
BP
C=—exp| —
9, XP(RTJ

R=1.44573e -10m

(b s akal 5l

3 —
= B =27 x6.02214¢23 (0.429¢ — ) x R?|1- % Lexp| oo
3 R 273.15+150

3 3

— B=3.0167087¢ — 4" =301.67087 <"
mol mol

= ¢ =ex 301.67087 x 30 x1.01325 1297758
83.1451x 423.15

= f, =¢,P=38.9328 bar
0=V alaly gl anale Colgn S35 S s Ol eed ol auS Sl 4 oax g L

. RTK
f L e RS e s 00 e o b cline b 4SSl 1Sl 13 (B=b = =)

V.:.wawﬁ)&b)\bb wjjj@)}@rf‘jdﬁcv\&bfo;‘}g

i

3
m

3 3
b= %ﬁ(gj N, = %ﬁ(%j‘gj x6.02214¢23 = 2.489553¢ — 5

nad| G 3kl Lid 2 8 a5 3 b sl Cwds B i Cilises glales 3 015 e =

mol

0-VVE ey oy Ol S5 L aslsl s S e K SOOYL dady 51T s 5w
AR° As®

RT R
1wl 0 03l QL&; ﬂ‘) )‘J}qj 9 J‘}J.;- BE GLD
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7c) | Bm3/mol) K -InK 1T (K-1)
90 0.0003623 | 0.011322409 | 4480971 | _ 0.002754
100 | 0.00034997 | 0.010616478 | 4.545348 0.00268
110 | 0.00033868 | 0.009980174 | 4.607155 0.00261
120 | 0.00032829 | 0.009404505 | 4.666566 |  0.002544
130 | 0.00031872 | 0.008881885 | 4.723741 0.00248
140 | 0.00030987 | 0.00840588 | 4.778824 0.00242
150 | 0.00030167 | 0.007971003 | 4.831945 | _ 0.002363
160 | 0.00029405 | 0.007572557 | 4.883225 | _ 0.002309
170 | 0.00028695 | 0.007206495 | 4.932773 | 0.002257
180 | 0.00028033 | 0.006869322 | 4.98069 0.002207
190 | 0.00027413 | 0.006558004 | 5.027069 | 0.002159
200 | 0.00026833 | 0.006269896 | 5.071996 |  0.002113
210 | 0.00026288 | 0.006002686 | 5.115548 0.00207
220 | 0.00025776 | 0.005754344 | 5.1578 0.002028
230 | 0.00025293 | 0.005523085 | 5.198819 |  0.001987
240 | 0.00024838 | 0.005307329 | 5.238667 | _ 0.001949
250 | 0.00024407 | 0.005105677 | 5.277402 | 0.001911
260 | 0.00024001 | 0.004916886 | 5.31508 0.001876
270 | 0.00023615 | 0.00473985 | 5.35175 0.001841
6
58 -
56
54 -
52
£ 5.
4.8 |
46
4.4 4
4.2 4
4 T T T
0.001 0.0015 0.002 0.0025 0.003

T Sy 00V E dslee e 51 558 5 ok o ol b slaesls (555 Ol S5 L

Ah°

T
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J

R —955.8 = Ah°® =-955.8x8.31451=-7947.0087 —

mol




- A; =7.098 = As°®=-7.098x8.31451 = — - 59.016392 J

mol K

elk=141.06K (la i)l b square-well Jouily mb 51 ol 5 oo OS50 sl S o 5 YT
5 alons 27305 K 5315 05551 J s p33 oy oS o3liul R=155 5 0 =0.2989nm
AS awslis B=-22.08cm’mol™ a&ilosl esls LI, Jol>

(J>~
T=27315K, &lk=141.06K, o©=02989mm, R=155

(w0l Square well dal, s
3
BZEENAGSR?’ R 1exp(8j
3 R® kT

3 —
B= %ﬂx 6.02214¢23 x (0.2989¢ — 9)° ><1.553{1— 1.5 1exp(141'06 ﬂ

1.55° 273.15
3 3
— B = _D 833877¢— 5" x1¢6 = —28.33877 <"
mol mol
Bl = _22 08 = Y%error = — 22.08 _g 32'33877) x100 = —28.34%

LS o o |y Sudlgylily dolaey 5 ol 5yl a3ls 25 Sutherland |l b -V
AKST slie Uy sl 5 duysl oy Ol 5 Oke 61 1 B(T) o5 slaesls S eslicud

S i
methane. &lk =438.8K, o =0.3294nm, B(373K)=-20 em’mol ™

n— pentane. &lk =1096.8K, o =0.4755nm, B(373K)=-621 em’mol™
(J=~

Sutherland . T'=1 K

_ T 2 [ K 2
B= ZﬁNA(!; 1- exp dr+ﬂl_EXp£r6kTﬂr dr]
_ o K 2
B=27N, (?+ﬂ1—exp(7/6kTﬂr dr]
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P'C'SLSA oJLﬁ.';M:\ﬂ) 4.19_,\))‘ €j.> J\J_<.’.'.»‘ ml;u LS‘J"

exp( K j~1+ K
r°kT rokT

3
= B-" N+ TN, iﬁs = B-" N+ N, o £
3 3 T o 3 3 T o
K
e S ol msls Lol 8l adal ;L
i Sl 2l Joily 55 il 4 a5
- B :2—”NA03(1—i]
3 kT
£ _4388K
CH,: 1%k
o =0.3294 nm
3 —
Bt — 79524 s gperror = —20F 19924 100 _ 60.24%
mol -20
&
£ _1096.8K
n—-C; <k
o =0.4755nm
3 —
B = 26313025 = Yperror = — 02120313025 0y 57 630
mol —-621
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Chapter 4
Fugacities in Liguid Mixtures: Excess
Functions
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Wl 0 plondl G a b e (1 5 5l — e Lo Sl sl ) (AL Slalaa -
D b sy S XX X mle B Aoy S5l wle eld (Sl sl
w 5S) g alie ) 5Ol e 800 45 Aeas UL T Gllas sles 5 P S U280y, Y, Yy
P L (D) e g gLl 5las s 513 mle Il 53 T sles 53 sl pled 358 oo e (1) < 3

o dl.“:ﬁ) 4.19_,‘) )‘ )l}u )L% Ls\j" ')""5“':15‘ odly OLis Vi L> @ e @Lo vj}o = S

Al e 5 5o (Bip) 5L ) 5e I s SOls pled LS eslinal 14 ome PP
()
=1 = X0 expj dp V:ié,P
gt = [" 2= [ Bap = PP g - oxp(Pul)
Ing, = {22 y;B; - } RPT als oo

Buix = ¥4 Bus + Y3 Byy + V3 Bag +2Y,Y,By, +2Y,Y;Bys +2Y, 5B,
— |n¢ _ |:2(le11 Y, BlZ + ySBIS) - yl2 Bll - yngz - Y§ Bsa _}i
2Y,Y,B1, —2Y,Y3B15 —2Y,Y;Bys RT

P
= ¢1 = eXpI:ﬁ(yl(Z_ yl)Bll + (2812 - Bzz)Y22 + (2813 - Baa)y32 + 2(812 + BlS - Bze)yz ya):l
S 2
y1(2 - yl)Bll + (2812 - Bzz)y22 + (2813 - Bss)Y32 + 2(812 + Blsst)yzys = 511

s B, p: v (p-p; P&,
= X171 pl exp(lg—_r_)l) eXp{%} = ylp eXp|:R—.F1}

NP o vy (p; —p)—Byp; +Pdy,
X, P; RT

1 V1L(p1 — p) B Bll pls + P511
X, pf RT RT
_ V2 (p; —p)-B,, pz POy, +In y,P

RT RT X, pzS

ysP +Ve|._(p§ — P)Byp; n Pdy,
X3 Ps RT RT

V1=

=Iny, =In
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53 L3 5l ey (gl sdomn 53 5 e plad 3 a8 0K a8 3 1) wlie mle 53 51 b lss Y
A LT3 S Ll Sk 95 = AXX, dslae 31 psiu Lol S 531 Lk el SuS
5ol el el jlu JLAE ol Los 31 rs g 03 9o 0 ASL o Loy a anely Lot 5 U
b sy wedls o 3,5 (53 Jledil 1) 5l 50 015 oa Les o3 5dme 1l 53 il 1649 1
OF 534S S 1y LA sl 5l (ledsidome oS ooy 2 Jsbme cnl 03 15 s 55550 3925 oo
el (S 5 3551 S
S i ST (Salizsgo 5 dals b 51 (J

fh=fY&f)f=f)

S

lelpls =Y.P &X27/2p; = yzp:>|:&j| ={p—15:|=1.649
7 P;

A A
E=AXX, =Iny, =—x> & Iny, =—x?
g 1% V2 RT ° 71 RT 2

A A
= exp[ﬁ(xf —~ xzz)} =1.649 = ﬁ(x1 —X,)(X, +X%,)=In1.649=0.5
= A ox-n=05=a=2RT
RT 2% 1

)‘j';j" LS)“’\'.'.LT’. ‘b)“:’ “’\"j'.’.‘)".’.l" C‘J.:.o‘ Ji'.'.‘)‘g'.’. BL) Lo )‘ Wt OJJJ\M BL) CJL&.LLO U'i\ 4&5[?9] )‘

:Ca.w‘
0.5

A
—— (2= —"—(2=%)0.625
RT 2x1—1< %

0625(x, Sl:léi—lé4:>O.SSi<4
2X RT

1

BERS PRGN PR elad 53 5 ol slos 5 HUso Joloee S gl IS LaS (glacsls —¢

S 50 Jlel 1 Sl 6 (ol O ol s Sl ) AL
(J>~

I:):X17/1p1S +Xz7zp§
= dP =y, pydx, + X, p;dy, +7,p;dx, + X, p;dy,
dP s 7/2_0

—= + X A7 _ > + X ; ¢
Xm_ylpl 1 P1 dx, V2P 2 P2 Xm_
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213 (253 = S 425 )
xdIny, +x,dIny, =0
In In
x1+x2:1:>dx1=—dx2:>xloI yl:xzd 2 _
dx,
drn _ _%dy,  dn =% 1 dy,

7d% 7, dx dx, X 7, dx

s s s _X2 71 d72 sd72
- + (X p(—3) ===+ =0
(7P = 72P5) + (%, p; ( )72 d, Xm)

dy, - Pyt p;?’Z) -0
dx,

2

« diny,
2 dx,

dx,

(7P = 72P3) + X,

S S X d S S
= (0 = 7,P)(A-2-T2) =0 = y,p; = ,p;  azeotrope
7, d%

ol ] 68 4 by e aaie 5 COBA O 5 &S T e ks 5 = A, el 5l oBss

sl Gy gU 4 Dl ol 53 (D) 5 4 0ST o o a5l slalail

()
0 =AXX, & np=n+n,+n,+n,
St P S
£ 1 NC NC . 1 NC NC
gF == 2 95 == > AXX
23 = 234
= gE = (Alle2 + 2A12X1X2 + 2A13X1X3 + 2A14X1X4 + A22X22 +2A23X2X3 +2A24X2X4
ot A XE +2A, XX, + A44xj)><%
When: x;=1&xX,=x3=Xs=0=>g"=0=> A;1=0
e S el
X,=1&x% =X%=X,=0=29"=0=>A,=0&A,=0&A, =0
o(n; g*)
RT Inyl = (JT)T,p,nj,j::l
1
n,n n,n n,n n,n n.n n.n 1
n.gf =(2 1242 1342 L4412 23 42N, 24402 S 4y x =
Tg ( 'A‘J.Z nT A13 nT A14 nT A23 nT 24 nT A34 nT ) 2
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n,Nn: —nN,Nn n,n- —nN.n n,Nn- —nn
2A12(L212)+2A13(3T—213)+2A14(L214)

:>(.a(naTn9E)) nT Ny M x%
S “Nallay 2A24( SLIU 2A34( )
(a(nTg )y Ay (Xp = X1Xp) + A (X3 = XX ) + Ay (X =X X0) + AggXpXg = Ay Xp X,

n,
- A34X3X4 = A12X2(1_ Xl) + A13X3(X2 + X3 + X4) + A14X4(X2 + X3+ X4)---
- A23X2X3 - A24X2X4 - A34X3X4

RT Iny, = (L= % )(ApX, + AgXs + AuX,) = X, (ApXs + AyX,) — Ay XX,

A ls S 35 Jsloe (gl (g3 5dee S —@L» Sl slaesls 20-100°C ebes o35 55 -1
ASoMubhiﬂLfbob‘) U‘i‘)‘ .JJ)‘J u&Wﬁ&béJJ&UBJAd\Sw‘ ol V..A‘J.BB}

10.0

In Inys =0.15+
7a=Inyg ﬂ—c)
5 ple ledse b b slses bolest] Il ool olgn 3y Sl an ST oy 77 0l o oS
LS 4l 60C slos 45 1, B S A

(J=
) . A A 5 - A
Since y;" =y, :>In;/1=ﬁx22 & In;/2=ﬁx12 & Iny” =Iny; =T
_hLE NC
We know (aln;/,) = h'2 & hE :inh.E
RT =)
hE “hi  —hs 10x* 10x%. 20x°
= =7 =X oy F X o= = X( + )=
RT RT RT

t? t2
2,3 2 3
20RT?x°  20x8.31439(60 + 273.15)* x 0.5 hE — 540.8369357 J

= hE = =
t? 602 mol

S absme s W3l LS s el ST Slale sl slie (6 S55T st e 4 )Y
Spe A Ab,lS S s oS 0S8 s 1 OBl 5 OSSN 1 b glse s e IS
S g 53 5 ddl 3B ST pear LU CSB 3 ol 0,3 lge Liledd 003 SSU s gl
b S bglse DLl bsdoes il 18 53 LT 51 sl ols 3 b s> S5 PHERERIN
Sed S os 1 j2aS il lga 5 O a5 b sl S [y Cllan 5 4l Ao s S 5
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J:.{i: LAJ U'i\ P OJLA 92 U'i‘ )‘ J_!‘J.J LSLGJ}A L> &b‘}k’u‘ k:,ww‘ UD/\Q.A Lﬂ Jj";’& ebj L)t.a.>L~;'450c:
53 Syse 53 S eslaal UNIQUAC dslas 5 Jlg ol a4 O0ls cwb Sl Saas 56 s
)‘ .,\J‘)L& UNIQUAC LSLQ]:"")L.’. .,\.:S ealaal .l.:)‘j:L;d j?’ WJ: (5‘-6-;})

r q
n-Hexane (1) 4.5 3.86
Nitroethane (2) 2.68 241
a;p=231 K az1=-5.86 K

(J>~
9% _ 9, 9r 0% _0°9. _0%w
RT RT RT  ox;} oxX  oxf
E * *
() () 0 %
9 =X In—++x, In—2+£(qlxlln—i+q2x2 In—=2) =
RT X, X, 2 D, D,
9. r r Z 0 (X, + X,1y) 0, (X, 1, + X, 1)
¢ =x,In———+x,In———+—(g,x In—-—"1+—22" 4 q,x, In2—1L 22
RT r-1X1 + r2 XZ Xlrl + X2 r2 2 r-1 (qul + X2q2) r2 (qul + X2q2)
iach —In n + Xl(rZ — rl) —In r + Xl(rZ — rl)
RT ox, LX, + X, X +Xr, X+ X, X+ X

n qu In Q1(X1r1 + erz) + quxl(qul — I’qu)
2 RGO +X,0,) 200+ X,1)(X,0; +X,0,)
“.Z% In qZ(X1r1+X2r2) + Zqzxz(qzrl_rzch)
2 (40, +X,0,)  20X1 + X,1,) (X0 + X,0,)
iﬁ:ln(i + nL-n +Z(q2r1_r2q1)+
RT o, o X+ X0 20X+ X,T,)
3 Zq, I g, (X1 + X,15) _ 24, In g, (X1 + X,1,)
2 r (X0, +X,0,) 2 r, (%0, + X,0,)
i 6295 _ (rz — r1)2 n Z(erl — rqu)(rl — rz) n ZQ1(q2r1 — rqu)
RT ox, (X1, + erz)2 2(x, 1 + erz)z 2(X, 1 + X, 1) (X,0; + X,0,)

qu(qzrl B I‘qu)
2(X1I’1 + erz)(xlch + XzQz)

0%9s
3oy s =0.9324102756 RT
axl 1 2 .

E
g_R =—q,% In(0) + 6;7,,) — q, %, In(6, + O7,,)
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E X.0; + 7., X X, 0, + 7., X
:>g—R=—qu1|n( 10 + 7y 2C]2)_qzx2 In( 20 + 7 1q1)
RT qul + X2q2 qul + X2q2

i%__ |n(X1q1+721X2q2 _ 00, % (1= 75)
RT ox, ' X0; +X,0, (X,0; + X,0,)(X,0; + 75 X,0,)
XoUo + 735%0; 0 Gy X, (73, = 1)
X 0; +X,0, (X,0; + X,0,)(X, 0, +71,%,0;)
1 2%gs _ ~ 4/, (L 71) . 0 0%, (72, 1)
RT Ox¢ (X0 + 70 %0,) (4G +X,0,)  (Xlly + 71X, 0 ) (%, + X,01,)
_ q12q2 (1_ Z-21)[(12 (qul + z-21)(2(:]2) — Xl(xlql + quz)(ql — TZqu)]
(X0 + X,0,)° (X Gy +721%,0,)°
4 q22q1 (71 _1)[+ 0y (X2, + 71X, 0) + X, (X0, + X,0,) (=0, + leql)]

(%,q, + XzQz)z(Xz% + z'12)(1(11)2

..+, In(

a, -231
=exp(——=) = ex = =0.3712875427
T2 p( T p(233.15) T
a, 5.86
=exp(——=) = ex = =1.025452557
Ty p( T ) p(233.15) Tn
0’0z
= (55 y —x,—05 = —2.922381673 RT
axi 1 2
0’0z
= (55 —x,—05 = —1.989971397 RT
axi 1 2
0%g¢ 1 1
+RT(—+—)=20 :¢,lul b
(612) (Xl Xz) ol bos

= —-1.989971397RT +4RT =2.01RT >0

350 2 51 el 5l mle G35 sl ke ) AT esls golas 300 K (gles 5 =Y
SV sk a0y Hip=2 bar L el ol s o colbccl 38, (1) 5 51 Jslms By .l
Lol o a8y ool 56 do s oS 5 Hop=2bar bl ol g on g b ol 33,2 2
S 55 Jladl 1 Sl 5B S 1y 300 K sles 55 ea)ls 53 2,0 2l sl g 53 e b sl

Sl cwdle el sl b JLEs 300 K s

Vapor pressure (bar)

Pure lig. 1 1.07
Pure lig. 2 1.33
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()~

:v.:.':‘.} s
limy, =—2
pure,2
1238l Olag bl SLas b1 Lalls sl a8 8 015 e el JToyl b 56 0 g
0 H2,l B H1,2
Tr T e

=L = % =1.203007519 & ;= % =y, =1.869158879

S o 2P

RTIny, = (A+3B)x? —4Bx] & RTIny, = (A-3B)x? +4Bx’
5 Sl el o 1 gl 5o Sk dalee (Sls e g # 7y ¢8Xp(%) Sl 1
o b Selen S35 S s el Sl o (sl e S0k il 5o s S R
sl ol

RT Iny, = (A+3B)X; —4Bx; = y,° = exp(

A- B) =1.869158879
RT

A+By 1203007519
RT

= A=0.4051566096RT & B =-0.2203319225RT
= Iny, = -0.2558391579x. —0.88132769x; —==%° 5y =1.04729031

Iny, =1.66152377x7 —0.88132769x; —2=2° 55, =1.169261243
P=X7,p{ +X,7,P5 = X(y,p; +7,p7) = P =1.337859043 bar
X, 7, p; = Py, = 0.5x1.04729031x1.07 =1.337859043x y, = y, = 0.418803699

RT Iny, = (A+3B)x? —4Bx. = y; = exp(

syl by Hlis .ol % ﬁ\ﬁwdxy,wsswusjz)l;ﬁwyéu&k#u-\z
53 5l 56 dwys oS 5 P =53.3,P =40,P° =53.3 :(kPa) ;I ce,le 300 K s Lalls
Mg ge 3 ol 5> sla 63y g e 1 mle bse nl L sl

75 =13320K 12 55 sl

LS5 3 51 sl sl ol sldse L bylss 60 kPa jlis 5 300 K s 1-3 &8 (¢l ,
w5 A

(upper consolute) NLT® slls 270 K 3 o5 53 opl 51 2l slgdse b bglses 2-3 65 (¢l

il s
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S 2R (-
NC NC

ZZA'J & Ay =A;=0

i=1 j=1

:j-<i-’ Q)L:.O L®
E =gt + £ + E = X X, + X, X + AL X, X
g ng ng 923 A12 172 A13 173 237%2 '3

a)l-2binary: y,” (infinite dilution) =1.3 at T =320 K

A12 |n13_ A12
RT

12 =A12X1X2:>RT|n}/1=A12X22:>|n71°°= 320R

= A, =320RIn1.3= A, =83.95656463R
b)1-3binary : has an azeotrope at T =300 K & P =60kPa & x, =x; =0.5

P=y,p; =InP=Iny, +Inp; = In60-In53.3= hx3

— 300R |n§ = A, x0.5° = A, =142.0898772R

c) 2-3 binary : has an upper consulate temperature =270 K at x3=x,=0.5

A
T¢=——= A, =540R
TS

:("33"’ 2
RTIny, = A12X +A13X + (A, + Ay = Ag)X, X
RTIny, = A12X2 + A23X3 + (A + Ay — Ap) XXy
RTIny, = A13X22 + A23X§ + (A + Ay = Ap)XiX,

Iny, =0.2798552155x> +0.473632924x. —1.046511861x, X,
= {Iny, = 0.2798552155% +1.8x> —1.606222292x, X,
Iny, = 0.473632924x +1.8x; —1.993777709x, X,

Db 56 035 Jlety) (53 L
= pi7iX = YiP
Py X =Y,P = P =X71P; + X7, P5 + X373 Ps
= P= %(53.3}/l + 40y, +53.3y,) = P =65.82465203 kPa
=0.9679661211& y, =1.506161208 & y, =1.60665879

y, = 71X|:1>pl y, =0.2612627775 & vy, = Y2 Fz)pz y, = 0.350855389
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3y s sl besls K s 152 51 sl Sl sl b 25C ;s —Vo
elod 5325C (slos 132 51 wle 53 LTy =43, =43 168 wias o 0L bslies ol olgi
O b Ay Zlml Sl o5 g

53 ol e bl s JS ol dalae (Sl s ) #E YR ;texp(%) Sl 5l (o
S

RTIny, = (A+3B)x: —4Bx; = 7, = exp(

)93

RTIny, = (A—3B)X} +4Bx, = y7 _exp(

)47

= A=1.888788455RT & B= —0.341225945RT
9% = %X, (A+Bx — Bx,) = g = AxX, + Bx,x" — Bx X

E
g = AX, — AX, + 2BX,X, — BX} — BX: + 2BX,X,
629E
= o =—-A- A+2Bx, - 2Bx, — 2Bx, + 2Bx, + 2Bx, - 2Bx,
629E

= o =—-2A-6Bx +6Bx, =6B-2A-12Bx,

(S o o b ol b
82 E

Gt FRT(E+)20
X X

2

= —5.82493258 + 4.09471134 + _ 1 >0

X (1-x)
At x;=0.36 = -1.055871984E-2<0 =

RGO [ e GO KU P Z -

A-38 . 4B
RT % RT
dlna A- 3B 12B 1
1)Tp: 2( )+ = x§+x—1=0
azlnal 2(A- 3B) 24Bx, 1
e e = gy RT  x2
X
() :;—KA—SByHQB@__—x1:>(A—BB)—GBa—xg X
()~ 2(A-3B)-24Bx, X, (A-3B)-12B(l-Xx,) 1-x
= (1-x)[(A-3B) - 6B(1-x)]=x[(A-3B) ~12B(1 - x,)]
(A-3B) - x(A-3B)-6B(l+ X’ —2x,) = x,(A-3B) —12Bx, +12Bx’

Ina, = — X5 +Inx,

(=

=0
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= A-3B-2(A-3B)x,6B —6Bx’ +12Bx, = -12Bx, +12BX;
= 18Bx’ + (2A-30B)x, +9B-A=0
sl sl STl (GHILL 5yn o8 dims oo 0L X 5 (5 el o33 4 alsles ol sla 2y
N S e K ¥ LG PP W AP ER KPR
A =1.888788455RT & B = —0.341225945RT = x, = 0.437983
Sy e § solebliXy Slaee ool s
S edalie |y (HLLL 50 s (6-29) Ko bl Ol o s 555 0o
%: ~0.181= max %T :1.83(% ~1.88

gL.w...'.:)‘J.iL: Loy g_,.:sjs 03 g0 rw)J .bj.lm w\4.>=3.’.'.:).>

—le ol slaesls SIB s A bt U5 st sl BN S 5550 16 e 2 )
sl ok ESSS 5 ey g aie by

@30°C: 9%T = 0.500X X

@50°C : 9%T = 0.415X, X,

E
@70°c:9Y AT =0.330X,, X,
o PP K 2 T T 5 S Wl e s 3 Jalsy 5IB 5 A (gl o jLis dlal,
.l bar

In pi :11.92—@ & Inpg :12.12@

LS eend celie LS 3 L

Coge 53 b s e sl S eld 1S slales 51 e s b LT (L
S e |y s 55l e ss S 5 e Sl

€t b a5 551 LSS e 760 MmHg L s LT (o

Sopar B0C Gl s e ol Bl Bl S e s (o

AmiTxh — (L0204 0.112x, )x,

E -
gAT Sl p el &l laesls b dslas ol Ll ool ods 35158
S &) oid{uwjt&buduqﬁ%yﬁ?ﬂ}gJ,uu;_um

(J>~
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a) piral, = psrel, = Pa= 2o
Pe  7a

=Inp;-Inp; =Iny,—Iny, :11.92—@—12.12+@: A(Xz —x2)

= —0.2= A(Xy — Xg)(X4 + Xg, :iA'Z: 2%, —1=> X, :0.5—0—'A1

atT =30°C,A=05=x, =0.3

at T =50°C,A=0.415= x, =0.2590361446 x| = 0.5—0—'Al
at T =70°C,A=0.33= x, = 0.196969697
byp=piy,=Inp=Inpi+iny, = In1:11.92—@+ Axg’
= AX} _4050 190 X =1(@—11.92)

T AN T

oS o oslizal ot 5SS 5 ST S
A= -4.25E-3T+1.78839 (T[=]K )
0<Xx; <1=>x;<1= %(4050/T ~11.92) <1)

= @ -11.92 <-4.25E - 3T +1.78839

4.25E — 3T * —13.70839T + 4050
= x <

0

V.:.«SL;O Q—AWM‘ b Q)M Ji‘f’l“" e MOJ‘MJ«MSCJDLA
= 4.25E —3T? -13.70839T +4050<0 (I)
=T <[328.997,2896.51]

A=-4.25E —3T +1.78839, T <[303.15,343.15]

2
J

\&,

D

-1p0 ) 100 200 300 400 \DS\G 0

H
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2896.51

f(T)

2300

1800

1300

800

b s om 585l agms pde b s 350 3 Ol ln SO 50 ool e s L >
D 1 sbeal L5 el s T [303.05,343.05] ulos alsli 3 Jyl IS5 4 a5

RN
QK.; BE) ))\J Q&d‘j J.S‘-;G dJ\«ﬂ 6jL~AL DL, Y ubh:vc_ WW L} SWJ{") w La‘

"’V.:.SCJJMQL L;j DJ\J gﬁ)‘g;jj‘)]&ub 03 gh>eo O.:\)) mj}ia J)\
. 4050

wﬁ?—1192 Q)L&Ql{ﬁ@‘@iﬁA¢f}JJ§.@4{&jl{@b)@.}jma‘)b
AX; :@—1192 :('J")b ‘).1‘) eJ.«.::Lt
4050 4050

=T <£339.7651

—-1192>20=>T <
T 11.92

035 oo 53 as o ls o3 5551 T,[328.997,339.7651] ¢ les essizes 53 IS sk e
als slael Ol o A 4 by e ool Ja}ﬁsu;/_;;f\} 315 355 A 5yse 53 Dbl ey
V5l Xe 55 Te[2896.5L 400 essimes 53 oS s gt onl @ Lot 5 ek Sl L
o125 551 58 e sl 53 g 25 e S S
c)
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—E

—E —E
olny, i - -
(& __nh o= h’; =-4.25E -3x} & hi = —4.25E -3}
or ),, RT? ' RT RT

ha he he X hy

—~ =425E-3Tx; & —=425E-3Tx; & ——=> % ——

RT RT RT <& 'RT
E E

4 25E 3TXx, + 4.25E —3Tx, = 1 — 4.25E —3Tx,x,
RT RT

(Ahj _(Ahj
RT Jop \RT Jou 40 4:25E 3T ~1.02-0.112x,
( Ah j 4.25E — 3T
RT ),

%ERROR = %100

0.3533875-0.112x,

1.3733875
0<x, <1= %25.73108464 < %error <17.57606648

0<x, <1= %17.57606648 < %error < 25.73108464

=atT =323.15= % error = x100
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Chapter 5
Fugacities in Liguid Mixtures: Models and
Theories of Solutions
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0.8 Lo -l J3 of anwdils .ol 13.3 kPa glsl 5Les 513 10°C (slos S3 A mle o S5 e )
STplssn AL oty 53 o8 ol oMbl olad 5550 ol A3l 10 160 0T JsS 50 035 5 gom™
A A Sl g sLis ‘m;S‘&,:@leOC Slod 53 S Al swss 5 A Sl il sl s b b sl
dols s o Sels s A GLA o L bes ol 53 aS 1 (gubw 5B dsys S 5 55,5 - B kPa

Ao e 3 Slaesls 3l eslaal L ccd

Carbon disulfide | Toluene
Solubility parameter @ 25°C (Jem™®)*? 20.5 18.2
Liquid molar volume @ 25°C (cm®mol™) 61 107
Saturation pressure @ 10°C (kPa) 1.73 25.5

m.sda oalare! CSZ 9 A d).l}r.,a Sl )‘ U.’IJ‘ BE (J;—
o o ure P VL
PYaPa = Xa¥a fA & fA = pr = pi¢/§ EXpLS Rfl' dp

oS o B Sl b Poynting s s Jlesl 1 5l U

¢Az¢f\zl
:PyA:XAyApZ
v
RTIny, =v, 0% [5A—5CS ]2; X, = Xeg, = D __ S5
‘ ? 2 LV, Vg,
6161, . 16
Pos. =160 ~p17 PVa T XWaPa = 82057, 335y =100
6l+ﬁ

16 61 2

8.31439x (10 + 273.15) In(——) = 200 x (—)? x[5, — 20.5
x( )In(55) = 200x (0 2)* <[5, - 205]

=[5, —20.5] =39.82889767 = &, = 26.811014(% mg)%

S, :14.188986(%)%
cm
for assume C,H,(CH,):B
Py, =XA7Apf\ & Pyg =XB7Bp§ = P=X(}/Api + pB7§)

RTIny, =v,®2[5, -6, ' = 8.31439x 283.15x In 7, = 200x (%)2 [5, —18.2]
If 5, =26.811014 = y, = 2.149452513
If 5, =14.188986 = y, =1.180606547

RTIny, =v,®3[5, — &, = 8.31439x 283.15xIn y, =107 x (%)2 [5, —18.2]
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If 5, = 26.811014 = y, = 4.179973806
If 5, =14.188986 = y, =1.363879655

P= X(7Api +7s p;)
If 6, =26.811014 = p =0.5(13.3x 2.149452513 + 25.5x 4.179973806)

= p=67.6kPa
If 6, =14.188986 = p =0.5(13.3x1.180606547 + 25.5x1.36387655)

= p = 25.24049914 kPa
_ I/ 4 _
= 5, =14.188986 ( 4 15)* & p=2524049914kPa
Py, = X,7,pS = 2524049914 x y, = 0.5x1.180606547 x13.3= y, = 0.311

Yi

jdj-n-’ .19}.1» LS‘JJ \) j':‘.’a‘)l'.’. w‘ v.:ast oaleiul KI:X_ j':""blt’. )|ﬁkjj Cj.’ L5>‘JL LS‘J” -y

b 555 5o Jledl 1) 3 01y e a5 Cd ol gd U SLid S alws 015K Jbe
50533 55 4 50°C sbes 3 Oy 5 ORan L2l b lis s ks s |, Poynting
51 a5 ,ke 25°C (slos 55 5L 35 40 Glaesls AL 40 0.380 bar

vV em®mol™) | s (Jem2)H?

n-Hexane 132 14.9
Benzene 89 18.8
S S
Py = sjhzﬂ/ApA:K :7/ApA:>
Ya AV aPa » P A P

A
RTIny, :VACDZB[5A _58]2
0.7x89
0.7x89+0.3x132
= y, =1.32222553; RTIny, =v,®5[5, -5, ]= 7, =1.079059513

P= XAyApZ +X87/Bp§
= P =0.3x1.322x0.533+0.7x1.079059513x 0.38 = P = 0.4984536927 bar

= 8.31439x323.15x In y, =132 ( )? x[18.8-14.9]

- 1822x0.538 _ 1 413864954
0.49845
| _L079059513x038 _ \ _ o 09rcr0a053
0.49845
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o) Xa=0.5) das o 55 55T JSCis B00 K (sles 55 0 Lo olKan ;5B 5 A wle 53 -0
o o3le oS ol slgiiy 35T reSCh [ plate 4 oS W e G b Sl sl e | sl 3
4Gl S e 300 K slos 53 B a4y Cond A s 2yl 3 S 6ol i 4 1, C
Sge S o h el Jlay) 58 AL 0 B o3l 20% 5 A o3l 20% C osle 60% ol b sl

L5552 50 B00 K 3 5 slaesls .ias pod [aSTy SousG L oS s a8

A B C
Liquid molar volume (cm°’mol™) 100 100 100
Solubility parameter (Jcm™)"? 14.3 16.4 18.4
(J>
Py, :XAyApZ(@azeOtrope: y=x)=P :yApi =78 pé :Q:p_z
B A

RTIny, =v,®2[5, -6, " &RTIny, =v,®5[5, -5, |

2
8.31439x300x Iny, =100 ﬂ x (16.4-14.3)° = v, =1.04519187
100+100
100 )’
8.31439x300x Iny, =100 —— x (16.4-14.3)° = v, =1.04519187
100+100
Ya=Vs = p/sx = IOS
—12
PyA:XAJ/Api RT |n7A=VA[5A_5]
PYs = Xg7s pg O0=0,0,+Dz05 + D0
Pyc =Xc7e pg (Vo =Vg =Vc) = 0 = X0, + Xg0p + X0

=5 =0.2x14.3+0.2x16.4+0.6x18.4 = § =17.18 (J /cm?)"'?
RT Iny, =100(14.3-17.18)* = », =1.394494399

RT Iny, =100(14.3-17.18)* = y, =1.024691351

aAszhxx_B
Ye  Xa
y X V4
PyA:XAyApi&PyB:XBpré&pi:pg:_A:_AX_A
Ye Xg Vs
j&x&:&jaAB:&:>CZAB=1360892134
Ys Xa 7B Vs

S 2l L 1 )l el e el 2 5 1 i esm o Jeld mle b sl =1

b LS sl s 2T 2 o oY Al pl (Ol gl oS L UK
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160 cm’mol™ « 3> 55 ;4 Jse am> Py =533 & p; =80 kPa | wijle alls lsd
LT .5, =143 & 5, =174 (Jem>)""? 3l s jle o5 53 opl 6l eI el aib e
Sl O oy oS 5 e Ol Spe 55 Sl 55551 sls 300 K (slas 3 byl

S 55 Jlel | b 56

(J=~
@ azeotrope: 7,/7s = pg/ Pa
RTIny, =v®3[5, -5, " &RTIny, =v, @[5, -5, &v, =V,
>0,=X,&D,; =X,
= 8.31439x300x Iny, =160x X;(14.3-17.4)> = Iny, = 0.6164412944x}
= 8.31439x300x Iny, =160 X; (14.3-17.4)> = Iny, = 0.6164412944x>

7a _ exp(0.6164412944x;
7e exp(0.6164412944x2
= exp[0.6164412944(x, — X, )(Xg + X, )] = exp[0.6164412944(2x, —1)]

= exp[0.6164412944(2x, —1)]= % = X, =0.82938 = x, = x, =0.171

= exp|0.6164412944(x2 — x2)]

= 5 03 B 3lse opl .ol 0.667 bar JS Lis b3 B 5 A mle bslse 300 K s -V
S1.ps =0427 & p; =0493 bar 5l cusle sl ol (A e L ol ol e
T 5 ey Ll 5ms 4 mle 5B 53 (oS 5w 1 osle 53l 51 s sldse b sl
rro s b2 Sl has 05 g5 o AL gl O 5 &S aas 6l Sl

Aad

(J>~
PAYa = Xu74PEgL P [ —Adp & Piyys = %75 PEgS exp —de
=S o B S Rl L POYNting (i s gLt a8 b s i 5 Jlel 1 56 6
(P~ i =1)
PV, P Vg
expj'piﬁdp ~ expj'pgﬁdp ~1

:>PyA:7AXApSA&PyB:XBj/Bp?:P:XAyApSA+XBpr§

assume InyA:%xé & Iny, :%xf\
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= P =xx exp(%x xz)[p§ + pSB]:> 0.667 = 0.5x exp(%x 0.5%)(0.427 +0.493)

A

= —— =1.486254226
RT

c A 1.486254226x380x R
T = =

:E_

2R

TC =2824K

550°C (glos 3 a8 35 m ey HE G sl U 5 O30 Sl Rl ldse b mle sl —A

LS e 8 Lbar lis

Schatard-Hildebrand Ju. a5 5 .48 g |, elos opl 3l s A Ol 5o doss S5

Dl Asle 5L 55 e slaesls .ol ol @Lﬂ Bl

Liquid density (gcm™) Solubl(gé)r/npgggmeter Vapor pressure (torr)
Benzene 0.845 18.8 280
n-Butane 0.548 13.9 3620
(J=>
My, =58 & M, =78g/mol A:Benzen & B :n - Butane
78 cm® 58
Vy=———— &V, =———cm’/mol
0.845 mol 0.548
RTIny, = VAq)ZB[é‘A —Op ]2
2
78 (1_ XA) X i
— 8.3144x (50 + 273.15)x In 7, = 0.548 (18.8-13.9)°
0.845 78 58
XaX——+1=-X)x——
0.845 0.548

=Iny, =

96.12689732(1— X,)

—13.53172375%, + 105.8394161}
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78

XA
8.3144x (50 -+ 273.15) x In y, = —2 0.845 (18.8-13.9)°
0.548 78 58
Xa X ——+1=X)x——
0.845 0.548
89.77184566x,, ’
=Iny, =
—13.53172375x,, +105.8394161

_ 280x1.33x10? ex [ 96.12689732(1— X ,) T

ps
KA:_A><7/A:> Ka

1x10° —13.53172375x, +105.8394161
pS 3620x1.33x 102 89.77184566x,, ’
Kg=—xys =>K; = - X exp
p 1x10 —~13.53172375x, +105.8394161

\Y \ \Y V
FZA = yAV "'XAI—:> ZA = yA(E)_'_XA l_E)&ZB = yB(E)+XB(1_E)

\Y Vv \Y \Y
jZA:KAXA(E)—'_XA 1_E) & ZB:kBXB(E)+XB(1_E)

\ \ V. Z,-X
Z, =KX, (2)+X, X, (=) > ==~ "~
A A A(F) A A(F) F kAXA—l
Z,— Z,—
ZB:KBXBXA—XA"'XB 1_A—XA
Kax, -1

Kax, -1
{KAXA ~1-Z,+ XA}

=7, = KB(l—xA)xZA—_)iA+(1—xA)
ATCA

KX, —1

Z,=2,=05

S U ey 5 5s polis S8 L -pmﬂ S s Xa Sl il 55 e 0 YL 3 15 K 5 Ka
= Xa=0.9336626689 = Kx=0.3741472323 = y,=0.3493273035
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Chapter 6
Solubilities of Gases in Liquids
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S slinad Shair edal, 5l LS 4os 13.8 bar 5366 K

(J~
.LJ = ey (8'6) d}.l;- 9 (8'2)&.{& )‘ oalaal b J'.’.J C)LGB)U?\

5 =18.8( J3)% 5 =14.9( JS)% 5:17.6(%)%
benzene cm n-hexane cm m-xylene cm

v =89cm?/mol v =132cm?®/mol v =125cm?®/mol

5 =11.6(—1)* P. = 46bar
cm

methane <v =52cm?®/mol w = 0.008

T, =190.6°¢ Ve =99cm?/mol

L

T30 9o 5625 L, =25875har
T. 190.6 P

S eslizwl Pitzer-Curl-Tsonopols Lls, s Jb ps <l aslee 5,7 aciloe sl

% =F (0) (l) + oF (h) (l)
RT. Te T,
£O _ 01445033 0.13285 B 0.01321 - 0.00(;607
T, T, T T
FO 00637 + 0.331 S 0.433 B o.ogs
T, T T
BP. 3
= & =-0.06587 = B = ~22.69455049 (cm®/mol)
C
z:1+£:> alh BP N z—1: B ;In¢:jpz_1dp
RT RT 0 RT ) @
B S Y - exp{ﬁ} 15 —138x exp{— 22.69455049 ><13.8}
p RT RT 83.1439 % 366

Yora =1 r:s@ o2 A A b sl
f,> =13.65870204 bar

52 x (13.8—1.013)
83.1439 x 366

L — !, =264.4660274 bar

pure,2

= 258.75x% exp{

f L
= ‘}—GZ =19.36245674

2
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5 = XV10; + X,V,0, + XVy0, + X,V,0,
5=Z<Di5i:>§:111 2Y2%2 3V3Y3 4V40y
X, Vy + XV, + X5V, + X,V

— 0.2x18.8x89+0.6x17.6x125+0.2x14.9x132
assume x,~0=0=

0.2x18.8+0.6x125+0.2x132
— 5 =17.18120805 (J /cm?®)”
_ 2
L 1936245674 x exp| 22X ULO-1TABIZDT 1 5 0335102
X, 8.31439 x 366
2 -2 -2
% —02- 3.033;10 %, =06 3.033; 107 X, =02 3.033; 10

= 5=17.1151784 = X, =3.07x107°
= X, =3.032975757x107° = K, =33

JLis s les e 55 5 X, =1.0x107* 1, 25 bar 520°C 5 LS, olead s o ks D Y
150 [Lis 520°C (sles s IS ol 3 b ol Cddl il o X, =2.86x107" 1, 75 bar
S Ol 1y e 3Y bl b pled LAl e DN

(J=~

ft Lip_ L _ 2
L _ Mo gp| 2 (PL1013) | V2 (6 =30) o’
RT RT

oy b a3 5 LS I s Vy (S e o B

L _ L _ 2
25 ( f G) 25,20 RT RT

(J pu,e ><exp{v;(75—1.013)}>< {v L(6,-5,)° @14
X 75 (f )7520 RT RT

(X2)75 _ (fZG )75 « ; y ;— ,
:(Xz)zs_(sz)zs exp{ (25— 75)} exp{ (6, = 5,)2 (D] 5 — @1175)}

aslial U s I dslae 515K 56 a8 aclons sl 5 Do~ O #1& (S 0 53

[N NX‘I—\

) P RT f /v (P RT
For He: RT In¢_£ (V—T)dp: RTIn(A)_J; (Vl_?)dp
_RT RT BP
Pv 2 R _ _ G _
Vo =Lt o = V=" -+ B v =B £~ Pexp()
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S C anses Ly, 51 G ol 035 p sl S @ ax 5 L eds Jbs s amle ol
S o o3l

B =1.3436x102[15.8922~ InT |’ — 4.39exp(- 2.4177x10°T

= B =12.14571716 cm*/mol

= (f,°),, =77.85605281bar & (f,),s =25.31339415 bar

N 2.86x107" 77'85605281><ex ~50xV;
1x107* 25.31339415 83.1439x 293.15

—50x V2L
83.1439x 293.15

= 0.9298738461 = exp{ } = v} =35.44236038 cm®/mol

1
(72)25 ()0 gl V2 (25-150) | (%) _ 134776315
B (1) RT 1x10™* 253133945

150

Xz

= X, =5.324308243x10™*
150x12.14371716
83.1433x 293.15

f,> =150x exp{ } =161.6417322 bar

slaesls A5 s 1,90 K s c.;La Slen so (A bar S jLis 53) 03s,de 35 b= Y
25 390K s Lalls sl slaesls .0.263x107 5 0.0549%107% L vl p s 5 @ =l

lols 231,
Liquid molar volume Enthalpy of
(cm®mol™) vaporization (kJmol™)
CH,4 35.6 8.75
CO 37.0 5.53
N, 37.5 5.11
0, 27.9 6.55
(J~

L
_ fpu;e_z exp{v; (S, —52)2<1>f}
X, f, RT

V.:«S@ i JL:J.]J I dales ‘)‘ Q})).L:.b 45.:..»:15/}5 wbu LS‘)"

P RT BP
RT Ing :L {vi —?}dp = f. = Pexp{ﬁ}
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1 prurez V; (5CH _5H )2
— = — X ex . :
(XZ)CH“ o P RT

fl T
pure,2 2 Co H,
— = ex
( )Co f° * p{ RT ]

] ;assumed? ~ 1

(). —in(h =£[(5 —6,) — (00 — 64 )]
X, CH, X, co =y RcH, H, co H,

(%, )CH

AU

X
- In(( 2)co ] = [(5CH4 On, =00 +0n, )Ncn, =y, +I¢o —5H2)]

RT)y

2~ 5= ( — pv(vg -V ))}/ — (

- g
Sen, = (8750 253;44 x 90] = 8, =14.9922302(3 /cm?)*

B %
5o :(5527 83'3;14“90) — 5, =11.36460128(J /cm®) %

0.263x107 v
= In( )=
0.0549x107°  8.3144x90

_ L. 3231617629
*  (26.35683148-25, )

oS s3lizad Appendix C s st €l Lol gy 511 JU s oo o i f anloe gl

B = 42.464x* —37.1172x" — 2.2982x" ~3.0484% x & x = 0003

90

(14.99+11.365- 26, )(14.99 -11.369)

= B =-5.731288 cm?®/mol

1 fl 323.1617629 x (14.9922302 - &, )}

pure,2

= x ex

0.0549 %1072 1xexp —5.731288 x 1} {(26 35683148 - 26, )>< 8.3144x 90
83.1439x90

L
= fpure 2

—0.4318635445 x (14.9922302 - 5,, )*
=1820.099054 exp -

26.35683148 26,

1 fpireZ V;(é‘H _5)2 =
), = expl e 5= 5,
(xz)m fo P RT

5= X\V,0; + X,V,0, + XV30,
XV + XV, + XoVy

_(AhY—RT )" (6552-8.31439x90)* 1/ \x
502_(V—L] _( T } —14.42283248 ( %mg,)

1:0, 2:H, 3:N,
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- 37.5

s _[Ah"=RT %_(5108—8.31439x90
N, v
Assume: x=0.21 X,=0 x3=0.79 :5:11.38344374(%m3)%

%
j =10.78233728 (% 5

1 1820.099054 VA _

X ) exp| (85, +J =20, 0 — Oy, — Oy, +254,0

%), o] 573128851 6+ 20, -, 0, 4200,
83.1439 % 90

= (5‘ - 5CH4 )(5‘ + 5CH4 - 2§H2 )}

Xz

1 1820.099054 323.1617629
=|—| = X exp
o exg| ~5731288 (26.35683148 - 26, )

83.1439x 90

5+ 0y, =26.3756.7393
= 0 + gy, — 20y, ~ 26.35683148 - 25,

( 1 j _1820.099054 Xexp[323.1617629(11.38344374—14.9922302)}
X )n ey { —5.731288 } 8.31439 x 90
83.1439x 90
= X, =2.6x107°

e Ll pl s S ale 100 bar 5 77 Ko s 1y 05550 5 O3ssdes Sl 1
ol 5ol Lbar jalls ole 0352 plal jlis 5 0.99 jalls 0fsds sl 56 S 5
S oslaxwl Orentlicher

(J>~

v,"(P-p;)
RT

P. s A
P4 _n HJ, +ﬁ(xl2 -+

X,

Hp = 4725454545
@ T=77K|A=(T1% 0.7) x10°cm®bar / mol
v, =31.3 cm®/mol

3 f—
n209088 4725454505+ - B0 gy )z q]y 313xE00-D
X, 77x83.1439 80.1439 x 77
= X, =0.1665
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(V=Y 5 V=Y Jola) Olson L 5 i <L) o 9 ok aube glaesly 5l eslanal L -A
ol s o3l (slgd 3 plad s e 25 bAr JS SLas 510°C L5 1 ksl 4eST s Ol oIS

LS ol 1
(U=

2('_:)‘.5
fi = ¢i yi P= Hi,solvent X

= ¢CH4 P = HCHA,soIvent XCH4
] o s 5 Sledl (8-3) Usd 5 S de dsles Sl sl L
Hen, sonem = 621.4 bar
~B,, =49.28 cm®/mol
BP BP
In =—= = exp(—
fon, = o = o, =P
( —49.28x 25
exp
83.1439x 283.15

Jx 25=1621.4x X = X¢y, =0.0389
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Chapter 7
Solubilities of Solids in Liquids
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Slid s el w bglsee ol aib e 050 95% 5 Jleis Je 5% (glyls el sl b s -

Lol 56 53 5 JTedy) 1 Bl mle 50 3 S350 ol delm 5B ples 4 53 353 0 3

DA ke laesls S 5 5 ST (g U C\):.,o\

Benzene | Naphthalene

Melting temperature (K) 278.7 353.4
Enthalpy of fusion (Jmol™) 9843 19008
(J=~
it =085 | 1 _ 9843 (278.7_1)
L _ A’ A 095 831439x2787 T
, RT, T it =005 |0 1 19008 (353.4_ 1)

005 8.31439x353.4° T
If x,=0.95 = T=275.4 K
If x,=0.05 =T=2415 K

ALY o> sl 24154 K (glos U 15 03,8 3, S| 5 555 o0 JKi3 dalr 03275 K ps el

.ﬁ)‘b V.A Sol>

Aouss C)b'- Sy aS old slgis .l ol |~ B @La N> 53 A del> o3l 25°C (gles 5 =Y
ol sl ealial cod Jl o B JM 4 e 4SS L3l (g5 (el o )1 d s

g e
CL“'VJL;J‘“SQO‘)J‘\S"MM‘J‘K_M

250C gles js (A, =1 by @, =1) Wil o A aysSlan 5 odd JWSTA Loy 5

<oy s s Langmuir g5 0 ol dole

Slelo 5§ a2l 25°C 53 B 3 A gLl Joe oS Coai XA ke <SGy K =130
13 g ge p3 sl A Lallt esle gl st e s A Al oidan

A ,sh=19700 Jmol ™

T,, =412 K(melting point)

¢, (liquid) =33.5 Jmol K™

¢, (solid) = 26.4 Jmol K™

Poiq = 0.28 kPa

x5 =0.050 at 25°C (solubility in B)

()~
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f- AR T

In— Ty 2% o -1+ —
fS  RT, (T & ( )+ T
ft 19700 412 33.5-26.4( 412 33.5-26.4, 412
=In—= -1|- -1+ In
f> 8.31439x412\ 298.15 8.31439 |\ 298.15 8.31439  298.15

L
= :— =8.551687056 ; f " =x,y,f =y =2.338719819

— V;(é‘l _52)ZCD12

|
’ RT
V2= Vs et 53 s Ceales LS 7y cplply DT R 10iS e 53X O30S e S L
X 0.05

=5.846799548 x10*

8, = 7%, = 7, x5~ = 2.338719819

. —Ka,=- = ¥ _130x585x102=0=088
- 0)a, 1-61-0

oS S RS e 30% 5 Okl Jse 70% D byle 55 1) s o - -8
s g0 JlE gl s slmesls

S sl S-S ga= b C | oo 19008 Jmol™ i oss il 82°C ;b g <o

P (liquid) _Cp(solid
123 em’mol™ 25°C 55 mle i Jgo o 3,5 Jats 0 01 5l a3l 53 055 oo
(J=~

VSOUe
IN Y e = RI . [A12CD§ + A13CD§ + (A, + A - Azs)q)zq)s]
A =(5-6,)+2,66, &assume L;~0= A, =(5-5,)°
5, =13.9(J /cm®)?

1/2
5, =17.6 (J/cm?) & iso pentane { ;

carbon tetracoloride ;
v, =97 cm®/mol v, =117cm®/mol

Naphthaline: o =0.302;T, = 748.4 K;P. =40.5 bar;v. =410cm®/mol
:ri)" (9-7) IS Sl eslanad L Jl-
(521P,)”% =3.064 = 5 =19.5(J/cm®)”
A, =(19.5-17.6)* =1.9 A, =(19.5-13.9)° =5.6°
A, =(17.6-13.9)> =3.7°
0.3x97 291 o 0.7x117 _ 819
27 03x97+0.7x117 111 *T0.3x97+0.7x117 111
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In 7solute =

123 (L9x 29.1 5.6x81.9
111 111

2 4 2 +(1.9%
8.31439x 298.15 ) +( ) (

= ¥ = 2.896947797
f 19008 [353.35

L
n— —1) = f—s =3.313011578
f 8.31439x 353.35 f

298.15
s L ; f;
By =%, =2Xy="2=>%=""""—=x=01
f, fo 7,

+5.6% —3.7%) x

81.9x29.1

111x111

m@;usubﬁ@&s;ﬁwémds\»U\,o@—n)o};{@u J’)l’.‘“r?‘“‘)’.'&_-\
Losls A5 opeess ) Kae slos Blu= il O3 Jae 10% Jols Jslme ST .0ST g

Benzene | Naphthalene
Melting point (K) 278.7 182.6
Enthalpy of fusion (Jmol™) 9843 14067
Solubility parameter (Jcm™)2 18.8 15.1
Molar liquid volume (cmmol™) 89 148
f-_anh' T fr 9843 278.7
In— (——1) n—2%= ( -1)
f RT T f, 8.31439x278.7 T
L
_ :exp[ 9843 2787 —1)}
f, 8.31439x278.7° T
—9843 278.7
= f°=f'xex ~1) |=x.7, "
b b p{s 3143027870 T )} > b
iny v (6,-6)° 4 _89(18.8—15.1)2( 0.9x148 JZ
7 RT " 8.31439xT | 0.9x148+0.1x89
- 42
g 3?339 x 492.84
= y, = ex '
7o = O T (0.9%148+ 0.1x89)
[ [ 89 T
8.31439 X% 9843 2787
= 0.1xexp =exp ( -1)
VT (0.9x148+0.1x89) 8.31439x278.7 " T

= by trial &error:T = 200K
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i 14067 1826

For n-heptane:  In—-= ( 1)
f° 8.31439x1826 T
~14067 1826
= f° =f"xex - |=x7,f"
n T p[8.31439><182.6( T )} " T
iy V(6 =8)" . 148x(188-15.1)° 0.1x89
" RT ° 8.31439xT 0.1x89+0.9x148
2
\s ;3239 x32.93
=y, =€eXp -
" JT x(0.1x 89 +0.9x148)
th = Xu7n th =
2
148
x 32.93
0.9 exp 8.31439 _ exp[ —14067 (182.6 ~ 1)}
VT x(0.1x89 +0.9x148) 8.31439x182.6 T

= by trial &error: T=180.6489182 K

el 9843 JMOl-1 0T o3 Il 355 o damis 5.5OC (glos 55 &5 —A

slessl aba) 9> COLSIN 45 b el 250 CSp L3 03w Dl il sl -50°C sles s (@
(-56.5°C 5-19.5 13l i sl s 5 4 0lS-n 5 CS;

O3y 50 30% (g5l Jshome b il i OLSIN 5 CSp (g5l I b glses A3 S 5 (b
CLS Ools gy 4 fo 8 -50°C ,»

()~

T b peC P J _ J \4% \ _gocm?
Benzene:T, =557 Ah' =9843_ 5=188(_ )" v=89 "
CS,:v=61lcm®/mol &=205(J/cm?®)”

n-octane: v=164 cm*mol & =15.3 (J/cm®)*?

L f L
nf_bs= AT Lnf—bsz 9843 27865
f$ RT T fS  8.31439x278.65 223.15

~ 0.347615862
Vb

= £ =0.347615862 1" = X7, f," = X,
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n-Octane 5 CS; 5 Oy &l o GoW6 s (7 =1) Jlosl J gloma S o5 S
o SOIVENE &5 5 sl SOIUEE ¢ 55 5 Los b Lo > Jledl Il 55 Dy 3,10 350
oS Sl X Sldde o 3 eslizad b b o S s s eyl o 1 Jloe ST L1351

(544 0 4,8 L j3n-Octane 5 CSz esle 53 5l " cwodle)
_ vy (6, = 5")° D

Iny, RT

i _on2 _ 2,12
sy, —exp 89x%(18.8—-0") ) x (d-x,)°Vv :

| 8.31439x223.15"  ((1—x,)xV'+ X, x89)

r 2

L(lSB =3 (L—x, V'
_ 1855.956129
= 7p =EXP
(L—x,)xVv'+x, %89

. 2

1 e 89 (88-0N-%)V'| ., g76738684
X, 1855.956129  (1—x,)xV'+89x,

0'=205&V' =61= x, =0.331782204
when {5' =15.3& V' =164 = X, = 0.2240581228
1347615862
- Vb

In Vb :l;l_bT[Alzq); + AlSq)s + (A12 +A; - Azz)q)zq)s]

Assume I, =0= A, =(6,-6,)° =17 & A, = (6, - 5,)" =35" & A, =5.2°
benzene:1 CS;:2  n-octane:3
Xes, T %+ Xq o =12 Xeg, + X 60 =0.7= X o0 =0.7 = Xg5,

b) beVbXb = fbs =X,

. = Xes, X Vs, _ 61x
" Xes,Ves, XV + XoooVpoe 61X +0.3x89+ (0.7 — X) x164
(0.7 - x) x164

3" B1x+0.3x89 + (0.7 — x) x 164

1.7 x 61x ’ N
61x +0.3x89 + (0.7 — x) x164
89 [ 3.5x(0.7—x) x164

=lny, =
Vb 8.31439x223.15| | 61x+0.3x89+ (0.7 — X) x164

61x x (0.7 — x) x164
(61x +0.3x89 + (0.7 — x) x164)°

j+ (1.7° +3.5* —5.2%) x
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L 2876738684 = x, = 2347615862

Xp7b 7o
= In0.347615862 =In0.3+Iny, = x=0.32

35 (2) p S AuSlgs D> 1943 K 3 .ol 2165 K S ueSlgs a8 an ahais gles -4
Pl e 5B 3 S ASliss Jse S Xe Of Js 8wl e X, =0.25 4, (1) I
Gles 53 1 (D) P 5 0 S dSles S lid el dslel ol op S ASlies 53 (1)
gLl Sl 3l ssle sl D3 5L 3sse slaesls S ol X, = 0.05 Sl 5 1943 K

S

(o Ll slaesls ;1) (%j =0.56 0.99 bar b= - S ASlss
pure2

(J>~

A
= X,7, prure,Z =y,P assume:Iny, = ﬁxé

A A
=y, =X = Mg (-%,)" = (- 025)"

solid
f,

solid

prIJre,Z = 1:pSL?r“edZ /056 & X27/2 :m: 056
0.56 56
=0.257,=056=y,=——=—
& 27025~ 25
Iny, =i0-752 = |r15—6=i><0.752 :A= L 3 In(5—6)
RT 25 RT RT 0.75 25
A 1 56 2 95 56
Iny,=—(@1-x,)>=Iny, = INC) % (1-0.05)° = ()2 xIn(==
Va2 RT( 2) V2 0752 x (ZS)X( ) (75) x (25)
=y, =exp 9 len 6
& 75 25
0.99 99

L L
X372 fpure,z = PyA & fpure,Z = ﬁ - 56

95\ 56)| 99
0.05xexp| | — In| — — = =0.324 bar
= P pl:(75j 8 (25)}(56 Pa= Pa

9 300 K osle LJ':‘ u‘p LSLG.} | 35 torr )L’>.u. )Li.é LS‘)‘J 250 K P A Lf'bjffp J.AL>- odle =\
30 3% Jsls 250 K 5 .ol jlsastles o Sodes esle cpl il e 13 kI/Mol OF 53 J!

13 g g0 p 3y Gesls Sl juix= 250 K (gles 3 01;%a-n

7



5 (Jem=)"2 v (cm*mol )

A Not known 95
CCly 17.6 97
n-Hexane 14.9 132

S _ L _
f2(pure,so|id) - X272 f2(pure,subcoo|ed liquid) — PyA
L

foreswoa _ A" T,y 183000 300

In 2 _ 2y
i e RTT 8.31439x 300 ‘250
L
Inf—szi assume f*' ~p2 =35 torr
£5 T 24.94317
fl=35exp —— | : X, 7, fS =
p(24.94317} V212 = P2
26 1009Xp( 24_9421217)
— 0.03x 7, x35xexp| — > |=5= 5, = : |
E e p[24.94317) V2 21 M
Inv. = Va(Occis =a)° D B 0.97x97 ~94.09
Va RT co, v el T 0974097+ 0.03x95  96.94
100 26 .
Iny, =1In — from equation |
eI " oaeaar f )

_ 2 2
Q100 26 95(7.6-0,) X94'092 — 5, =14.13051967 (J /cm®)™'2
21  24.94317 8.31439x 250 96.94

for A&n-—hexane: @ , = 0.99x132 _130.68
0.99x132+0.01x95 131.63

V(S —0a)° _ 95(14.9-14.13051967)* x130.68°
RT 8.31439 x 250 x131.63%

= y, =1.027030954; X, 7, fr =Y ,P = py =X a¥afr

26

— b, =0.01x1.027030954x 35 x eXp(— >
Pa PG a043y)

d)ﬁ_h =Iny,

Iny,

= p, =0.001359 bar
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Chapter 8
High Pressure Equilibria
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@)}3 g.».g']w sl 0 @)‘93 .J\.:....Sj_ajj.\.u J.:SALSJ_}Q\;AJ{.,L:L C‘J:.G‘ J@)deﬁ\&i—v
L;Léob‘b (CM»‘ VS)L:M..: JQ‘ C«M—“) J\MSWW 100 bar)?:ooc B GLO )L‘) 92 L)"‘ s b JQ‘

I.,\ijz-}a 100 bar B OOC LS

Alcohol/hexane Alcohol/dimethyl sulfoxide

g® =2400x,x/,, Jmol™* gt =320x;x%, Jmol ™

h® =4800x,x;,, Jmol™ h® =600x;x;, Jmol ™

ATD?

" n

vE =16x,x;,, cm*mol vE =-10x;x7, cm®mol
Iy o ols 3 CLQS S eslanal S sl e fmees gl T Sl O gl ' 5l s VJ))\.G 33

:w\y\s\amxu,;Awmoiﬁs,\gd‘,w@ﬂj@b;m@j;%,@.,\:;sotﬁ

(J>~

Assume Iny, = f(T,P,x) (Iny,is function of T ,P & x)

—dingy, =[AN7a) g7y (2MN7a ) gp (2074 g,
a )., P ). ox

V.:.Sdﬂ osleal (Klells 45\)‘-\ MJJMSJE:’UJ )‘

—E —E E
8|n;/A __ h22 & 8|n7/A =V_A & RTIn;/A: oG
o ).,  RT P )., RT on, ).

m=|—
ani T,p,nj, j=i

For alcohol & hexane, alcohol & dimethyl sulfoxide
1

n n n
h® =ax,X,=a—x-2=>Hf=a n x—3
nn n, +n,

—E
= hy =ax;

nn n —E
VE =X, =22 =VE = o —2— =V = 5]
nn n, +n,

n2
n n n, +n,

N JAInyA diny, = 303.15(8|n ij JT +roo(6|n yA) 4P
| 1 op
P.x T.x
Inya

N7 a10 B 2735 aT
30315 — 4800/} 10016X]
= Jin Vavo diny, = .[273.5 RT 2 at +jl RT

= RT Iny, =cx?

dpP
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_ 4800x.”

1 1 16x!?
= Iny.din = —~ +—" (100 -1
Fal e =R (303.15 273.15) Ry (00D
o] CjﬁuﬁéR sl (S 4 ol a5 & b g le 5l <=|JSJA)>R sde ol 5540 s
. J
3
552 Ll 83.1439 220N
i mol K
" _ "n2 _ "2
.[I IA q |n]/A _ 303.15 BOOZ(D dT +J-loo :I_OxD 4P
Inyaz0 2735 RT RT
600x7% (1 1 xp?
=Inys —Inys = D - -10-2-(100-1
Pam T =7 g (303.15 273.15) Ry (100-1)
i 2400 12 " 320 "2
In]/Al’O :W H & |n]/Aw :ﬁXD
,  —4800(303.15-273.15) _,, 2400 . 99x16 I
=Iny Xy + Xp + X

A 303.15x 273.15x8.31439 " ' 273.15x8.31439 "  303.15x83.1439 "
, 320 o 600(303.15—273.15) o 10x 99 2

n =
AT 831439% 27315 °  303.15x 273.15x8.31439 °  303.15x83.1439 °
= Iny! =0.9104550266x/> & Iny" =7.547990992x107%x"?

fa= A= Xafa =X s = Xy = X7

Xa _ 7A _ exp(7.547990992 102 X!, - 0.9104550266x,? )

n !

Xa VA

!

= K = lim >& = lim exp(7547990992x10°% ;7 ~09104550266x;: )
Xa—0 X Xp—>
Xp—0 xy—1

= K =0.4338852778

1010 sl 05 anmsls 50891 gem™ L1y (B.5°C) OF Jlu i osb alai 53 myle O3 aipeils =2

g se b HLas Vsl Lol 200 bar Lis o | O3 g3 sles (AL gem’

InP(mmHg) = A—_I_E

A B
Solid (T>243 K) 9.846 2310
Liquid (T<315 K) 7.9622 1785

(J>~
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fonit, = froone = (Since benzene is pure): flore™ = (3-3-3)

benzene benzen benzen
solid

:gllld RT p

= plsnzt¢|sat XeXpII ﬁ dp = pssgltld :()E:tld xex p_[

lig solid
sat sat

= Inpig + 2= (P = pitt)=1n piy + (P - pZiy)

M]_
- (|n10)(AL —B—Ljii P —10"(AL —B—Lﬂ - In(lO)[AS —B—SJ+...
T T T

RT |

UDAJ{P 10A(As BTJ

RT
R=62.3631 mmHg liter mol* K™ oS o Ve e Tl em® a4 R s ol
3
:MmmHg & M=78-9
1.3332237 mol
=9.846 & B =2310& A" =7.9622 & B" =1785& p° = 1.01%mS &pt = 0.891%mg
3
= In10(9.846 - 2310j+ 8 20010 —10A(9 846—@j =..
T ) 1.01x62.3631x1000xT | 1.3332237 T
3
In10(7.9622 - 1785] + 8 20010 —10A(7 9622 — @j
T ) 0.891x62.3631x1000xT | 1.3332237 T

=T =284.4114106 K

82



Appendix A
Additional Problems
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L5 6 -100°C s 1, 58 ol ST ls CO2 J5s 8% 5 055 5o 97% Juli (538 b s )

$35 g0 1 O 51 op S ASTgs i (oS (S1,% 80 bar

(J=~
Data: (frome appendix J , table J-4)
3

TC 1K PC lba'r () VC Cm/nol ZC:VCP(;/RTC

CO, 304.2 73.8 0.225 94 0.2742802987

Ne 44 4 27.6 0 41.7 0.3117681709

173.15

T, =(T.T. )" =(3042x44.4)" =116.2173825K =T, =— > _
i = (T Te, ) = ) Rz 116.2173825

Wy = %(a)l + o, )%(0.225 +0)=0.1125

Ve, = %(vé i f = %(94% +41.7" = 64.35023416 M

Zey, = %(zc1 +2.,)= %(0.2742802987 +0.3117681709) = 0.2930242348

_ZeeRTew _ ggpar — p, =80
- . =

P.. =
e Ve T

F\) = 5.056879678x 102

F;) = -0.9834555654

F\) = -0.143072622

F\Y = 7.833219117x 102

Fo| |- 00637+ 0'35’1 - 0'4323 = 0'088 = I FY = -1.934503774
TC TR TR TR 1 2
FY = 8.458220811x 10"

£6) T 0.1445 — 0.33 0.1385 0.0121 0.000607
T. T? TS TS

C

Bix = Y12 B, +2y,Y,B,, + YZZ B,
_ cm?®
B,, = 6763739928 ¢’/
B _ o T wf T _ cm®
= (—]Hol: = |7 Bz, =-4862163049 A o

RTC TC C 3
B,, = -29.33025659 M’/

j=1

u P
|n¢| = {22 ijij - Bmix}ﬁ

P
|n¢2 = [z(leZI + yszz)_(ylz Bll + 2y1y2 Blz + y22822 )]ﬁ Y1 =1- Y,
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P
RT
80
173.15x83.1439

= |n¢2 = [(2812 - Bll)+ yz(Bzz - 4821 + 2811)"' YZZ(ZBlz - Bzz - Bll)

= Ing, = (- 65.42425311- 3553678887y, + 420.7921418y )

S S
y,4,P =p; expf:sg—szp = Iny, +Ing, +InP=Inp; + :Sg—z_l_dp
oS oo o3l Y0 dls 3 ool oy = 5 bl s

s _ s _ cm?®
ps =0.1392bar & v =27.6CM/

n
= (by trial & error):y, =0.002933877902 = ——~>=
0.97 + Ny,
= Ngo, = 2.854235544x107° & n =0.03-ngo,

=n =0.027145764 mol

precipitate

precipitaet

O 53 &S 555 0 dwlons §F = AXX) alasl, sl 2l bdoe & ol S 5T (g5 50 =Y
¢5 4 dal s 56 ST DL X=0.3 5300 K 5 b s

()
2 2 2
0F = Axp = AT 2 GE _ an e o A
n n n® (n,+n,)
oGE :2An1n2n2_42Anln§.nZZAﬂXn_zg_ZAﬁn_gﬂ:RTlnyz
on, o n n nn nn°n
= RTIny, = 2Ax, X2 —2AX,X> = 2AX X, (1-X,) = RT Iny, = 2AX,x}
50000R

2x Ax0.1*x0.9=300RIN1.5= A= In1.5 ~ 56.186584 x10° J / mol

o°g*F 1 1
solubl b ( J +RT[—+—)(O
R T3 B E

E
9% = Ax X2 = Ax (L1—x)* = Ax, — 2AX} + AX} = [869 J: A—4Ax +3AX
Xl
24E
o[ P9 - ant A% = (C4A+6AX)+ (0
OX; XX,
= 4A—-6AX) RT = RT oLl b

A)
XX, (4—6x)x%X,
8.31439 x 250

) [4-6x03)x03 07:A>4.499128788><103
— 0O X U. X U.oX U.

85



S 3 g dsd e J Ll 5 el Sl x1=0.3 > e o Sl D3 bl

S dsles Sl mle 2Uss bylone S @615 e 8 5 (e e o dd ot ol T
s ML s 4 e ias ¥v=100 em¥/mol & Z=0.25 :5f .3 ,Le Peng-Robinson
R R Ve B P T P P - R AR PRI EE P L
()

V=v-Cc&C=) XC =V =v-) xc =V'=V->ngc

N Ly e (M) Ly
on, ). on, R
,P.Ng, J#l T,p,nj, j=i

:>\7i’=\7i —C;

RTIng, = jop(\Ti —%)dp =RTIng = (v - %]dp

, (- RT
:>RTIn¢n,=.[0 (vi—T—ci}dp—J‘ (v —Tjdp J' c,dp

/' —C
— RTING =RT Ing, —c;p= I = —GP
i RT
¢ f/ —c,P
:>——exp = —=exXp| ——
) RT )T, RT
forA:L_exp( CAPJ & forB: fB:exp( CBP)
f, f, RT
0.9f cP) g 09 (~CoP
fa RT fg RT
~09 exp( j:slnog_ C?P & In09=—S" ¢ _c
Pv P 2z 025 1
—=l=>—=—= =In09=—-C, x——
RT X7 RT Ty 100 = /400 * 7400

— ¢, = ¢, = 42.14420626 °M /n o
Vi=v- Zxc =V- c xA+chB)=v—cA :100—42.144:57.85579374‘3”‘%qol

250 K (s dy sl (glos (shols 55 93 ol 5 ol w do s S 5 53 B s A el b b e ¢
2 C o sl od Jpl1% oA @u)>30bar)10°C 52 C 8 b= il s
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C 58 4S5 e 2 (V7 =30cm’/mol ) ..t 5000 bar i B L ;> 0.05 bar 5 10°C
bar >, P ol ;3«8 Lo cwl, 2=1-6.728x10°P~7.52x10°P? i, 5 10°C s
30 leOC )JB oJLc ‘_53‘5,0 80% jA e)La L;‘}AZO% 6‘5\7- ‘Jajbm )J ‘)C )Lf C,.:.bb J\M:L:u.a
Aol bar
ﬁ;& el e 93 3l J"‘j" M)Jg.ﬁ:sj: BE) LS)'.’.J‘:’LW"‘ sbes 39 4 Ay L (J;—
._gE:Ax1x2

TC :%3 A= 2T°R = 500R

CAMJOJ\MMC;f)‘ﬁj)bﬂ)b&@fﬁb)‘}dfw‘)b

=Y. =1
¢C yC P = H c, solventXC = ¢C P = Hc,solvent XC

-6
Ing = j dp j 672><1o3 7.52x10" p)dp——672 10° P—@PZ

@P=30 bar = Ing. =—0.204984 = ¢. = 0.8146603509
#eP = H, 4Xc = 0.8146603509x30 = H , x0.01=> H., , = 2443.981053 bar

0 In H; i 1solvent vioo _ VCOO InHc g _
( ap J— RT =dlIn HC,B = ﬁdp = J.InSOOO dlIn HC,B = J-0.0SE

30(30-0.05)
83.1439 % 283.15
= H , =5194.515861bar

To calculate solubility C in A & B, we use equation 10-55 and assume

= InH 5 —IN5000 = = InH_ 5 = 8.555358706 bar

A:O&qr:qi:"':l & gEZAX X :AXIXJ
Ax, X;
=InH, ZX InH, ——zz
" = RT
(lﬂ) (i,j=r)
2 2 2
= InH¢,, = ZX InH_, ——ZZX =Y xInH; - x1
i=1 j=1 i=1
2RT,
=InH =x.InH..+Xx.InH _ c
C,M A c,A B C,B 2RT
= InH,, =0.2xIn2443.981053+ 0.8x In5194.515861— 2::015

= InH,,, =7.521639433= H_ ,, =1847.593819 bar
e P = Hg y Xc = 0.8146603509 x 30 = 1847.593819 x X,
= X, =0.01322791312
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C))jﬁag A cho 240 K 6LA.> DL '("U‘J A o.}LA 20m0|% 9 Qf.a d)\}ﬁ—” JAL..:: L}.’L."Lo jéjlm -0

)‘ M)L&LAQJ\JJ.\.:L.") kA}uM)Jw“Sj J\.AS&UJ.M:)JW[}-

5, = 20.2(%m3)y2,v,§ =110 Cm/ o hi, =100003/ T, =280K

s5(3/cm?) vt(cm?/mol )

n-hexane (3) 14.9 132

Benzene (2) 18.8 89

A 20.2 110

(J>~
G _an (T_t ~ 1) _ 10000 (280 ~ 1) _ 10000
f> RT\T 8.31499x 280 | 240 8.31439x 240x 7
=" = fls exp(“) & flyx = fls = fls exp(a)71X1 = fls
= expla)yx =1= 10000 +Iny, +Inx, =0
8.31439x240x 7

S x5 Xl b s 1INy L 05

Iny, :g—_ll_[AlZQ)g + A13CD§ + (AiZ + Ay - A23)®2®3]

A =(5,-5,F +21,55, assumel, ~0= A, =(5-5,)
- 0.2x110 & o= 89X, &, - (0.8—xg)x132
0.2x110 + X, x89 + (0.8 — X, )x132 Y Vv

V =0.2x110 +89x%, + (0.8 — x, )x132
A, =(5,-05,f =(20.2-18.8f =1.4?
A, =(6,-6,f =(20.2-14.9F =5.3°
A, =(5,-5,) =(18.8-14.9) =3.92

(89><1.4>< Xq j+[132x5.3(0.8— x))2 .

110 \Vi \Vi

ny,=———-——
8.31439x 240 -
(147 +5.3% ~3.9% ) 89X132\>; ;‘(0'8 x)
we know: 10000 +Iny, +In0.2=0
8.31439x 7x 240

By trial & error: xg=0.1143565638
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Sl bs sl 5B 58 &ﬁjzipsbj o 2 LS ausl=e 5000 psia Lis 5 Lo Oeed 3 Sl gl
S Ghsol S o Ll e ekt 2=1-6x10""P-4x10°P? (Pin bar) 4,

3ocm3/m0|bwfa\j;,.al.€.wg_,ﬁjj>)d>&.>- )bB)lS‘_;}AO.,)}r}o- s

()
¢B yB P = H B,solventXB (assume yB ~ 1) = ¢BP = H B,solventXB
at P =1bar assume (¢, ~1idea gas)=1=Hg en x1x107*
= Hyg onen =107 bar at (P =lbar & T = 20°°)
aInH V dlnHlsolvent :\TI_dp
op ) RT RT
N IH4 dinH, - pzv_de o InH, — In10° = 30(~1+5000x1.01325/14.7)
10 ' 1 83.1439x323.15
= H g qoene =14677.07948 bar (at p, =344.6bar and T = 50°C)
Ing, = j —d = " (~bx10™* —4x10°° pldp = —6x10™* p, —2x10° p?
= @y = 0.641245364 & $,P =H X, = X, =0.01505753476
93 R0

f P-p vl (3
InX2 InHzpll"‘(?l)&fz=X2H2:>|HH2,1=|nHzp,11+—2 (RT 1)

(okE 035 sl A s a5 L
= p ~0
;s 30x5000x1.01325

+
21 83.1439x323.15x14.7
INH P =9.209109534 (p, =1 bar, therefore:¢ =1=> f =P)

=1In

_4=InH

INH,, = InH i +—0x9000x101825 4675 40249 bar
* 1 83.1439x 323.15x14.7 '
#sP = HyX, = 0.641245364 x 5000: 41';)1325 =14675.40249x X,

= Xz =0.01505925541

boglses Saas o ol 5L J:QJ-5OOC sles 3 01K IS 53 o5 5 50 mol% Lyl LT -V
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Melting point (°C) Ah, (J/mol)

Toluene -95 6623
Cyclo hexane 6.7 2667
(J~
RTIny, =v;®2[5, -5, ] = 8.31439T Iny, =107 109 2(18 2-16.8)
TooTerT e ' ! 109+107) © T

107 )
RTIny. =v.®2[5. —6. ] =8.31439T Iny, =109 —— | (18.2-16.8)’
71 T c[ T c] 7T (109+107j ( )

~6.305394018
T

6.42329185
=y =2 & Iy

f- Ahf (T f.-
|nLS:—T(t—'T—1j & ff=xp,f ==
ff RT,\T fr X,

AhS (T
= -Inx, —Iny, = RTT (_;_—’T—lJ
t,T

6.42329185 6623 148.18
T 8.31439x178.15\ T

= —-In0.5-

_, 8029940160 _ 5 164495846 = T = 155.4835245 ¥= ~117.666°° < 50"

S b Sy PSS

CrT
—Inx, —Iny, = Afy (t—'c—lj

RTt'T T
6.305394018 2667 279.85
= —-In0.5- = -1
T 8.31439x 279.85 T

_, 3210748095 _ 1 630365414 = T =177.8192435 = ~95.3° < -50°

3 e LSS gy Dol a5 5 S b gy 5o CYClO-heXane .

Bl e b 3k 55 40T 55 080T 5 kil ol s O byl s G A

S ks o
(J=~
P. (bar) | v¢(em®/mol) [ To(K) | @ z. = P.v. /RTC
Ethylene 50.4 129 282.4 | 0.085 0.276901407
Argon 48.7 74.9 150.8 | -0.004 | 0.2909236619
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Tep, = (ToTe, V% =(282.4%x150.8)" = 206.3635627 K

w, = %(a)l +w,)= %(0.085—0.004)= 0.0405

Zep = %(zcl vz, )= %(0.276901407 +0.2909236619) = 0.2839125345

Verp = %(v}j +v4f = %(129% +74.9% =99.51232675¢cm’/mol
b _ ZcuRTey 02830125345 831439 2063635627 0 ocomzg o
Ver 99.51232675

F\) = -0.2748702216
F\) = —4.788518838x 10
F\) = -0.136598562
FY =1.91614034210
F(l{Tl] = 0.0637 + szgl - 0?323 - Ofgs = (F};) = 9.319772624x10°*
c R R R FY = 8.610444669 x102

=0 l _ 0.1445 — 0.33 B 0.1?;85 B 0.01321 B 0.00(;607
Te T: Ts Ts Ta

B,, = ~127.204961 CM'/

BR. _ “(lj + oF <1)(lJ = 1B, = -12.42142998 Cm% ol

RT. T T

B,, = ~46.65598289 €M’/

BP Pv BP v (eP) 1(_oP _oB
2=t — = ——=lt— = —| — |=— | B+ P
RT  RT RT RTldy,) RT\ oy, oy,

oP oB
leoz>glzo & B:y12811+2y1y2812+y;822
=B= Y12811 +2y,B, - 2y12812 +B,y, + ylszz -2y,B,,

OB
= g =2y,B,, + 2B, —4y,B,, +2y,B,, -2B,, =0

1
Bzz _ Blz
Bll - ZB12 + Bzz

=Y =

odalie @WMJ)J?)JSXS)# QLQ.A JJLJ&.:UJL&)‘)/:L Q\ﬂﬂ' °'>)”\N4S("3';">dﬂ
éw‘ L}JLG) )L.f..é vA.ist‘ 42;::.;)3 .,\JLL;G LSJ)M °J\JA’A CU ‘&'.’. UJJL.& WL‘B BL. cb}.jr‘.;d
JwaLv J.é.”&- J.]a: S0 osle ] c.,\.::Lg y]_:l LY .l:j‘u.a
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9 20 (\]Cm-?’)l/2 C_,.:.S;’\} j:""blt’. L’ )\j'aj?; L}.SMP- ).) b 400 bar 9 lOOC )J Qﬁ)T g;.:bb- —q
Sl asbe 05551 6l 5L 5,50 slaesls S avuloee 25°C slos 3 250 cm®/mol P (>
Tc=150.8 K & P.=48.7 bar & v.=74.9cm’/mol & w=-0.004

(J=~
vt =57.1cm*/mole & &5, =10.9(3/cm?)?
T 28315
T. 1508

= f e (from  fig 10-13)=258.11 bar

57.1(400-1.01325)
83.1439 % 283.15

(S s oLzl Tsonopoulos Ll 51 db . 5 033 il s 5l
0.1445 — 0.33 0.1385 0.0121 0.000607

j R T2 - T3 - T8

L
=53= f' =53x48.7

=1.87765252 = (from fig10 —13):;—
C

= f e = 258.11exp{

=F (TLJ ~7.236747144x1072 & Fm{l

c

} = 679.3264504 bar

0. 331 0.423 0.008

=0.0637 + -
R T3 T8

J =9.363441466 x10°

BFe _pol 1|1 or 0| 1|2 8 = —18.72785612 cm®/mol
RT, T, T,
z-1 P B BP BP
Ing=| —dp=| —dp=—= f° =Pexp| —
?= jo p " ! RT P RT 2 p[RTj

400 (-18.727855612)
83.1439 % 283.15

i = fPLUfe exp[vé(él — 52 )2 q)g}

= 2 =400x exp[ j — 2 =290.9827164 bar

x, f2 RT

X, 290.9827164
= by trial & error : x,=0.06092503781

1 _679.3264504 57.1(20-10.9)’ y (1-x)x 250 i
8.31439%283.15 | x, x57.1+ (1—x, )x 250

gy LSS A B%C s s e Jlel S 105 Xa=0.2 55 B UM L Sl syl esle =Y e
20000 g.)j) leﬁjfjlooc UJJMd‘J‘JLCAoJL&: 92 J.ALM: ‘_5]9}1’9‘ &“1.{5}\4142.: MJL;O
S g |, J/mol
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()~

f T
Inizﬂ -1 :>In 20000 ( L —1j:>TtA=341.7509169K
Xo, RT, 0.2 831439><T 278.15 ’
T RT
At eutectic point: A vA
nl_ Ah{ (TC j
Xc th
R 1 1 1 1 1
~In—=—— = —In— —=—
Ah XA T T’LA Ah XA T A T
R 1 1 1 R 1 1 1
~In—=—--—=—+1n +t—==
Ah'x, T T, A 1-x, T, T
R 1 1 R 1 1
= ——In + =——In +—
Ah 1-x, Toao AR 1-x, T,
R 1 1 1 1
= ——In—~In =
Ah Xa 1-X4) To Tia
- AR'(T T, Ah -T
1 1 XA_ (t,A t,c) 1 1=exp ( t,c)
Xp RT A Tic Xp RT A Tic
1 1
= X, = & T=
g ANT(T , =T..) n 1
1+eXp : : hf T
RTt,ATt,C A XA LA
= X, ! =0.188968643

= X
L+ exp 20000(341.7509160 — 283.15) |~ *
8.31439 x 341.7509169 x 283.15

T= 5 11 1 = T =276.3370767% =3.1870767°
—In—+_—
Ah Xo Tia

23,0 200°C 3%, =02&X%, =03&X; =05 sy S5 L i 4w mlo bylss -1
L:‘_Jblx: BE) )l}'h.! )L? bl osls L}SJ}- )L.i.‘.) s 400 kPa J.!‘J.J Lo L)'i‘ DL 1 s )Bng )Li.‘.) el
1l 35 50 53 Glaesls .S 1y 200°C gles s 1 @La 36

1- The vapour pressure of component 1,2&3 at 100 are 40.70 & 90 kPa
2- Components 1&2 make azeotrope at 100 “and total pressure 94.88Ppa
3- The saturation pressure of an equal mixture of 1&3 at 100 is 97.5 kPa
4- A mixture of 2&3 has an upper consolute temperature of 250 “at X,=x3
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(J~
1& 2 make azeotrop «,, = Yo, Xy

X, N
Py.¢ = X,7:p;

. > . %X P
Py.#, = X7, Py jﬁzi/zpz &+ = % (assume ¢1z¢2z1)

X, Pg, Y. pls

S

s
P S S
:>72pgx S=1:>72p2=71p1:>7_2=p_15
71 P1 71 P,
. s . . 94.88
P=X171p1+xz72p2=71p2(X1+X2)=71p1394-88=71X40:>71: 0

&:p—ls: In(&j: In[ﬂj: Iny,—Iny, = Ini
o P 71 0 !

Assume: g /RT = ALX X, + ALXXs + ApXo X,
Iny, = ALX; + AlX] +(A1’2 +A; - A£3)X2X3
Iny, = ALX + Aéaxe? +(A{2 +Ag - A1'3)X1X3
Iny, = A1’3X22 + A£3X§ +(A1’3 +Ag — A1,2)X1X2

= A1,2X12 _A1’2X22 = In;j AIIZ(Xl +X2)(X1 _X2)= In;: A1’2(1_2X2): In;

94.88 9 94.88
N 40 71 = AX; 40
= xIn ﬂ X X22 =In 94.88 = X, =0.627598 = A/, = 2.192886205
1-2x, 7 40

X, =%X;=05 & P= )(17/1p1S +X373p§ =>P= )(17/1(p1S + p??)
— 97.5=0.5xexp(A;; x 0.57 |40 +90) = A, =1.621860432

c c
To_Aga oA JRTE 2T _ 2x(250+273.15)
2R 2R RT T 100+ 273.15
= Ay, = 2.803966233

L oS e 2007 slosys LIngy aSST (6l 5 dilods acloes 1007 (slas s Lenlb ol pla

ples ealaal Iny oc% aayly 5l

Iny, 473.15

Iny,, 373.15
1 [2.192886205x0.3% +1.621860432 x 0.5% + 47315

17,0 | (2.192886205 +1.621860432 — 2.803966233)x 0.3x0.5 | 373.15

= (IN;),0pc = 0.5949910284 = y, =1.813014679

Py, = X,7,p; = P, =0.2x400x1.813014679 = P, =145.0411743 kPa
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55100 bar 5 200C s 5l s, UB s A Sl s sldse b ipmss 38 bsbie Y
2=1-65x10"P-75x107°P? ik, 5l 38 by SrkeSl 3 s 3l 13 sl
osle (sl (58 ol 5 oS eyl 53 S C el bar ey P OT 55 oS T e et
ChL WL 0.01 gl 3 A s oS S il s 500 bar i B el sl; 51000 bar i, A

S o (g e Il 5L DNl 1 s, 0 B

(J~
YaBaP = X,H oot = 0.5x ¢, x100 = 0.01x1000 = ¢, =0.2

-5 2
In ¢ j—d _jol 65X103—75x10 p)jp——65><103 100_75X102 x100

= Ing, =-1.025

Ing, =yaIng, +ygIng; = -1.025=0.5(In0.2 + Ing;)
= Ing, =—0.4405620876 = ¢, = 0.6436745179
Yo#sP = XgH o i = 0.5x0.6436745179 = X, x500 = X, = 0.06436745179

oS LaSles b dsles 53 -1000C s 055,195% 5 S AuSlss 5% Jols (638 b glses Y

%@‘)LJ@)M&)‘JJ‘}@L‘!

(J=~

P. (bar) Te(K) | ve(em®/mol) ) z. = P.v. /RTC
Argon 48.7 150.8 74.9 -0.004 0.2909236619
CO, 73.8 304.2 94 0.225 0.2742802987

T =(T,T, ) =(304.2x156.8)" = 214.1806714

Wy = %(a)l +@,)= %(0.225—0.004)2 0.1105

2, = %(zcl +z7,) %(0.2909236619 +0.2742802987) = 0.282601979

v, =%(vcl% +ch%)3 :%(94% + 74.9%)3 —84.0888124 cm®/mol

z. RT
=% % _159 84772518 bar

C12
Vv
C12
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F!) = ~0.2561508853
F.) = ~0.9834555644
) = -0.5018437801

FY = 3.268420837 x107?
FY = ~1.934503774
FY = —0.2742866446

c6 T\ 01445033 01385 00121 0.000607
Te T, T T? TS

0.331 0.423 0.008
" T T

F “{lj —0.0637 +
TC

__ cm?
B,, = -65.98120404 CM°/" _
FeB _ F<°>(lJ +oF Y [lj = 1B,, =-486.2163944 M’/

B,, = ~158.3430805 ¢’/ |

S - S S
In¢c502 :J-Op Zpldp _ Bzz P, :>¢csoz ZGXD( Bzz pz]

RT RT
2 2 2 P
Ing, = 22 YiBx _(yl B +2Y,Y,Bi, +Y; Bzz) RT
j=1
o ng | 2X095x (~158.343.805) + 2 x 0.05(— 486.2163944 ) + 0.95% x 65.98120404 + | P
* | 2x0.05x0.95x158.3430805 + 0.057 x 486.2163944 RT

= Ing, = -1.900947202x10 2 P = ¢, = exp(~1.900947202x102P)

s
PV
pgo2 ¢cso2 EXp jps ﬁdp = @co, Yeo, P

0.1392 x (- 486.2163944) cexp 27.6(P - 0.1392)
83.1439x173.15 83.1439x173.15
exp(—1.900947202x10 %P )x P x 0.05 = P = 275.5605564 bar

= 0.1392 x exp(

sat sat

2 sat 2 sat
P=p X +P; X, + Y %P + By %, P,

(J~
P=X7pi" +X%,7,05" & |n71=%><§ & '”72=%X5
:>71=eXp(%X22j & 72=exp[%xfj we Know:eX:HwOXT:
:exp(%xzzjzhﬁxg & exp(%xszldrﬁxf
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sal A sal A
= P=xp; t(1+R—_I_xszrxzpzt(Hﬁxf)

sal A sal sal A sal
= P=x plt(Rzjx§p1‘+x2p2t (RT]X X p
At azeotrope point: Xi=yi= x, =y, & X, = Y,

A
Assume — =
RT p

sat sat

= P=xX plsat+/6§/2x plsat"‘pz X, +ﬂy1 X, P,

o S I s 58 bylse 51055 5w b ) A eIl el e V0
Aol il 3 3 5l 3 e LS (sl lalaly T e Sy ZEIHBPIRT el 5158 (6 eS| 5

AL el onls 0Lis 0T 53 Jb s ol o 5 by 4 s JLis Coml oS

(4
s
S S PV,
—ap = P
p;¢; exp [, ~-dp = V¢,
s s st s
=1Inp, +Ing, +E(P_ P, ): Iny, +Ing, +InP
2 2 P
|n¢2 = (ZY1B12 + 2y2 Bzz -Y Bn _ZylyZBlz -Y; Bzz )ﬁ
P
|n¢2 [2 -Y, BlZ+2y2 22 ( _yZ)ZBll_ZyZ(l_y ) yszz RT
P
= Ing, = (2B, - 2y,B,, + 2y,B,, - B,, —2y,B,, — yB,, — 2y,B,, + 2y2B,, - yZZBZZ)ﬁ

P
= |n¢2 = [(2812 - Bll)+(2822 + 2811 _4Blz)y2 +(2812 - B 11 YZ]

dy P
Rfl' dpP y22 [ Bn _4BlZ)+ 2(2812 - Bzz - Bll)y2]+
dpP dP
"'[(2812 - Bll)+(2822 + 2511 _4812)y2 +(2812 - B 11 yz] P

VS d d
= L= 9 ( df} — [(2B,, - 2B, —4B,, )+ 2(2B,, - B,, - Bn)yz{ij_.

. 1
"'+ﬁ[(2812 _B,)+(2B, + 2B, ~ 4B, )y, + (2B, —B,, - Bll)y§]+5
(5 i) 7,0 =0 el 5 e S 555 o S
v

1 1
= ﬁ_ RT [ 12 )+(2822 +2'-3’11 _4B12)y2 +(2812 - Bzz - Bll)yZZ]:E
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RT
st - [(2812 - Bn)"‘(ZBzz + 2811 _4812 )yz +(2812 - Bzz - Bn)y22J
WLl el 1 5 Al e Y, 0 s sl s

=>P=

RT
v; +B, — 2B,

2
oP ). oT? ),

NG o LT el 6 m Jps ldax 55 dales 51 Il ST (C

P=

(S~
c ov
ds=—dT —| — | dP :sls s (I
T (6ij e |
o) 5 - (3] )
=>—|=| =-=|=| == =-T|—;
P\ T ). ot \aT J, oP ). or° ),
(<
ﬂ:]__kE:PZE_FE:VZE_FB
RT RT v Vv
ov R dB o’V d’B o’V d’B
> ==t === | == =>"T == T-=
or P dT oT ] dT oT dT
ac 2 2
% _ d Ej:cpz—Tpd IE’WLA(T)
op dT dT
=c, =c,(T,P)

S sl 800 BAr 5290 K 5 15 (35S azenalS 35 -1V

(b~

RT

In¢=|ni=rz__1dp &r-1,8P_z-1_B
P % p RT P

f BP BP
=>In—=—=f =Pexp| —
P RT RT

P _pol L |pore[ T
RT, T, T,

F(o>( T J 01425033 01385 00121 0.000607

Tc T, T2 T3 T3
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Fa)(L] _ 00637+ 233104230008
Tc Tq Ty Ts
= F ("’(lj =-0.07262294119 & F <1>(lj — 0.09363005138
Tc Tc
—17.9846469 x 800

= B =-17.9846469 = f =800 exp( j = 440.4960409 bar

83.1439 x 290
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Appendix B
Application of EOSs in Equilibrium
Calculation
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hslos |y ol S5 Su3 olyr T=300C les 3 of 5T=80C les ,s C3Hg (sl —)

P V' VI AHY

d(Pv) = Pdv + vdP = A(PV) = j Pdv+jvdP

at equilibrium condition : [vdP = 0; f, - f, = [vdP =0
= J‘Vvlg Pdv = p™(v? —v') :>J‘Vvlg Pdv—p™ (v -v')=0
for vdw EOS : P = RT /(v—b) —a/v?

Ve v RT a v?—Db 1 1
:>J:/' Pdv :Iv' (m—v—zjdvz RT In VI b +a(v—g—v—|)

g _
RTINS P iat oy pes yvy0 ()
v —b vl
RT a ab
Vi—(b+—)V* +(=)v——=0 I
( P) (P) S (1)

a=0.421875R*T?/P, & b=0.125RT, /P,

A.sbbua‘gosjsu.ajﬁpé‘f LS)‘J‘;"W)V?‘SL;" wl:».n oJLAj) U'l‘ LS‘J" bb}aﬂbu.n \J..l'.a\
b aps o o3 (D) ol 55 1y slie cpl oS ol LoV sl =S J= LA

J"‘SJ‘J';J" bJMLSjLw:

RT  a
v-b T v(v+b)

v RT a
JPav={, G2 o)™

R.K EOS: P=

g _ g g
SRTI| TR A V8 [ VIED ) paye 1y
Vi—b) bJT (V') bJyT V' +b
a=0.42748R*T?°/PC & b=0.08664 RT,
°>LA C)” Pc(pSia) Tc, OF a‘vdw bvdw aP—R bp—R
H,O 3198.8 705.16 | 20614.23775 | 0.48855 | 713004.1776 | 0.3386
CsHg 616.3 206.06 | 34963.7312 | 1.44954 | 914337.35 | 1.00471
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For C3Hg by vdw EOS:

P (psia) Vg Vy Vi LHS
500 7.79675 4.22232 3.07903 49.41146
510 7.31779 4.48454 3.02818 4.32461
520 6.75702 4.8294 2.98674 -36.088
512 7.2148 4.54414 2.98674 -4.1611

511.02 7.26565 451453 3.01927 -0.0266
510.9 7.27182 4.51096 3.0236 0.48279
511 7.26668 4.51393 3.02413 0.058257

511.013 7.26601 451432 3.02369 0.0031

511.015 7.26591 4.51438 3.02363 -0.00538

511.014 7.26596 451435 3.02362 -0.00114

511.0135 7.26598 4.51434 3.02363 9.8E-4

3 3
= P& =511.0135 psia & V' =3.02363 f & v° =7.26598 f
sHg mol mol

For HO by vdw EQS:

P (psia) Vg Vy Y LHS
1800 4.26073 1.51009 0.869593 414.143
1950 3.67036 1.63754 0.859288 -50.6
1940 3.70885 1.62768 0.859932 -22.3
1935 3.72811 1.62285 0.860257 -8
1934 3.73197 1.62189 0.860322 -5.14
1933 3.73582 1.62093 0.860387 -2.265
1932 3.73968 1.61997 0.860452 0.611946

1932.2 3.73891 1.62016 0.860439 0.03617

1932.5 3.73775 1.62045 0.860419 -0.8272

1932.3 3.73852 1.62026 0.860432 -0.25

1932.25 3.73871 1.62021 0.860436 -0.1077

1932.212465 3.73886 1.62018 0.860438 2.968E-4
3 3
p*® =1932.212465 psia, V' =0.860438——, v =3.73886 ft
mol mol
For C3H3 by P-R EOS:

P (psia) Vg Vy Y LHS
500 6.38326 4.96795 2.29735 -130.16
400 11.4048 2.93905 2.71683 527.84
490 7.07301 4.53804 2.31605 -85.722
480 7.61604 4.26481 2.3364 -35.476
470 8.10895 4.05207 2.35873 19.7
475 7.86647 4.15314 2.34729 -8.4747
473 7.96425 41116 2.3518 2.657
474 7.91551 4.13218 2.34953 -2.932

473.475 7.94113 412133 2.35072 -3.6E-3
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ft?

ft®

p*® =473.475 psia, v® =7.94113—, v' =2.35072—
mol mol
For H,O by PR EOS:
P (psia) Vg Vy Y LHS
1932.2 3.07559 2.0334 0.621963 -1270.57
1800 3.74255 1.78393 0.625391 -900.94
1600 4.70884 1.58108 0.630929 -182.66
1550 4.96849 1.54323 0.632387 27.63
1560 4.91569 1.55053 0.632093 -15.468
1555 4,94203 1.54686 0.63224 6.01563
1556.4 4.93464 1.54788 0.632198 -0.013
1556 4,93675 1.54759 0.63221 1.7085
1556.396979 4.93466 1.54788 0.632199 6.33E-5
wt . ft® , ft®
p** =1556.396979 psia, v® =4.93466——, v =0.6322——
mol mol

P, =P. ExP(A+aB)
A=5.92714—6.09648/T, —1.2886In(T,) +0.16934T °

15.6875

B =15.2518 - ~13.4721In(T,) +0.4357 T °

r

C,H, : A=—-0.26962 & B = —0.2247 = P, = 454.824 psia
H,0:A=-0.7178 & B = —0.61453 = P, =1262.827 psia

H® —H=RT - PV +J'V{P—T(Z—$)V }dv

V |

i oP
H9 —H* =RT - p2V' P-T(—), |dV
p +L[ (aT)V}

v 9

- oP
H9 —H* =RT—p™V°+[ |P-T(Z), |dV
p [ { (6T)v}
| oP
AHY =H* —H¥ = p=(vo —V')+ [ | P-T(Z), ldv
PV =V )+ [, P-T ()

vdw:Pzﬂ—%:(@)V:i

v-b v oT v-b

P, RT a RT -a

3 3

C,H,: p*™ =511.0135psia, v = 3.02363ft—, v = 7.26598ft—
mol mol

3 ﬁ:3
H,O: p* =1932.2125psia, v! =0.86044——, v9 =3.73886——
mol mol
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AHY|. . =8919.416 &  AHY|, o =24006.05611
bR p_ R a :(@] _ R 2a
v-b v(v+bWT “\aT), v-b av(v+bWTT
P—T(@) _RT a RT  2a . -—a
T ), Vv-b v(v+bWT V-b 4av(v+bWT 2v(v+b}WT
g g b
= AHY = p(v? —v')+—2 | Iny i 2
P ( ) 2T (V.) (v'+b)
3 3
C,H, : p*™ =473.475psia, v =2.35072——, V9= 7.94113l
mol mol
3 ft3
H,0: p™ =1556.396979psia, V' =0.6322——, v® =4.93466—
mol mol
AH"|,, =6918.137 &  AHY[,, =18578.698
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13 sy Jsbw = 53 160° F sles 5 4000 psia s o Ssods 5306 53 (s S =Y

component Xi Vi Ci
Ci 0.45 0.86 0.00839
C, 0.05 0.05 0.03807
Cs 0.05 0.05 0.07729
Cq 0.03 0.02 0.1265
Cs 0.01 0.01 0.19897
Ce 0.01 0.005 0.2791
Cs" 0.4 0.005 0.91881

SIAke 5 oo 5 Ol S ol
MW=215 P.=285psia T.=700°F @ =0.52

S ks PRSRKRK VAW ¥l L 1 56 o o5 Ki=0 53 L

component Pc,psia T. °F o, MWi;
Ci 666.4 -116.67 0.0104 16.043
C 706.5 89.92 0.0979 30.07
Cs 616.3 206.06 0.1522 44.097
Cs 550.6 305.62 0.1995 58.123
Cs 488.6 385.8 0.2514 72.15
Cs 436.9 453.6 0.2994 86.177
C;* 285 700 0.52 215

a) van der Waals EOS (vdW EOS)

272 RT
P:R—Tb—iz: a=0421875° 1 g p-0125"
V- Y c c

3 RT, . (@& ab, _
v -+ G -(5) =0

% & B=2P
R°T RT

n 2 n
mixing rules :a,, = {inaf"s} & b, =Y xb,

i=1

2’ —(B+1)z*+Az—AB=0: A

b) Redlich-Kwong EOS:

RT a _ R°T®

P= - oo a=0.42747 RT,
v—-b v(v+b)T™

& b=0.08664 5

c c

aP bP
— & B=—
R?T %% RT

2° -7 +(A-B-B*)z-AB=0: A=
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n 2 n
mixing rules :a,_ = {Z xiai‘“’} & b, =) xb,
i=1

i=1

C) Soave-Redlich-Kwong EOS: (SRK EQS)

2 2
p_ RT __3a . . a7 RTC
v—-b v(v+b) A A

a=[+ma-T*)f & m=048+15740-0.1760"
(ac)P o _bP
(RT)? RT

RT,

& b=0.08664

2’ -7 +(A-B-B*)z-AB=0: A=

n n

mixing rules: (ac,,),, :ZZ[xixj(aiajaiaj)°'5] & b, =Zn:xibi
i=1

i=1 j=1

d) Peng-Robinson EOS: (PR EQOS)

2T 2
_RT _ aa . a=045724" 1 & p=00778
v—b v(v+b)+b(v-b) P, P,

m = 0.379642 +1.48503w — 0.1644w* + 0.016667w*

2 +(B-1)z* +(A-3B*-2B)z-(AB-B*-B%)=0

a=80nP g g P g fema-To%)f

(RT) RT
Mixing rules: (aa), = ZZ[xixj (aiajaiaj)o's] & b, =>xb,
i=L j=L i=1
vdW EOS Results:
Component a b

Ci 8591.5545 0.691
C, 20790.74719 1.044
Cs 34963.73118 1.4495
Cs 51709.8844 1.865
Cs 71115.64769 2.32179
Cs 92792.6059 2.80468
C/" 229326.5579 5.45912

MW, = x,MW, = (MW), =100.25466 & (MW), =20.895175
i=1

(@,)y = 68831.02418  (b,),, = 2.726497694
(@) g =11535.82399  (b,),,, = 0.8207859
A =6221 & B, =1.639= 7' =2.04624

A, =1.04262 & B =0.4935= z° = 0.96561
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. PMW | Ib
=———— = p' =29.54554—
p ZRT p ft3

Wl ot Dol sl Ol a € 6 L b A3l L Ci 56 Osls o aclons YL 3 S 0% 0

& p®=13.011 Ib/ ft?

3 S acwlea |y
v!=3.39322 & v®=160959 & > xc; =03856 & > yc =0.0235
ft® MW lbm
vl =v' =) x.c =3.0076 & pl =——=33334—
cor Z [} mOI pCOI’ (l:or ft3
ft? MW 1bm
ve =v®—-Yyc =1582 & pl = =13.2—
cor Z yl I mOI cor Vgor ft3
R-K EOS results:
component a b
Ci 161305.6132 0.47896
C, 494016.786 0.72361
Cs 914315.9585 1.00471
C, 1449779.828 1.2927
Cs 2095660.002 1.6093
Cs 2841929.287 1.944
C;" 7914166.78 3.784
(a,), =2121181.441 (b,), =1.88979
(a,), = 239518.8325 (b,), =0.5689
A =769 & B, =11363=17 =1.46808= p' = P('Y'—F:ﬁ)'
YA
|
v ERT :41.06|]E)TT & V'=2.44164 1 /mol
ft® MW lbm
ve =v' =) xc =2056— & p! =—"=48762—-
cor z [} mOI pCOI‘ (|;or ft3
A, =0.869& B, =0.342 = z° = 0.908618 = p° = P(':/'—F\:?'
YA

9
v =2 RT e _13827"M o yo_15112 ¥ /mol
P ft
ft? MW lbm
Ve, =ve =Y yic, =148766—— & pg, =-——' =14.0457 0
cor zyl i mol Peor N ftg

cor
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SRK EOS Results:

component | a b a
C: 8705.497673 | 0.478955 | 0.6878156
[ 21066.4787 | 0.72361 | 0.92335
Cs 35427.42795 | 1.00471 |1.051
Cs 52395.67236 | 1.293 1.164
Cs 72058.79313 | 1.6093 1.2642
Cs 94023.24206 | 1.944 1.357
C; 232367.9377 | 3.7838 1.786
(aa, ), =104406.7392 (b,), =1.88979
(aa,), =9241.506 (b,), =0.5689
A =94364 & B, =1.1363=7' =141245=p' = P(I'\;'{\_’rv)
VA
|
v ZRT :42.678|?TT & v'=2349 ft*/mol
A, =0.83526 & B, =0.3421=z° =0.926821= p° _ P(MW)
Z2°RT
g
ve =2 ET = p? =13.556”:TT & V¢ =1541ft* /mol
’ MW lbom
vl =v' Y 'xc =19635— & p| =——=51.06—-
cor Z i mOl pcor lor ft3
ft® MW lom
v =vi-Yyc =15— & p =——=13.7655—-
cor Zyl 1 mOI pcor gor ft3
PR EOS Results:
component | a b a
Cy 9311.768676 | 0.4301 0.74679
C, 22533.59702 | 0.64978 | 0.936634
Cs 37894.67601 | 0.9022 1.04282
C, 56044.62823 | 1.160797 | 1.13854
Cs 77077.13423 | 1.4451 1.2251
Ce 100571.2382 | 1.7456 1.3058
C; 248550.5786 | 3.39776 | 1.68592
(aa, ), =107541.2229 (b,), =1.69697
(aa,), =10422.64422 (b,), =0.510857
A =9.71968 & B, =1.02034= 7' =1.33481= p' = P(,'\;'QVTV)
Z
|
v = ZRT :45.16'%!‘ & v'=2.22ft*/mol
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ft? LMW lbm

v, =v' =Y 'xc =1834— & =—— =54.66——
cor z i~i mOI pCOI’ (I;O,— ft3
A, =0942 & B, =030716= z° = 0.863706 = p° :P(QLRV;/)
YA
g
ve =2 ;T = p? :14.55'%? & v =1.436f/mol
ft? MW lbm

cor

ve, =vi->yc =14183— & pd

=——=14.7881—
mol v ft

cor
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13 (Flash) SWSU s 30 e 347 psig jLis 5 1499 F gles s 5 5T L S -Y

?%)uhfjdlﬂju‘jijiﬂy.&o)b%ﬁs‘;.J;L{:

component | f; (%) Zi T..°F Pc,psia K,Wilson

H,O 0.9 0.001 705.16 0.3443 3198.8 0.012121
H,S 35.6 0.04 212.45 0.0948 1300 1.947955

H, 0.9 0.001 -399.9 -0.2202 188.1 22.656183

C, 7.6 0.00852 -116.67 0.0104 666.4 19.649374

C, 139.9 0.15687 89.92 0.0979 706.5 3.461671

Cs 490.1 0.54956 206.06 0.1522 616 0.953815
i-Cq4 100.7 0.11292 274.46 0.1852 527.9 0.393347
n-Cs 109.9 0.1232 385.8 0.2514 488.0 0.099404

C. ~C, 6.2 0.00695 453.6 0.2994 436.9 0.036841

K- & bgpe adsl ol o5 Sl ol = SRKS PR, b dsles 53 4 a9 b alis oy

S 355 233 WL 55 P syse 53 .ol sdal cews Wilson ooy ol Sl dslaags a6l s value

P =347 +14.7 = P =361.7 psia

53,5 Ol psia -

S.R.K. E.O.S. P.R.E.O.S.

X y K X y K
0.001113 0.000456 0.409918 0.001105 0.000465 0.420682
0.036393 0.057334 1.575414 0.036497 0.057872 1.585664

0.0003 0.004744 | 14.555317 | 0.000312 0.004513 | 14.481302
0.004744 0.026669 5.620135 0.004863 0.027179 5.588126
0.132633 0.273365 2.060874 0.133895 0.274095 2.04697

0.5522 0.536869 0.97222 0.552445 0.534842 0.968126
0.12219 0.068367 0.559527 0.12168 0.068223 0.560684
0.142238 0.031695 0.222858 0.141091 0.031913 0.226208
0.008209 0.000899 0.109547 0.008132 0.000918 0.112892

n,=0.172223 n,=0.163874

2=0.104881 2,=0.092836

24=0.72676 24=0.706654
fnv=0.0 fnv =0.0
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5 T=171°C by 53 (Ob s Jb 5 dm s A0 5 CO2 s ;3 V0) 0L 5 Jb i 5 CO2 b gl ¢

sl Sy [ (g ) €O ilS 3y 5 ool s 53 P=10 bar

RT
RTIng, = RTlny—_j ((an Jrva =)0V ~RTInz
J‘J\))'L."_ﬁ dJsles )‘ oslare! L’ 2J‘5\ uju))
p_RT _a
v-b v
b Zyb a Zzy'y'au z\l
J)“"&J"pbj")d‘jbw“’b}”"g)"j&l}_ K}Bw A.SJla.A)J).:JLQA \JS‘
ng =t b; _2\/a_izyj\/7
i v—b v-b VRT
27R?T 2 RT,
ai = , bi = !
64P, 8P,
T. (K) | Pc(bar) | Vc/10® (ft3/mol) P Z
CO, (1) 304.2 73.8 94 0.225 0.274
n-CH4H1o (2) 425.2 38 255 0.193 0.274
3
R =g.314 (PA(M) 1bar =10°Pa
(mol)(K)
2 2
- 27 x8.314 x30.§12 — 0.3656
64 x73.8x10
a, =1.387
| = w =4.28x107°,b, =1.16x10™*
8x73.8x10

a=yla +Yyia, +2y,y,4/aa, = (0.15)* x0.3656 + 0.85° x1.387

+2x0.15x 0.85+/0.3656 x1.387 =1.191
b=h,y, +by, =0.15x4.28x107° +0.85x1.16 x10™* =1.05x10"*
P =100 bar T =171°C = 444 K
RT a ,  8.314x444 119
=10" =

v—b v? T V-1.05x10"* V2

3
4 m
mol

v=1.93x10
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1.93 N 4.28x107° ~2+/0.3656(0.5x +/0.3656 +0.84+1.387

Ing, =1In — = )
1.93-1.05 1.93x10* —1.05x10 1.93x10* x8.314 x 444
5 2 4
_ 00T x193A07 ) a7 4 1 0693766
8.314x 444
SIS sy dsles 3l sl 1093 )
RT a

S v-b _ﬁv(v+b)
0.4278R?T,”°  0.0867RT,

a = b =
P, P,
_ nRT n’ra
V-nb TV +n;b)
ony b a—(n 1a) \/_V—(n b)n’ra

op RT on,
> — =
n, V-nb (V-nb) IV inb) [fVN+nM
n‘a=nla, +n’a, +2nn,./aa,
0
= OT(nTa) =2n,a, +2n, /a,a, = 2\/a—1(n1\/a—1+ nzx/g)
1
on;b
n1

_ 0P __RT__ nRTh 2\/_(n\/_+n\/£ JTVbn*ra
on, V-nb (V-nb)? NT (V2 +n.bV) [(ﬁwz+vnb)]z

RT -~ n,Rb,
RT Ing, = f(———jdv RT In L”( b v]dv_L(\/nTTb)ZdV

n;b=nb, +n,b, = =D,

lf"d—vm jv— RTInz
Vb)) VNV )]

CRTIN—Y +RT-__| 41, —RTInz
V-b _

© dV
IL=C| ———
! 1jvV(V+nb)
1 A+ B (A+B)V+Anb
VV +nb) V V+nb V(V +n;b)

A=-—

Aoyt T L=
n:b

C =1 1 C1In Vv w_C1|V+b
nb¥V V+nb nb V+nb" nb V
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— :2\/a_1(y1\/a_1+y2 az)InV+b

1 b\/? V

o vdv o dv

- _c| -
ZJ.V [V +n.b)J 2L (V +n.b)2xV
dx 1 1 X

= + = In(——)
j x(ax+b)? b(ax+b) b? ‘ax+b
a=1b=+nb

I, =

. dV 1 1 1 Vv :
:L S = + In
V+nb)’vV nb|V+nb nb V+nb |,
1 1 V+Db
- + n
nb(v +nb) nb?  V
_bin’a
T
b,a b,a v+Db
I, =— + In
JT(v+b) JTP2 v
2
— RTIng =RTIn— +RT 2 _ Ve (/e +Yoya,) | v
v-b v-b bvyT Vv
b,a b, v+b
- + In
NT(v+b) Th? v

C:2

—RTInz

2 25
a, = 0.4278x8.314 >;304.2 _ 6.467 b, = 0.0867><8.314;<304.2 _297x10°
73.8x10 73.8x10
2 2.5
a, = 0.4278x8.314 5><425.2 _ 29 b, = 0.0867><8.3145>< 425.2 _ 8.065x10°"
38x10 38x10

a=0.15> x6.467 +0.85% x 29 + 2x 0.15x 0.85/6.467 x 29 = 24.6

b=0.15x2.97x10"° +0.85x8.065x10™° = 7.3x10™°
RT a 107 3691.416 1.167

= — : = —
v-b JTv(v+b) V—7.3x10"° v(v+7.3x107°)

o 5 il SaS @
3

v=1/675x10"* "
mol
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1.675 2.97 1

Ing, =In + + X
1.675-0.73 16.75-7.3 8.314x 444
2./6.467(0.15/6.467 +0.85v/29 . 16.75+7/3 2.97 x107° x 24.6
_( n _
7.3x107°+/444 16.75 V444(7.3x107° +1.675x107*)

2 97x10°x24/6 16.75+7.3
«/44 4(7.3x107°)? 16.75
10" x1.675%x10™*

“In —0.70776
8.314 444
— 4 =2.029
SRK 4.5:[3.6 6‘5‘& LJ‘i'j)
_RT  a(T)
v—-b v(v+b)
0.42748R?T
a‘T =aca(T) aC =—C
PC
1+ (048415740 - 0176021 \T,)[
b = 0086641
C
nRT  n’a

V-nb V(+b)
:J.Jw..b&bsui.b)UJ[&ALS\J{ASLSH.?;::J«{A;.-‘}SQ

2
RT Ing, = RT In— 4 X10 \/—(y“/—”“/_z pV¥b_ab  ab, Vb ooy,

v-b v- b v vib b? v
2 2
a :0.42748><8.314 x 304.2 037
' 73.8x10°
2 2
C =O.42748><8.314 x 452.2 1,406
2 38x10°

{1+(048+1574x0225 0.176x 0.225% (1 - ;)ﬁ)} ~0.686

[1+(O48+1574><0193 0.176x 0.1932)( —‘/%)} = 0.966

= a, =0.37x0.686=0.254, a, =1.358

a=0.15* x0.254 + 0.85° x1.358 + 2 x 0.15x 0.85+/0.254 x1.358 =1.136
Air SIS ids, dsles 5lis Oleab, b, by

b, =2.97x107°,b, =8.065x107*,b =7.3x10"°
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RT a 107 = 3691.416 1.136

P= B = . 5
v—-b v(v+b) v—7.3x10 v(v+7.3x107°)
v=175x10"m*/mol :lx 5 d> KaS @

1.75 2.97
+ +..
1.75-0.73 175-7.3

—2+/0.254(0.15v/0.254 + 0.85+/1.482) In 17.5+73 1.136x2.97

=1Ing =In

1 7.3x10°° 175 175473 |_ (47
©8314x444) 1136x2.97x10° 175+7.3 | 10" x1.75x10”" '
(7.3x107°)? 17.5 8.314x 444
= ¢, = 2.066

bl OV a5l eslana :(3Jl-€->; 23
255 o C g 2 5 51O
2
Ing = V(len +Y,B,) —Inz

VvV
Brix = Y12 B, + Y22 B, +2Y,Y,B;,

zZ. =1+

mix

(S Cakad UL a8 Gl S se 6l

RT. T. T,
Fo(l) = 0.1445- 238 0.13285 ~ 0.01321 ~ 0.0008607
Te T, T, T, T,

FI(L) _ 0.0637 + 0.3231 B 0.433 B 0.0808
TC Tr Tr Tr
11 1 1
Veij :g(Vé’i +ng)3 & Tc,, =(Tc,Tc,)?

B2 5 B11 aclses

Fo=-0.15 :
_ 444 146:{ B 38107 405, 0225

"7 3042 F1=00826  8.314x304.2
B, =-4.5x10""
F°=-03 5
PR BT VYRR By x38A0” 40, _0103
425.2 F'=-0.0099  8.314x4252

B,, =-2.79x10~*
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v, =161.35x10°  ,Tc,, =359.647 = T,, =1.234

°=-0.22
= {F' =0.054

1, = %(wl +m,) =0.209

LS =-0.2087 = B,, =-33.67x10°* = B, =-2.1x10""
161.35x10
Pv BP
Zmix 1 — =
RT RT
L =043 >y = O30S _ 15914105 me /mol
10
2
—Ing =———(0.15x (—4.5x107") + 0.85(-33.67 x10™°))...
%= 159.14x10° ( ( ) ( )

-In0.43=0.483= ¢, =1.62

Kay v’hn-: Uju))
olng,| OJT, 2dlng, oP. dlng, om
In¢i = In¢m +(1_ yl) ¢ Pr,m + ¢ T,.m + ¢ IPr,Tr P
aT, o, oP, ooy, om oy,
olng,, __Ahmv dT, _ T dT,
T, RT.T dy, T, dy,
olng,  z,-1 dlng, CIng!
o P o, "
1 Ah! .—1dP 'd
=Ing, =Ing_+(1- il C+lng —
¢ =Ing, +( yl){(T RT. ( dyl) Pc . I dyj

aJLw Jo}h?-\ ‘}ﬁjdj‘ p.“a—
T, =y, Tc, +y,Tc, =407.05 K

¢ _1¢ _Tc, —-121K, dT, _ _—444 _(~121) = 0.324
dy, dy, 407.05
dP,
Pe = V1P, +Y,P., =43.37 bar, W =P _P, =35.8bar
1
dm
m=ym, +y,m, =0.1978, W =m, —m, =0.032
1
P, =£=2.3 , T, _ 1444 =1.09, m=0.1978
P, T. 4075
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2, =2°+mz ’aPr =— P2 P _ 19
ayl Pc ayl
2°=042 , 7' ~0025=12, 6 =0435
oV 1v
HY 31 B 15— aH,"/RT, =-339

RT, RT,
¢, =05, ¢ =1.07=¢=¢ (4")" =0.506
—Ing. =-0/679, Ing' =0.0676

B39(A07.09) (4 394y, 042571 1 gy 00676 0.032)}
1.09x 444 2.3

=-0.679+0.85(0.9238 + 0.475+0.002) = 0.51168 = ¢, =1.668

=1Ing =-0.679+(1- 0.15)[

Jjem”f -~ Lo | Uﬁ"‘ﬁg ij.ﬁ -

2

To = YiTe +YoTeo +2Y1Y,TC, = ViT, +(@—y,)’T, +2y,A-y)T,

% = 2lec1 - 2(1_ yl)Tcz + 2(1_ 2yl)T012

1
aT, _ T dT,
dyl TC2 dy
_ ky,(Tc, +Tc,)
B 2

r

Tc,,

2(0—\ \ J_;Ja- cr).)
m=ym +y,m,

2 2
Ve = YiVe + YoV, +2Y1Y,Ve,
1ot
3 3 3
Vch - E(Vcl + Vc2

z. =0.29-0.08m

P - 2.RT, 18PC _ zCZR . v, , 6Tc)
Ve oy, Vi oy, oy

ok, P P

o, P? oy

3

Ve = (0.15% x 94 + 0.85% x 225+ 2x 0.15x 0.85x 150) x 10~ = 202.93><10-6m—I
mo

0.275x8.314x401.47

202.93x10°° = 45.2x10° Pa = 45.2 bar
. X

z. =0.291—0.08x0.1978 = 0.275= P, =
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CHARACTERISTIC CONSTANT &32 FOR BINARY SYSTEMS

Tc‘l
(k12 =1 ~ gty
System System
(1) 2) kyz2 X 102 (1). (2) kiz x 102
Methane Ethylene | Propylene Propane 0
. Ethane 1 (or Propane) n-Butane 0
Propylene 2 /-Butane 0
Propane 2 n-Fenlane 1
n-Bulane 4 i-Pentane 0
i-Butane 4 n-Hexane (€))
n-Pentane 6 Cyclohexane (1)
i-Pentane 6 n-Heptane (2)
n-Hexane 8 n-Oclane 3)
Cyclohexane 8 Benzene Z
n-Heptane 10 Toluene 2)
n-Octane (12t :

Benzene (8) n-Butane i-Butane 0
“Toluene (8) (or i-Butane) n-Penlane 0
Naphthalene 14 i-Pentane 0
- n-Hexane 0
Ethylene Ethane 0 Cyclohexane 0
(or Ethane) Propylene 0 n-Heptlane 0
Propane 0 n-Octane (1)
n-Butane 1 Benzene (1)
i-Butane 1 Toluene (1)

n-Penlane 2
i-Pentane 2 n-Pentane i-Pentane 0
n-Hexane 3 (or i-Pentane) n-Hexane 0
Cyclohexane 3 Cyclohexane 0
n-Heptane 4 n-Heptane 0
n-Octane (5)- a-Oclane 0
Benzene 3 Benzene (§)]
Toluene (3) Toluene (D

Naphthdlene 8

{MNumbers in parentheses are interpolated or estimated values.
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System System

(n (2) k12 % 102, (n (2) kiz x 102
n-Hexane n-Heptane 0 Acetylene Methane (&)
(or Cyclohexane) n-Octane 0 Ethylene 6
Benzene (n Ethane 8
Toluene 1 Propylene 7
Propane 9
n-Heptane n-Octane 0 ' n-Butane (10)
Benzene (n i-Butane (10)
Toluene (0 n-Pentane (1)
n-Octane Benzene )] i-Pentane (11)
Toluene (1) Nitrogen Methane 3
Benzene Toluene ) Ethylene 4
Carbon dioxide ~ Methane (5+2) Ethane 3
Ethylene 6 - Propylene )
Ethane 8 Propane ®)
Propylene 10 n-Butane 12
Propane 11 4-1 Argon Methane 2
n-Butane 16 42 Ethylene 3
i-Butane (16 4 2) Ethane 3
n-Pentane (18 + 2) O:_cygcn 1
i-Pentane (18 +2) Nitrogen 0
Naphthalene 24
. Hydrogen * Nitrogen 0
Hydrogen sulfide  Methane 541 Argon 0
Ethylene (54 1) Methane 3
Fthane 6 n-Hexane 10
Propylene (7)
Propane 8 Tetra- Methane 7
n-Butane ) fluoromethane Nitrogen 2
i-Butane 9) Helium 16 42
n-Pentane 141 Neon Methane 28
i-Pentane (11 4+ 1) Krypton 20+ 2
Carbon 8 Krypton Methane 1
dioxide Helium Nitrogen 16
Methane (46)
Ve, 255 0.94

—=271-Kk,=0.94=Tc, =——(304.2 + 425.2) = 342.82
Ve, 94 2

T. =0.15° x304.2 + 0.85% x 342.82 + 2x 0.15x 0.85 x 342.82 = 401.47

dte =2x0.15%x304.2-2x0.85x425.2 + 2(1-0.3) x342.82 = -151.632

dy,
m=0.15x0.225+0.85x0.193 = 0.1978

1 1 1 3
ved = %((94 x107°) +(225x107°)®) =0.053 = v, =150x10""° r:]"—m
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ov

<= 2Y\Ve; — 2(1- yl)VCZ +2(1- 2y1)Vc12 =
1

3

[2x0.15%94 — 2 0.85x 225 + 2(1 - 0.3) x 202.93[10° = ~70.19x10™° r:“o

OFe _ 0275x8314 1441 47(.70.10%10°°) + 202.93x10°°(~151.632) = ~3.273x10°

dy, (202.93x10°°)?

oT. _ _-444 - (~151.632) = 0.418
oy, (401 47)?
107
i = 10 e (-3.273x10°) =1.602
oy, (45.2x10°)
Pr:i 100 ——=2212 T, _l: 444 =1.106
P. 452 T. 401.47
m =0.1978

2°~04, 72'=06 z=2z°+mz'=0518

H _ 31, Hy 145200 _ 339
RT, RT. RT

C
¢ =049, ¢ =1.08=¢ =¢ 4" =0497 & Ing =-0.698
Ing, =0.077

(+3.38) < 40147 ) 1164+ 09181 1 6024 0.077x0.032
1.106 x 444 2212

=0.698+0.85(1.155-0.349 + 0.002464 = —0.0108 — ¢, =0.99

Ing, =-0.698 + 0.85{

c:,wgt{o\,@&n)sd;,s;)mwjmum;rmu:ﬁ
ﬂ_ v oo o
RT v-b RT”(v+b)

g =Y 4 b, 2(yia +Y,8,) | v+b  ab {Inv+b_ b }—Inﬂ

! v—b v-b RT b v RT ¥'2p? V V+b RT
a=yio, + Yo, +2y,y,\Jaa, & b=hy +b,y,
- Q_R°T/ b, = Q,,RT,

P P,

Q. +Q )RT2® z.RT.

aij :( ai 2P) cij & Pcij L L CIJ (V}/ +V}/)
ij Vcij

cij

m +m.
=(T,T)*-K,) & z,=0291-0.08(———2)
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Qa Qb m
CO; (1) 0.447 0.0911 0.225
n-CH4Hyo (2) | 0.445 0.0906 0.2
2 2.5
8 0.447 x8.314 ><5304.2 _6T5 b, =3.122x10°°
73.8x10
a, =30.177 b, =8.428x107°

¢, = 0.201-0.08(2222+ 02y _ g 974
2

3
Ve = %((94><1o-6)% +(225%107%)% ):» v, =150x10°° %

V'isd" sslixwl |3 Jad (glacsls 3l Isdma
k, x10° =16+2=16
—Tc,, = (304.2x 425.2)%*(1-16 x10?) = 302.112
0.274x8.314x302.1 _ ) 566.10° pa = 45.88 bar

— Pc, =
1 150x10°¢
2 25
—a, - (0.447 + 0.445) ><8.3146 x302.1%° | 0 eco
2x4.588x10

a=0.152x6.75+0.852 x30.177 + 2x 0.15x 0.85x /10.658 = 22.787
b=0.15x3.122x10"° +0.85x8.428x10° = 7.632x107°

p_ RT a

v-b Tv(v+b)

. 8.314x444 1.0814
=10" =

T V-7.632x10°  v(v+7.632x10°°)
v=2.03x10"m*/mol : U 5 > S 4

203 3122 2(015x6.75+0.85x10.658)
20.3-7.632 20.3-7.632 8.314x444% x7.632x10°°

Ing =1In

In 20.3+7.632 N 22.787x3.122x10°° (In 20.3+7.632  7.632 )
20.3 8.314 x 4447 x (7.632x107°)? 20.3 20.3+7.632

7 4
_Inlo x2.03x10 — 0.305

8.314 x 444
— ¢ =1.3567
(5B Vsl J iS50 Salusge 5 .S L) G W sl (655 @L? S el razaa g,
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Parameters for the Lennard-Jones potentlal obtained from second-virial
coefficient data.¥

o (A) efk (K)
Ar 3.499 118.13
Kr 3.846 162.74
Xe 4.100 22232
CH, 4.010 142.87
N, 3.694 96.26
C,H, 4.433 202.52
C,H, 5.220 194.14
C3H 5711 233.28
C(CHy), 7420 233.66
n-CHq 7.152 223.74
C.H, 8.443 247.50
Co, 4.416 192.25
n-CiH,, 8.540 217.69
§L. S. Tee, S. Gotoh, and W. E. Stewart, 1966, Jnd. Eng. Chem. Fundam., §: 356,
KT 444
(—), = =1.984
& 223.74
I(O—Y' J&J ‘J’:,:,,)\ﬁ ‘LS)b Nl Jﬂjﬁ g.g.:al.g'.)jﬁj: 6)) Bzz wl.'>w
o e T T
_z - -
-4} -
2™ i
% ok 4
10 bo® % TNy i
-12) -‘
A4l t { [ |
e5 1.0 1.5 20 25
kT/¢
Second virial coefficients calculated from Lennard-Jones 6-12 potential.
B
= =-04
b.

b, =%N ,0° =% 7 x6.02x10%(7.152x107°)° = 0.000461
= B,, = -0.000184

(—)1 44 _am— B g2
192.25 b,

b, =108.61x10° — B, =-21.72x10°°
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u_ |88 _y074
k k k

o,=11% _5 784N
(k—T)12 _ 444 2.14 > B_ -0.25
g2 2074 b,

b, = %N ,&* =0.000244 — B,, = —61x10°°
= B, = Y/B, +Y:B,, +2y,y,B,, =-148.98x10°
Pv BP 148.98x107° x10’

z, =—=1+—=1-

RT RT 8.314 x 444

3
v O.596><8.3714>< 444 _ 220.158x10-° "

10 mol

Ing, = 2(y,B, + y,Byy) ~ InZ,,, =0.01689 = ¢, =1.017
\"

=0.596
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1lise 6[.@.\.::}))‘ o.l.ATC_,qu\.’ @L’b Wby
P =100bar ,T =171°C (15%CO, ,85%n-C,H,,)

S & error = 99" = v x100
h

sl dsles 1.0693 31.89

SIS sy alolas 2.029 -29.23

SRK dJslxs 2.066 -31.59

blze SN 1.62 -3.18

Kay 1 s, 1.668 -6.24

Kay 2 =, 0.99 36.94

4l promnas SIS s dsles 1.3568 13.58

S W Jeily 5550 o 1.017 35.22
(0-YY JS& 5 i lukis 157
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Part Two
Statistical Mechanics



Chapter 1
Introduction and Review



1- Solve the equation of motion of a body of mass m dropped from a height h. Assume
that there exists a viscose drag on the body that is proportional to and in the opposite
direction to the velocity of the body. (Let the proportionality constant be ). Solve for
the so-called terminal velocity, that is, the limiting velocity as t — « .

Solution)

.I_T."
& | g

> F,=ma=mg-N =ma

:>md—2X—m &
el

2 2
:>d—;(+l(%j:g Assume(%j:A: d_;( =(d—Aj
dt® m{dt dt dt dt

n
:>d_A+%A=g; ef%dt=em:>i(Ae%j:ge%

7 m & -
:Ae/“:g—e +cl:>A:g—m+c1e n

e e
7 t
:%zﬂe/”:x(t):@t—me /”+c2
dt  » yoor
@ t=0: V:%:0:0:ﬂ+clz>clzﬂ
dt 7 ¥

2 2
@ t=0: X:h:>h:0+g(mJ +c2:czzh_g(mj
v

:x(t)=@t+g[%fe_% +h—g(m)2 7/

Y Y

dxt) gm (m) - m
ob_9am, g(—j e i =v(t)= Iimv(t):g—:vt

dt y y tose y
v -M9

v
Part (b): at limiting velocity there is not acceleration:
mg

Ny=Mg =y, =—
e



2- calculate the trajectory of a shell shot out of a cannon with velocity v, , assuming no

aerodynamic resistance and that the cannon makes angle @ with the horizontal axis.
Solution)
e

T T

> e i
- T
-~ L
& ¥ LS
F Ty

i
s %

- '3
/ R
LY
%
&

2

k L]

. dv
In x direction: dtx =0=v, =C=v,c0860 =V, =V,cosd

%=vX =v,c080 = X(t)=v,c0s0+C @t=0 & x =X,
= X(t) = v,tcosé + x,

N dv
Iny direction: » F, =ma= ma, =-mg :d—tyz—g

=V, =-gt+c @t=0&v, =v;sing

=V, :—gt+vosin0:>%:—gt+vosin9

:>y(t)=—%gt2+votsin¢9+c @t=0 & y=y,
:>y(t):—}égtz+v0tsin6?+y0

3- Remembering that the potential energy is given by V (x) = —J' F(&)de = %kx2 for a
0
simple harmonic oscillator, derive an expression for the total energy as a function of time.
Discuss how the kinetic and potential energy behaves as a function of time.
Solution)

du=8Q W = du :—Pdv:—%d(AX): du :%dx

= du=-Fdx= Au = J'OX Fdx

x(t) = Asin ot + Bcoswt = V (t) = Awcos ot — Basin ot
a(t)= —Aw’ sin ot — Bo® coswt = —o” (Asin ot + Bcos at) = —’X

2

F =ma= F(x)=-ma’x; u(x):j'oxma)zxdx: mo X
2,,2 %

:>u(x)=ma)2X & we know: a)=(%j = o’m=k



E= %mv2 = 1m(%jz; x(t) = x,, sin(wt + ¢) = % = X, Cos(at + @)
=>E :%m(xma)cos(a)t +¢) = E :%ma)zxﬁ1 cos’(at + @)
w=(k/m)* = w’m=k = E :%kxf1 cos?(wt + )

E+u =%kx§1 cosz(cot+¢)+%kx,f1 sin(wt+¢)=T

—~T —E+u =%kxi[sinz(wt+¢)+°052(“’t+¢)]:T :%kxz

m

4- Solve the equation for a harmonic oscillator of mass m and force constant k that is
driven by an external force of the form F(t)=F, cosw,t .

Solution)

NN m = F

2
Y F=ma=F-kx=ma= FOCOSa)Ot—kX=md ;(
dt
2 2
X X Kk F
=m dt2 +kx = F, cosa,t :3?+—x:—°coswot
m m
2
: X :
Homogenous equation: ?jtz +w°x =0=> x(t) = Asin ot + B cos wt
=Y, =Lcosat + Hsinot = vy, =L, sin oyt + Ho, cos oyt
2 2 o d*x 2 Fo
=Y, =-Lo, cosapt —Hay sinot & % + WX = —C0S w,t
m

. . F
= —Lw? cos w,t — Ho? sin w,t + w? (L cos w,t + H sin o,t) = —2cos m,t
m

F F
= Lo -0l)=—" & H(@-0})=0=>H=0 & L= 0
0 o) & ool
X(t) = Asin ot + Bcos ot + ———~cos ayt
m(e® — @,

5- Show that &(t) = Asin t + Bcoswt can be written as &(t) = Csin(wt + ¢).
Solution)



&(t)= Asinwt + Beosat = A(sin ot +%cosa}tj
B .
Assume —=tang = &(t) = A(sin ot + tan ¢ cos at )

3 sin ¢ A . .
= &(t)= (sma)t+cos¢cos tj Cos¢(sma)tcos¢+sm¢coswt)

= &(t) = Csin(wt + ¢)

23- Verify the calculation that follows Eq. (1-37) which shows that the quantum
mechanical degeneracy of a macroscopic system is 0(10N )
Solution)

1 oma’e )
T e

(N +1)r [[3;\'}1} h*

Q(E,AE)=®(E + AE)-®(E)=®'(E)AE ; f(x+Ax)— f(x)~ f'(x)Ax

1 (27zma2Ej2ﬁ
(N +1)FK32')+1} h* 2

2 2
2 e
(N + 1)r( j

2 2

®'(E) = EV2AE

Q(E, AE)

3N
2E) 2

3N h?
I'(N +1)r
o %) |
T =300k & m=10%g & a=10cm & N =6.02E23 & AE =0.01E

k=1381E-23JK™* & E =§NkT = E =3741.129J) = AE =37.4113J

27ma’ B 27 x107% x0.12
h? (6.626E —34)*

2
In[Q(E, AE )| = 3;' |n(2”r']“—2a]+ In(37Nj+[37N—ljln E +InAE..

—In[(N +1)]—In{ (37N+1ﬂ

= In[Q(E, AE)] = 37Nln(1 43E40)+ In(?’;\l j (37N—ljln 3741.129...

=1.43E40 J*




..+1In37.41129-NInN + N —%In(%}-%

= In[Q(E, AE)]=138.7N +55.16 +12.341N —8.23+3.622 - 54.755N + N —82.74N +1.5N

= In[Q(E, AE )] = 50.552 + 16.046N ~16.046N
'IOLQ ~16.046N = logQ = 7N = Q =10™"
oge

= O(E,AE)=10™ = Q(E,AE) tobe O(10")

24- We need to know the volume of an N-dimensional sphere in order to derive Eq. (1-
36). This can be determined by the following device. Consider the integral

I _ J.er”“J‘ e_(x12+><§+.'-+xﬁ )dxldXZ ,..dXN

First show that | =z"'%. Now one can formally transform the volume element
dx,dx,...dx, to N-dimensional spherical (hyperspherical) coordinates to get

[dx,dx,...dx, — s dr
angels
where S is the factor that arises upon integration over the angles. Show that S, =2
and S; =4x. S, can be determined from any N by writing | in hyperspherical

coordinates:
I =j0°°e*“2rN’18Ndr
Show that 1 =S, T'(N/2)/2 where I'(x) is the Gamma function (see problem 1-58).

Equate these two values for | to get
272_ N/2

Sy =——
" T(N/2)
Show that this reduces correctly for N=2 and 3. Lastly now, convince yourself that the

volume of an N-dimensional sphere of radius a is given by

N/2
a _ T
A :L Syrttdr=————a"

=

and show that this reduces correctly for N=2 and 3.
Solution)

too - Xz-*-X2+...+>(2
I :I_w....je g N)dxldxz...de

([T w) () -

I=[ e r" s dr r? —u=2rdr —=du = dr =
0 2r

_[Pau N0, AU L
I—J'Oe u SNZr_ZIOe u’z’zr— S,du



| :EJ‘we_uu%(N—l)SNdu :S—Njwe_”u%’ldu :s_Nr(l%)
S F(’\V):wr/ =—F(’\V):> Sy _W

=S,=2r &S;=4r
a 2 27" 27" (a
V — S Nfld — Nfld — Nfld
N I Nroodr jo 1ﬁ(%)r r F(%)L reodr

27z a 7 aN x"al V. = z"al
( N[0 |\V1“N/ /+1) " (% +1)
7a’? )
V. = _
TR
v o T 7’a’ /a _2“><2!7z%a3=£m3
ey rlrl) avr adr @
2421
:>V3=£7za3
3

[Jaxdx, = [rs,dr & [[[dx,dx,dx, = [ r*s,dr
”dxldxz = J.J‘|J|d¢9dr = _”02” rdédr = I27zrdr =S, =27

IIIXmdXZdX3 = j”|~]|déd¢dr = Irrﬁl’z sin 6U6ﬁ¢dr
-1 ecosofpagar - [ [ g o

S; =4rn

30- Derive the equation dE = {T(S—_ﬁ - p}dv +C,dT and from this show that
\

[@] = iz for a van der Waals gas.
N J); V

Solution)

E=E(V,T)=dE= (GE] dv + (aS)dT
N J; aT

We know: dE= Tds- Pdv:[an _T(GSJ -P
N J; v s

From Maxwell's relation: [%j :[Ej
N J; ot ),



() () pmae (1) el
ov ). \aT ), ot ),

vdw Eos:P=R——iZ:>(a_] =l:>'r[@] =£
v-b v or ), v-b or ), v-b
a

aT ), v o), Vv

32- Derive an expression for olnK in terms of AH , the heat of reaction, and in terms of

C,, the heat capacity at constant pressure.
Solution)

G=H—TS:G=H+T(§] - —H =T[EJ—G (1
ot ), ov

) 5] 43

=——+
T T? T2 T\oT
P
:TZ[M} =—G+T[§j (I
oT . oT ),
oG/T)] -H
&)= =
(N &(11) { aT L T2
o2)-2T o) g o) 2
T T oT oT T
:{a(G/T)} H :{6(AG/T)}:AHr
owT) I, o)
[G(AG/T)} = _er &we know AG, =-RT InK
or |,
oInK') AHr . T
:( oT j:RT2 & AHr(T):AH'(298'15)+J.298.15VC"dT
T
[aln Kj ~ AH/ 50515) + 298_15chdT
or ), RT?

35- Itis illustrated in Chapter 17 that the speed of sound c, propagated through a gas
isc, = (mpx, )%, where «, is the adiabatic compressibility x, = —Vi(g—\;j . Show that
S



P

this is equivalent to ¢, =V _r
oV

1/2
v ) } wherey =C/C, , and M is molecular
.

1/2
weight of the gas. Using the above result, show that c, :(yT\A—T] for an ideal gas.

Solution)

BEE). () e

oV ).\ 05

Since we know: (éj :(a—Pj & (a_PJ :_(G_Tj
N Jp \OT ) s ), v J,
oy -1 B -1
RGNt
os )\ oV Jp oT )\ ov J




Chapter 2
The Canonical Ensemble

10



1- From statistical mechanics we have shown ok + ﬂ(@j =—p and from
ov), 4 o )yy

the thermodynamics we have [a—EJ —T(a—p) =—p. Why can’t S be linearly
v )yr v )yy

proportional to the temperature? That is f = constant x T .
Solution)

E)\ @) __(E) (@) __,
), %), =5, ),

o), \er),, o), \onT),,

op 0
P j = —( P j ;assume two cases
N,V N,V

olnp oinT
a)p=yr=Inpg=Iny+InT=dIng=dInT

= P =( P J ;t—[a—pJ = =T
omng),, \oInT),, oinT ),

b)assume: f=yIT =>Inf=Iny—InT =>dInf=-dInT
= P :( P ) :—( 517) o.k:>,[)’:7/
omg),, \-onT),, oInT ), T

3- Show that Eq. (2-9) follows from Eq. (2-8). Note that in deriving this result, we

N
have written In/7(a) as AIn 4— A~ Zai Ina, +4 and A have considered to be a
=1l
constant. Show that Eq. (2-10) is independent of this assumption, that is, derive Eq.
(2-10) treating 4 as Z,- a,.

Solution)
W(a)=

Al
Hai!
i=1

We want to maximize this function under two equality constraints:
N N

dYa=4 &) aE=E

i=1 =1

N N
Inw(a)= InA!—Zlnailz AInA—A—Z(al. Ina, —a,)
i=1 i=1

N N N
=InW(a)=An4->a,Ina,+> a,=AIn4- 4= a,Ina, +4

i=1 i=1 i=1
N
= Inw(a)= AlnA—Zai Ina,
=1
Now, define new objective function by the method of Lagrange multipliers:

Fla)= A4~ a, na, a(z Ajﬂ[ZEEJ

11



N

N da. N N
= —ZIn a,da, — Zai — - az da; — ﬁz E.da,
i-1 a i=1 i=1

i=1 i

=ZN:(—|nai ~1-a— fE, )da

i=1

If gzg (xl,xz,...,xn): dg ( ]dxl [ jdxz 4 .. +( den

e = 3 Bl = art) -3 L,

(65(0)] —0=—Ina ~1-a-BE = Ina, = -1-a - fE,
ai

1-a -BE,
=a,=e ‘e PE;

= a,=Ce ™  where C isconstant
4- Starting with Eq. (2-31), prove that the Boltzman constant £ must be positive,

using the fact that heat capacity C, is always positive.
Solution)

E=kT [alngj ,cvz(a_Ej
or )y, or ),
2
:{a—E] :2kT(a'”Qj a2 N2
ar )y, o )y, ot ),
2
=, =kT 2(6'LQJ q] OINQ
or )., \er

N

Z E/kT:dQ:ﬁ:%e%rdT

= =1
N - N T
or Ny =l kT Q or NV Q i=1 kT
olnQ S . g
= =—
( oT lev Z RT2 )0

The function of InQ vs. T is in first region & since (aIaLTQJ)O , The slope of tangent

lines are always positive , therefore there is no point that function changes direction,

we conclude that(a |ﬂTQJ>0
2
zz(mﬂ] i1 8 Ian 0,70 ,c,)0 = k)0
or ). or
Method 2:
S = kT[aan) +k|nQ:>(d—Sj must be positive
or )y, dar )y,

12



2
ds = k(a'”QJ ar k1] N2 gr g k[a'”QJ T
T )yy o )., oT
2
3(8_Sj=k Z(alngj o o°InO
or T )yy or* ).,
We know for spontaneous & irreversible process As)0

jzﬂmj +T(az'”QJ>o Y0 ,c.)0= k)0

oT oT?

N
5- Show that the entropy can be written as S = —kZPj In P, where P, is given by

j=1
Eq.(2-12).
Solution)
,E/
kT N E ,E/
: —E/kT:>d i deT
o 92 e= ;krze
-E N -E;
= [% 122Ee fir = k[ 92 =Y Ee Vir
oT kT or ), ‘=
N -E,
Z:E.e_l%r ZE"e o N Y N
== =) PE =) Ee " =0) PE,
ze %T @) i=1 i=1 i=1
e_%r
P = =InP=——-InQ0
N
~E,P v LB
FINE =— =PI =3 Pink =—5r—-InQY R
N 1 N
=-kY PInP, =+?ZEiPi +kInQ
i=1 i=1
-E,
Ee /T N N _E
2LE YEP & sz(é—Qj Vi
Q i=1 aT NV i=1
N N
Ser-w(M9) oS
i=1 aT N,V i=1

U

N N
k3 PInP =§+k|nQ=S=—k;glng

i=1
6- Maximize the function defined as “information” in information theory.
N
I=>Y_ P, InP, subject to the two constraints > P, =1 and Y E,P, =E = fixed .
i J= J

J
Compare this result to that of problem 1-51.
Solution)
I= ZP] InP, & equality constraints : ZR. =1 & ZPiEi =E

13



N N N
F(p)= PP, e 2P -1+ p Z;Eij—E
- <

J J=1

N N dP. N N
dF(P)=>P InP +> P, Sl ad dP + 3 E dP,
j=1 = -

j j=1 j=1

= dF(P/):ﬁ(InPj +1+a+ﬂE,/‘>{P/‘

j=1

We know: dF = Z[a—Fdei = (a—F) =0= maxF
=\ Ox, ox,

1

=InP +1+a+pE, =0=InP, =-1-pE,
=P =C exp(— ﬂEj)

8- Differentiate Eq. (2-16) with respect to £ to derive Eq. (2-13).

Solution)
N

N e, oQ ~BE;(N.V)
Q: eﬁE,,(NV):_: -E.(NV j
2 op =% BTk
100 _0InQ - Ee”™
oop B e’

=-E(N.V.p)

9- Derive Eq. (2-24).
Solution)
A B

W(a,b)=——

(@) [T TT5:
Z(aiAjA +b./E./B)= E
In[W(a,b)]=InA-XIna HInB-3Inb,!
InW(a,b)=AInAd—A-Y(a,Ina, ~a,)+ BInB-B-(b, Inb, —b,)
Fla,b)=A4In4-Ya,Ina, + BInB-Xb, Inb, +a(Xa, - 4)..
= y(Zb, ~B)+ pIX(a,E, +b,E,, ) E|

da,

& 2a,=A4 & 2b =B

dF(a,b)=> -Ina,da, -Ya,—~ -3 Inb,db, -3 b, dby .

J=1 aj bk
w—aXda, —y2db, — BXE da; - B2 E ,db,
dF(a,b)=%(-Ina, ~1-a - fE, da, + X~ Inb, ~1-y - GE , )b,

oF oF
dF(a,b)= z{a}daj + Z(ajdbk

oF
(—JzO:—Inaj—l—a—ﬂEjA =0=Ina, =-1-a- fE,

aaj

(%]:O:—Inbk ~1-y-pPE;=0=Inb =-1-y-pE,
k

:>aj=Ce7ﬂE’”‘ & b, =Cler

14



—JE —BE
e _pgloe
A Ze—/fE/A i B Ze—ﬁEm iB
“BE -PEg
e e
By =PF,Py x

)
Q=X & Q=%

10- Derive Eq. (2-31) and (2-32).
Solution)

N o0 1 W
0=2¢ j(arj a7 =t

:sz(aanj Ze b/XE =E
e

1

N(_EP 18 N
=5 :—kz(ﬁ—li InQJ=;ZE,~P,- +InQY P
y i=1

i=1

E.
=P =—-1In
kT Q

:>S=§+kan:>ST:E+kTInQ:>E—TS=—kT|nQ

= A=—-kTInQ ‘we know Pz_(a_A)
oV )y

~P= —kT( ag;/Qj eq(2-32)

TV

Method 2:

0= Z NV)/kT Q(N v T) i[;_;jdEj(N’V)eE,(N,V)/kT

Jj=1

11- Derive Eq. (2-31) through (2-33) by starting with 4 = —kT'InQ.
Solution)

= A=-kTInQ ‘we know Pz_(a_A)
oV )y

= P= —i(—kﬂn Q):kT(a'LQ) = P:kT(a'LQj
v oV oV

15



o4 o
S=-2£ S=——(=kTI
(&), =s=-gturno)

= S=k InQ+T(Mj :Ssz(aan)HcInQ
or or
alng
A=E-TS= A+TS = E= KT INQ+kT?| “2Z |+ kTInQ = £

= E=kT (a'”QJ
or

12- We can derive Eq. (2-36) directly by the method of Lagrange multipliers. We
label the Zevels rather than the states by the subscript /. The degeneracy of Ith level,

whose energy isEl, isQ,. The number of ways of distributing systems over levels,

with degeneracy Q

1o
Hall i=1
where a, is the number of systems in the Ith level. Maximize this, subject to the

constraints
Za, =A & ZaiE,. =g
to get

—-ElkT
. Qe

! Z_Qie_E/kT
i

a

Solution)

Q' = InW Qf
Ha,. 1_1[ Ha,. 1_1[

N N
= InW(a)=InA4> InQ;" - > a,!
i=1

i=1
N N N
= Inw(a)= AInA—A+Zai InQ, —Zai Ina, +Zai
i=1 i=1 i=1
Now, define new objective function: F(a)

Fl(a)= AInA+Za InQ, Za Ing, — (iai—A]—ﬂ(iaiEi—Ej

=: i=1

:ianida,. —ilnaidai —ia ——azda _ﬁzEda
i=1 i=1 i=1
dF(a)=3"(INQ, ~Ina, 1 — fE, Ha,

i=1

We know: F(a,,a,,...a,)= dF = Z[SF Jda
=1\ oad

i

16



=InQ, -Ing,-1-a—-PE,=0=1Ing,-InQ, =-1-a - GE,
=Ce ™, Za —A:CZQ —e =4
i i=1 i=1

A a. Q.
C=g——=>—"=5%

E.
13- Show that for a particle confined to a cube of length « that p, = %7’ . By taking
the ensemble average of both sides, we have p = %g If we use the fact that

E = ng (to be proved in Chapter 5), we get the ideal gas equation of state.

Solution)
hz ? 2/3
E;, = &a*=V=a=V =da’ =V (v is volume)
! 8ma®
h2n2y 23 OE
=E = —,we know P, = -| —
! 8m ! ov ),
2 2 aE _ 2 27,-213
dE =20y, () 2V T
773 8m ov N 3x8m
OF,; E. E.
= — :E vl = P. :gx_]
o), 3V 3T
OF . -E
! lexp(- £, /kT Yir
o 2| oy J p ) 5 ZE e
P = :y —E/
= Zexp( E,IKT) 2 kr
i=1 i=1
N -E
ZE./‘e i 2o F
we know'ile - =E=>P=-=
- 3V
e kT
i=1
E=-3L o E-3mr=Pr-rr
2V 2
14- We shall show in Chapter 5 that the partition function of a monoatomic gas is:
2imkT W N

Derive expressions for the pressure and the energy from this partition function. Also
show that the ideal gas equation of state is obtained if Q is of the form f(T )/ "
where £(T) is any function of temperature.

Solution)

17



z;zkajg% o
hZ
2mmkT

v

InQ——I ( j NInV —In(NT)

27zkaJ 3N

InQ_—I ( 7InT+NInV NInN+N

N,V

2 T oT 2T
dan:NdV:(aanj _N

14 or )., V
E—iT (alngj :kT2(3_Nj:3NkT:>E:3RT

or )y, 2T 2 2
pP= kT[aanj =kT[Ej=NkT —p=RL_ py_gr
vy T 14 14
ON,V,T)=F(@TW" =InQ=InQ=InF(T)+NIny
:dan:NdV:(aan) N p N py_rr
v ov )iy ¥V 4

15- In Chapter 11 we shall approximate the partition function of a crystal by:

h 3N
= /2kT U,
Q — € e 0kT
_hv,
1—e 2kT

where % = ®, is a constant characteristic of the crystal, and U, is the sublimation

energy of the crystal. Calculate the heat capacity from this simple partition function
and show that at high temperatures, one obtains the law of Dulong and Petit, namely,
that C, > 3Nk as T — .

Solution)
3N

e_e%T u, e_e%T u
Q= — e kTDInQ=3NIn — + —

l-e Var l-e Ver | KT
=InQ= —3NG, +3Nln(1—e0%)+u—°

kT
,g%
dIn Q_3N95dT TN AL
21° T 1_,% kT

:{alngj _3NO, 3NO, exp(—@E/T) L

2 2 2

oT )y, 2T T 1_exp(_917) kT
T

18



aan] _ 3NKkO, . 2NkO, exp(— HE/T) »
oT Jyy r 1—exp(—¢9 j
s

(9’;)665/’ (1— eiaE/T j - eia% (_ (ZE jeaE/T
T T
= dT
)
2 exp(— 0, ]
= (a—uj = 3Nk(9—EJ i S =c
T e, )
iz
exp(— 9%j

onl, |

(assume 75 =)

uszz(

du = 3NKk6, (

Vv

T—o© T—o

0 2
lime, = lim 3Nk(TEJ x[

2 ,-r
= |im3NkL2=9
Y @-e™) 0
27 —yte” 0 . i
= 3Nk lim =— using L’Hopital method
P gfimerr o USmabTop :
-7 _ -7 _ -7 2 -y
3Nk Iim 2e 2ye 2" +ye
ro 2(— e’ +2e_y)

= lime, =3Nk

T—o©

= 3Nk x1

16- In Chapter 13 of this author’s textbook Statistical Thermodynamics, it is shown
that the partition function of an ideal gas of diatomic molecules in an external electric
field ¢ is

Q(N’V,T,E)ZW

2mmkT (822 kT ™% (kT . y7z;
q(V,T,g)zV( . j . | — smh(—j
h h l-e HE kT

Here 7 is the moment of inertia of the molecule; v is its fundamental vibrational
frequency; and x is the dipole moment. Using this partition function along with the

thermodynamic relation, d4 = —SdT — Pdv— Mde where M = Nu , where z is the
average dipole moment of a molecule in the direction of the external field &, show

that
_ ue\ kT
= y| coth| &— |- —
g #{ (ij ﬂg}

Sketch this result versus ¢ from ¢ =0 to ¢ =0 and interpret it.
Solution)

where

19



_V(Zﬂkaj% sx’ kT \ e V4 |(kT). h(ﬁj
9= 2 2 ~h sin
h h 1—¢ i \ue kT

N

We know: 4=-kTInQ & Q:%

INnO=NIng—InNl=InQ=NIng—NInN+N

2
=InQ= NInV+3TNIn[2ﬂkaj+Nln[8ﬂ IkTJ...

h? h?

ot Nln{ exp(— hv/ZkT) }+Nln(k—Tj+Nln{sinh(:—;ﬂ -NInN+N

1—exp(hv/2kT) UE
0A
dA =-8dT — Pdv—Mde = (—j =-M
ag T.V,N
A=—kTInQ = —kT(a'LQJ =-M
08 Jryw
= ding == ge  Nucoshlue/kT) ,
£ kT cosh(ue/kT)
_ (2 Qj _ NN ot (s kT)
o€ e kT
M = kT(aanJ =M, Nucoth(ue ! kT)
oe £
M =Uu= y[coth(ﬁ) — k_T:|
N kT ) e

17- In Chapter 14 we shall derive an approximate partition function for a dense gas,
which is the form

3N,
Vs 2
O(N.V.T)= i( 2rmkT ) (v - Nb)* " ir
NI\ K

where ¢ and b are constants that are given in terms of molecular parameters.
Calculate the equation of state from this partition function. What equation of state is
this? Calculate the thermodynamic energy and the heat capacity and compare it with
Problem 1-30.

Solution)
aN?

1 ( 2mmkT N o
Q(N,V,T)—ﬁth—zj (V —Nb)* et

2

2
0 =N in[ 27K Nin@ - b)+ D NN+ N
2 h VKT

2 2
dino = N4V _ai\] dV:{aan]: N _ai\f
V-Nb VKT oV ) V-Nb VAT
2
P:kT[aanj:Pz NT__ aN :(P+i2j(v—b)=RT
ov V-Nb ¥ v

20



E=kT (a'a';QJ ‘This is vdW EOS.

2 2
Jin Q_3NdT adeT:)(aanj 3N aNZZ
2T  VkT oT 2T VAT
2
7 alng _ p_S3RT _aN & C - OE\_3R
or 2 14 or) 2
2
E=3RT_aNT g 9y 3R ar
2 V v 2
oP
dE =|\T| — | —-P|dV +C,dT (Problem 1-30)
or ),
p_ RT _éde:RdT:(a_PJz R
v=b v v—>b oT v—>b
:T[a_PJ —p=2 & =R Lar Rar ok
oT ), v 2 v 2

19- Derive equation 2-40.
Solution)

ieiE/T—ne /T+m 4T_ne /T|:1+ Ep El)/kT:l
N —Ej -
INY e ™ = In{ne i {1+—6(E”*1Ei)/kT}} = Inn—%+ In[l+ ﬂe(E"*lEl)’kT}
n

j= n
Assume Zexp[-(E,,, — E,)/ kT]=x &now write Taylor series of In(1+x) around
n

the point x,=0.

X
x=0+—=x

In(1+x)=In(L+x, )+

1+x, 1+0
m g _ M (Ega-E1)ikr
= In| 1+ e Era BT |y = oo
n n
N § E
—Ej I kT m  —(Eqps1-E1)/ kT
3|n2e U =lnn-—L4+Te
=) kT n
N ,Ey
E € kT ’Ej —E,.q —E,.q —E,.
;‘ ’ nEe Vi +mE e i —-mEe i +mE e i L E
N -Ej - —E —E, - —E —E, 1 1
ZEje kT ne 4T+me 47 ne 4T+me 4’
j:
e
+( n+l E)
- 7E/ E, . —E)kT th
ne kT 1+ ( n+l ™ 1)
n
m
= ;(En-d _El)eXp[_ (En+l _El)/kT]+ El

21



since limZexp[-(E, , — E,)/ kT]=0
-0 p

:S:klnn__l_;r__e kT + ( n+l 1)e (E,s1—Ey ) kT +_1
n nT T
km _p _ mE —E,) 5 _
=8S=klnn+—e (Ea—Ey)l kT + ( n+l 1)@ (Epur—Ey )1 kT
n nT
, . km - m—(E  —E) Gt
limS = kInn + lim—— ¢ FeaB)/AT +I|mMe KT
T—0 T—0 n T—0 l’lT
Iimﬂe_(E"*l_El)/kT =0
T—0 n
lim m- (En+l - El)e—(EM—El)/kT ~0
T—0 I’lT
= IlimS=klInn
T—0

22



Chapter 3
Other Ensemble and fluctuations

23



1- Derive Eqg. (3-5).
Solution)

Al
W({awj})ZW
ZN:Zj:aNj =A ;ZN:Zj:aNjN =N
%“ZaNjENj =E
INW =1InA=>">"In aNj!zJ AlNA-A->>aylnay, +> > ay
N j N N ]

= InW = AInA->">"a, Inay
N
F(aNj): Aln A—;Zam Ina,, —a*{;Zam —A}..
...—ﬂ[ZZaNjENj - E}—y[ZZaMN —N}
dF(a, )N: i%zj:(—ln ay, —1—Na*1—,6’ENj - N da,

[M]zo:—lnam _1_a*_ﬂENj -N=0

oay,

Equality constraints:

=Inay =-1-a" - fE; - N =ay =e e e

6- Derive the principal thermodynamic connection formulas of the grand canonical
ensemble starting from pV =kT InZ and d(pV )= SdT + Ndx + pdV .
Solution)

PV=kTInZ & d(PV)=SdT +Ndy+Pdv

a(PV) d

(—j =S=—(kTInE)=S
o )y aT

:S:klnE+kT(alndj :S=k{|n5+(a'”:j }
oT uv oInT v

ol =5,

o Jr ou )y
[6(PV)} =P:>P=kT(a|nEj
T,u T.u

ov ov
G=uN=E+PV-TS=E=uN+TS-PV

a'”“j +kT|n5+kT2(8'”“J ~KTInZ
Op TV al v

:>E=kT,u£alndJ +kT2(8|nnJ zk_{(@ln:j +(6|naﬂ
o Jry oT J,v olnp )., oInT

24

= E=kT/J(




G:yN:kTﬂ(a'”“j :G:kT{a'”“]
on Jry olnp)ry

A:E—TS:kT,u(alan +kT2(a'”“j —kTInE—kTZ(—alnzj
u s, T ) ot

A= km(a'”“j _KTIn=E
01 Jry

8- In the next chapter we shall see the grand partition function of an ideal monoatomic

3
gasis = =e% whereq = (Zmnk%z)/zv . Derive the thermodynamic properties of an

ideal monoatomic gas from =.
Solution)

% ,
E=e¥=IE=091 & q:LZﬂmwj vV & /I:e%T

h2

%
:InE:(Zﬂkaj V Y
h2
272mkT \* (1)
dInE= > j V(—je “Tdu
h KT
= % ]
N olnZ| _ 27zmsz v ie%:%
ou )iy L h kT KT
N=kT| N2} Nk Y N —ga
OH Jry KT
22mkT \*( 3 w (2mkTY
dinz =0 j (—)T%T*Ve%ﬂ{ 0 j V(_’i]e%
h 2 h KT
(alnaj wKzﬂka]% y N (zﬂmmj%
= =— el — L — e
oT 2T h? KT ? h?
:[8In5j=3qﬂ_,uq/1
aT 2T  kT?
E —KTu oInE +k_|_2(alnzj :q/,tﬂ+3q/1kT )
ou )., oT ), 2

B = 3 qakT S kT
2 2

oInE gi
A=KkT —kTInE =kTy| — |-kTgl
ﬂ( ou j y(ij |

= A=u0A-9Ai=N(u-1)= A=N(u-1)
Gkt "= Ckrux ¥ ga =6 = Ny
o Jry KT

PV =kTInE = PV =kTgi = PV = NkT = PV =nRT

25



9- Show that the partition function appropriate to an isothermal isobaric ensemble is:

A(N, p,T) ZZQNV Ee o

Derive the principal thermodynamic connectlon formulas for this ensemble.
Solution)

We want to drive the partition function of isobaric-isothermal ensemble:

AN,P,T)=S S Q(NV,E) Tre
ZZa\,‘j =A

Ayl 18 (\j S3ASF e s L Ve Ghls & pleatann sliaS @, |

N,P, T NP, T NP, T
N,P, T NP, T NP, T
N,P, T NP, T NP, T
N,P, T NP, T NP, T

Zvlzj:avijvyj =E ;Zvlzj:avij=v
Al
W=ocoae———=InW =InAl- Ina, !
= 23
v
=InW =AInA-A-> > a,lna,;-> > a,;
v v
InW =AInA->">"a,Ina,,
v

Now, we define new objective function under three equality constraints:

F(a,,)=Aln A—zvlzj:av,j Ina, —a{zvlzj“av,j —A}.

_ﬂ{zzaw Vi }_7[22%1'\/—\/}
Voo
( v,j):ZZ(_Inav,j _1_a_ﬁEv,j _W)javj
v
{aF(avj)j .
——|=0=>-Ina,; -1-a-pE,,-N =0
8avvj ‘

=lna,, =-1-a-fE,, -N =a,, =e“e e

Py j n- BBy j n-
Pv’j(N,P,T)= e € e €

a,; ~

ATYYe e A
vV E

In p; :_ﬂEv,j -N —InA

From in formation theory: S = —kz p;Inp,

=S =kBY p,E +kyD pV, +kIinA> p,

26




= S =KBE + kN +kInA
We know from classical thermodynamics: G=E+PV-TS

E P G 1 1
=>S=—+—-V-——=kf=—= ="
T T T p T p KT
7/=E:7/=£ & kInA:—E:Gz—kTInA
T KT T

= A(N,P,T)=3 S Q(N,V,E)e e /i

dG=—SdT+VdP+,udN:>(§j =-S5
T )
— O (CKTINA)=-S =S —kIna +kr| N4

ot » ).,
[ﬁj V=V =2 (—ktina)=V = —kr| A
P ) oP » ).

(EJ =y:>,u=i(—kTInA):yz—kT(alnAj
oN J; p oN oN J;p

G=H-TS= —kTInA=H —kTInA—sz(alnA}
or Jue

— H =kT2[a|nAJ
T N,P
H=E+PV = sz(a";Aj _ E—kTP(alnAj
N,P

oT
:E:kT(alnAj +kT[a|nAj
oInT )y oInT J;

A=E-TS = kT(alnAj +kT[a|nA] KT InA—kT[alnAj
N,P T,N N,P

oinT olnP olnP

olnA
olnP

DAZKT( j —kTInA
TN

10- In Problem 5-17 we shall show that the isothermal-isobaric partition function of

an ideal monoatomic gas is:
| )% (T )
ph’

Derive the thermodynamic properties of an ideal monoatomic gas from A.
Solution)

AMN:InA:NmM
S R

Ph® Ph®

= InA=37AIn(27zm)+%ln(KT)— NInp-3NInh

27



5AdT  (8InAY) 5N
dina=>AdT _ (oInA}_SN

2T ot )T
dina=—Ngp—[2nA)_=N

P »® )P

dinA =[§In(27zm)+i(kT)—ln P-3lIn h}dN
2 2In

:»(a'”Aj = 3In2m)+ 2In(kT)=InP —3Inh
T,P 2 2

oN
V——kT(alnA] (_Nj kTPN PV = NKT = nRT
y——kT[alnAj

3"T In(2 )—£|n(kT)+kT|nP+3kT|nh

S =kInA+kT(a| A)
oT

S_¥I (27m)+ ﬂln(kT) NK InP — 3Nk|nh+¥
G=-kTInA
G = —3NKT In(272m)— SNKT In(KT )+ NKT In p+3NKT Inh

Eszz(alnA] +kTP(a|nAj
ol Jur oP Jur

£ =kr?[ 2N ) pirp[ ZN ) 2T e e = Sk
Fil P 2 2

11- Derive Eq. (3-23) starting from Eq, (1-37).
Solution)

ma’E )"
Q(N,V,E)= -~ E@\IJH}(Z i Ej
INQ(N,V,E)=N |n(2’”;;°‘2Ej% —In[r(N +1)]- IH[FK%N)HD

2
InQ:NIn(Zﬂma Ej _InN- |n(3§'J

h2
INQ=Nln Z”maE NN N3N 3N 3N
2 2 2
Y
S = Nk n (Z’Z”Z‘E V- Nkinn o 20K 3NK 3Nk, 3
h 2 2 2 2
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S =Nklin

%
Z”'“Ej /V : +5';'k & EngkT
NNz(%Y

%
S = NkIn (Mj VN%}L Nk Ine’

S =NklIn

%
2””‘”) N%VN'%:IJr NK Ine*

27mkT j% ve’: }

S =NklIn

29



Chapter 4
Ideal Monoatomic Gas
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1- Convert Boltzman’s constant k =1.3806 x10**erg molecule™ deg™to

cm™ molecule™ deg™ and to eV molecule™ deg™.
Solution)

1ev=1.6021E-12 erg & 1ev=8.06554093E3 cm™

k —=1.3806E —16——9
molecule deg

= k =1.3806E —16/1.6021E —12 = k =8.61744E —5 eV/molecule deg
k = 8.61744E —5x8.06554093E3 = K = 0.6951 cm™/molecule deg

2- By considering the special case of an ideal gas, determine the order of magnitude
of E, A G, S,C,,and x.Express your answers in terms of N, kT or Nk, whichever
is appropriate.

Solution)

EngkT:Ezo(NkT) & C, =%Nk:>CV=O(Nk)

S= Nklnﬁﬂj Vi} = S =0(NK)
h

N
5
A=—kNT |n{(2”mszj Ewﬂ} — A=0(NKT)
h N

YA
G=E+PV_TS =%NkT + NKT — NKT |n[(2ﬂm"Tj Ve

hZ

G =NKT{2In (Z”mszj Ve Il - NkTn (Z”msz
2 h N h

= G = O(NKT)
%—#:u kT{ IKZTZH)%%}:#=O(W)

3- Calculate the value of n,, n, and n, for the case n, =n, =n, for a hydrogen atom

(atomic weight 1.0) in a box of dimensions 1 cc if the particle has a kinetic
energy 3kT /2, for T = 27°C . What significant fact does this calculation illustrate?
Solution)

2 2,2
&= h 2(nf+n§+nf):>g=3h nZX £=§kT
8ma 8ma 2
2.2 2
3h nZX:EkT:nf:A'masz ( T)}/z
8ma 2 h
_ 2x3/10°° (1.661E — 27 x1.381E — 23x300.15)"
* 6.626E —34

n,=7.92E7;n} +n; +n; =n® =n’=3n; = n=137.2E6

31



For very large n, the number of degenerate states is proportional to the surface area of
the sphere of radius n in this space. Therefore the degeneracy is proportional to n’.
Actually since the allowed values of ny,ny,n; are integer , we have counted states as
degenerate that are not exactly degenerate. However, for large enough n, these states
will be so close in energy that for practical (experimental) purposes we can take them
to be degenerate. n=1.372E8

Thus the most probable value of n is 1.372E8 and the degeneracy is of order 1.372E8
for this level.

4- Calculate the entropy of Ne at 300 K and 1 atmosphere. Use the entropy, in turn, to
estimate the "translational” degeneracy of the gas.

Solution)
AV
S = Nk |n{(2”m2ij ve } Nk In(e,,)
h N
PV = NKT = . - KT _LIBIE ~28x300 _ ) noger 26
N~ P 101325E5

[272ka j/ ~ (m x1.661E — 27 x 20.179x1.381E — 23x 300
h? - (6.626E —34)°

S =6.022E23x1.381E — 23In(8.86E31>< 4.0888E — 26 x e%)
=S =146.39 J/K =34.97cal /K

w(¢) is the number of energy states between & & ¢ +d_, or, in other words , the
effective degeneracy.

w(a)i(‘*mazfg% xy[om) (30

4| h? 4 \ h? 2

%
] =8.86E31

= ol)= % x 4.0888E — 26 x 6.022E23(8 x1.661E = 27 x 20'179] « (ﬂj

(6.626E —34)° 2
3x6.022E23x1.381E — 23x 300
2

%
= w(e)= 9.23E60( j =5.65E62

5- Calculate the entropy of 1 mole of argon at 298 K and 1 atm and compare this to
Table 5-3.
Solution)

P=1latm T=298 K, n=1,h=6.626E-34 J.s , k=1.381E-23 JK™

S = Nk |n{[2”m”] v eN } Nk In @,,

h2

PV = NkT = L = KTV % _4.048E _ 25
N P N

AMKT  27UKT

h2  h?

M =9.783E19x M
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%
(2”:2”] —9.676E29.M *
= S = NokIn(4.78756E5x M * x o, )
osle ¢U He Ne Ar Kr Xe C Na Al
o, 1 1 1 1 1 1 2 2
M 4 | 20179 | 39.948 | 83.8 | 131.29 | 12.011 | 22.9877 | 26.98154

After calculation:

osle ¢U He Ne Ar Kr
S(J/K) 126.062946 146.2533491 154.7704859 164.0123282
S(cal/K) 30.1153721 34.93816271 36.97336023 39.1811582
S(cal/K) 30.11 34.94 36.97 39.18

The last row is data in table 5-3

o3le ol Xe C Na Al
S(J/K) 169.6131072 139.7790966 153.6423959 155.6396199
S(cal/K) | 40.51913694 33.3920441 36.70386906 37.18098898
S(cal/K) 40.52 37.76 36.7 39.36

6- The quantum mechanical energy of a particle confined to a rectangular
parallelepiped of lengths a, b and c is:

_h*(n% 0% 0%
gnxnynz _8_m a2 +b_2+ c2

Show that the translational partition function for this geometry is the same as that of a
cube of the same volume.
Solution)

2,2 2.2 2,2
0 7ﬁhnxco 7ﬁhnYco 7ﬂnnl

=Bengnyn,
irans :Ze e :Ze 8ma’ Ze 8mb? ze 8mc?
n=1 ny:1 n,=1
00 2,2 2 00 2 2 2 o - )
= Oyans = J‘ e*ﬁh n%c/8ma anL efﬂh n?y /8mb dnyL e—ﬁh n?,/8mc dnz

%
We know J' e dx = %(gj

1(8ma’z )" 1(8mb’z)* 1(8mciz)’
=% =73 e ) 2l e ) ol

% % %
= Oy =%[%} abc :%(&E#j V =[2r;#j \%

7- Given that the quantum mechanical energy levels of a particle in a two-dimensional

box are
2

g

N 8ma’ (Sf +S>2') &le Sy =12,...
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First calculate the density of states w(g)de , that is, the number of states between &
and ¢ de, and use this to find the translational partition function of a two-dimensional
ideal gas. Then find the partition function by another method. And finally find the
equation of state, the thermodynamic energy E, the heat capacity Ca, and the entropy.
This is a model for a gas absorbed onto a surface or for long-chain fatty acids on the
surface of water, say, as long as the number of molecule per unit area is small enough.
Solution)

8ma’s 8ma’e

o2 =s;+s; =R’ = 2 =R?
1 1 8ma’s 2ma’e
:>q)( ) 4(7ZR2)=Z X h2 ( )= h2

(5 Ag) (5+A5)( q)( ) ( )

We know f (x+ Ax)f (x) =~ f'(x)Ax

= o(s)ds = T]na de
- " »27ma’ 2zma? =,
G, = [ olele *de = [ T e Fde = T [Te M de
e =u=—fe P de=du=e¥des= -
_ U —e”
:>J.e””‘gd8: ﬂ:—u: € :>L e"&dg:l

g B B

1 2zma’  ( 22mkT
= T X E = qtr = ﬂhz = h2 S

mst/ 2 N\
J' e Kma ds = E(Smazﬂj
2\ ph
1 8mkTrx 27mkT
=0y = h2 S tr — h? S

Q:%:InQ:NInq—NInNJrN

:an:Nln{(ﬂjS}NlnNm
h

(a'”Q}ﬁ -P=kT(a'”QJ = PS = NKT
5 Jur

oS S’ ,
E =kT2(a'”Qj=kT2(ﬁj: E = NKT
&s T
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cAz(@j —Nk=C, = Nk
T ),

S = k|nQ+kT(a'aLSQj _kN |nK2”mkT H— NKIn N + NK +kT[¥j

h2

— S = Nk |n[(2”m"T )S} _ Nk In+ 2Nk

hZ

=S =Nk In[(mjiez}
h N

8- Calculate the entropy of mixture of 50 percent neon and 50 percent argon at 500 K
and 10 atm, assuming ideal behavior.
Solution)

SU(T,P)=>"ysd(T.P)-RY y, Iny,
S9(T,P)=05(S +5% )~ 05N,k x2In0.5

Y\t
sszm{(M) Ve }

h? N

PV NKT = Y _ KT _138IE-23x500 _ V _ .o o0 oo
N P  10x1.01325E5 N

272mkT 27 x1.661E — 27 x 500 x1.381E — 23x M

( h? j { (6.626E — 34 _J

=S =137.8616J/mol K & S\ =146.381J/mol K

= S'9(T,P)=0.5(137.8616+146.381)— Nk In0.5

= S'9(T,P) =147.886 J/mol K

9- Calculate the De Broglie wavelength of an argon atom at 25°C and compare this
with the average interatomic spacing at 1 at.
Solution)

L (6.626E — 34 :
2mKT ) | 27 x1.661E — 27x 39.948 x1.381E — 23 298.15

= A=16E-1Im= A =0.16A°
PV =nRT = 1.01325E5xV =1x8.31439x 298.15 =V = 2.446519E — 2 m°®

—a=029m= % = 5.5E —11((1

10- Evaluate pAe,,, at room temperature, given that electronic energy levels are

usually separated by energies of the order of electron volts.
Solution)

K=0.695 cm™/deg molecule

_82258.907 cm ™ & A, = Dfeke _

For H: A¢ elec KT

elec
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82258.907

= ——————— = BAg,,. =397 molecule™ =2.4E26 mol
298.15%0.695

11- Using the Data in Table 5-1, calculate the population of the first few electronic
energy levels of an oxygen atom at room temperature.

Solution)
~PAg;
f =P "t = |n(&J v
a)el a)el

@, | Energy (cm’l) BAe, (mol ‘1) f

3 158.5 4.6063E23 105
1 226.5 6.5825E23 1072086EZ
5 15867.7 4.61E25 10°E%
1 33792.4 9.821E25 107420E%

12- Show that the contribution of electronic degrees of freedom to the total energy is
small at ordinary temperature.

Solution)
—PAsy,
E =3kt N8 T 3 \ir | N, t,
2 gelec 2

At room temperature limf, =0=E = 3 NKT
T->298.15 2
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Chapter 5
Ideal Diatomic Gas
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Problem 1- Drive (6-52) to (6-56)

N

Q:%:anlenq—NlnN+N = dInQ=NdIng

2 ~hy,
1nq_31 (2;;ka) iV i ST —ln(l—e “AT)+lnwel+&
h? oh 2kT KT

— ;hv _dT e_hva
3T dT _ hv(-dT k A T2 D, (—dT
ding=—— Kl T T LN B
o T kT kLT
2
[alnquiJr hv2+(h;//kT ) De2 & EszTz[amqj
6T ) 2T 2kT? Mo _q KT oT
:>E=5NkT+NhV+ hth _ND,
2 2 QWi 4
_ E 5, v+(rhw/kT) De2 6-52)
NKT 2 2KT Wi _q KT

(hvj(—de hy/
dE = NKgr Ny ~KAT ) & cvz(a—Ej
e

oT
oE 5Nk hv
- |=—F| —
)5 [k

5Nk ( vj C, 5 (hv)z g /i
C,=—+|— — o> t=t| = | ———
2 kT - Nk 2 (kT (ehva ] 1)
S=kan+kT[aanj & (aanij(c?lnqj
ot ot ot

e

=—+ + -
2T  2kT? (thkT_lj kT2

[8anj_5N hvyN  Nhv/kT? ND
oT

5Nk Nhv ~ Nhv/T  ND
+ + -
2T [ehva _1) T

% ) V
S— Nkln(zﬂmzk-rj +NKInV + Nk In| S71KT | NV _ Nkln(l—e‘%T j
h oh 2T

e

S=k(NIng—NInN+N)+

2

.+ NKlIn o, +N$ _NKIuN + Nk + 5|;Ik Nhv  Nhv/T  NDe

2T (thkT_l) T
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AV 2
S ln{[Zﬂ'(ml+m2)kT:| Ve }+ln(8ﬂ IkTeJJr

Nk h? N oh?
(T’/ kT) ln(l _e ) rlnm,, (6 - 54)
el _1
d1nQ = Nd lnq:(aanj - N[alnqj &P:kT(ah’Qj
N s N - By,

d1nq:d_Vj(alnqj :l:(Mj _N

Y N ) VUV ),V
:PzKT(%}: PV = NKT (6 -55)
y:—kT(aéLNQj &  dInQ=1IngdN —In NdN —NdWN+dN

= dInQ =1IngdN — InNdN = (a;l\lQ

)=lnq—lnN

= pu=-kT(Ing—InN)= z=kTInN —KkT Inq

% 2
L H g M KT [ SEIIKT)
KT h? o’ ) KT

...ln[l —e_h%T ) _De_ Inw,,
kT

PV =NkT = InP+InV =InN +In(kT)= InN - InV :ln(%]

z :
M h{ij . ln{%r(ml h+ m, kT } B ln[sn IKT J hv

+
KT (KT 2 oh? | 2kT
...+1n(1—e_h%T)—%—lna)el & at standard cond. p° =1
o % 2
_H (T):_ln 27z(m, +m, KT (Tl 877KT | v
KT h? oh? ) 2kT
...+ln(1—e_h%T)—%—lna)el (5-56)
6,=" & B=—"_ & g=0C__1"
k 8721c k 8zl
% 0, }
S o Z”U(mltmz)kT Ko it ™ i naw, +— " —mn(—e”") (656
Nk h P o0, e?7 4

Problem 2- Verify the results of table (6-3) by Eq.(6-56)'
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M, M, o | aw, | 6K | 6(K)| s®(cal/K) | S“*(cal/K)

H, | 1.00794 | 1.00794 | 2 | 1 [ 853 [ 6215 31.17166 31.1
O, | 159994 [ 159994 | 2 | 3 [ 2.07 | 2256 48.98977 49

N, | 14.0067 | 14.0067 [ 2 [ 1 | 2.88 | 3374 45.746 45.7
Cl, | 35453 | 35453 | 2 | 1 [ 0351 | 808 53.215 53.2
HCl | 35453 | 1.00794 | 1 | 1 [ 15.02 | 4227 44.627 44.6
HBr | 79.904 | 1.00794 | 1 | 1 [ 12.02 | 3787 47.445 47.4
HI [ 126.9045|126.9045 | 1 | 1 | 9.06 | 3266 49.372 49.4
CO | 12.011 | 159994 [ 1 | 1 [ 277 | 3103 47.2 47.2

1- The Morse potential is u(r)= D, [1 —e”’ (”e)]. Show that 8 = V(27r2 1/ D,

Solution)

u(r)=D, [1 _ e*ﬂ(r—re)]j u(r)=D, [1 e 2 _ ze—ﬂ(r—re)]

du(r)
dr
d?u(r)

dr2 |r:re

=S4V u=k=28°D, =4z V' u= B’ :VZ(

= p=v(27°u/D,)’

=28°D, =2B°D, =k & Vv

=D,[- 24 428 | atr=r,:
=D, J4pre ) _287%e )] atr=r,:
g%
7,

27 u
De

1

27

du(r)

2- The dissociation energy Do of H; is 103.2 kcal/mole, and its fundamental vibrational
frequency @ is 4320 cm’'. From this information, calculate Dy and @ for D,, T, and
HD, assuming the Born-Oppenheimer approximation.

Solution)

The Born —Oppenheimer approximation is based upon the approximation that the nuclei
are so much more massive than the electrons that it is legitimate to calculate the

electronic state of a molecule in a field of fixed nuclei:
Thus H, & D, & HD all have the same internuclear potential function, and therefore have
the same internuclear potential D, and the same internuclear separation.

mass unit
m,m, m, uM,
T T
H H

%
v =2L(_j =47V U =K =V, phy, =Vp, o,
T

y7,

u
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mym, m, uM

= = = D:u:> =U
#o, m,+my, 2 2 #,
m,m uM M 2u 2u
Hyp = ——— = D= "=y =—
my+m, My+M, 3 3
_ mm; _uM; 3u_  _3u
e im, 2 2 T

V=0t= 5|—2|2CZ,UH2 = 5|32202/UD2 = EjzﬂHz = 5022/102
= 4320° x% — @2 xU= w2 =3054.7 cm’’
— _—2 > U 2u -
O, 1y, = Ofp Hyp = 4320 XE =V,o x? = w,p =3741.23 cm
— _—2 > U, 3u_ a
O, fy, = 05 py, = 4320 XE = @y, x; = o, =2494.15 cm
D. =D, +%hv & DeHz = Do = DeD2 = DeT2
D,y +lth =D,, +lhva = D,, =Dy +lh(VH —va)

2 2 2 2 2 2 2

|

= Dy, = Doy, +§hc(a)H2 -,)N,

= Dy, =103.2 +%>< 0.626F = 34x 2.9979E10 . 6 022E(4320-3054.7)

1000x 4.186

= D,p, =105 kcal /mole
Dono =104.03kcal/mole & Dg; =105.81 keal /mole

3- Given that Dg for H; is 103.2 kcal/mole and that 6, is 6215 K, calculate Dy for both D,

and T».
Solution)

vT,

Vi, _ Vo, N Vi,

= = v =
k h 9\/ evH 5 QVDZ evH ) 0\”—2
vo, @, Wy 4320 3054.7
— = —

6’sz ‘9sz ‘9sz esz 6215 ‘9sz
@y, @ 4320 2494.15

= =
On, On 6215 6,

= 0,5, =4394.7 K

= 0, =3588.23 K

D, =D, +%hv =D, +%0ka;\ ;Day. = Dyp, = Dy,

Don, +%0szkNA =Dyp, +10

2 vD, kNA
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= DoD2 = Don +%kNA(9vH2 _'9\102) & DoT2 =Dy +%kNA(‘9VH2 _‘9VD2) &

Dyr, = Do, +%kNA(‘9VH2 _GVTz)

1.381E —23x 6.022E23(

2x4.186x1000
1.381E —23x 6.022E23(

2x4.186x1000

Dy, =103.2+ 6215-4394.7)= D, =105 kcal /mole

D, =103.2+ 6215-3588.23) = D, =105.81 kcal /mole

4- Show that the moment of inertia of a diatomic molecule is ur, , where u is the
reduced mass, and r¢ is the equilibrium separation.

Solution)
I
X = m, X,
m, +m,

Translate center of mass to origin:

rm, =r,m, :r, is the distance of m; from the center of mass& r, is the distance of from
the center of mass.

R=r+r=r=mR/(m +m,)&r,=mR/(m +m,)

R: the equilibrium distance R between the nuclei

2 2
m,R m,R m,m
| =mr’+mr’ =m| —2 +m, 1 =12 R’
m, +m, m, +m, m, +m,

1 1 1 m, +m,
we know: —=—+—= y=—1—2 =reduced mass
4 mom, m, +m,

= | :,ure2

5- Show that the force constants in Table 6-1 are consistent with the frequencies given
there.
Solution)

(kY
Vv [—J = 4rViu=k=4r’o’c’u=Kk

" 2r\ u
mlm2 _ UMIMZ :k:47l'252C2U MIMZ

“moam, M, +M, M, + M,
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w =107 K, x107° Ko X107
M; M, B
(m 1) (dyne/cm) (dyne/cm)
H, 1.00794 1.00794 4320 5.54325 5.5
D, 2.01588 2.01588 3054 5.5407094 5.5
Ch 35.453 35.453 561 3.2881 3.2
Br, 79.904 79.904 322 2.4414 2.4
I 126.9045 | 126.9045 214 1.71264 1.7
0, 15.9994 15.9994 1568 11.592 11.6
N, 14.0067 14.0067 2345 22.6978 22.6
CO 12.011 15.9994 2157 18.8129 18.7
NO 14.0067 15.9994 1890 15.7234 15.7
HCI 1.00794 35.453 2938 4.986 4.9
HBr 1.00794 79.904 2640 4.08875 39
HI 1.00794 126.9045 2270 3.037 3
Na, 22.98977 | 22.98977 159 0.17127 0.17
K, 39.983 39.0983 92.3 0.0982 0.1

6- Using the data in Table 6-1, calculate the frequencies that are expected to be found in

the rotational spectrum of HCL

Solution)

5 h

8%l

B 4771

(J+1)=v, =2Bc(J +1)

v,=2Bc & v,=2(2Bc) & v, =3(2Bc) & v, =4(2Bc)

B, =10.44 cm™ =1044 m™'

& ¢=2.9979E8

vV, =2BCc=2x1044x2.9979E8 = v, = 6.26E11 s
v, =2v, =1.252E12 s*' & v, =3v, =1.878E12 s~

7- In the far infrared spectrum of HBr, there is a series of lines separated by 16.72 cm™.
Calculate the moment of inertia and internuclear separation of HBr.
Solution)

We know there is a series of equally spaced lines with separation of 2B.
2B=16.72=B =836 cm"' =B =836 m"'

_ 6.626E-34
87’lc 8771 x2.9979E8

M. M .
UMM 1x79.908U ) 98764u = 1.64E — 27 kg
My +Mgy  1+79.904

| = ur} =3.35E-47=1.64E -27r) =1, =1.43E —10m =1.43A°

B = = | =3.35E-47 kgm’

IL[:
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8- Show that the vibrational contribution to the heat capacity ¢, of a diatomic molecule is
Nk as T — o0.
Solution)

(6,) = Nk(%jz (e;/lj

Assume 9%=}/:T —o~xy—>0

2n7

. . y’e 27 +y’e’
limc, = Nkhm—— NKlmj—r
" y—>0 (e}/ 1) y—0 2 e7 _1

7 V4 V4 2,7
lime, = Nk lim 2e” 427 +2 +ye

70 7—0 2e’

}lfolo( v)vib = Nk

= Nk

9- Derive Eq. (6-35) from the Euler-MacLaurin summation formula.

Solution)
qrot = i(z‘] +1)e_ﬂ§J(J+l)
J=0
b 0
> fiy = [ T+ {Fb)+ Fla)}+ Y (1) ot @)
n=a J=1 -
J“”(ZJ A1) 0 dg = _L_e—ﬂEJ(JH) - :L_sz
. & B

f(I)=I+1e 0N = f(o)=1 & f(o)=00x0= agw
(23+1) . 2

floo)= /BI(I+1) _JLH;IO o . BI(J+)
e (23 +1)pBe

2 (£ ) ) B, By (: ) )
"'T{f (a)-f (b)}——{ J(@)- © (b)}+§{f @) - (o)
(J) (2J +1)e I+ — f (J) e~ MBIA+) ﬂ§(2J +1)2e—ﬂ§J(J+1)

@ = 2B (23 +1)e 0 —48B(2J +1)e B 4 (pB) e B
f():_lz(ﬂB) SBIOD L 19(BBY (2 +1)Pe O _(ﬂ§)3e—ﬂ§J(J+l)
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£0 =12(8BY (23 +1) B0 £ 48(fB)(2 +1)e O +12(8B) (20 +1)°e /B0
B)(2J +1) e /BI0H
[ 44808 +(4B) |+ e 0 - gB (20 +1)2e 0]

- ( B (23 +1)2e’ﬂ§“““ +(8BY (23 +1)'e B0

fO0)=2-mB & fV(x0)=0
£0(0)=-128 +12(8B) -
f0(0)=—(gB) +2(B) —11(sB) —30(sB) +96(8B) & ) (x)=0

5->-% g B-1 & B,=— & B, =

kKT T 6 30 42

2 3

qrot:l+l_5 Z_Q +i —-12 i +12 ﬂ — i

6. 2 2 T 4l T T T

5 4 3 2

B[ +2 3 -1 —| -30 0 +96(i +...
6! T T T T

! T
T 1(&) 1(@)2 4 (erj
Qo =—31+-| = |[+—=| = | +—| = |+
6, 3\T) 151 ) 3157

10- Show that the rotational level that is most populated is given by J (kT /2B )
Calculate J __for CO, and H; at room temperature.

Solution)

1/2

NJ/N =(2J +1)e %7 /q _ (T)
2e—l9,.J(J+l)/T _ (2J + I)Z(i)e—HrJ(JH)/T
d(NJ/N) = T dJ
ot (T)
[6(NJ/N)/ad]=0=2-(2J +1)2(%j:0

A b
:>£=(2J+1)2:>2J+1= 2T =J, .= T .1
0 0 20,) 2

r r

% %
N— T [ K ) & for cO:B =1.925 cm™ =192.5 m”
20, 2Bhc

B 1.381E — 23x298.15 & -
maCO T 2% 192.5 % 6.626E — 34 x 2.9979ES maxCO
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;L 1.381E —23x298.15 & »
maHy 2% 5.93E3% 6.626E —34x2.9979E8 max.H

11- The rotational constant B for HC'*N'* is 44,315.97 MHz (megahertz) and DC'*N"
for 36,207.40 MHz. Deduce the moments of inertia for these molecules. Assuming that
the bond lengths are independent of isotopic substitution, calculate the H-C and C-N

bond length.
Solution)
HNC & DNC are linear
- * —n
v A(0,0) B(a,0) C(B.0)
X:Lz —(m,, x0+mea +my B)= Medt + My f
M me +my, +my

> m,[(x, —x)] =mg (xc —X)* +m, (x,, —X)* +m(x,_X)’

_ ( mea +my J o [0_ Mea +myf ]2+m (,6’— Mea +my J

me + My +m me +my +m me +my +m,

S [(B-aMe+ M,

a-pM, +aM, | + i (aM + M)+

M 2
M7l =[14(a - B)+all2? +(12a +148) +14[12(8 - o)+ BT
u
B = —=Bc=—3 & unit of Bc is Hz
7/l [ 87°lc
6.626E —34
I = —1.894E — 46 kgm?
AN 812 x 44315.97E6 g
6.626E —34

=— =2.32E - 46 kgm®
87 x36207.4E6

729x1894E 46 L, o 2 o
T66lE a7 107 =(Sa-14p) x12+(12a +144) +14(134 ~12a)

= 4860c> + 4914 8% — 90720 = 8314.7
= 0.6 +0.68% —1.1af =1 eq.1
We can write similar equation for DC*N"
2
M 12[(a - N4+ 2a] +2(12a +148) +14[12(8 - o)+ 28]
u

784 x2.32E - 46

I DCN

1E20 = 1216 —148) +2(12c +148)* +14(148 - 12a )’

1.661E — 27
= 53760 +54888° —9408a3 =10950.51174
= 0.5a” +0.58° —0.86ap3 =1 eq.2
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By solving equations 1&2: C—H :1.2564A° & C = N :1.084 A

a=12564 & B=234:=H-C+C=N=a+C=N

12- Given that the values of 8, and 6, for H, are 85.3 K and 6215 K, respectively,
calculate these quantities for HD and D,.

Solution)
B 0 0., _
0. :ﬁjg—_r:ﬁ:cte: o 0D o B = 2
k B K B, BD, 872Ic
= Ocn,ln, =00, 10, = O, 14, Few, = 0,0, o, Fep,
_ u 2u
From problem 6-1: ;. =5 & pp =U & pyp Y & Ty, =lp =T
Or . iy, = 0,0, 115, =853 x% = 0,5 xU= 0,5 =42.65 K
u 2u
O, = Orottip = 853 = 0,1 x " 2 0,40 = 63975 K
hf gu,Hz gv,Dz ev,Hz ev,Dz
ev = — = = - — =—
K fi, fo, Oy,  Op,
o, Y7, &
From 6-1: E,fz,qu :a_)éz,u[,Z = 2= |
H, Hp,
_ % u %
@
0,0 =220, =| 2| g, = Y X 6215 = 4394.67 K
Wy, Hp, u
Y u 12
= 0,5 =439467 K & O =| 22| 0, = N x6215
Hp, 2%

= 0, = 538235 K

13- What is the most probable value of the rotational quantum number J of a gas phase
N> molecule at 300 K? What is the most probable value of the rotational quantum number
n for this same situation?

Solution)

(kT Y 1.381E —23x 300 &
| 2Bhc 2x2.001x100x 6.626E — 34x 2.9979E8
=722=1

=J ~7

max,N, max,N,
_ hv hv
—e ™) g =Inf =—n-———Inq

f
" KT 2kT
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Now, we assume: m: A & —m—lnq =B
KT KT

= In f, =—An+ B :the strightline equation & f is maxwhen n=0

14- Using the Euler-MacLaurin expansion, derive the second and third corrections to the
(first order) high temperature limit of E and C, . . Express your result in terms of power

series of ——

Solution)

T| 1(6) 1(6Y 4/(6Y
=—<l+—| L |(+—=| | +—| | +...
Gra(T) 9,{ 3[Tj 15(Tj 315(Tj }
N
Q =9 —1nQ =Ning ~NInN+N = [0 |_ [Ina.
N! aT aT
E. = NKT (alnqj sz(aanj
2 3
Ing, =In +1n ﬂj +i(ﬂj +...
T) 315\7
2 3
9( TJ f ( w5
ding - 30 T2 3150 T
r q g
T
2 3 4
Y O} [ 2(0) [ 3x4(06
olng, _1 73(7) "15{17) 3157
oT T 0

—qr
Tq

At high temperature we can assume ¢, — %
(amq] 111 ar]z 2(@ ’ 3><4(6’ T
— - _r + — +...
oT T &3 IS\ T 3IS\T
2
= E, = NkqT -T l[ij+ ( rj 3x4 9—
3\.T ) 15 3IS\ T
2
— E, = NkT 1—1ﬂ+2 2 3X4‘9—
3\.T ) 15 T
3
(5Erjzcvr = dE, = Nkq1— l[ij _(9_) (ij + |
oT ’ 3\T ) I5\T 315\ T
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S B
3\ T2 ) 15T 350 T
2 3
Bl Nk 1s 2[00 2%
el 150 T 3150 T
2
=>CVr=Nk1+£i 2400,
’ 507 ) T35 T

15- Calculate the rotational contribution to the entropy of HD at 20 K, 100 K, and 300 K,
using the formulas appropriate for each particular temperature, and estimate the error
involved in each.

Solution)

0.4 x3 853x3

6 =— 21 = =63.975 K
r,HD
Qrot = qmt = 1nQ,, = n - 6111th Oln 0ot
1 N1 NInN+N =
o N! rot Arot (

0lnQ,, ding.,
Srot:kanrot+k( o t) k(Nlnqmt—NlnN+N)+NkT[ = tj

= Srot = Nklnqrot —NKkInN + Nk + NkT[%jS
oT

Qrot :1_’_3649% +5376% +7eilz%
(alnqrot j _ aqmt . l(&qmt )
ar qoT ql aT
dq,m:(ze)( dT] N (66?)( dT] g (129)( jlzgy
T? T2 =

= [—aqmt j = @(e_z% 1s5e T g 14e_129%)

oT T?
60, (9_2% +5e T4 14e_129%j

:_(8% J _
qL ot T2[1+3e_2% +50 " +7e_12%)

St = NkIng,,, —NkInN + Nk + NkT(%j

=S, = Nkln(1+3e2% +5e76% +7elz%j— NkInN + Nk +...

69rNk(e_29% +5e +14e_126%)
T(1+3e729% +5e "% +7e7129%)
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We must use this equation for ﬂ)0.7

at T =20 K:>ﬂ:63'975—319875:S =3.6795E -2
T 20 Nk

We consider — NKIn N + Nk in translation term
S 60.(e "% 150 7 1140 A
e _66r —12¢r
:>L“=ln(1+3e " + 5e " +7e %j+ o _26; _69; _1297)
Nk T(+3e T +5¢ T47e T

g4 )l :

6, X,
Assume —-=X=0Q,, = —
T 15 15
dg,, = - % %+—8de O xm lar s XX
x= 15 315 T T dar T
[%j_L_L_ 8x°
oT XT 15T 315T
dlnqg Jdlnq
rot — ln +T rot :1 _I_T rot
q ( j qrot ( 6T ]
1 x 8x°
, _r_%r
h=ln l+1+i+4x px 15 315 -
Nk x 3 15 315 X 4xX

: . 6,
We must use this equation for —(1

at T=100 K :6’——063975:>S =1.44156
T Nk

2 2
0o =5 gy - Sy (29T
h h? oT

=
2

hlnqm +T(alnq’°‘j=ln 87 Isze

Nk oT h

_ Swo (T8 ) S _y 54509
NK NK

0,

r

) 7 0
We must use equation for T'((l =atT =300 K=-"=0.21
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Chapter 6
Ideal Polyatomic Gas
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Problem 1: derive equation of (8-7) & (8-8)

o Mir o Mir
=In In
q= H( %) q= ; [1 5 %J

e

S Ing = z{

Ny

-1
_(_QVJ{ j
N T?) olng, | @ 0..e
ding = &——e daT :( Vlbj — o Y%
jz=; Al - oT 2

T (-

-]

1-e Ny o] 2T?

8-7)

2( 21 Qg N VJ ‘9 ;€ a
a QVJ (_GVJ )(_%2)9_6\/%(1_6‘_%/] ‘9 e /( 1)( HVJ )( }/ )

dE =Nk

=
. (ev/jze_w% 1-e 4 ye 4
(%}Nk; T (1[({”%)2 j }

«|(6,) e
Nk vy =
;(Tj[ %JZ

Cv,vib = (8 - 8)

Problem 2: Derive equations of (8-20) to (8-22)

G oInQ dlng
=% —n =NlIn —NInN+N=> ot | = N| ——t
QI’OI N ! QI’OI q rot ( a-l- aT

7 T Y 3dT

Ing,,, =In +1In =dInq,, =——

o 0,646, 2T
j[alnqmtj:i:(aanmtj 3N
oT 2T oT 2T

E:sz[aanj — E =3 NTK
T ), 2

(8 - 20)
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v, vib —

OE
c,. = Em | Sk
* oT ) 2

5InQ 3N
S=KInQ + kT K(N | KT
nQ+ ( = J (NIng,, )+ (ZTJ

o 3V
Nk | Nk I — 3Nk
o 0,0.0. ) 2

% 3\
=S, =NK/ In| Z— | +1n ! +Ine”
- 0,0,0,

% TS 1/2
—S,. =Nkln| Z (8 -22)
o | 0,0,0.

Problem 3: Drive equations of (8-24) to (8-27)

3
= Nk 8-21
5 (8-21)

2akT Vi T | e
- V—.
( h? j o0, H(l—eMN)

3 _HVJ
2mKT ) T) %3 e D,
Ing=In| =———| +InV+Inf— |+ > In ——+ o, +
h ov, J=1 (1—9_ V%Tj KT

=—kT In —kT(N In NInN+N =In InN +1
Q=-kT(NIng- )= NkT q-

Dg kT
w, e
1

A 27mKT T D,
=- =In +InV +Inf — |+ Iho, + —+...
NKT h? o0, CKT

3n-5 WJ/T
Zln —InN +Ine
)
A 272mkT \* Ve T\ D,
-——=In —|+Inf— |+ =+Ino, +..
NKT h? N o0, | KT
3n-5 -8y, 9
+y In[l—e %]+i (8-24)
) 2T
3n-5 9 79\/% D
ding=-9T, 9T, ( j Wl T - T
2 T T J=1 -I-2(l_e T) kT
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3n-5
[8Inq):i+£+ (ngj"' 0,e = _De2
or ) 21 T SN2 e hy| KT

S:kInQ+kT(aan
or

:izlnq—ln N +1+T(a|an
Nk oT

3n-5

ji: |n(2mnij+ InV + In(L]+ Ino, +%— z
J=1

h? o0,

D

3n-5
kT+;(

S 272mKT %Ve%
=~ —In +1In
Nk h? N

O O /T

+
Ao
ZTJ (e %—1j
— |+ Ine, +..
o0, '

..InN +Ine+%+1—

]:k(N Ing—NInN +N)+kT{N(

|

8

T

62VJ

2T

(8 - 25)

(8 - 26)

fint-e )}—...

(8 - 27)



P:kT(aan] :P:kT[ﬂj: PV = NKT (8- 28)
T Jus Y

Problem 4: Drive equation ( 8-30) to (8-34)

2amkT\% 2% 10 Yl oM P
The ) Voo ey
A¥B¥C

I (1— e W%Tj

27mkT ) " T
Ing=1In > +InV +1In +1In +Ihao, +..
h o 0,650, '

D | (O ( M/)
e/ — N 4iinf1-e T
KT JZ_;HZT
A:—kTIan—kT(NInq—NInN+N):|;—£_=Inq—lnN+1
“A 272mkT \* Ve Y T )
= =In — [+1In -
NKT h? N o )\ 6,0,6,
3n-6 —v)
...Z{(eijﬂn(l—e 4)} D e,
J=1 2T
— &
(_ l)(_ QVJ )(dee %

3dT  3dT 29(6, ) —dT T? D, (—dT
ding=——+—-——- |+ -y + >
2T 27T 4$S\2T AT 1-e kLT

[aanJ_ 3 i ian:e vy VJ/T _ De
oT 2T 2T T 4<|\2T ®/ 1 KT 2
E _ NKT 2 dlnq N 8Inq
oT NkT
3n-6

::>.__EE__ — E§--F Ei + :E: f%fl_ + VJ /-r _ [)e

NKT 2 2 4|21 eﬁv%_l kT
dE 3 3 3n-6Yva \ ™

— =—dT +=dT +
Nk 2 2 ;

(8 - 30)

VvJ

" —1)?

3n-6 2 gv%
ﬂ:§+§+z(9wj ¢ (8 -32)
Nk 2 2 ST (egv%—lj
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szkmmw(a'”Qj AVEL S AL E
oT T T Nk NKT NKT
s 2;zka] Ve T3 "
=—=In — |[+1In +
Nk h? N 0,00,
3n 6 J 3n—
...De+lna)e 3_b 2|4 nl-e T +Z ‘”/T
KT T2 2 kT J 1
s 27amkT Vi ve?? | ake( T2 Y
—=1In +1n +
Nk h? N o 60,650,
3n-5 V)
Z{ /T ina—e A)}rmwel (8-33)
=l e /T —
dlnqzd—V:> dlng :lj alnQ _N
oT \Y oT Vv
p—k7[2NQ :P:kT(ﬁJ: PV = NKT
oT \Y
Problem 5: Verify the results of table 8-2
Linear molecule
-8y
Couib %(ew jz e % C, 3+ 2 Cyyo
= 2 2. %
Nk ST (e—ev% _1) Nk 2 2 Nk
Non —linear molecules:
e
Cv,vib _ 3n—6(6\” ]2 € % CV 3 + 2 Cv,vib
= _— —2 = — —
Nk =L (e—@% _1j Nk 2 2 Nk
COy, linear
0, 1890 3360 954 CY™ I Nk CvINk
Degeneracy 1 1 2 0.9905 3.4905
Contrib.to C,/Nk 0.0732 1.715E-3 0.4578
N,O; linear
0, 1840 3200 850 CY® I Nk Cv/Nk
Degeneracy 1 1 2 1.1506585 3.6506585
Contrib.to C,/Nk 0.081961 | 2.65E-3 0.533
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NHj3, pyramidal

0, 4800 1360 4880 2330 C™ I Nk Cv/Nk
Degeneracy 1 1 2 2 0.27686 3.27686
Contrib.to C,/Nk 2.9E-5 | 0.2256 | 2.3E-5 | 2.56E-2
CHs, tetrahedron |
0, 4170 | 2180 | 4320 1870 CY™® I Nk C./Nk
Degeneracy 1 2 3 3 0.304027 3.27686
Contrib.to C,/Nk 1.8E-4 | 0.037 | 1.2E-4 | 0.07657
H.,0, isosceles triangle |
0, 4170 2180 5360 CY™® I Nk CJINk
Degeneracy 1 1 1 0.02825 3.0282
Contrib.to C,/Nk 0.0282 5.6E-5 5.5E-6
Problem 5: Verify the results of table 8-3
3n-5
S i (Zﬂmszj [ij +In +Inoy + > B ~In{L—e*'T)| for linear
Nk h P 6 J=1 eVJ/T —

S [(2mkT V(KT 4, ohek (TP Y
—=1In e’ | +1In + ...
Nk h? P o 0,056,

3n-6| A
SN _inl-e )| +In o, for non — linear
e -1
In the following table the term A is defined:
3n-5[ 6. ]
A=Y |2 _infi-e ') for linear
e -1 ]
3an-6[ @ ]
A=Y :”/T —Infl—e ') for non —linear
1 e -1 i
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M | o | @ | 0666 A S (cal/K) | S (cal/K)
CO; 44.0098 2 1 0.56167 0.283375 50.89 51
NH; 17.0361 3 1 1649.8432 5.447E-2 46.08791 46
NO; 46.008 2 2 4.23384 2.27T4E-2 57.0912 57.5
ClO, 67.4518 2 1 0.478 0.35745 59.6854 59.6
CH, 16.043 12 | 1 428.661 9.54E-2 44.57525 44.5
CHscl | 50.47682 2.97023 0.2013874 56
CCly 153.823 12 | 1 5.57E-4 2.963558 70.45 73.9
CeHs 78.11362 | 12 64.4
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1- The HOH bond angle in water is 104°, and the OH bond length is 0.96 A°. Calculate the
center of mass and the three moments of inertia of water. From this verify the results for
6., for H,O given in Table 8-1.

Solution)
>
y
7 | \a 0 0.7565 1513
% & B D C
Y 0 0.591 0
| . : /BDC =104°
= AB=BD sin(%} = AB =0.96 sin(%) = AB=0.7565 A"
AD =BD cos[gj = AD = O.QGCOS(%j = AD =0.591
. 2 X;m. _ XgMg +XpMp + XM 16x0.7565+1.513 _ 0.7565 A
>m, Mg + My + Mg 18
y= 2 y;m, _ YeMg +YpMp +YcMe _ 0591x16 — 0.5253 A°
>m, Mg + My + Mg

Ly =Zmilly; =9) +(z, - Z)ZJ:lx (0.05253)" +16(0.591 - 0.5253)* + ...
..1x(0-0.5253)" x u x 1E — 20 =1.0311E — 47 kg m?
N 2

h g g AN, M
8z°l,C K 87 1k
1, =% |y, =¥ +(z, - 2)|=1x (0 - 0.7565)? +16(0.7565 — 07565)° +...
..1x(1.513-0.7565)’ x u x1E — 20 =1.9E — 47 kg m?
Iy, =14 + 1, =2.9311E — 47 kg m?

h2

0=—7>—=0,=395 & 6,=212 & 0. =1374
871k
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