Curve Modeling
B-Spline Curves
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B-Spline Basis: Motivation
nsider designing the prorile or avase.

The left figure below is a Bézier curve of degree 11; but, it is difficult to
bend the "neck" toward the line segment P4AP5.

The middle figure above uses thisidea. It has three Bezier curve
segments of degree 3 with joining points marked with yellow rectangles.

Theright figure above is a B-spline curve of degree 3 defined by 8
control points.




B-Spline Basis: Motivation

= | Those little dots subdivide the B-spline curve into curve
segments.

One can move control points for modifying the shape of the
curve just like what we do to Beézier curves.

= Wecan also modify the subdivision of the curve. Therefore,
B-spline curves have higher degree of freedom for curve
design.




B-Spline Basis: Motivation

Subdividing the curve directly isdifficult to do. Instead, we
subdivide the domain of the curve.

Thedomain of acurveis|0,1], this closed interval is
subdivided by points called KNots.
TheseknotsbeO<=u,<=u;<=..<=u,<= 1.

Modifying the subdivision of [0,1] changes the shape of the
curve.




B-Spline Basis: Motivation

m| |nsummary: to design a B-spline curve,
we need a set of control points, a set of
knots and , one
, So that all curve segments are
joined together satisfying certain continuity

condition.




B-Spline Basis. M otivation

= Thecomputation of the coefficientsis
perhaps the most complex step because they
must ensure certain continuity conditions.




B-Spline Curves




B-Spline Curves
(Two Advantages)

1. The degree of a B-spline polynmial
can be set independently of the
number of control points.

2. B-splines allow local control over the
shape of a spline curve (or surface)




B-Spline Curves
(Two Advantages)

A B-spline curve that is defined by 6 control point,
and shows the effect of varying the degree of the
polynomials (2,3, and 4)
Q, Isdefined by P,,P,,P,,P;
Q, Isdefined by P,,P,,P;,P,

IS defineo

®  Each curve segment

shares control points.




‘ (Two Advantages)

= Theeffect of changing the position of control

point P, (locality property).




B-Spline Curves

B-Spline Curve




B-Spline

Basis Functions




- . —_—
(Knots, Knot Vector)
Let U beaset of m + 1 non-decreasing

numbers, U, <= U,<= Uy <=..<=U.. Theu's
are called knots,

The set U 1sthe knot vector.




B-Spline Basis Functions
(Knots, Knot Vector)

U={u,u,u,...,u

= Thehalf-open interva ISsthe I-th

= Some u's may be equal, some may




B-Spline Basis Functions
(Knots)

If aknot u appearsk times (i.e,, U = U, = ... =
u...), wherek > 1, u isamultiple knot of
multiplicity k, written as u,(k).

If u, appears only once, it isasimple knot.

If the knots are equally spaced (i.e., U, - U Isa
constant for 0 <=1 <=m - 1), the knot vector or
the knot sequence is said uniform; otherwise, it
is non-uniform.




B-Spline Basis Functions

All B-spline basis functions are supposed
to have their domain on [u,, U ].

= Weuseu,=0andu., = 1frequently so that
the domain isthe closed interval [0,1].




B-Spline Basis Functions

To define B-spline basis functions, we need one
more parameter.

The degree of these basis functions, p. The i-th
B-spline basis function of degree p, written as
N; ,(u), Is defined recursively as follows:

If u <u<u,,

1
Ni,o(O):{O

otherwise

ui+p+1_u
N,., (U) = N, p 2 (W) + 22N,y (U)

i+p i i+p+1  YiHl




1 ifu <u<u,

Ni,O(O) :{

0 otherwise

ui+p+1_u
Ni,p(u):_ - Ni,p—l(u)+—Ni+l,p—1(u)

I+p i i+p+l - il

The above is usually referred to as the Cox-de Boor
recursion formula.

If the degreeis zero (i.e., p = 0), these basis functions
are all step functions.

basis function N, ;(u) is 1if uisinthei-th knot span

[ui , ui+1)_ = Wehavefour knotsu, =0, u, = 1,
u, = 2 and u, = 3, knot spans 0, 1
and 2 are|[0,1),[1,2), [2,3) and the
basis functions of degree 0 are
Ngo(u) =10n[0,1) and O

| elsewhere, N, () =1o0on[12)
and O elsewhere, and N, ,(u) = 1
on [2,3) and O elsewhere.




‘ B-Spline Basis Functions

= Tounderstand the way of computing N; (u) for p
greater than 0, we use the triangular computation
scheme.

2
;
g
z

g
NG/

C

€
NN

;
VAN

e

Z
\/U\Ef\/w




C

D= 1S
To compute N, ,(u), N; o(u) and N;,,,0(u) are required. Therefore, we
can compute Ng ,(u), Ny ;(u), N, ,(u), N5 ,(u) and so on. All of these
N; ,(u)'s are written on the third column. Once all N; ,(u)'s have been
computed, we can compute N; ,(u)'s and put them on the fourth
column. This process continues until all required N; ,(u)'s are

computed.
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B-Spline Basis Functions

U — Uy Uo — U

Ny (u) = Noolu) +

Uy — Uy o — Uq

i""v'rl 0 [ (! 'I

= Shnceu0=0,ul=1andu2 =2, the above becomes

No1(uw) = ulNyolu) + (2 — u) Ny g(u)




NO,1(u) isu, we have o )
lﬂ"n'r”:g |'l (¥ ]' = ﬂ ) l_l U

uisin[1,2): Inthis case, both NO,1(u) and N1,1(u) contribute to NO,2(u). Since
NO,1(u) =2-uand N1,1(u) =u - 1on|[1,2), we have

Noo(u) = (0.5u)(2 — u) + 0.5(3 — u)(3 — u) = 0.5(=3 + 6u — 2u”)

uisin[2,3): Inthis case, only N1,1(u) contributes to NO,2(u). Since N1,1(u) = 3
uon|2,3), we have

\ 2

Noo(u) = 0.5(3 — u)(3 — u) = 0.5(3 — u)




B-Spline Basis Functions




Two Important

Observation




‘ Two Important Observation

Basisfunction N; ,(u) Isnon-zero on
[Ui, Uispeg)- Or, equivalently, N; (u) is
non-zero on p+1 knot spans|[u;, u.,,),
[ui+11 ui+2)’ o [ui+p1 ui+p+1)'




‘ Two Important Observation

On any knot span [u;, U.,,), at most p+1
degree p basis functions are non-zero,

namely: Ni-p,p(u)! Ni-p+1,p(u)’ Ni-p+2,p(u)’ ey
Ni-l,p(u) and Ni,p(u)!

[0, ul)  NOO
[ul, u2)
W2,w3) N30
3, ud) =N
[ud,u5) N

[uS, u6)




B-Spline Basis Functions

(lmportant Properties)




B-Spline Basis Functions
(Important Properties)

1 ifu <u<u,

Ni,o(o):{ |

O otherwise

U—Ui Ui, pa —U
Ni,p(u): Ni,p—l(u)+ =

i i+p+l i+l

L. N;,(u) iIsadegreep polynomia in u.

N i+1,p-1 (U)

2. Nonnegativity -- For all i, p and u, N; ,(u) Is non-negative

3. -- ' polynomial on




B-Spline Basis Functions
(Important Properties)

4. Onany span [u, u.,), a most p+1 degree p basis
functions are non-zero, namely: N;_;,(u), Ni_,.; o(U), N;.
or2p(U)s -y @A N; j(U) .

The sum of all non-zero degree p basis functions on span
[U, Ueq) ST,

f the number of knots is m+1, the degree of the
nasis functionsis p, and the number of degree p

pasisfunctionsisn+l,thenm=n+p+ 1




‘ B-Spline Basis Functions
(Important Properties)

7. Basistunction N; (u) Isacomposite curve of
degree p polynomials with joining points at knots

in [ui’ ui+p+1 )

8. Ataknot of multiplicity k, basisfunction I, ;(u)
is CPK continuous.

Increasing multiplicity decreases the
level of continuity, and increasing
degree increases continuity.




B-Spline Basis Functions
(Computation Examples)

Simple Knots
m  Supposethe knot vector isU ={ 0, 0.25, 0.5, 0.75, 1 }.

m  Basisfunctions of degree 0: Ny o(u), Ny o(u), N, o(u) and
N5 o(u) defined on knot span [0,0.25,), [0.25,0.5), [0.5,0.75)

and [0.75,1), respectively.

N3,0w)

- -
® &




B-Spline Basis Functions
(Computation Examples)

All Ni,1(u)'s(U={ 0, 0.25, 0.5, 0.75, 1 }):

B for 0<u<0.25
- |2-2u) for 0.25<u<0.5

NG, 1{u) NI i{u) e, 1u)

N (U) = 4qu -1 for 0.25<u<0.5
Y7 13-y for 0.5<u<0.75 A A A

() = 2(2u-1) for 0.5<u<0.75
2 l4@-u)  for 0.75<u<1

®  Sincetheinternal knots0.25, 0.5 and 0.75 are all simple (i.e., k = 1)
andp =1, therearep - k + 1 = 1 non-zero basis function and three

knots. Moreover, Ny ,(u), N, ,(u) and N, ,(u) are CY continuous at

—knots0.25,-0.5-and-0.75;, respectively-




B-Spline Basis I—unC'ions

(Computation Exam P
From N; ,(u)'s, one can compute the basis functions of degree 2.

Sincem=4,p=2,andm=n+p+ 1, wehaven = 1 and there are
only two basis functions of degree 2: Ny ,(u) and N, 5(u). (U ={ 0O,
0.25,0.5,0.75, 1} ):

8u? for0<u<0.25

—={-15+12u-16u® for0.25<u<0.5
4.5—-12u + 8u? for0.5<u<0.75

0.5—4u +8u” for0.25<u<0.5
N,,(u)=4-15+8u-8u® for05<u<0.75
8(1-u)? for0.75<u <1

B each basisfunction isacomposite curve of three degree 2 curve
segments.

B composite curveis of continuity




B-Spline Basis Functions (Computation Examples)
nots with Positive M ultiplicity :
Suppose the knot vectorisU ={ 0,0, 0, 0.3, 0.5, 0.5, 0.6, 1, 1, 1}

B Sincem=9andp =0 (degree 0 basis functions), we have n =
m - p - 1= 8. there are only four non-zero basis functions of
degree O: N, 5(u), N3o(U), N5 o(u) @and Ng o(u).

[uZ, ud)  N2,0

[u3, ud)  N3,0

S
I
e




B-Spline Basis Functions

(Computation Examples)
Basisfunctions of degree 1: Sincepisl,n=m-p-1=7.
The following table shows the result

D00 O OO0 O O HEEEE NN NN
No,1(u) all u 0
Ny 1) [0, 0.3) 1-(10/3)u
[0, 0.3) (10/3)u
[0.3, 0.5) 2.5(1-2u)
N3 1) [0.3, 0.5) Su-1.5
N4,1(u) [0.5, 0.6) 6-10u
[0.5, 0.6) 10u -5
[0.6, 1) 2.5(1-u)
Ne,1(u) [0.6, 1) 2.5u-1.5
N7 1) allu 0

I\|2,1(u)

N5 1)




B-Spline Basis Functions

(Computation Examples)
B Basisfunctions of degree 1.

NG, 1

: ! L"“"-.
0(3) 03 05(3) 06 Tl

[u5,u6) N5,0




‘ B-Spline Basis Functions

(Computation Examg% 2
B Sncep=2,wehaven=m-p he following table

contains all Ni,2(u)'s:

OO0Oomoo OOO000mo
N o(U) [0, 0.3) (1-(10/3)u)?
[0, 0.3) (20/3)(u - (8/3)u?)
N, 5(u)
[0.3, 0.5) 2.5(1 - 2u)?
20/3)u2
N, ,(U) [0, 0.3) (20/3)u
[0.3, 0.5) -3.75 + 25U - 3502
5u - 1.5)2
N, ,(U) [0.3, 0.5) (5u )
[0.5, 0.6) (6 - 10u)?
N, 5(u) [0.5, 0.6) 20(-2 + 7u - 6u?)
[0.6, 1) 5(1 - u)?
12.5(2u - 1)2
N ,(U) [0.5, 0.6) (2u - 1)
[0.6, 1) 2.5(-4 + 11.5u - 7.5u?)
Ng () [0.6, 1) 2.5(9 - 30u + 25u?)




B-Spline BasisFunc

10NS

(Computation Examples)
Basis functions of degree 2. u={ 0,0, 0, 0.3, 0.5, 0.5, 0.6, 1, 1, 1}

Since its multiplicity 1s 2 and the degree of these basis functionsis
2, basis function N5 ,(u) is C° continuous at 0.5(2). Thisis why

N ,(u) hasasnharp angle at 0.5(2).

For knots not at the two ends, say 0.3 and 0.6, C* continuity Is
___maintained since all of them are simple knots.




B-Spline

cCurves




B-Spline Curves
(Definition)
Givenn + 1 control points P,, P,, ..., P, and aknot vector

U={uyUy, ..U}, the B-spline curve of degree ) defined
by these control points and knot vector U Is

Cu)=> N, ,(u)p;, Us<su<u, p=m-n-1
i=0

The point on the curve that corresponds to aknot u;, C(u,), IS
referred to as a knot point.

The knot points divide a B-spline curve into curve segments,
each of which is defined on a knot span.




B-Spline Curves
Definition

Cu)=> N, (up;, uy<u<u, p=m-n-1
i=0

The degree of aB-spline basis function is an input.

To change the shape of aB-spline curve, one can modify
one or more of these control parameters:

The positions of control points
The positions of knots
The degree of the curve




amp 0 -Spline Curves)

Open B-spline curves: If the knot vector does not have any particular
structure, the generated curve will not touch the first and last legs of the
control polyline.

Clamped B-spline curve: If the first knot and the last knot multiplicity
p+1, curveistangent tothefirst and the last legs at the first and last
control polyline, as a Bézier curve does.

Closed B-spline curves. By repeating some knots and control points, the
generated curve can be aclosed one. In this case, the start and the end of

the generated curve join together forming a closed loop.

Open B-Spline Clamped B-Spline Closed B-Spline
control points (n=9) and p = 3. m must be 13 so that the knot vector has 14 knots. To have

the clamped effect, the first p+1 = 4 and the last 4 knots must be identical. The remaining 14
- (4 + 4) = 6 knots can be anywhere in the domain. In fact, the curve is generated with knot
vector U={0,0,0,0, 0.14, 0.28, 0.42,0.57,0.71,0.85,1,1,1, 1 }.




Open

B-Spline Curves




Open B-Spline Curves

B Recall from the B-spline basis function
property that on a knot span [u;, u..,), there
are at most p+1 non-zero basis functions of
degree p.

For open B-spline curves, the
domain isfuy, u,].




Open B-Spline Curves

éxample 1:
= knotvector U={0,0.25, 0.5,0.75, 1}, wherem = 4. If the
pasis functions are of degree 1 (i.e., p = 1), there are three
nasis functions N ; (u), N, ;(u) and N, (u).

Since this knot vector is not clamped, the first and the last
knot spans (i.e., [0, 0.25) and [0.75, 1)) have only one non-
zero basis functions while the second and third knot spans
(i.e., [0.25, 0.5) and [0.5, 0.75)) have two non-zero basis

functions.

-ﬁﬁ;f : -.N.-?.;.? .:- ﬂﬂfé- SE LRI EIA L




Open B-Spline Curves

Example 2:

Degree = 4
L & Degree = 3

Degree = 2




xample3:  Open B-Spline Curves

= A B-spline curve of degree 6 (i.e., p = 6) defined by 14
control points (i.e., n = 13). The number of 1IS21 (l.e.,
).
= If theknot vector Is , the knot vector Is
. The open curveisdefined on [u, u,
o] = [ug, Uyl =[0.3, 0.7] and is not tangent to the first and last







Clamped B-Spline Curves
We use an exampleuse to illustrate the change between an open

curve and a clamped one:

An open B-spline curve of degree 4, n = 8 and a uniform knot
vector { 0, 1/13, 2/13, 3/13, ..., 12/13,1}.

(i.e., pt+l), and
the curve not only through the
IS to the of the

.",I | )

multiplicity=5




Closed

B-Spline Curves




Cl DSEd‘B‘SFhﬂEFGUT‘VES— |
4 To construct aclosed B-spline curve C(u) of degree p

defined by n+1 control points ,the number of knotsis m+1,
We must:

Design an uniform knot sequence of m+1 knots: u, =0, u, =
1/m, u, =2/m, . = 1. Note that the domain of the curveis [u,, u

n-pl-

2. Wrap thefirst p and last p c:ontrol olo] nts More precisely, let
P,=P P, - 4, =P.

n-p+1?




fa |

ol = )
Example. Figure (a) shows an open B-spline curve of degree
3 defined by 10 (n = 9) control points and a uniform knot

Vector.

In the figure, control point pairs O and 7/, , 1and 8,
Figure (c), and 2 and 9, Figure (d) are placed close to each
other to illustrate the construction.




Closed B-Spline Curves




B-Spline Curves

| mportant Properties




B-Spline Curves Important Properties

B-spline curve C(u) is a piecewise curve with each

component a curve of degree p.

Example: wheren =10, m =14 and p = 3, the and
are and the 7 internal knots are uniformly

spaced. There are 8 knot spans, each of which corresponds to a
curve segment.

0

Bézier Curve (degree 10!)




|_B-Spilne CurvesImportant Properties

2. Equality m=n+p + 1 must be satisfied.

3. curve C(u) through the
two end control points P, and

4. Strong Convex Hull Property: A B-spline curve
IS contained in the convex hull of its control
polyline.




B-Spline Curves Important Properties

5. Local Modification Scheme: changing the position of
control point Pi only affects the curve C(u) on interval

[Uj, Uitpsa).

B Theright figure shows the result of moving P, to the lower right corner. Only
the first, second and third curve segments change their shapes and all remaining
curve segments stay in their original place without any change.




B-Spline Curves Important Properties

A B-spline curve of degree 4 defined by 13 control points and 18 knots .
Move P;.

The coefficient of Py is Ng ,(u), which Is non-zero on [ug, u,,). Thus, moving

P6 affects curve segments 3, 4, 5, 6 and 7. Curve segments 1, 2, 8 and 9 are
not affected.




B-Spline Curves Important Properties

6. C(u) is CP* continuous at a knot of multiplicity k

7. Affine Invariance




