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Figure 1.3.4 Force—deformation relation for a structural steel component. (From H.
Krawinkler. V. V. Bertero, and E. P. Popov. “Inelastic Behavior of Steel Beam-to-
Column Subassemblages,” Report No. EERC 71-7, University of Califomnia, Berkeley,
Calif., 1971.)
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The lateral stiffness of the frame can be computed similarly for any values of I, and
1. using the frame stiffness coefficients developed in Appendix 1. If shear deformations
in elements are neglected, the result can be written in the form

 UEL12p41

TR 12p+4

where p = I, /41, is the beam-to-column stiffness ratio [see Eq. (18.1.1)]. For g = 0, og,
and ;1'-. Eq. (1.3.5) reduces to the results of Egs. (1.3.3), (1.3.2), and (1.3.4), respectively.

The lateral stiffness is plotted as a function of p in Fig. 1.3.3; it increases by a factor of
4 as p increases from zero to infinity.

(13.5)
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Unlike the stiffness of a structure, the damping coefficient cannot be calculated from
the dimensions of the structure and the sizes of the structural elements. This should not
be surprising because, as we noted earlier, it is not feasible to tdentify all the mechanisms
that dissipate vibrational energy of actual structures. Thus vibration experiments on actual
structures provide the data for evaluating the damping coefficient. These may be free

vibration experiments that lead to data such as those shown in Fig. 1.1.4; the measured
rate at which motion decays in free vibration will provide a basis for evaluating the
damping coefficient, as we shall see in Chapter 2. The damping property may also be
determined from forced vibration experiments, a topic that we study in Chapter 3.

The equivalent viscous damper is intended to model the energy dissipation at defor-
mation amplitudes within the linear elastic limit of the overall structure. Over this range
of deformations, the damping coefficient ¢ determined from experiments may vary with
the deformation amplitude. This nonlinearity of the damping property is usually not con-
sidered explicitly in dynamic analyses. It may be handled indirectly by selecting a value
for the damping coefficient that is appropriate for the expected deformation amplitude,
usually taken as the deformation associated with the linearly elastic limit of the structure.

31
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Although the rotational components of ground motion are not measured during
earthquakes, they can be estimated from the measured translational components and it is

of interest to apply the preceding concepts to this excitation.

Perd) = -mhOy(0)

7 Stationary base

() L)

Figure 1.7.3  Effective earthquake force: rotational ground motion.

w' (1) = ult) + hé, (1)
mii + cii + ku = —mhB,(t)
Pess(t) = —mh, (1)
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1.8.2 Element Forces

Omee the deformarion response history w2} has been evaluared by dynamic analysis of the
structure, the element forces and stresses needed for structural design can be determined
by static analysis of the structure at each insiant in time (1., no additional dynamic
analysis 1% necessary). This siatic analysis of a one-siory frame can be visualized in
Wil Wiays:

1. At cach instant, the lateral displacement @ is known to which joint rotations arg
related and hence they can be determined, see Eq. (b) of Example 1.1, From the known
displacement and rotation of each end of a stroctural element (beam and column) the
element forces (bending moments and shears) can be determined through the element
stiffness properties (Appendix 1); and stresses can be abtained from element forces.

2. The second approach is to introduce the eguivalent static force, a central concepl
in earthquake response of stractures, as we shall see in Chapter 6. AL any instant of time
r this force fr 18 the externzl force that will produce the deformation w at the same ¢
in the stiffness component of the structure [ie., the system withour mass or damping
{Fig. 1.5.2b1]. Thus

Fylel = kuir) (L&)

where & is the lateral stifiness of the stucture. Element forces or stresses can be deter-
mincd at gach time instant by static analysis of the structure subjected to the force fi
determined from Bg. (1L.E1) It is unnecessary 1o introduce the equivalent static force
concept for the mass-spring—damper sysiem because the spring force, also given by
Eq. (18,10, can readily be visualized.
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1.9 COMBINING STATIC AND DYNAMIC RESPONSES

In practical application we need to determine the total forces in a structure, including
those existing before dynamic excitation of the structure and those resulting from the
dynamic excitation. For a linear system the total forces can be determined by combining
the results of two separate analyses: (1) static analysis of the structure due to dead and
live loads, temperature changes, and so on; and (2) analysis of dynamic response due to
the time-varying excitation. This direct superposition of the results of two analyses is
valid only for linear systems.

The analysis of nonlinear systems cannot, however, be separated into two parts,
The dynamic analysis of such a system must recognize the forces and deformations
already existing in the structure before the onset of dynamic excitation. This is necessary
to establish the initial stiffness property of the structure required to start the dynamic

analysis.
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Example 1.6

Using Duhamel’s integral, we determine the response of an SDF system, assumed to be
imitially at rest, to a step force, p{(t) = py. ¢ = (. For this applied force, Eq. (1.10.2)
specializes to

4 =t
u(t) = Po f sinfeay,(t — t)]dr = Do [cos on{f r}] = &(1 — COS wyi)
moy Jy Moy K

@n

=0
This result is the same as that obtained in Section 1.10.1 by the classical solution of the
differential equation.

43

The Fourier transform p(iew) of a known excitation function p(t) is defined by

oo

pliw) = Flp®)] = f e p(t) di (1.10.3)
=0

In solving the equation of motion by Fourier transformation, the first step is to transform

the differential equation in variable ¢ into an algebraic equation in the imaginary-valued

variable iw. Then the algebraic equation is readily solved for i (iw), the transform of

u(2). Finally, the solution u(r) of the differential equation is determined by an inverse

transformation of #(iw). The process of inverse transformation is symbolized by

o
u(t):—l— f Hiw)p(iw)e'™ dw (1.10.4)
2 J_w

where the complex frequency-response function H(iw) describes the response of the
system to harmonic excitation. For SDF systems the integral of Eq. (1.10.4) is evalvated
by contour integration using the residue theorem of complex analysis. Closed-form results
can be obtained if p(t) is a simple function, and application of the Fourier transform
method was restricted to such p(¢) until high-speed computers became available.

The Fourier transform method is now feasible for the dynamic analysis of linear
systems to complicated excitations p(r) or i,(¢) that are described numerically. In such
situations, the integrals of both Egs. (1.10.3) and (1.10.4) are evaluated numerically by
the discrete fast Fourier transform (DFFT) computational algorithm developed in the
mid-1960s.
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1.1- Starting from the basic definition of stiffness, determine the effective stiffness of the combined

1.3 spring and write the equation of motion for the spring—mass systems shown in Figs. P1.1 to
PL.3.

ky ONO)

Figure P1.1 Figure P1.2

Figure P1.3

45

1.5  Consider the free motion in the xy plane of a compound pendulum that consists of a rigid rod
suspended from a point (Fig. P1.5). The length of the rod is L and its mass m is uniformly
distributed. The width of the uniform rod is b and the thickness is . The angular displacement
of the centerline of the pendulum measured from the y-axis is denoted by 8 (7).

(a) Derive the equation governing 6 ().
(b) Linearize the equation for small 6.
(¢) Determine the natural frequency of small oscillations.

Figure P1.5 Figure P1.6

1.6  Repeat Problem 1.5 for the system shown in Fig. P1.6, which differs in only one sense: its
width varies from zero at O to b at the free end.

46




1.7  Develop the equation governing the longitudinal motion of the system of Fig. P1.7. The rod is
made of an elastic material with elastic modulus E its cross-sectional area is A and its length
is L. Ignore the mass of the rod and measure u from the static equilibrium position.

n ]

¢P(f) Figure P1.7

1.8 A rigid disk of mass m is mounted at the end of a flexible shaft (Fig. P1.8). Neglecting the
weight of the shaft and neglecting damping, derive the equation of free torsional vibration of
the disk. The shear modulus (of rigidity) of the shaft is G.

—— zZ
L o - d
——

Figure P1.8




1.9—  Write the equation governing the free vibration of the systems shown in Figs. P1.9 to P1.11.
1.11 Assuming the beam to be massless. each system has a single DOF defined as the vertical
deflection under the weight w. The flexural rigidity of the beam is ET and the length is L.

EI [ ]w y El [ Jw

2 Vu o b

| L2 | L2 | L
? t 1

d
T

-

Figure P1.9 Figure P1.10

L2 L2

-+ =
=
3

}  Figure P1.11

——
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1.12 Determine the natural frequency of a weight w suspended from a spring at the midpoint of a
simply supported beam (Fig. P1.12). The length of the beam is L. and its flexural rigidity is
EI. The spring stiffness is k. Assume the beam to be massless.

—a
——

Figure P1.12
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a — — a

1.19 An automobile is crudely idealized as a lumped mass m supported on a spring—damper sys-
tem as shown in Fig. P1.19. The automobile travels at constant speed v over a road whose
roughness is known as a function of position along the road. Derive the equation of motion.

u, (x)

Y
-

Figure P1.19
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u=e"

(ms”> +k)e* =0
(ms®>+k)=0

S, =*iw,

u(t) = Ae* + Ae*"
u(t) = Ae'" + Ae '

—ix ix

e™ +e e

: e e
COSX =——sin X = - e
2 21
u(t) = Acosw,t+ Bsin w,t
u(t) = —w,Asin ot + @, B cos ot
u(0) = Au(0) =w,B
u(0)

u(t) =u(0)cosw, t + —=sinw,t
@

n

&_CDS&'tA:S:“&

u(t) = u(0) cos w,! +

1u(Q)

sin wy,t
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The natural frequency of the one-story frame of Fig. 1.3.2a with lumped mass m
and columns clamped at the base is

" = k _24EL 12p+1
" Y m TR 12p+4

(2.1.10)

where the fateral stiffness comes from Eq. (1.3.5) and p = I,/4/.. For the extreme cases
of arigid beam, p = o0, and a beam with no stiffness, p = 0, the lateral stiffnesses are
given by Eqgs. (1.3.2) and (1.3.3) and the natural frequencies are

j24E 1. [6ET,
(@) p=cc = i (@n) p=p = s (2.1.11)

) |73

— =1
4 El = ., EL=0 A
(@) (b) (©)

Figure 1.3.2




The natural frequency is doubled as the beam-to-column stiffness ratio, ¢, increases from
0 to oo; its variation with p is shown in Fig. 2.1.3.

The natural frequency is similarly affected by the boundary conditions at the base
of the columns. If the columns are hinged at the base rather than clamped and the beam

is rigid, w, = /6E 1, /mhk3, which is one-half of the natural frequency of the frame with
clamped-base columns. :

3 (@p)p ==
g 0.5
g ((ﬂn)p =0
.1.
at:

10 10°? 102 10” 10° 10! 10?

p

Figure 2.1.3 Vadation of natural frequency, e, , with beam-to-column stiffness ratio, p.
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Wp = W, 1_4’2

u(t) =e ' (Acos wpt + Bsin wpt)

A=u(0)
o _ U(0) + £0,(0)
a)D
- u(0)+Jw,u(0) | .
u(t) =e ‘[u(0)cos wyt + ©)+c@,u(0) sin wpt]
a)D
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w(8y/ w(0)

The more important effect of damping is on the rate at which free vibration decays.
This is displayed in Fig. 2.2.4, where the free vibration due to initial displacement u{0) is
plotted for four systems having the same natural period 7,, but differing damping ratios:

£ =2,5,10, and 20%.

1
{=2% {=5%
0 nnhhnhnﬂnnnﬂﬂnnnnnnannhﬂﬂhnnvﬁv____
UUUUVUvavvvvv"““““”UUvaV“"
11 : : : ' : '
{=10% {=20%
o HAA A~~~ A
i A
-10 5 10 ]IS 20 ; 10 15 20
/T, /T,

Figure 2.2.4 Tree vibration of systems with four levels of damping: £ = 2, 5, 10, and 20%.
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(0) + Caw,u(0)
wp

u — 11
! u(t) = e <@t [u{(])cns wpl +

ut+Ty,)

i:exp 278

i+1 1—4/2

S—In u, _ 28
ui+1 1—42

sin EF_JD!'}
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0=2ng 5 2%
% 8 -¢
U _u U U i _pis E
Uj+1 u, u; u, u t:),’ 6 / /..
E "L'
1 U, 2 4 A 258
S=-Ln—L =27 = T
J uj+1 .S] ) //o
1
27 o 0 02 04 06 08 1
. Damping ratio {
= Ln—
27¢ i+]
16
1 u.
§=—Ln——=2x
J ui+j
u. . i 0.11
" =-0.5 Jsov, =
Uj ¢
12
10
8
jso% 6
TN
2 \~\
00 0.05 0.15 oo Figure 227 Number of cycles required

to reduce the free vibration amplitude by

Damping ratio § 50%.
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2.2.4 Free Vibration Tests

Because it 1s not possible to determine analytically the damping ratio ¢ for practical
structures, this elusive property should be determined experimentally. Free vibration
experiments provide one means of determining the damping. Such experiments on two
one-story models led to the free vibration records presented in Fig. 1.1.4; a part of such
a record is shown in Fig. 2.2.8, For lightly damped systems the damping ratio can be
determined from

P L I L' (2.2.14)

ARG Uiy 2mF iy

The first of these equations is equivalent to Eq. (2.2.12), which was derived from the
equation for u(¢). The second is a similar equation in terms of accelerations, which are
easier to measure than displacements. It can be shown to be valid for lightly damped
systems.

18

{a}

Figure 1.14  (a) Photograph of aluminum
and plexiglass model frames mounted on a
small shaking table used for classroom
demonstration at the University of
California at Berkeley (courtesy of T.
Merport), (b) free vibration record of
aluminum madel, {c) free vibeation record
of plexiglass modcl.
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The natural period Tp of the system can also be determined from the free vibration
record by measuring the time required to complete one cycle of vibration. Comparing

NN
VAVAVAY,

Figure 2.2.8 Acceleration record of a freely vibrating system.

this with the natural period obtained from the calculated stiffness and mass of an ideal-
ized system tells us how accurately these properties were calculated and how well the
idealization represents the actual structure.

20

Example 2.4
Determine the natural vibration period and damping ratio of the plexiglass frame model
(Fig. 1.1.4a) from the acceleration record of its free vibration shown in Fig. 1.1.4c.

Solution The peak values of acceleration and the time instants they occur can be read
from the free vibration record or obtained from the corresponding data stored in a computer
during the experiment. The laster provides the following data:

Peak Time, f; (sec) Peak, ii; (g)

1 1.110 0.915
11 1.844 0.076
3844 —-1.110 1 0.915g
Th= — =0.273 = In —— = 0.0396 or 3.96%
10 e 5= 5200) " 0076 o
1.0 pi TTT I TTT
038 tH = 0915
L, 06 H 0= 1.110 sec G076
g’ 04 1 t,; =3.844 sec
£ 02 1l L ©
5 00 1 /
- 1 N
8 02
< 04
06
0.8
10 1 2 3 4 5 6 7 8 21




Example 2.5
A free vibration test is conducted on an empty elevated water tank such as the one in

Fig. 1.1.2. A cable attached to the tank applies a lateral (horizontal) force of 16.4 kips and
pulls the tank horizontaily by 2 in. The cable is suddenly cut and the resulting free vibration
is recorded. At the end of four complete cycles, the time is 2.0 sec and the amplitude is
I in. From these data compute the following: (a) damping ratio; (b) natural period of
undamped vibration; (c) effective stiffness; (d) effective weight; (e) damping coefficient;
and (f) number of cycles required for the displacement amplitude to decrease to 0.2 in.

Solution (a) Assuming small damping:
0.11 0.11
Jsom T = —4‘— = 0.0275 =2.75%

Assumption of small damping implicit in Eq. (2.2.13) is valid.

2.0
b) Tp = T =0.5sec, T,~Tp=0.5sec.
16.4 o
k= - = 8.2 kips/in.
27 2n
== = =1257
@) wn = 7 = gz =12.57,
k 8.2 0.0519 ki 24
m—_=— = = U. =-5€Co/11.,
22 (125772 P

w = (0.0519)386 = 20.03 kips.
(©) ¢ = £ (2v/km) = 0.0275 [2/82(0.0519)| = 0.0359 kip-sec/in.

1w i 2
~o— Il ja e In-= = 13.32 cycles ~ 13 cycles.
O M = oo Mz cycles ™ 13 eyees

22

2.2

An electromagnet weighing 400 1b and suspended by a spring having a stiffness of 100 Ib/in.
(Fig. P.2.2a) lifts 200 Ib of iron scrap (Fig. P2.2b). Determine the equation describing the
motion when the electric current is turned off and the scrap is dropped (Fig. P2.2¢).

(a) (b) (c)




2.4  The weight of the wooden block shown in Fig. P2.4 is 10 1b and the spring stiffness is 100
Ib/in. A bullet weighing 0.5 Ib is fired at a speed of 60 ft/sec into the block and becomes
embedded in the block. Determine the resulting motion u(t) of the block.

o
v()
-
m |
k
T Yoo 7 Figure P2.4

24

2.5 A mass m hangs from a spring k& and is in static equilibrium. A second mass my drops
through a height & and sticks to m| without rebound (Fig. P2.5). Determine the subsequent
motion u (r) measured from the static equilibrium position of m and k.

| ">y

my

Figure P2.5

25




2.8

2.9

Show that the motion of a critically damped system due to initial displacement «#(0) and initial
velocity #(0) is

u(t) = {u(0) + [#(0) 4+ wau(0)] t} e !

Show that the motion of an overcritically damped system due to initial displacement «(0) and
initial velocity @ (0) is

u(t) = e ¢! (Ale_wa E Azew{fif)
where w’D = wn+/ 2 — 1 and
i) + (= + /T =1) w,u©)

r
ZwD

i + (¢ +/cT= 1) @,u(0)

1
ZwD

Al =

26

2.14

The vertical suspension system of an automobile is idealized as a viscously damped SDF sys-
tem. Under the 3000-1b weight of the car the suspension system deflects 2 in. The suspension
is designed to be critically damped.

(a) Calculate the damping and stiffness coefficients of the suspension.

(b) With four 160-Ib passengers in the car, what is the effective damping ratio?

(c) Calculate the natural vibration frequency for case (b).

The stiffness and damping properties of a mass—spring—damper system are to be determined
by a free vibration test; the mass is given as m = 0.1 Ib-sec?/in. In this test the mass is
displaced 1 in. by a hydraulic jack and then suddenly released. At the end of 20 complete
cycles, the time is 3 sec and the amplitude is 0.2 in. Determine the stiffness and damping
coefficients.
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el 3 B

Response to Harmonic and
Periodic Excitations




PREVIEW

The response of SDF systems to harmonic excitation is a classical topic in structural dy-
namics, not only because such excitations are encountered in engineering systems (e.g.,
force due to unbalanced rotating machinery), but also because understanding the response
of structures to harmonic excitation provides insight into how the system will respond to
other types of forces. Furthermore, the theory of forced harmonic vibration has several
useful applications in earthquake engineering.

HARMONIC VIBRATION OF UNDAMPED SYSTEMS

mii + ku = p, sin wt

Us(t) = Acoswut + B sinwyt

u = u(0) = u(0)

up(t) = Csinwt p
o .
up(t) = 5 sin wf W F Wy
k1 — (w/wy)

iip(t) = —*C sinwt

) z I )
u(t) = Acoswuyt + B sinw,t + Po sin wf

k1 — (w/wy)?




. 7 I .
u(r) = A-::-:wsnm,!rJrJE‘a’s‘,lncuﬁ;rJrE 5 sin wt
k 1 — (w/wy)*

Po )

~ cos wi
k 1— (w/cwn)=

u(t) = —wpAsinwyt + wy B cos wuyt +

& w
k 1— (mf(wu:'z

u(0) = A u(0) = w, B +

u(0) - Po w [ wp

A = u(0) B = — 5
Wy k1 —(w/w,)*

(0 ) w/ew
u(t) = u(0)coswut + [ ©) _ Po [@n ]sinm,;f

N k11— (@ /wy)?

transient

Po 1 .
+ — 5 S1n art
k 1 —(w/wy,)~

steady state

if 4(0) = 1(0) = 0,

Po 1 ) w
uir) = T SIn wf — — sin w, 1

| — (w/wy)? On




Amplitude, P,

(a)

Period, T = 2m/®

Total Response

Steady—state Response
1 RS
/ e
S R \
N /
\Y

A
N yd
hY
7

~ e

(~

b = 0
= \ v
= 4 /
14 ~
g
0.5 1

0T
| 5
u(t) = (uq sin ot 4r
(r) ( st)n|:l_(wf,w”}2:|"‘ w il
-2
Po . Po =
Ug(t) = — sin wt (Ugt)op = — 3
st } A st/o 2 I
= L
u(t) = u, sin(wt — @) = (g)o Ry sin(wt — ) -2
3+
Uy 1 4t
Rd p— p— 2 _ ) )
{“st)o | 1 — (w/wrr} | =0 1 2

b= 0~ w < Wy
] 180° W = wy

Frequency ratio o / m,




Ifow = w,,

up(t) = Ct cos wnt C:_&mﬂ
2k
, Do
u(t) = Acoswyt + B sinwyt — ;—kmﬂr COS wynl
u(t) = —w, Asinw,t + w, B cos w, — Ewu Cos wy, I + &mf}: sin @y,
2k 2k

1(0 .
A=u© B="9 P

Wy 2k

Specializing for at-rest initial conditions gives
A=0 B=£L

2k
I po _
U(t) = ——— (w,t cosw, — sin wyf)
2 k o
_ 1p
u(r) = —2 k (w,t cos w,t — sin w,T)
'T{I”()
| jpr | — | uj |= (Usol (j + 1) —mj] = .
u(t) 1 (2.’-” 2wt . 2mt
= —— cos — sin
(tst)o 2 n n n

- _
20 A Envelope curve — -

. 10 _—

R VAY

0

=
. “““V \/
=20

4 6 8 10
t/ T, 0

o
8]




HARMONIC VIBRATION WITH VISCOUS DAMPING

mii + cu + ku = p, sin wt

ue(t) = e *“""(Acoswpt + Bsinwpt)
u = u(0) i = u(0)

__ Po 1 — (([}/([)”)2
up(t) = Csinwt + D cos wt k 1 — (0/wn)?? + [20 (0/wn)]?
D— Po —2Cw/wy

k [1— (w/’wn)z]z + [2¢ (w/’wu)]z

u(t) = e *“"'(Acoswpt + Bsinwpt)+ C sinwt + D cos wt

transient steady state

11

u(t) = e *“"'(Acoswpt + Bsinwpt) + C sinwr + D cos wt

transient steady state

Total Response
1 Steady—state Response
~ N
Ve z
S \ /
/4
T \ \\/

0 0.5 1 1.5 2
T

Figure 3.2.1 Response of damped system to harmonic force; w/w, = 0.2, £ = 0.05,
u(0) = 0.5pp/k, and t(0) = wn po/k.
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u(t) = e *“"(Acoswpt + Bsinwpt) 4 C sin wt + D cos wt

transient steady state
u(t) = uysin(wt — @) = (Ust)o Ry sin(wt — @)

U, = ~C?+ D2 and ¢ = tan~' (=D /C).

Uy I
Ry = =
(Usdo  /[1 — (w/w,)2]? + [2 (w/w,)]?

, 1 2 (w/wy)
@ = tan <
1 — (w/wy)*

13

Response for w = wp

for @ = w, and zero initial conditions,

A= (ug)y/2¢ and B = (uy),/2+/1 — 2.
C =0and D = —(ugy)y/2¢

1 .
u(t) = (”st)GE |:e—é'w,.r (cos wpt + \%@_2 smw,gr) — COs tunri|

14




Steady-state amplitude

Envelope curves

1/ T,

Figure 3.2.2 Response of damped system with ¢ = 0.05 to sinusoidal force of frequency w = w,;
u(0) = u(0) =0.

15

u(t) / (ug),

30

20 £ =0.01

AAARR e
=0.1

. A A A -

vV Y

-10 +

20 4

-30 -

0 2 4 6 8 10

Figure 3.2.3 Response of three systems—¢ = 0.01, 0.05, and 0.1—to sinusoidal force
of frequency @ = w,; u(0) = u(0) = 0.
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Dynamic Response Factors

u(r) R sin(wr )
= Ry sin(wf — @
Po/k
u(t) w
————— = R, cos(wr — @) Ry = —R
Po/~ km ’ Dy a
. 2
u(r . .
(1) = — R, sin(wt — @) Rs = (2) Ry
Po/m Wy
R, w
= R, = —Ry
w [y, Wy,

17

Resonant Frequencies and Resonant Responses

Displacement resonant frequency: wn+/ 1 — 222
Velocity resonant frequency: Wy
Acceleration resonant frequency: W, — /1 —2¢2

The three dynamic response factors at their respective resonant frequencies are
I I

1
= R, = — R,=— — (3.2.22)
2041 — &2 TS “ 21 =2

Ry
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FORCE TRANSMISSION AND VIBRATION ISOLATION

(t) = po sin wt fr = fs+ fp = ku(t) + cu(r)

fr(t) = (tst)oRa |k sin(wt — @) + cw cos(wt — @)]

2
(fT)a - (”st}oRd\f k2 + c?w? {fT}O - RdJl + (2’: 2)

Po Wy

1+ [2¢ (w/wn)]? }”2

TR = { h .
[1 — (@w/wn)?]? + [2¢ (@] wn)]

19

RESPONSE TO GROUND MOTION AND VIBRATION ISOLATION

i .
1 fig(t) = iigpsinwt  u(t) = —=%2 Ry sin(wr — )
m Hg
kg Lc
d 18] ' (1) = iig (1) + ii(1)
it 1 4+ [2¢(w/ew )]2 v
TR = —2 — C s
Ugo [l — ((UX-‘.’LJ”)E]L + [2¢ (w/wnj]z
ut 1+ [2¢(w/w )]? .
TR = —2 = .
Ugo [l — ((Uf(z),i)z]b + [2¢ (w/{wn}]z

20




Example 3.4

An automobile is traveling along a multispan elevated roadway supported every 100 ft. Long-
term creep has resulted in a 6-in. deflection at the middle of each span (Fig. E3.4a). The
roadway profile can be approximated as sinusoidal with an amplitude of 3 in. and a period
of 100 ft. The SDF system shown is a simple idealization of an automobile, appropriate for a
“first approximation” study of the ride quality of the vehicle. When fully loaded, the weight of
the automobile is 4 kips. The stiffness of the automobile suspension system is 800 Ib/in., and
its viscous damping coefficient is such that the damping ratio of the system is 40%. Determine

(a) (b)

1007 1007

——
—4
——

Figure E3.4

21

w=2/T. T=L/v w=2nv/L

(a) Determine ul,.

2w (58.67
40 mph = 58.67 ft/sec W = I(TU} = 3.686 rad/sec
k 800
= = [——— =8786radlsec = — =0.420
m 4000/386 Wn
1/2

I + [2(0.4)(0.420)]2

1= 042027 + 20H0007 | — °

1.186uge = 1.186(3) = 3.56 in.

22




(b) Determine the speed at resonance. If { were small, resonance would occur ap-
proximately at w/w, = 1. However, automobile suspensions have heavy damping, to reduce
vibration. In this case, £ = 0.4, and for such large damping the resonant frequency is sig-
nificantly different from w,. By definition, resonance occurs for u!, when TR (or TR?) is
maximum over all . Substituting £ = 0.4 in Eq. (3.6.5) and introducing 8 = w/w, gives

) 1 4+ 0.6482 1406487
T (1 =28248YH +0.6482 B —1.3682+1
d(TR)? _ _
B 0= B =0.803 = w = 0.893w, = 0.893(8.786) = 7.846 rad/sec

Resonance occurs at this forcing frequency, which implies a speed of

oL (7.846)100
2T 2

v = = 124.9 ft/sec = 85 mph
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RESPONSE TO PERIODIC EXCITATION

p

A ANV

/ \V 4 \/‘

S U S B ¢

I [ 1 I

Figure 3.12.1 Periodic excitation.

p(t+ jTo) = p(t)  j=—o0,..., —3,-2,-1,0,1,2.3,....00

24




pt + jTo) = p(t)  j=—o0, ..., —3,-2,—-1,0,1,2,3....,00

s o] o0 2]1,
p(t) = ag + Z”f cos jwot + ZI)J; sin Jaot wy = ?0
j=1 j=1
[T
ag = — p(t) dt
Tufo
2 [P
aj = — p(t)cos jaot dt J=1,2,3,...
Io Jo
2 T
b = —f p(t)sin jwgt dt j=1,2,3,...
To Jo
o0 (o
u(t) = uop(t) + Zuf(r} - Z uj(r}
j=1 j=1
ao
{ollt) = —
uo(t) P
”j_(” _ 4 2¢ B sin jawot j_,,(l - ﬁf) 0205; Jwot
k (1 —B;)"+ (2¢8)) Jjwo
Bi =
Wn
. b; (1-— ﬁ}?)sin Jwot — 2B cos jwot
u:(t) = — 5
/ k (1 —BH2 + (2¢8))°
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ap = 1 . ) ..
u(t) = — E ai(2cB;) + b (1 — B)|sin jewpt
0= — (1—ﬁf)2+(2cﬁﬂ2{["wﬁ” i (1= A ]sin jeo
+ [aj(1 — B7) — bj(2¢;)] cos jwot } (3.13.6)
Example 3.8

The periodic force shown in Fig. E3.8a is defined by

p(r) = { io

0<t<Tp/2
Po To/2=t=<Ty

(a)

/T,
3 0
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Ty

1
ap = — pt)ydt =0
Ty Jo
9 Ty
aj = — p(t)cos jwot dt
i =T A

o) To/2 To
—— |:pof cos jwot dif + (—py) cos jawgt dr] =0
To 0 To/2

5 T
b; = T;O.[o p(t) sin jowgt dt

2 Ty/2 Ty
=T |:Pof sin jwot df + (—po)f Sinja)ordr:|
0 To/2

0 j even
=14po/jm jodd

oo

1
— sin jwof
2 ;

j=1.3.5 .

4po
p) = pil)=—

- 2. - . .
) — (uo 4 . 1 3 —,Sj)slnjmgr—Zgﬁjcosngr
ulr) = (Ust)o— E - 5
T 1 — B<)= 2 2
Three terms Four terms
1.5 Three terms Four terms 2- !
{—\:' e TS \7-\( =
< |/ ) ; 5
= 0 = 0
= S v AN
)
-1.5- 2
0 0.25 0.5 0 0.25 0.5
t/ Ty t/ Ty

30




An air-conditioning unit weighing 1200 Ib is bolted at the middle of two parallel simply
supported steel beams (Fig. P3.5). The clear span of the beams is 8 ft. The second mo-
ment of cross-sectional area of each beam is 10 in*. The motor in the unit runs at 300 rpm
and produces an unbalanced vertical force of 60 Ib at this speed. Neglect the weight of the
beams and assume 1% viscous damping in the system; for steel £ = 30,000 ksi. Determine
the amplitudes of steady-state deflection and steady-state acceleration (in g’s) of the beams at
their midpoints which result from the unbalanced force.

Air-conditioning unit

4 | &

t + 1 Figure P3.5
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3.6

3.7

3.8

(a) Show that the steady-state response of an SDF system to a cosine force, p(t) = po cos wf,
is given by

© Po [1 — (a)/‘wn)z] coswf + [2¢ (w/wy)] sin wt
u(r) = —
k [1 — (@/om?]” + 12¢ (/@n) 2

(b) Show that the maximum deformation due to cosine force is the same as that due to sinu-
soidal force.

(a) Show that @, = @, (1 — 2¢2)!/2 is the resonant frequency for displacement amplitude of
an SDF system.

(b) Determine the displacement amplitude at resonance.

(a) Show that w, = w, (1 — 2§2_)_U2 is the resonant frequency for acceleration amplitude of
an SDF system.

(b) Determine the acceleration amplitude at resonance.

32




3.26 An SDF system with natural period T, and damping ratio ¢ is subjected to the periodic force
shown in Fig. P3.26 with an amplitude p, and period Tp.
(a) Expand the forcing function in its Fourier series.
(b) Determine the steady-state response of an undamped system. For what values of Tj is the
solution indeterminate?
(¢) For To/T, = 2. determine and plot the response to individual terms in the Fourier series.
How many terms are necessary to obtain reasonable convergence of the series solution?

P
A
Po
\/\/ \/\/\/ o
T, -T,2 0 T,2 T, 27, Figure P3.26
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Response to Arbitrary, Step, and
Pulse Excitations

RESPONSE TO UNIT IMPULSE

A very large force that acts for a very short time but with a time integral that is finite 1s
called an impulsive force. Shown in Fig. 4.1.1 is the force p(fr) = 1/&, with time duration
e starting at the time instant 1 = 7. As & approaches zero the force becomes infinite;
however, the magnitude of the impulse, defined by the time integral of p(t), remains equal
to unity. Such a force in the limiting case ¢ — 0 is called the unit impulse. The Dirac
delta function 6(t — t) mathematically defines a unit impulse centered at 7 = 7.

P
A

(a) l/e

- 1




(a) 1/e

-1

T
F——=| |}
Undamped system

hit-1) i
i I Damped system
(b)

AW
VY

Figure 4.1.1 (a) Unit impulse; (b) response to unit impulse.
ts 1
d : - . . . u(t) = —
—(mu) = p f pdt = m(uy —uy) = m Au (T) M
dr t
u(t) =10
I —Ewg (t—T)
hit —1)=u(t) = ——e *™n sinfwp(t — 1)] r=T
map

unit impulse-response function




RESPONSE TO ARBITRARY FORCE

Py
1 L. /\
- T

-t \/ -

(]

t
du(t) =[p(t)dtlh(t — 1) I >t u(r) = f p(t)h(t —t)dr
0
t
u(t) = f p(D)e =D gin[wp(t — 1)] dt
mwp Jo
) Duhamel’s integral
I :
u(t) = p(t)sin|w,(f — 1)]dT
maw, Jo
STEP FORCE
p(1) p

A

3 - t
e

The equation of motion has been solved (Section 1.10.2) using Duhamel’s integral to obtain

2t
U(t) = (Ug)o(l —cosw,t) = (tg), (] — COSs ) (4.3.2)

n

where (us)o = po/k, the static deformation due to force p,.




mii + cu + ku = p, Up = Po/k

'}
u(t) = e *“'(Acoswpt + Bsinwpt) + ‘l—”

(D) = u(0) =0

_ Po _ Po &

: VI

A=

u(t) = (U)o |:l — g S@nl (cos wpt +

s .
—— sinwpt
Vi-2¢? )}

RAMP OR LINEARLY INCREASING FORCE

p() p

i Po I

1 / F"(” = Po—

k I""
' 0

u(r) =

P -
2rsinw,(t —1)dt
.-‘H(,U” 0 Ir

Duhamel’s integral

sin2mt /T,

) = (1) t sin wy,t () t T,
i = i _— = (. —
st/)o fr (L}H fr st)o ?-;i Tr

271, /T,

)




STEP FORCE WITH FINITE RISE TIME

p(r) p
Po 20 (1 /1,
m i !}(r): IG(KF}
;;% Po
: -1
“ 0 rr
t sin w,t
u(t) = (Ust)o (— — ) r<t,
I, Wy,

w(ty)
u(t) = u(t,)coswy(t —1t,) +

(g

sinwy (1t — 1) + (ts)o[1 —

IV 1A

cos w,(f — 1,)]
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RESPONSE TO PULSE EXCITATIONS

Force

~——* Time Figure 4.6.1 Single-pulse excitation.
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A A () =p,
Po Po
(a)
p I = rld - [
d I
[
mii + ku = p(r) { e F=i :
1 & 7 i— — o e e
0 I > 14 pat) =-p,

1. Forced vibration phase. During this phase, the system is subjected to a step force.
The response of the system is given by Eq. (4.3.2), repeated for convenience:
u(r) 2t
=1 —coswyf =1 — cos
(Ust)o T,
2. Free vibration phase. After the force ends at 7y, the system undergoes free
vibration, defined by modifying Eq. (2.1.3) appropriately:

I <tq (4.7.2)

u(ty) .
u(t) = u(ty) cosw,(t —tz) + Sin w, (f — 1z) (4.7.3)
[OM
12
P p
A i) —po sin of pz(.f] =p, sin O(f - 1)

Po Po sin of Po
" /\ /\ /
I = -1
' \/ \/ \/
_1)0 .

Forced Vi !nrmrm th('
u(tr) | . f T, . t

= S |sin| T— | — sin | 2m — r <ty
(tst)o 1 — (ﬂ:fzrd}“ Id 214 T,

Free Vibration Phase.

u(r) o (T]:;’fd}CDS(F”d/?]:} sin 4 I 14
(Hst)a (T.wfzfd}z — 1 L — Tu 2 Tu
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12{1 ——+ 2sin— | — =f3 | —sin2m — — <r <1y
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L 2:-'de Tn 2 n TJ‘T
14
S aa
§F8
| IIl' lu"l
[ / / Po
7 i /
- | fa'? tq
= Uy = ~
S ;///‘"“‘-C: >~ Po
H: "?t ™~ ~ T =, -
T K ST T~ 1a
= I |
I~ . \
i . Po -
tq
G T T T
0 1 2 3 4
tﬂ”'{Tn

Shock spectra for three force pulses of equal amplitude.

Figure 4.10.1
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4.1  Show that the maximum deformation ug of an SDF system due to a unit impulse force, p(t) =

8(1), is
¢ RV <

exp| ————=tan

1
My, /1 _3:2 4

Plot this result as a function of . Comment on the influence of damping on the maximum
response.

Up =

4.2 Consider the deformation response g(r) of an SDF system to a unit step function p(r) = 1,
t = 0, and k() due to a unit impulse p(t) = (). Show that h(r) = g().
4.3  An SDF undamped system is subjected to a force p(t) consisting of a sequence of two im-
pulses, each of magnitude I, as shown in Fig. P4.3.
(a) Plot the displacement response of the system for tz /T, = 51; ;1; and 1. For each case show
the response to individual impulses and the combined response.
pP

!

Iq J

Figure P4.3
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Numerical Evaluation of
Dynamic Response

TIME-STEPPING METHODS

For an inelastic system the equation of motion to be solved numerically 1s
mii + cu + fs(u) = p(t) or —midg(1)
subject to the initial conditions

g = u(0) o = u(0)

The system is assumed to have linear viscous damping, but other forms of damping, in-
cluding nonlinear damping, could be considered, as will become obvious later. However,
this is rarely done for lack of information on damping, especially at large amplitudes of
motion. The applied force p(t) is given by a set of discrete values p; = p(f;),i = 0to N




-

Ip 1 b t; Ii \/

4>|Afi|<7
At =141 — 1
miij g1+ ciipr + (f8)iv1 = Pit

4
A "

Uy Uiry

uy
0 lp 11 Ih l lyg ——ee S =
mii; + cu; + (fs)i = pi (fs)i = ku;

Stepping from time i to i + 1 is usually not an exact procedure. Many approximate
procedures are possible that are implemented numerically. The three important require-
ments for a numerical procedure are (1) convergence—as the time step decreases, the nu-
merical solution should approach the exact solution, (2) stability—the numerical solution
should be stable in the presence of numerical round-off errors, and (3) accuracy—the nu-
merical procedure should provide results that are close enough to the exact solution. These
important issues are discussed briefly in this book; comprehensive treatments are available
in books emphasizing numerical solution of differential equations.

Three types of time-stepping procedures are presented in this chapter: (1) methods
based on interpolation of the excitation function, (2) methods based on finite difference
expressions of velocity and acceleration, and (3) methods based on assumed variation of
acceleration. Only one method is presented in each of the first two categories and two from
the third group.
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Figure 6.6.3 Combined D—V—A response spectrum for El Centro ground motion; { = 2%.
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Figure 6.6.4 Combined D—V—A response spectrum for El Centro ground motion; £ = 0, 13
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PEAK STRUCTURAL RESPONSE FROM THE RESPONSE
SPECTRUM

S, =0,5;,=5,/ow,

T, T\’
uy, = D = V = A
2w 2

fso = kD =mA
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Example 6.2

A 12-ft-long wvertical cantilever, a 4-in.-nominal-diameter standard steel pipe, supports a
5200-1b weight attached at the tip as shown in Fig. E6.2. The properties of the pipe are:
outside diameter. d, = 4.500 in., inside diameter d; = 4.026 in., thickness t = 0.237 in.,
and second moment of cross-sectional area, I = 7.23 in%, elastic modulus = 29,000 ksi,
and weight = 10.79 Ib/foot length. Determine the peak deformation and bending stress in the
cantilever due to the El Centro ground motion. Assume that £ = 2%.

16




fso = 1.04 kips

— -

5200 1b

h-_
XQ*-—

329 x 10%)7.23
L3 (12 x12)3

| k
Wp =4 — =
m

Uy = D = 5.01n.

= 0.211 kip/in.

0.211

T —3.958 rad/s
001347 — 8 rad/sec

A
fSa = —w = 0.20 x
g

A @ B
12.48 kip-ft

(d) Moment

(e) Section a-a

w D
g2

0 2
= 386 = 0.01347 kip-sec”/in.

T, = 1.59 sec

5.2 = 1.04 kips

17

V. in./sec
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Example 6.4

A small one-story reinforced-concrete building is idealized for purposes of structural analysis
as a massless frame supporting a total dead load of 10 kips at the beam level (Fig. E6.4a).
The frame is 24 ft wide and 12 ft high. Each column and the beam has a 10-in.-square cross
section. Assume that the Young’s modulus of concrete is 3 x 10? ksi and the damping ratio for
the building is estimated as 5%. Determine the peak response of this frame to the El Centro
ground motion. In particular, determine the peak lateral deformation at the beam level and
plot the diagram of bending moments at the instant of peak response.

17.1 kip-ft
10 kips = 7.6 kips =
o Jso ® 7 17.1
1075q. ) \)\
1> 17.1
107 sq. ( (
T o 7 7 Z 77 284 /777 284
t t
(a) (b) (c)
19

Solution The lateral stiffness of such a frame was calculated in Chapter 1: k = 96E1/7h>,
where E[ is the flexural rigidity of the beam and columns and h is the height of the frame.
For this particular frame.

96(3 x 10%)(10%/12)

k = 7012 % 12)3 = 11.48 kips/in.

The natural vibration period is

2 10/386
T, = —_ — 2n,f’(— — 0.30 sec
Vk/m 11.48

For T, = 0.3 and ¢ = 0.05, we read from the response spectrum of Fig. 6.6.4: D = 0.67 in.
and A = 0.76g. Peak deformation: u, = D = 0.67 in. Equivalent static force: fg5, =
(A/g)w = 0.76 x 10 = 7.6 kips. Static analysis of the frame for this lateral force, shown in
Fig. E6.4b, gives the bending moments that are plotted in Fig. E6.4c.

20




6.10 A 10-ft-long vertical cantilever made of a 6-in.-nominal-diameter standard steel pipe supports
a 3000-Ib weight attached at the tip, as shown in Fig. P6.10. The properties of the pipe are:
outside diameter = 6.625 in., inside diameter = 6.065 in., thickness = 0.280 in., second moment
of cross-sectional area I = 28.1 in*, Young’s modulus E = 29,000 ksi, and weight = 18.97
Ib/ft length. Determine the peak deformation and the bending stress in the cantilever due to
the El Centro ground motion: assume that £ = 5%.

o 3000 Ib
-]
=,
10 2 =
= L]
© 2
——

Figure P6.10
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GENERALIZED SDF SYSTEMS

plt)
1 T " ) El(x).m(x)

(a) %} j;c ik O %1//_1 (b)

w(et) = xz2(0) u(x.t) = (x)z(t)

/E"’é”,g’/ //?// Izm

| _.j: |

[ [
X X

u(x, 1) = wr(x)z(r)

U(x) = x N
mZ+cz+kz = p(t)




RIGID-BODY ASSEMBLAGES

Example 8.1

The system shown in Fig. E8.1a consists of a rigid bar supported by a fulcrum at O, with
an attached spring and damper subjected to force p(r). The mass m of the part OB of the
bar is distributed uniformly along its length. The portions OA and BC of the bar are mass-
less, but a uniform circular plate of mass m» is attached at the midpoint of BC. Selecting
the counterclockwise rotation about the fulcrum as the generalized displacement and consid-
ering small displacements, formulate the equation of motion for this generalized SDF system,
determine the natural vibration frequency and damping ratio, and evaluate the dynamic re-
sponse of the system without damping subjected to a suddenly applied force p,. How would
the equation of motion change with an axial force on the horizontal bar; what is the buckling
load?

massless
p(t)
IMass = fﬂz Llf‘fl
| 3L/4 h
massless 1 T L4
A / O mass = m,
- gﬁ
L L2 l L L
T T T




6 mL?
,""‘ 12 2
it L==e=s ' Ip=5
O ! mi, \...I..O I
¥ mik,
(a) (b)
b2 b2
I
1o
m(b+d°) g
drn —°
I, = m(b? + d*) ;’T _ mR?
T 12 == o | - -2
miy Mo
dr | miky
|
—— |
(c)
6
u(x’",t) = x’0(t) —=
v
0 u(x,f) = x6(t
massless (0] oL
— T
p(1) ¢
mass = f, L/
(b)
| 3L/4 |
massless T T Li4
A 7] mass = m,
FET
e ‘s [~ o
A ma(124)6
mo(L6)
T
Tﬁ Ve
(a) c(L/2)8 my(Li2)6

(c)

.. L.\ L .. . L.\ L L.\ L 3L 3L L
119+(m158) E—!—Igb"+(mgL6)L+(mgI€) I+ (059) E+ (kjﬂ) — = p(”E




Substituting I} =
gives

L2 137 ; L2 . o2 L
(””,% + mgL2)9+C 6 + 0 =pt)5

128 - 16

The equation of motion is
mb + 0 + kO = p(t)

where

137 L2 _ 9okL?
"1:(E+—mg)£,2 E:C k =

4 16

miL2/12 and I, = mo(L/8)%/2 = moL?/128 (see Appendix 8)

(a)

(b)

3. Determine the natural frequency and damping ratio.

k ¢
Wy = 1| = { = —
m 2+ kit
4. Solve the equation of motion.
- p(t)L PolL -
( } — D - D = Po
ﬁa S,Dﬂ
B(r) = —(1 — coswyl) = (1 — coswpt)
k

9k L




5. Determine the displacements.

u(x,r) = x6(r) u(x', 1) = x"6(t)

6. Include the ﬁxia_ifﬂrce. In the displaced position of the bar, the axial force Q intro-
duces a counterclockwise moment = (L. Thus Eq. (b) becomes

mb + é6 + (k — QL)Y8 = p(1) (2)

A compressive axial force decreases the stiffness of the system and hence its natural vibration
frequency. These become zero if the axial force is

k  9kL

Qo =7 = 75

This is the critical or buckling axial load for the system.
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SYSTEMS WITH DISTRIBUTED MASS AND ELASTICITY
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8.1  Repeat parts (a). (b). and (c) of Example 8.1 with one change: Use the horizontal displace-
ment at C as the generalized coordinate. Show that the natural frequency, damping ratio, and
displacement response are independent of the choice of generalized displacement.

8.2 For the rigid-body system shown in Fig. P8.2:
(a) Formulate the equation of motion governing the rotation at O.
(b) Determine the natural frequency and damping ratio.
(c) Determine the displacement response u(x, t) to p(t) = &8(t), the Dirac delta function.

p()
T Mass =m
Rotational
damper ¢ Mass = m s
o
, L2 | L2 w
T ! ! Figure P8.2
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8.5  For the rigid-body system shown in Fig. P8.5:
(a) Choose a generalized coordinate.
(b) Formulate the equation of motion.
(¢) Determine the natural vibration frequency and damping ratio.

plt)
Massless

i
&;% Ek % " Mass = m l

- L 4
T T T T T Figure P8.5
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SIMPLE SYSTEM: TWO-STORY SHEAR BUILDING
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Example 9.1b
Formulate the equations of motion for the two-story shear frame in Fig. E9.1a using influence

coefficients.

Solution
The two DOFs of this system are u = (u; w2 ).
m
—— pszj i Efb — Q Hz
h EI, EI,
2m
— plffj —-407—E> ‘“1
El, =
h 2EI, 2FEI,
- A 7z Figure E9.1a
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m
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2m
—— plf't) *4@7—9 M]
El, =
h 2EI, 2EI,
- T Tz Figure E9.1a
mip = 2m ms = m
1 = < 2 =
12(2EI.) 48EI, 12(EI;)  24El,
k1 =2 3 = 3 2=2 3 = 3
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(a) (b)
u,=1lu =0 |_D|“2:]
- kzz
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Example 9.2

A uniform rigid bar of total mass m is supported on two springs k1 and k2 at the two ends
and subjected to dynamic forces shown in Fig. E9.2a. The bar is constrained so that it can
move only vertically in the plane of the paper; with this constraint the system has two DOFs.

——
—

15

Su du
OW = pt—— — po—

P, IPI P, 2 L
SHET___EHPBJ“‘““T (b)
SW = p1éuy + p2(0)

Pt Po
Pl ==+

a similar mz: L, by 1 cing a virtual displac 2, al
In a similar manner, by introducing a virtual displacement du,. we obtain
Pt Po

Pzzzi;”+'ir
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2. Determine the stiffness matrix. Apply a unit displacement u; = 1 with up = 0
and identify the resulting elastic forces and the stiffness influence coefficients k11 and k2
(Fig. E9.2¢c). By statics, k1 = k; and k1 = 0. Now apply a unit displacement uy, = 1

with u; = 0 and identify the resulting elastic forces and the stiffness influence coefficients
(Fig. E9.2d). By statics, k12 = 0 and k22 = k2. Thus the stiffness matrix is
kiy O
k = (e
0 ky )
17
3. Determine the mass matrix. Impart a unit acceleration i1 = 1 with u2 = 0, de-
termine the distribution of accelerations of (Fig. E9.2e) and the associated inertia forces, and
identify mass influence coefficients (Fig. E9.2f). By statics, myy = m/3 and my; = m/6.
Similarly, imparting a unit acceleration i = 1 with i1 = 0, defining the inertia forces and
mass influence coefficients, and applying statics gives mp = m /6 and myy, = m/3. Thus the
mass matrix is
m[2 1
m= — f
sl 2] v
(e i, =1,i,=0
ulzl‘T‘HH“‘-HHH
~~ -0

18




|

(pe/2) — (pafﬂ)]
(pe/2) + (po/L)
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Example 9.5

Derive the equations of motion of the beam of Example 9.4 (also shown in Fig. E9.5a) ex-
pressed in terms of the displacements u1 and u2 of the masses (Fig. E9.5b).

P,(1) Py(1)
” El i EI é
(a) ﬁ I
mlL/2 ml/4
| L2 | L2 |
T T T
u, u,
Y
(b) i

Element ( ])TElement (2)
Node (2) Node (1)

fai=1fs=0 fo=l
}\.21 ?51

> 11

ﬁ 7 (©

foo=1fyq=0

>

v,
ﬂ 12

(d)

f_gg:l
>4
b b
-?‘22
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1=
i
(2]

fs1=1

- Ile ‘fﬂ:lil:?n

2 L° 12 3
_6Ef[3 8]

This matrix is inverted to determine the stiffness matrix:
~ 6EI 8 —3
k=[5 2]
Thus the equations in free vibration of the system (without damping) are

LT e IR LV R b
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[

maxi, = 0.695(in)
max; ~ 0.446(in)

maxu, = 0.214(in)
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max F = Z Hlg

i=1 i
. P2 — —
g=38611/S" L ol pl 5 & Cled Hlate oSl 5leT g 53 a5 548 a5

(4.2565)7(0.28)(386) (1.5919)(0.3)(386)

max F ~ { 24 24
i 2.873 17+ 2.177 ]
(1.3425)3(c:).zs)(:«:z%)]2 +[(0.6526)2(0.24)(386)]3}1 5
1367 3.642 !

:6963k1p ajL.a ,_gla' u:"'“".)" ug_jj_“
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Jbo
J}LJJ:CJLETE;N?F '-\Sf‘;/&-ﬂ):.(?ﬁj?}jtJ}thuij—%);—#llb-l—;
T

Mélﬁdilivijijﬁ1b v,._-_:aa@m/..i.h.ag-l.&bo-t& o:'la\'_)L.iJ._;;}.; J_B-L-.J-JD-

Q&Ax_ﬁ_}fl-b-;.:fjjs_}aM}l\ﬁf_ﬁjb-—\.@ﬁj_v:}lj,_g}J.:JJ.‘51J:-_9J}lJ_’w

t.(sec)?
sl pripeligados A b T T e el agn s N il s
45 0.35¢
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b @y 9y 0y o
17 0.040336 -0.042302 0.037938 94.9
16 0.037957 -0.031601 0.019675 109
15 0.035487 -0.020511 0.001312 109
14 0.032011 -0.009365 -0.014753 109
13 0.03024 0.001353 -0.026066 111
12 0.027462 0.010993 -0.030775 111
11 0.024621 0.019092 -0.028385 114
10 0.021777 0.025043 -0.019781 114
9 0.018935 0.028613 -0.007092 116.5
3 0.016169 0.029914 0.005978 120
7 0.013476 0.029411 0.017737 120

0.010687 0.027229 0.026475 120
6 0.010687 0.023582 0.030812 122.4
5 0.008383 0.023582 0.030812 122.4
4 0.006080 0.01885 0.030207 122.4
3 0.004003 0.013467 0.025066 124.7
2 0.002231 0.008053 0.016720 124.7
1 0.000837 0.003214 0.007247 137

T,=0.777.T,=0.220,T3=0.099 ¢
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M, ={¢} [ml{g}
i"r"j.rl - flr’irz — _ﬂ/_fg — ].
= {4} [m]{T}
/4, = 36.8428

11, =17.7249

11, =11.3484
:I._! .:_,....;'I JII_‘. :‘__3"“ _‘..'h _':.."u ""'LI"l -..J';.a'f _‘JIJ;LI ‘;S-HIJ:-
M
MaxF; = ; —S
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Gad b 45 3 0d dm 5 b L auiSe anlinad Al S Ll 1 0 Jle o) s

el s wlin 0.20g Lt gl

0.35
T,=0.777 — 5, =02gx——% _0.35g
0.20g
0.35
T,=022-5,=03gx——% _0525¢g
: 2 0.20g
0.35 )
T, =0.099 — S,; = 0.22g » —0.385g
0.20g
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MaxF, = e S % 0.35g = 4660ton

4 1
2

MaxF, = 2o ZATT2)" 6 sos0 161810
4 2

MaxF, = if S w 0.385g = 486.4t0n
3

o S RS Rl R b by e A5 AU S s A
|'-1 u'_'.m.»"l-’.:'l)! Jj' S g

MaxF = (F? + Ff + F7)"” =(4660% +1618% + 486.4%)%° = 4956.81¢
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fw 13 ol 2 e o) g pK il 3 A5 51 BN g ST e g
Al I:‘li Szl ._g‘:“t‘ {’l'k "":"l’ J.i‘ e ;;Sl"’*" Uki(max) ol 2= g

"?jh il 4 S
M .o

Maxu,. = .

MaxF, = M,w? Pt 5 = Milall g
M, o. M,

2
MaxF =+ 5
v

i

MaxF,. = M (MaxF))
A
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S o o Mt | PR e
(tON) Celte slaz o (51 2y ke
Jal 20 pa3 3 2 otz | pazzp | pamise
17 0.103897 | -0.226487 | 0.317253 | 484.16 | -366.45 | 15431
16 0.1122964 | 0.19433 | 0.1889758| 523.30 | -314.42 91.92
15 0.104989 | -0.126133 | -0.126016 | 489.25 | -204.08 6.13
14 0.097368 | -0.057590 -0.1417 45373 -93.18 -68.92
13 0091119 | 0.008473 | -0.254954 | 42461 1371 -124.01
12 0.082737 | 0.068842 | -0.301013 | 38555 111.39 | -146.41
11 0.076183 | 0.122793 | -0.28514 | 355.01 198.68 | -138.69
10 0.067383 | 0.161067 |-0.198709 | 314.00 | 260.61 -96.66
9 0.059874 | 0.188064 | -0.072805| 279.01 30429 -40.28
8 0.052664 0.20252 0.063212 | 24541 | 327.68 30.75
7 0.043892 | 0.199116 | 0.187554 | 204.54 | 322.19 91.23
6 0.035395 0.13434 0.279951 16494 | 29826 136.17
5 0.02785 0.162846 (03323276 12978 | 26348 161.64
4 0.0202 0.130169 | 0.325802 94.13 210.61 158.47
3 0.013549 | 0.094808 | 0.275433 63.14 1534 13397
2 0.007551 | 0.056655 |0.1837248| 35.19 91.68 89.36
1 0.0031124 | 0.024842 |0.0874815 145 40.19 42.55
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Maxu,, = .
M, o,
LS
Maxu,, :vfhéi—éL
M, o;
Putt;S,;  MaxFy,
M, M,
MaxF,,
Maxu, = —%

2
M, o
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b () sl apm a2 sl jo U5 s olie
sl 25 [SEETS S
17 0.078 -0.00473 0.0004
16 0.0734 -0.00354 0.0002
15 0.0686 -0.00229 0.0001
14 0.0636 -0.00105 -0.00016
13 0.0589 0.000145 -0.00027
12 0.0531 0.00123 -0.0003
11 0.0476 0.00214 -0.0003
10 0.0421 0.0028 -0.00021
10 0.0421 0.0028 -0.00008
9 0.0366 0.0032 -0.00008
8 0.0313 0.00335 0.00006
7 0.0261 0.00329 0.00019
6 0.0210 0.00305 0.00028
5 0.0162 0.00264 0.0003
4 0.0118 0.00211 0.00032
3 0.00774 0.00151 0.00026
2 0.00431 0.0009 0.00018
1 0.00162 0.00036 0.00008
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