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CHAPTER 1. INTRODUCTION



Chapter 2

Field Quantization

2.1 problem 2.1

Eq. (2.5) has the form

2 2
Eo(z,1) = Vigoq(t) sin(k2),
and Eq. (2.2)
OE
V x B = ppeg—.

2.2 problem 2.2

1 1
H = §/dV [50E§(2,t) + —B;(z,t)} :

Ho

9

(2.1.1)

(2.1.2)

(2.1.3)

(2.1.4)

(2.2.1)
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From the previous problem

Bu(e,) = 1| 2 g(t) sin(k2) (2.2.2)
(2,t) = Vsoq sin(kz), 2.
SO
2 2w” 2

eoEZ(z,t) = 4 (t) sin®(kz). (2.2.3)

Also
By(e 1) = 020 [ 2% 4 cos(hz) (2.2.4)

A A v ’ e
and ) 5

—B? z,t 2() cos®(kz 2.2.5

o ,(2,1) = 7P (t) cos®(kz), (2.2.5)

where we have used that ¢* = (uogo) ™!, p(t) = ¢(t), and ck = w. Eq. 2.2.1
becomes then

1
e / AV [w2q2 (1) sin® (k=) + p*(t) cos?(k2)] | (2.2.6)
Using these simple trigonometric identities cos?z = % and sin’z =

1—cos 2z

5, we can simplify equation 2.2.6 further to:

H= 21/ /dV [w?@?(t)(1 + cos 2kz) + p*(t)(1 — cos 2k2)] . (2.2.7)

Because of the periodic boundaries both cosine terms drop out, also % f dVv =
1 and we end up by

H= % (p* + wq?) . (2.2.8)

It is easy to see that this Hamiltonian has the form of a simple harmonic
oscillator.

2.3 problem 2.3

Let f be a function defined as:

FA) = eMBe=M, (2.3.1)
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If we expand f as

f()\) = Cp —f- Cl(’L)\) —I— Co (Z;\')2 + ceny (232)
where
Co = f(O)
C1 = f/(O)
¢ = f"(0)---
Also

The same way we can determine the other coefficients.

2.4 problem 2.4

Let
flz) = eAreB (2.4.1)

It is easy to prove that

[B,A”} — nArt [B,A] (2.4.2)
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S o
=2 (-1 (nin1)' " [.A]
= —e A" [B,A] x

So

e A Bedr — B ¢~Ax [ 3, fl] x (2.4.3)

A Be At = B 4 ¢ [fl, A] x (2.4.4)
Equation 4.1.1 becomes

d“’;f) - <A+ B+ [21, B’]) flx). (2.4.5)

Since [121, lﬂ commutes with A and é, we can solve equation 2.4.5 as an
ordinary equation. The solution is simply

_ A » Lri sl 2
f(z) =exp [(A + B) a:] exp (5 [A, B} x ) (2.4.6)
If we take v = 1 we will have
eAtB — ¢AeBo=3[A5| (2.4.7)

2.5 problem 2.5

| (0)) = (Jn) + €%|n +1)) . (2.5.1)
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W) = e % [W(0))

1 CHt - Ht
= (e”HT]m + e”HT|n + 1))

(et} et 1 1))

Sl =S

where we have used % =w

| (t)) = alalw(t))

1 —inwt iapefi n+1)wt n n
:E(e nln) + €% (n 4 1)n + 1))
() = (¥(@)|a[W(1))
—ln n+1)
—2( +n+
B 1
—n+§

the same way

E|U(t)) = &sin(kz) (6 +a) [¥(1))

= Lé’o sin(kz) (@' + a) (e7™'|n) + eemintbwt 4 1))

V2
— %50 sin(kz) [eimwt (\/n——i—l\n +1) +V/nln — 1>>

+ elvemintlwt (\/n +2[n+2) +vn + 1|n>)}

13
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(U EB(t)) = %50 sin(kz) <ei‘“t\/n + 14 e ™ /n+ 1)
=vn+ 1& sin(kz) cos(p — wt)

(B2) = (W) BB ()
=2(n + 1)&} sin®(kz)

<(AE>2> = (n+ 1)E2sin?(kz) [2 — cos?( — wt)]

(6" — &) () = % et (VAT Tn+ 1) — valn — 1))

e (V2 +2) — Vit 1in))|
((a" — a)) = —iv/n + Lsin(p — wt)

Finally we have the following quantities

An = =
2

AE = &|sin(kz)][/2(n + 1) [2 — cos?(p — wt)]
(@' —a))| = Vn+1]sin(p — wt)|.
Certainly the inequality in (2.49) holds true since
V2(2 — cos2(p — wt)) > |sin(p — wt)].

2.6 problem 2.6

X1—%(&—|—fﬂ)

A 1,
Xg—g(a—cﬁ)
Xf:}l(*2+d2+2&*&+1)
X2= —i (a™ +a® —2a'a — 1)
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|Wo1) = a|0) + 3[1)

where |a]? + |3]> = 1. So we can rewrite 3 = /1 — |a|2¢'® and o? = |a|?
without any loss of generality.

(1), - o)

<dT2>01 =0

<d2>01 =0
(@fa)or = |8

(218]* +1)
(218> +1)

<f<12>01 _
(%), =

e Bl

((2%)7) = TRIBE +1 = (@B = (@57 =23

_ i (3 — 4laf? + 2la]! — 2|a2(1 — of?) cos(26)]
((a%)) = JRIBE+ 1+ @)+ (@) - 2laPlF]
01 4

1

1 [3—4laf* + 2Jaf* + 2Jaf(1 - |af) cos(26)]

N2
In figures a and b below we plot <(AX1) > (solid line) for ¢ = 7/2 and
01

O\ 2
<<AX2> > (doted line) for ¢ = 0, respectively. Clearly the quadratures

in hands go below the quadrature variances of the vacuum in more than one
occasion.
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(a)
0.8+
~ 2\ 06 R
(@),
0.4
02
00 .
00 02 04 06 08 1.0
(b) of
0.8+
A2\ 06
</\1/2)> ¢=0

0.4+

y=0.25

0.2

0.0 T
0.0 0.2

04 06 08 10
2
o

[Wo2) = al0) + 53[2). (2.6.1)

Again, where |a|> + |3]> = 1. So we can rewrite 3 = /1 — |a|2¢® and
a? = |a|?* without any loss of generality.

)
= 1 (la = V38" 4 3157)

_ i [5— 4laf® — 2¢/2a(1 — [a?) cos ]

A\ 2 ~ N\ 2
In figures ¢ and d below we plot <<AX1) > for ¢ = 0 and <(AX2> >
02

02
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for ¢ = /2, respectively. Clearly the quadratures in hands go below the
quadrature variances of the vacuum in more than one occasion.

0.6
’A)qj> 05 =0
s 02
0.4
0.3
02 \J
02 0.4 06 08 1
2
i
U8
0.7
\ © 05
0.4
03
0.2 \J
02 04 06 08 1

2.7 Problem 2.7
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W= (0|70

—_

= —(Ulatataal W)

((T[A%| @) — (|a|P))

_ ey
. n

52
_

)

=3

—~

—~

Notice that n’ # 7 — 1 in general, but for the number state |n), and only of
this state we have n’ =n — 1.

2.8 Problem 2.8
1

V2

The average photon number, n, of this state is

|W) (10) + |10)) (2.8.1)
n = (V|a'a|v), (2.8.2)
which can be easily calculated to be
1
n= 5(0 +10) = 5. (2.8.3)

If we assume that a single photon is absorbed, our normalized state will

become
w) = |9), (2.8.4)
then the average photon becomes

3
Il
©

(2.8.5)
2.9 Problem 2.9
E(I’, t) = @Z WECKks [Aksei(k-r—wkt) _ Ai’;se—i(k-r—wkt)}
k,s

B(r,t) = = > wi (kX o) [A e — A7 el
k,s



2.9. PROBLEM 2.9 19

V- E(r, t) =1V - <Z W€k [Aksei(k-rfwkt) . Aisei(k-rwkt)])

k,s

= Z'Zwkeks . [Aksv (ei(k'r*wkt)) — ALV (efi(k-rfwkt))]
k,s
= ZZ WECks * [Z'kAksei(k-rfwkt) + Z’kAik{sefi(k-rfwkt)}
k,s
- Z wreks - K [Aksei(k'r_”’“t) + Al’ise_"(k’r—%t)}
k,s

=0
where we have used the vector identity
V-(fA)=f(V-A)+A-(Vf), (2.9.1)

and

es -k =0. (2.9.2)

V- B(I‘,t) = EV . <Z W (/ﬁ) X eks) [Aksei(k'r*wkt) _ Aisei(k-rwkt)]>
k,s
= ézwk (/@- X eks) . [Aksv (ei(kr—wkt)) . Aik{sv (efi(krfwkt))}
k,s

1 A )
= E wi (kX exs) -k [Aksez(kr_“’“t) + Aise—l(kr—wt)]
c
k,s

=0
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V x E(r,t) =iV x (Z Wil [Aksei(k-rftwgt —Ale i(kr— wﬁ)})

k,s

= Zwkeks Aks ( i(kr— wkt)) ALV (efi(k-rfwkt))}
=1 Z Wreks X ZkAkS i(ker—wgt) | ik AL, i(kr— wkt)}

= — Zwkeks x k [Aks i(k-r—wgt) + A i(kr— wkt)]

k,s

- = Z _eks X K [Aks iler—wit) + A kr—wkt)}

- Z _’i X €ks [Aks iler—wit) + A i(ler— wkt)}

where we have used the vector identity

and

B .
_a = 2 E Wk (/i X eks) l:Aks
C
k,s

V x (fA)=f(VXA)+Ax(Vf), (2.9.3)
Kk — %,@' (2.9.4)

8ei(k'r_wkt) 8e—i(k-r—wkt)

ot ot

1 - |
N z sz (KJ X eks) [Aksel(k‘r_wkt) + Aik(se_z(kr—wkt)]
k,s

=-VxE
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V x B(r,t) = %v x (Z Wi (1 X exs) [Apee’®Tert) — A;;Se“k”kt)})
k,s
= LS X o) X [ AT (¢ 0) — AL ()
= éZwk (F X €s) X [ikApee’ 7™ 4 ik Ay emilerrt)]
= ——Zwk K X eis) X k [Ae’ ™m0 4 4y emilormend)]

— _Z eks Aks i(k-r—wit) +Aks kr—wkt)j|

_ ,UOEOE wkeks Aks i(kr—wpt) —|—A* i(kr— wkt):|
k,s

OE
ot

= MHo€o—F5,

2.10 Problem 2.10

For thermal light

Pp=— (2.10.1)

S onn—1)e(n—r+ 1P =Y n(n—1).(n—r+ 1)<1+RW
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To simplify the last expression, let’s define x = Hlﬁ’ for which z < 1,
1
—1)..(n— )P, = —z"t! —1...(in— Dam"
zﬂ:n(n )or(n —7 4+ 1) =T zn:n(n Jooln =74+ Dz

1 a"

— —rtl n
at oar Zx
1 a1

_ r+1 7
a0 l—u
1 1

— e+l |
R T 1— z)1

(nn—1)Mn-1)---(h—r+1)) =rla" (2.10.2)

ml [€.8] In) = Lomabe

Obviously, only the diagonal matrix elements are nonzero.

2.12 Problem 2.12
Using equation (2.229) for

p =5 (10){0[ + [1)(1]) (2.12.1)

N —
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we have

1 .
Ply) = %wpm
1 —in'p A _in
= 5 2L > (e pe )

= % (1+ e )

This is similar to a thermal state. On the other hand using equation (2.227)
for |1) = 1(|0) + €|1)) we have

P6) = ol (6l

= % [1+ cos(¢p —0)].

As expected, it is different than a statistical mixture state, the one for the
pure state exhibiting a phase dependence.

2.13 Problem 2.13

pin =Y _ Puln)(n| (2.13.1)
n=0

1 .
Plp) = 2—(90!p!so>

T
1 1 —in'o ~ _in

= LS S e ey
1 1 —in’ in

= S ST Al e e )

2

1 "
:%;Pk

1

2T



24

CHAPTER 2. FIELD QUANTIZATION



Chapter 3

Coherent States

3.1 Problem 3.1

Let assume that the eigenvector of the creation operator af exists. So we can

write
a'|8) = 616). (3.1.1)
Now let’s write |3) as a superposition of the number states, namely

[e.9]

8y =2 _ealn) (3.1.2)

n=0

Now let’s plug the last expression in equation 3.1.1:

a'lB) = enV/n+1|n+1) (3.1.3)
n=0

=B caln). (3.1.4)

From the last express we deduce that

co =0, (3.1.5)

1
Cnil = Bcn\/n +1, (3.1.6)

which means all ¢,’s = 0.

25



26 CHAPTER 3. COHERENT STATES

3.2 Problem 3.2

Using equation (3.29), we can determine A¢ for large |«|.

(A9)" = (¢*) = ((9))* (32.1)
For large «
P = (22L) exp [-2lals -0y

(¢%) = /_: $*P(3)do
- /_Z (2‘242) % ¢ exp [=2|al*(¢ — 0)*] do

- <2|:’2)% 2(2|j|7_§)3/2

=

™ 2 3
= [ (225) oo [-2lat(o - 07 do
o) 2 %
= [ (225) sexp (2100 - 0] ao
—0
Ap = L
aer

where taking the limit of integration to +oo is justified.
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3.3 Problem 3.3

We know that the generating function of the Hermite polynomials is defined
as (see for example Arfken):

t’I’L
e =N " Hy (1) (3.3.1)
n!

Eq.(3.46) reads

1/4 —| e n
Yalq) = ( ) Z (3.3.2)
Replacing x, by £ and ¢t by < 7 we’ll get
1/4 — | 2 o \2 «
Yalq) = (%) ek (AR, (3.3.3)
T

Completing the square in the last exponent by adding and subtracting % we
would get the needed result:

2
—laf?  £2

1/4 a
Yalq) = (iﬁ) ez ere VA (3.3.4)
m

3.4 Problem 3.4

First, we expand |a){a| in number states as

(ol = 3 e ) o, (3.4.1)

n,m

So now we can calculate

afla) (o] = a*ze'a”fj_r n)(m| (3.4.2)

T|Oé Ya| = at Ze"D"za— a_\n><m|

B e Q" o
= e n+1)n+1)(m
S v Vi D

PN —a'ngF n)ln)(m.

n=1 m=0
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On the other hand

(o + 55 ) el = (" ja)ze o

—a et bl = et b

n,m

£ e o A i+ 1)l

—ZZ “'”‘f mnrnx m.

n=1 m=0

Notice that we have used |a|> = aa*. Also o and o* are treated linearly
independent. The same way, we can prove the other identity.

3.5 Problem 3.5

The quadrature operators are defined in equations (2.52) and (2.53) as

Using the following properties of the coherent state

ale) = afa),

(ala’ = a*(al,

(0] X1 ]a) %(oﬂ—a*) (3.5.1)
(0] X1a) = %@ — o) (3.5.2)

- 1
(] X1]a)? = 1 (o 4+ a* +2|af?)

. 1
(o Xp|a)? = e (& 4+ a™ = 2|af?)
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1
X2 = Z(a+eﬁ)(&+a*)
1
= Z(d2 +a' +aa' +a'a)

~

1
X2 = Z(ﬁﬂ +a'? +2ata + 1)

A |
X2 = T(eL2 +a? —2a'a — 1)

) 1
(o] Xla) = ;1(042 +a™ +2a +1)

(@ X3]a) = —-(a® + 0™ = 2af* - 1),

Quantum fluctuations of the quadrature operators can be characterized by

the variance
((a3)") = (38) - ()" (359

From the previous equations we will have

((a5)) =1=((a2)") . (354

which is exactly the same fluctuations for the quadrature operators for the
vacuum.

3.6 Problem 3.6
In order to calculate the factorial moments,
(n(n—1)(n—2)...(n —r+1)), (3.6.1)

for a coherent state |a), one needs to write the operator n(n—1)(n—2)...(n—
7+ 1) in the normal order (all a'’s on the left). The claim is that

A(h — 1) (A —2)..(h —r+1)=a'"a", (3.6.2)

which can be proved using the boson commutation rule, [a,af] = 1, and
mathematical induction. Now it is easy to the calculate the factorial moments
for a coherent state.

(i — 1) — 2)o(it— 7+ 1)) = |af*r (3.6.3)
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3.7

Problem 3.7

CHAPTER 3. COHERENT STATES

= ¢l /22 \/_|n (3.7.1)

a = |ale® (3.7.2)

CA’:

DN | —

~ ~ ~ 1 ~ ~
(E+ET>, andS:§<E—ET>
1

/

(a| Ea) = e7loF Z mjm (n| En)

_ la? Z Z

n,n’ m=0

o
_ 2
= ae 1o g

n=0

£
Q

£
I

N | — [\DlHL\DH—k[\DlH

B
eSS
Q

Y m +1|n’)

N

o™

nlv/n +1

o (E+ ET) )

(o] Bla) + (a] B |a))

) + (ol Bla)?)
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21 — nlvn+1
(&9 2n
= (o —|af? |OZ|
() nz:% nlv/n+1
0 2n+1
() Zo nlv/n+1

1 ~ “ R
<ﬁ_Z<E+EQ(E+E§
1 ~ ~ n A A
:Z<E2+ET2+EET+ETE)
o L Y (o pt
S::—(E-E)(E—E)
1

= L(e2 s B BB - BE)

E? = ZZ In){n + 1|m)(m + 1|

n=0 m=0

=S +2]

E? =3 "|n+2)(n
n=0
EEt =1,
ETE =1—10)(0|
EET+ ETE =2 —10)(0

31
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~o _ —|a\2 > a*" Oén/ 9y
(0l £2a) = memw )
= )(m +2[n')
n,n’ m= O
2 —|af? f: |a|2n
= e
n=0 n'\/(n +1)(n +2)
(a| C?|a) = - {q (EZ +E? 4 BE ETE) )

(el E2la) + (] ¥ |a) + (o B! + E'E |a))

I N N g SN e

(0l B 0) + (0] B2 o) + (o] EE' + B'E )

(2%(042)6_'&2 i |CV|2” ) Loy e_|a|2>

“~nly/(n+1)(n+2
22

ool
nzon!\/(n+1)(n+2)+2+ )

N —1 ~ ~
(a] 8% |a) = = (qf (E2+ET2 EE - ETE) )

I
—~
B
&5

[\
2
_l_
E)
S
no
B

) = {al BET + B'E |a))

-1 R R . . o
= ({0l E*|a) + (a] E*|a)" = (o EE' + E'E |a))

2R (a?)e I’ Z o™ ) _9_ e—lal2>

( o nly/(n+1)(n+2
o P
(2008(28) P Dy ren e Rkt l)
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As |a] — oo

lim e_lo“2 =0

|| =00

00 2n+1
lim e’ Z —|a| =
|| —o0 —nlvn+1
|2n+2

lim e_lo“2

lal—o00 “~nly/(n+1)(n+2)
(a| C'|er) = cos
(a] §|a) = sinf

and

(a] C?|a) = % (cos(20) 4 1) = cos*()

(] &2 |a) = % (cos(20) — 1) = sin2(0)

The uncertainty products of Egs. (2.215) and (2.216) equalize as |a| — oo.

3.8 Problem 3.8

a. Let define |z) as

2) =) caln). (3.8.1)
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The eigenvalue equation

o0

E|z) = z|z) = chn|n>

n=0

n+1 vi+1
Z 1
= n——— —1

= icnm - 1)
n=0

= ch+1’n>
n=0

1 > 1
——alz) = ) cn Vnln —1)
n=0

leads to
Cn = Cp_12 = ... = Cpz". (3.8.2)

Thus the eigenstate has the the expansion

[e.9]

|2) = Zcoznm). (3.8.3)

n=0

The state of Eq. 3.8.3 is normalized for any z, such that |z| < 1. For such a
case, ¢y can be determined as

o . 1
L=c*) |z = |co|2—1 el (3.8.4)
n=0

where we have used the properties of the geometric series. Finally, ¢y and |2)
can be defined respectively as

co=+1—|z|?
2) = V1—[z2)_ 2"|n).
n=0

Notice that |z| < 1, otherwise the state will not be normalized.
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b.
/d22|z><z] :/d22’ (1—1z? ZZZ”Z" |n)(n
n=0 n'=0
© 00 1 27 . ,
=S5 [P [ o (1 o) e o
n=0n/=0"0 0
-y / dr (1 — 1) 102975 nd (]
n=0n'=0 0
© 1
ZZWZ/ dr (r"—r”“) |n)(n|
n=0"0
D L
—~ (n+1)(n+2)

It does not resolve unity.

c. We have proved that the state is not normalized for |z| < 1. Thus
we drop the normalization constant and we write z = ¢ and we obtain the
phase states |¢) of Eq. (2.221). Obviously the the last states resolve unity
as in Eq. (2.223).

d. The average photon number

n = (z[n[2)

o

= (L—[2%) Y _nl="

n=0

|z|2n

g

= (1- 12 ]

z
0 1
= (1 — |z]?
0= 1) g1 (=)
1

BERSEE

| 2

n

Il
=)

The photon number distribution for |z) is

Py = [(n|2)]" = (1= [2f) [of*"

)

_

3|
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This distribution resembles the thermal light distribution.
e.

(¢) = [(¢]2)]
= (1=12?) D emozn
= (1 — |z|2) @i(”*n’)¢>|z|n+n’
3.9 Problem 3.9
<wmf>—<ﬁ>
)—[Tf( i p)J?
—Tf/ a)la){ald®a - {Tr/(: i :)P(oz)]a><a|d2a]

:/Puw|2|w(w[/m>m| m>42
:/p(a>|a\4d2a— Up(a) ]a!Zdzozr

For a coherent state |3) we have P(a) = 6%(a — 3), so obviously

)y /52 8) |al" da {/52 8) |af? & r

=l = 18" =0
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3.10 Problem 3.10

(39747 ) - [
:Tr/;fg . P(a)|a){a|d?a — [ﬂ/:)&izp(a)\@m\d?ar
= [l % P [l % lppayia

2

-3 /<a| (@+41): o) Pla)Po — Uw (atal): ]a>P(a)d2a]

_1 (al(a* + a™ £ 2a'a)|a) P(a)d*a — E (af(a’ £ a)|a)P(a)d*a 2
4 4

_ %/(a” + a2 + 2/a?)P(a)d?a — % [/(a + a*)P(a)dQOz} 2

Where it is clear that +(—) stands for i = 1(2). Again for a coherent state

18)
<: <AX>? :> =0
3.11 Problem 3.11

1 N N
Wigp) = =[x Gy

1 . . R
— —2/d2/\6>\ a—Aa Tr (e)\aT—/\ aﬁ)

™

Let define the following

aZ%(qu) A:%(m—i—iy}
L
a—ﬂ(wr p)-

1 . o
Wiq,p) = /dxdye_l(pr“yq)Tr (e_l(xp—yQ)ﬁ) :

472
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where we have used \*o — A\a* = —i(zp — yq) and N — Aa* = —i(zp — yq).
Using the identity in Eq.2.4.7 we can rewrite the Wigner function as

Wiq,p) =

where we have

1 .
= —/dmdq’e“wé(q’ —q) <q/ + g 6| —

1 PSP ¥

= / dadye™ ”“yq)Tr( mezyqe%p)
1
4 A2

—Q/dmdydq’e_"(x”y@e_mf/ <q/|6—i%ﬁeiyéﬁ€—i%ﬁ‘q/>

)

y

dadye"@PHvD) =5 Ty (e_i%ﬁeiyqﬁe_i%ﬁ)

iyq /3

dzxdydq'e” iaptya) o= 5" <q’+g e

o2

1 . i . /L x
ﬁ/dxdydq’e_l(mpﬂ@e_; <q' + g el +5)ﬁ

2

2)

1 L T
2—7T2/d$dydq'e_mpe’y(q —9) <q' +—=|p

2

™

1 )
—/dwe‘”p <q+ z
s

used the following
1
od =) = & 2/dye @-q,

) =]~ 5)

A 5E>
q 5/

3.12 Problem 3.12

In general

For |¥) = |3)

exp(MNa — M) Chy (N)d® A

=]
_LQ/

exp(\a — Aa*)Cy(N)e M a2

Cnv(\) = (BleX e "))

_ e}\ﬂ*_A*B
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1
=53 /exp (N — Aa*)Cy(N)e PP a2\

= %/ exp(N'a — Aa)e AB* =B o= IAP/2 2 \
‘/prmy- )= Aa” — 57) — [AP/2] A

Using the following identity we can compute the last integral
/exp()\a: + XNy — 2 AP\ = 7wz exp(z M ay), (3.12.1)
by identifying

1
r=a—f, y=—(a" =), and s = -

2
W () = ;e—zla—ﬁ‘Q (3.12.2)

For |¥) = |N)
Using Eq. (3.128a) we have

Cw(A) = (N[D(V)|N)
_ "’\‘Q/Q(N]e)“ﬂ f,\a‘N>
)\n aTn )n}\ndn
— o P?/2

n’OnO
N

_1\n 2n

nln!

n=0
N
—1)" A N
_ enyn CUA

—~ nlnl (N —n)

= (—)Ne MLy (AP, (3.12.3)

where we have used the Laguerre polynomials expansion. The Wigner func-
tion is given by

1 * *
Wi(a) = (—1)N—2/e>‘ amAetoTs

(e

Ly (|A\?)d*\ (3.12.4)
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Using the following identity

/f(a)ea*y_zlo‘|27r_1d2a =2 (), (3.12.5)
we compute the integral in Eq. 3.12.4
W(a) = (~1)¥ 26 2P Ly(afaf?).
3.13 Problem 3.13
a. For the state
) =N(I8) +1-5))
(W) = 1= INPUBIE) + (=B = B) +(=B18) + (5] = A)] = INT*[2+2¢ 7]
For large (3, e 281> ~ 0 so this state is normalized for:
1
b. L g
" 3.13.1
(nl) = \/—\/—[ + (=17, ( )
thus ,
{Pn = e‘|ﬁ|2‘5n# n is eVG'H, (3.13.2)
0 otherwise.
c.
—1812/2 z¢n ﬁn _1\n
(ply) = NP Z Tl ] (3.13.3)
€ P& z¢(n—n’) n n’
= 1 —1)"|[1 -1 3.13.4
Z\/—\/— 1+ D+ =07 o )
d. The @ function is given by
1
Q) = grlell)
Q(a) = E [(@18) + {al = B)[*
Qo) = ie—\od?—\ﬁl2 {6a*ﬁ + e‘a*5|2.
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The Wigner function is given by

T on?

1
Wi(a) = /dz)\ exp (A*a — Aa™) Cy (N). (3.13.5)
First we calculate

Cw(\) =Tr [ﬁﬁ(A)}
= (81 + (=BDDN(B) +| - B)
= S4B+ (=) (¢

— %e—|ﬁ|2e—>\l2/2 [e—m (6—\ﬁl2—ﬁ*/\ i elﬂ\2+ﬂ*z\> L N8 (6\5|2—w i 6—\ﬁ|2+ﬁ*/\>] .

A+ B) 4+ e SN - g))

Back into Eq. 3.13.5

1 * * *
W (o) = 4_7T26—|m2 {6—52 / PPN /2 7" (a=B) ~Mar +5)

+ el [ @2aeWP/2eN (aB) g Mo =57)

+€ﬁ|2/d2)\€|)\2/2€)‘*(a+ﬁ)e>‘(a*+5*)
+ e"ﬁ'z/dQ)\e—>\|2/26/\*(a+6)€—/\(a*—,3*)}

Y

_ QL [e—2|a—ﬁl2 + g 2latB? g=2lal? (p2(a"—ag") | 6—2(—Ba*+aﬁ*))]
T

where we have used the identity in Eq. 3.12 to carry out the integrals. The
@ and Wigner functions are displayed in Graphs below. Obviously the state
|W) is not a classical state as the Wigner function is negative.
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“ \
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Jk i
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U \egam O
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' I/NA;\\\\ PSS
%

N
N\

,""““““}‘\‘\‘\‘\‘\\\

3.14 Problem 3.14

First of all we have to prove the following identity

[e.9]

/ ] =)l = S (=1 (n

0 n=0
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oo

/dr|—r>( :Z: n|/dr|—7’ |Z|m
:iZ/dﬂn Y(n| —r)(rim)(m|
S0 [ty als i) (o

= > _(=1)"n)(n]

Also we have for

D(a)| —r) = exp(ipg — iqp)| — )

— e—pqﬂelpqe—lqp| >

=" ePlg — )
= Mg ),
where we assume that A = 1, also
(r| D () = €' e P+ (¢ 4 7|,
Now we use the Wigner function definition as in Eq.3.116

1 o T T\
|/[/ _ — —1 5 — = T
(OC) 27T/ <q+2’p‘q 2>6 de

—0o0

1 [ ) .
== [ arlpla-ryerar

o0

Using Eqgs. 3.14.2 and 3.14.3 we can rewrite the Wigner function as

Wi -+ [ " et D (@)pD ()] — 1)

—00

W) =1 [ artrlD @) (wibe)] - )

43

(3.14.1)

(3.14.2)

(3.14.3)

(3.14.4)

(3.14.5)
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Chapter 4

Emission and Absorption of
Radiation by Atoms

4.1 Problem 4.1

We still can use equation (4.78)

Co(t) = Aye™t 4 A et (4.1.1)
where
1 V212
A= {A + [AQ + ﬁ] : (4.1.2)
From the initial conditions
C.(0) =1
Cy(0) =0
we can determine AL, explicitly
C.(0)=1=A, +A_, (4.1.5)
SO
A =1-A,. (4.1.6)
Equation 4.1.1 becomes
Co(t) = Ape™ 4 (1 — Ay )e-1. (4.1.7)

45
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Equation (4.71) can be used to find the following
12h . . it . iA_t
Cy(t) = 7exp[z(w — wo)t] [iIAp Ape™ ! +id_(1 — Ay)e™] (4.1.8)

for t = 0, we can solve for A, in the last equation

A 1 A

which leads to

_ 1 A At A At
C.(t) = 5 { [1 QR:| et 4 {1 + QR:| e

Cy(t) = %ﬁ exp [i(w — wp)t] <1 - A) (A + QR)e’%At sin(Qgt/2).

Finally, we have

Ce(t) = 2" [COS(QRt/2> — iQAR sin (QRt/Q)]

2
Cy(t) = —_?}QRei(“’“’O)t [1 — (%)

W(t) = [Ce(t)* — [eg (1)

A2 sin(Qpt/2).

A% B3
= COS2 (QRt/Z) + {Q—32 - V—2R

AQ VZ

0 RO
A2 _ V2/h2
A2 V2 /12

A2
1‘(@)

] sin? (Qpt/2)

} sin? (Qgt/2)

= cos® (Qgt/2) + [

= cos? (Qpt/2) + { ] sin? (Qxt/2)

4.2 Problem 4.2

Equation 4.67 gives the exact solution to the evolving state

Egt Eet

[T(t)) = Cy(t)e™ 7 |g) + Ce(t)e ™7

e). (4.2.1)
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Using Eq. (4.91) as definition of the dipole operator
d=d6, + &_)
d[W(t)) = d{Cy(1)e ™ [e) + Ce(t)e ™ [g)}.
(d) = (@(t)|d|P(t )>
—d{c,Cre”

L CICLE hEEt} . (4.2.2)

Using results from the previous problem, we obtain

e, Qpe it A AN
C.Cre ™t = TR o8 (Qpt)2) — i sin (Qut/2) | |1 (=) | sin (Qat/2),
V Qgr Qg
where we have used E, — E. = —wj. After algebra we also can rewrite
equation 4.2.2 as
) hQ AN

X [cos (Qrt/2) cos (wt) — QAR sin (Qpt/2) sin (wt) | .

For the case of exact resonance, A = 0, we have

<a7/> = — dsin (Vt/h) cos (wt) .

4.3 Problem 4.3

The state is already solved in equation (4.109)

|W(t)) = cos(Atvn + 1]e)|n) — isin(Atv/n + 1)|g)|n + 1).

Now we can evaluate the following

d|U(t)) = cos(MvVn + 1|g)|n) — i sin(Av/n + 1)]e)|n + 1),
which simply means that R
(d) = 0.

This is a consequence of the entanglement between the atom and field number
state.



ASCHAPTER 4. EMISSION AND ABSORPTION OF RADIATION BY ATOMS

4.4 Problem 4.4

Let’s the field initial state be

and the atom initial state
|W,) = le). (4.4.1)

) = Ja)le)
aw%§;§%mw>

Fort >0

(U(1) = (cen()n)le) + con(t)ln +1)Ig))
d[V (1))

ih
SN

= Hy |U(t)).

) i S e mle) + (Bl + 1lg)

Hyr |9(1) —mz( n leon(t ]n—|—1>|g)+\/n+1cgn()]n)\e))
Conl(t) = —iM/m T+ Leyn(t)

Con(t) = —iAVn + lee u(1).

Similar coupled differential equations have lead to the equation of the form

Cem(t) + X2 (n+ 1)cen(t) =0, (4.4.2)

which has a solution of the form

Cen(t) = A, cos <)\\/n——i—1t> + B, sin <)\\/n—+1t> (4.4.3)
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also
() J————)
(N W/ aEs R
= —A,sin <)\\/n + 1t> + B,, cos ()\\/n + 1t) )

From initial conditions

2 a”
n — Ce,n(o) =e€ o /277

Thus
an
Com(t) = 7122 cos </\\/n + 125)
’ \/_
Com(t) = je"1o/2 2 gin <)\\/n + t)
’ V!

D(t)) = a2 f: % [cos </\\/n—+1t> In)|e) — i sin (A\/n—Jrlt) In + 1)|g>}

n=0

d10(t)) = delo*/2 i ;‘_"_' [cos <)\\/n—+1t) In)|g) — i sin (A\/n—Ht> In + 1>\e>}

n—o VTV

(WD) AU () = —23(a )de—l(X?Zn"\/?LTcos (Wwa+3t)sin (Wa+1t)

where () represents the imaginary part of the complex number «.

4.5 Problem 4.5
Let
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i%]\lf} = Hy|W). (4.5.1)
Given that
Hyrliy = [=Alg) (gl + A (040 + o-af)] [i)
= Avn+1[f)
and
Hylf) = [—A|g><g| + A (U+d + UJALT)] 1)
= —A|f) + Avn + 1]3),
we have

Hy|O) = Hyp(e;(8)]i) + e (1) f))
- ()\\/n T la(t) — Acf(t)> ) + MWnt Lep(8)]i).

On the other hand, we have

Sy = (o)) +es(0)17)
into equation 4.5.1 we obtain the following coupled equations
i;(t) = Wn +1eg (1),
its(t) = (Wi T Tai(t) = Acy(1)).
Which we can rewrite as
Git) = —iIAn + Teg(t),
er(t) = =i (Wi F Ta(t) = Ac(t)) (4.5.2)

Taking the time derivative of the last equation we will obtain
és(t) = —i (A\/n T 1a(t) — Aéf(t)> .
Using equation 4.5.2 we end up by getting a second order differential equation

Er(t) —iAés(t) + N2 (n+ 1)es(t) =0
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Assume that c;(t) = eX’, and plug it into the differential equation we obtain
the following quadratic equation

X2 —iA(n+1)+ N n+1)=0,

whose solutions are

X = %(m +/—A2 —4X2(n+1))

- %(A + /A2 42(n + 1)).
The general solution then is

cr(t) = ez (Ae™™t 4 Be "t |

where Q,, = \/ATQ + A2(n+1).
From initial conditions, we have B = —A, so
cf(t) _ Ae%m (eiﬂnt . efiQnt)
— i24e2™ sin (Qnt)
= Aler™ gin (Qut),

where A’ is just a constant. Also
er(t) = Alezht (%A sin (Q,t) + €, cos (Qnt)) ,
Back to equation 4.5.2
alt) = (ies(t) + Aeg(1))/ (Wn +1)

AR (A G Qut) + Qp cos(@t) + Asin(@,)
= ——— | ——sin(,t) + Q, cos(2,t) + Asin(,t
AMn+1 < 2 )

AleiAt/2
MW n+1

Using the second initial condition, ¢;(0) = 1, we obtain

s Avn+1

(5 Sin(Qut) + cos(Qnt)>
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And finally we have

eiAt/Q A
ci(t) = (— sin(€2,t) + Q, cos(Qnt))
Qn 2
\/ 1 .
cp(t) = )\g—+eZAt/z sin(Q2,t).
iAt/2 v/ ‘
|W(t)) = GQ (5 sin(Qt) + €, cos(Qnt)> i) + %emm sin(Q,6)[f)

The atomic inversion is given by

W(t) = lei(t)]* = leg ()

AV 1 inys
—q ¢

n

RINTERVN 2
<— sin(€,t) + Q, COS(Qnt)> ‘ - ‘ sin(€2,t)

Q, 2

. (4.5.3)

1 A 2
- @ [(E Sin(Qnt) + Qn COS(Qnt)) - )\2(71 + 1) Sin2(Qnt)

For a general case where we have the sum of n-photon inversions of Eq. 4.5.3
weighted with photon number distribution of the initial fields state we have

= 1 (/A ?
W(t) = Z |cn|2§ [(5 sin(€2,t) + Q, cos(Qnt)) — M (n+1)sin®(Qt) | .
n=0 n

(4.5.4)

Notice that the last equation is in agreement with Eq. (4.123) for A = 0.

4.6 Problem 4.6

For an atom initially in the excited state and the cavity field initially in a
thermal state the atomic inversion is

Wt = nf; (1 Z ﬁ)ncos(Q)\t\/n—H)

Let

Q(n) =2 \vn+ 1.
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The collapse time is given by

te[Q2Un + An) — Q(n — An)] = 1.

For thermal light An = (n? + ﬁ)l/ ? so rather generally

-1

t, ~ {2)\\/7_1 +14R2+n)? - 2A\/ﬁ+ 1— (2 +7)"/?
We can exam two limiting cases : 7 >> 1 and n << 1.
Forn>>1, An=n+1/2~n,n+ 1 — @, and thus
1
T 2V20n

For the case where n << 1, An=+vn, n+1—1

te~ [2A(1+ V)2 = 20(1 — V) 2]
~ 2)\(14_@) C A1 — @ -1

)
~ [2\y/n] -
1

o~ —2)\\/5.

In both cases we get t, ~ \/i% a. Here we consider the following Hamiltonian

te

. 1
H = 5 hwods + hwa'a + haaa(e, +6_).
Also we define the following “bare” states

[Y1n) = le)|n)
[V2n) = [g)|n)-

Clearly (11,|19,) = 0. Using these basis we obtain the matrix elements of
H.

- 1
H|y1n) = Shwole)|n) + hwnle)|n) + han|g)|n),

- 1
H[¢an) = —5hwolg)|n) + hwnlg)|n) + hAnle)|n)
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<¢1n|ﬁ’w1n> =h <%w0 + nw) )

2
<¢2n|ﬁ|¢ln> — I‘:LTL)\7
<1/}1n|]:]|1/)2n> = hnA.

(Von| H[thon) = h <—lw0 + nw) :

H can be written in the matrix form as

~ (B (3w + nw) hin\
" —( Thod o h(“lwgdnw)) (4.6.1)

It is easy to find the energy eigenvalues by solving the following secular
equation

1 1
(§M0 + hnw — E) (—§M0 + hnw — E) — B2\ n? = 0. (4.6.2)

After some arrangements, we find two solutions for E, which we label as F,,,
and F,,_.

1 1/2
E,. =hnwth (ng + )\QnQ)
= hnw + hS),,

where €2, = (iw% + )\2n2)1/2. The eigenstates associated with the energy
eigenvalues are given by

n,+) = cos(Pn/2)[th1n) + sin(Pn/2)[¢han),

In, =) = —sin(®,,/2)[1h1,) + cos(Py,/2)[1an), (4.6.3)
where
n
cos(®,/2) = \/QQn(Qn = wO/Q)’
sin(®, /2) = — = w0/2

V20, (Q — wo/2)
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b. For coherent states as an initial field state,

oy =S L,
and the initial atomic state at the ground state, |g), we have

(W (0)) = [¥5)]9)

o —la?/2 a”
=€ — N

a2y a”
= € n
o \/m|¢2>

_ a2 Z [sin(®,,/2)|n, +) + cos(®,,/2)|n, —)] ,

where we have used Eqs. 4.6.3.
From Eq. (4.155) we have

[¥(0) = exp | -3 1] 19(0)

:elal"’ﬂz% [sin(®,,/2)e™ "+ |n, +) + cos(@,,/2)e” =" |n, —)]

n=0 TL

_ _—|al?/2 — " . —iBnit/h _ _—iEn_t/h

=e — |sin(®,,/2) cos(P,,/2) (e —e n
> bin(n/2)cos(@/2) ) )

+ (Sin2(¢n/2)e—iEn+t/h + COSQ(@n/Q)G_iEnJ/h) |¢2n>]

a2 NS O i
=e 2 ; me
X [18in(Q,,t) sin(®y,) [th1,) + (cos(Q,t) + i sin(Q2,t) cos(Py)) [1han)]

Using Eq. (4.123) we found the atomic inversion to be
W(t) = el Z |O‘T|! [sin®(Q,t) sin®(@,,) — cos®(Qt) — sin®(Qyt) cos®(Py,)]

c. For the case of an initial thermal field state and the initial atomic
state in the ground state, the initial density operator is given by
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For t > 0, the density operator becomes
. (S i
p(t) = exp [—ﬁHt} p(0) exp {FLHt]

Using results of part b, we easily find that the atomic inversion is given by

W(t) = Z # [sin2(Qnt) sin?(®,,) — cos?(Qpt) — sin?(Q,t) COS2(¢n)} )

n=0

4.7 Problem 4.7

a.

gy =ty (%61 + %6 ). (4.7.1)

i) = le)|n)
1f) = lg)|n+2)
(il Hegsli) = 0
(f[Heggli) = hny/(n+2)(n + 1)
(f|Hepslf) =0
(i| Hegl £) = b/ (n+ 2)(n + 1)

0 0 hn\/(n—|—2)(n—|—1)
HY = (fw<n+2><n+ ) 0 )
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In,+) = —= (1) + 1))

H<||H
[\

n,—) = E(W —1f)

E.+ = j:hn\/(n +2)(n+1)

b.
Initial field at a number state

[War(0)) = [g)In +2)
=1/

= —(In,+) = n, =)

5=

W (£)) = e MW, £(0))

o 1
= eilHt/h_ (|n> +> - ‘Tl, _>>

V2

(e—iE4_1t/h|n7 +> . 6_iE_t/h|n, _>)

_ 1 <€_m (n+2)(”+1)|n,+>—e”’ (n+2)(n+1)t|n,—>>

Sl =Sl

sin (ny/(n+ 2)(n + Dt) i) + cos (ny/in + 2)(n + Dt 1)

~.

W (t) = sin® <77\/(n +2)(n+ 1)t> — cos® (n\/(n +2)(n+ 1)t>
= — cos (2n\/(n +2)(n+ 1)t>
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Initial field at a coherent state
[War(0)) = [g)|c)

= clg)ln)

= 19)(col0) + e1|1)) + D casalg)ln +2)

n=0

= 19)(col0) + e1|1)) + D caral fu)

n=0

— [g)(col0) + ex1) + Z% (I +) — [n.—))

n=0
[War(t)) = MM, (0))
- 1 —i —i
= |g)(col0) + ca[1)) + ) Cuiz 75 (e7Bnttin, +) — e Ent|n, )
n=0

= 1g)(col0) + c1]1))

+ i Cry2 (z sin (n\/(n +2)(n+ 1)t> |7) + cos <77\/(n +2)(n+ 1)t> |f>)

= |g) <60|0> +c1|1) +ich+2 sin <77\/(n +2)(n+ 1)t> In + 2))

n=0

+ |e) ian cos (n\/(n +2)(n+ 1)t> |n)

W(t) = (Way(1)[03]Was (1))

|col® + [ea|” + Z |Coio? sin? (77\/<” +2)(n + 1)t)

n=0

- [i |Cnyo|? cos? (n\/(n +2)(n+ 1)t>

n=0

= |co|* + |e1]? — Z |cnyal? cos (Qn\/(n +2)(n+ 1)t>

n=0
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C.
5ai(0) = 5ul0) ® 1(0)

=Y Pug)ln){gl(n|

= Polg)|0) (gl (0 + Prlg) [1)(gl(1] + > Pulg)ln){gl(n|

Par(t) = U(6)pas (0)U7 (1)

=U(1) (Z Pn|g>|n><9|<n|> Ui(t)

n=0

= Polg)[0){gl{0] + Pilg)|1){g|(1] + U(#) (ZPIQ [n){gl(n ) f(t)

= Folg)[0) (910 + Pr[g)[1)(g[(1] + Z P,U(t)|g)|n) (gl (n|U(2)

= Po|g>\0><g!<0| + Pilg)|1){gl(1|

+ ZP (i sin(Q,t)]7) + cos(Qut)| ) (=i sin(Q,2) (7] + cos(t) (f])
W (t) = Tr (63pas(t))

= Z P, sin?(Q,t) — Z P, cos*(Qut) — Py — Py

=Py~ Py — Y Pycos(2Qt)

n=2

4.8 Problem 4.8

a.

Hepp = hn (a &l +ad*e ) (4.8.1)
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Let define the following states

i) = [e)|n)
1) =lg)n +2)
(i| Hepgli) =0
(f|Hegsli) = hmy/(n +2)(n + 1)
(flHepslf) =0
(i[Hep f) = hny/(n + 2)(n + 1)
n) 0 hn\/(n—l—Q)(n—i-l)
H" = (hn\/(n+ 2)(n +1) 0 )
1.
n,+) = E(Iw +1£))
1.
In,—) = EW —1£))

E,i+ =+h/(n+2)(n+1)

b.
Initial field at a number state
[War(0)) = [g)In +2)

=1f)
1

W (£)) = e MW, 1(0))

1
= e_ZHt/h_ <|TL, +> - |TL, _>)

V2

(e_iE+t/h|n,—|—> . e—z’E,t/h|n7 _>)

_ 1 (e’m (n+2)(n+1)‘n7+>_e’”] (n+2)(n+1)t|n,—))

Sil-Sl-

~.

sin <n\/(n +2)(n+ 1)t> i) + cos (n\/(n +2)(n + 1)t> f)
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W (t) = sin <77\/(n +2)(n+ 1)t> — cos® (n\/(n +2)(n+ 1)t>
= —cos <2n\/(n +2)(n+ 1)t>

Initial field at a coherent state

[0 (0)) = lg)]e0)
=3 clg)ln)

= 19)(col0) +c1[1) + D casolg)ln +2)

n=0

= [9)(col0) +er[1)) + > casal fo)

n=0

— g (col0) + ex 1) + Z% (I +) — [n.-))

(W (£)) = e MW, £(0))
— g} (eol0) +ea1)) + cn+2% (-, 4) — ot )
= [9)(c|0) + c1]1))

+ ian (z sin (n\/(n +2)(n+ 1)25) i) + cos (n\/(n +2)(n + 1)t> |f>)

=lg) <co|0> + c1|1) —i—ichH sin (n\/(n +2)(n+ 1)t> |n + 2>>

n=0
oo

1) D ez cos (n/(n+ 2)(n + 1) |n)

n=0
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W(t) = (Vas ()]s Was(t))

= |leol + il + > lensalsin? (ny/(n +2)(n + 1)t

n=0

- [fj ensal? cos? (/T + 2)(n+ 1)t)

= leof? + o1 = " lensal*cos (2ny/(n + 2)(n + 1)t
n=0

par(0) = pa(0) © py(0)

=Y Pulg)ln){gl(n]

= Po|g)|0){gl{0] + Pilg)[1)(gl(1] + Y Pulg)ln)(gl(n]

n=2

Par(t) = U(8)par ()T (1)

=U(1) <Z Pn|9>|n><gl<nl> Ut(t)

n=0

= Polg)[0)(gl(0] + Pilg)|1)(g|(1] + U () (ZPIg In)(g](n ) (1)

= Bolg)10){g|(0] + Pr[g)|1) (gl (1] + Z PU(1)]g)[n) (gl {n]U"(2)
= Po|g>|0><g\<0| + Pilg)[1){gl (1|

+ZP (i sin(Q,t)]i) + cos(Qut)|f)) (=i sin(Q,2) (7] + cos(t) (f])

n=2
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W (t) = Tr (03pas (1))

= Z P, sin?(Q,t) — Z P, cos*(Qut) — Py — P,
n=2 n=2

=—P—P,— Z P, cos(2§2,t)

4.9 Problem 4.9

A

fogp = (abo!, + bl )
Let define the following states

| fam) = le)|n)alm)s
linm) = |g) |0+ 1)a|m + 1)

(il Hegglinm) =0

(fuamlHepslinm) = hny/(m + 1) (n + 1) = i
(frnamlHegs| fam) =0

(iman| Hep gl fam) = B/ (m + 1) (n + 1) = i

where we have defined Q,,,,, = nv/(m + 1)(n +1).

0 h$2
(nym) __ n,m
e = () %)

1 .
In,m, +) = E ([Znm) + [ frm))

1 .
E (Jtnm) — |fn,m>)

|n7 m, _> =

En,m,:l: - ihQn,m
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Now for an initial state with the atom at the excited state and the two
fields at coherent states, we have

[W(0)) = [e)])al B

00 0
= Z Z Ca,ncb,m|fn,m>

n=0 m=0

= Z Z Ca, ncbm |n7m7 +> - |n,m, _>)

n=0 m=0

(t)) = e-"ﬁefft/’w 0))

“3 3 et

( _lHefft/h|n,m, +> _ e_iHefft/h’n,m, _>>

SI

n=0 m=0

= Z Z Cantom =7 (€7, m, +) — e |n,m, —))
n=0 m=0

= Z Z CanCom (—1 ()| frm) + €OS(Lgnt) limm))
n=0 m=0

Z |Ca, ncbm\ smz(Qn’mt) — COS2(Qn,mt)>

m=0

Mg

Il
o

n

= — Z Z |Ca,ncb,m|2 cos(282, mt)

n=0 m=0

4.10 Problem 4.10

Somehow, the book has no Problem 4.10.
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4.11 Problem 4.11

a. From equation (4.120) we have

(W(2) = [T(E))g) + [We(t))e)

_ —if: —laf? /2\/_81n(/\t\/n +1)|n+1)|g)

+Z “laf?/2 Cos()\tvn—i- 1)[n)e)

=Y NN +1)g) + cen|N)e),
N=0
where obviously we have

—|a\ /2
Ce cos MV N

The density operator is then

p=1w(t)) (T

Tracing over the atomic states we obtain

»

~
I
=

ES

(conCinrIN + 1) (M + 1] + cenclp | N) (M])

ﬁMg >

o

M+ s
NE

(CgN_lcszl + CeNC:M) |N> <M|

g
I
=2
I

65
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Obviously (N|pf|M) = cyn-1C5p_1 + CenCipy

s(t)y=1- Tr(ﬁ?)
— 1= SVIAIN

=13 ) (NI|ps|M)(M|pg|N)
=1-> ) [Npgl M)

—2|a|2|a’2(N+M)

e
=1-2.2 NTM!
N M

X @ sin (Au/ﬁ) sin ()\f\/M) + cos (Au/ﬁ) coS <Atm)

|2
b.
Q(B) = (Blps|B)/m
1 e oI (05N (ar )™ 182
B w%:EM: NIM! VN +1)(M+1)
X sin ()\t\/N ¥ 1) sin ()\t\/M n 1) + cos ()\t\/N n 1) cos ()\t\/M n 1) ’
(a) (b)

t=0.001 =6
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4.12 Problem 4.12

a. Equation (4.190) is of the form

¥ (5)) = 59— )+ £k, (1121)

2y

where we take ¢ = 0.
A detection of a superposition of the atomic states of the form |Si) =
(l9) £ |f))/v2 would collapse the state in equation 4.12.1 to

Nz (S2|W) = Na((gl £ (FDU9)] — @) + [f)]a))
= Ni(| —a) £ o)),

where N, is the normalization factor. Notice that the obtained states are
just the famous Schrodinger states.

4.13 Problem 4.13




4.13. PROBLEM 4.13

S2(t)05_

025 |

-0.25

-05 }

-0.75

0.15

S(p,)

0.125 +

0.1 |

0.075

0.05 -

0.025

L
20

30

L
40

10

20

30

40
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Chapter 5

Quantum Coherence Functions

5.1 Problem 5.1
Eq. (5.55) reads

I(r,t) = |f(r)]? {Tr(ﬁaial) + Tr(pabas) + 2|Tr(palas)| cos <I>} (5.1.1)
For an incident field n-photon state |n),|0), = ﬁ(\%)”(di + ab)"[0)1]0),, as
mentioned in equation (5.60). Also can be written as

1/ 1\" . .
al0h = —= () G+ alyionon
1 1\" ¢ N\ ik atn—k
=73\ > )@ az |0)1]0)s
' k=0
1 1\"<
== (—2) (Z)m\/(n—k)!|k>1|n—k>2
: k=0
1\" <& n 2
(S () s
k=0
It is easy to see that
1 1
1\ < & 2 3
Tr(palar) = (5) S ( . ) ( }j, ) (' ,n — K'|alan |k, n — k)
k=0 k’=0
1 & n
=52k (5.1.2)
k=0

71
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To carry out the last sum, let’s consider the following function

) = 30 e ( ' )

k=0

Using the binomial expansion we can write

fa(2) = (14 €%)"
fi(x) = ne*(1 + )" !

F10) =n2n !t = Zk( )

Obviously, Eq. 5.1.2 now can be written as

Tr(pala,) = g (5.1.3)
with the same technique we can calculate
Tr(pabas) = g (5.1.4)

1\ " n n %
Tr(ﬁaia2>=(5) ZZ(Z) (}j) K= K|ajas|k,n — k)
k=0 k'=0
= (5 ZZ(};‘) ( ) VE+Tvn = Fow s
k=0 k'=0
1\" < n 2
2 Zo(k) <k+1) VE+1vn—k

)

)3

) S
)

)
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Finally

I(r,t) = n|f(r)]*[1 + cos D]. (5.1.5)

5.2 Problem 5.2
Again we use equation (5.55) for thermal light
I(r,8) = | ()] {Tr (ﬁtha{al) Ty (,atha;em) 49 ‘Tr (ﬁtha{@) ‘ coscb} .

Before we compute the traces in the previous equation we need to find what
what is the form of py, after the pinholes.

ﬁth:ZP\n n|
=Y Paln)[0)s 1(n]2(0].

From the previous problem we have

1
vnl2n

7)al0)s = (@] +ab)"[0)1]0)a,

which helps us to rewrite py, after the pinholes as

b = ZZZ (1) (,Z)}/ Bl — K 1 (ot — K]

n=0 k=0 k'=
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ta,) = Tr (alﬁthai)

~ery e () ()]

N,M n=0 k=0 k'=0

Tr (ﬁthd

X L(NJo(M]af k)1 = k)o 1 (k|3 n—k’|a1|N> | M)

EErsn (0]

N,M n=0 k=0 k'=

X 1K | = K|an N ) [ M) (N2 (Ml [k)1 [n — k)

n n

- izz_ Qinpn [(Z) (Z/)}l/z 1K |2(n — K|@iai[k)|n — k)

The same procedure would lead to
At a n
T(padlis) = 5,

and

Finally, we find that
I(r,t) = a|f(r)]*[1 + cos ®]. (5.2.1)

5.3 Problem 5.3
For thermal light we have

GO (w,2) = Tr (o) (@) B ()
= K°Tr (pa'a)
= K*n,
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also

G(l) (x17x2) = KQ,ﬁei[k(rl—rQ)_w(tQ_tl)}'

So we obtain |¢g")(x1, z5)| = 1. Thus the thermal light is first-order coherent.
Using Eq. (5.92)
(n(n —1))

Ay = 22" I 2.
97 (7) BE (5.3.1)

For a thermal state, the factorial moments have already been calculated in
Eq. 2.10.2. So the second order coherence for the thermal state is

_2n?

g (r) = — 9. (5.3.2)

n?
Clearly the thermal light is not second-order coherent. It is straightforward

to show that thermal light is not higher-order coherent. Using Eq. (5.101)
and Eq. (5.102) and the result of Eq. 2.10.2 we can show that

‘g(")(xh...xn;xm...xl)‘ =nl.
5.4 Problem 5.4
() = Cpl0) + Cy|1).

G (a1, 25) = (VB (21) B ()| D),

where ) .
EW)(z) = iKaelkr=b),
EM(2)|0) = iKae!® ™D | )
_ iKcvlei(k-r—wt) ‘O)
GW (21, m3) = (W] BT (21) B (22)| )
— |Cl|2K26’i[k'(I‘Q—I'l)—w(tz—t1)]‘
Also

G (z,z) = |C1* K.
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G(l)(ﬂfb 352)
\/G(l)(%, $1)G(1)($2> $2)

9(1)($17 $2) =

— 6i[k~(r2—r1)—w(t2—t1)].
Clearly
}g(l)(xl,@)‘ =1.
Since . .
EO (29) B ()| W) =0,
we have

GO (xy, mg; 29, 21) = (OB (1) B (25) B (25) B ()| W) = 0.

So the second order coherence function vanishes for |U).
On the other hand, we can study the statistical mixture of the vacuum
and one photon number state,

p = Col*[0){0] + [Ca*[1)(1].

G(l)(xla zg) =Tr {ﬁE(_)(xl)E(+)(a:2)}

= K2eletrar) -ty (531a)
= |Cy P K2k (ramr)—wlta—ta)]

G(l) (1'1, .Tg)
\/G(l) (l’l, IEl)G(l) (ZL‘Q, [EQ)

— 6i[k~(l‘2—r1 ) —w(tg —11 )] )

gV (z1,22) =

Since
Tr {pa'a'aa} =0,

we have G@ = 0.
5.5 Problem 5.5

V) = —=(la) +1=a)).

Sl
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GO (1, 25) = (VB (1) B ()| W),
where A .
EW)(z) = iKae'kr—),

R ) 1
ED(@)9) = iKae ™) (|} +| - a))

Sl

— iKei(kT—wt)

E(IO&)-I-O&))

G (ay, ) = (WIE) (1) ED (22)| 1)

—_ ‘Oé|2K2ei[k-(r27r1)7w(t27t1)]7

where we have used (a| — ) = 0 for large a.

Also

G (x,z) = |o* K.

G(l)(QTl,l’Q)
\/G(l) (ZL‘l, [El)G(l) ([L’Q, .172)

— ei[k'(l"z —rl)—w(tg —t1 )}

9(1)(331: Ty) =

Clearly

|g(1)(x1,x2)‘ = 1.

. A , 1
B (a) B ()W) = — Rl Crin) 22— (ja) 4|~ a))

we have

G(2)($1,$2;I2,SE1> = <\I/]E(*)(x1)f7(*)(xQ)E(+)(x2)E(+)(x1)|\P>
= K*|a|".

So the second order coherence function for [U) is
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On the other hand, we can study the following statistical mixture,

(l)al + | = a)(=al).

p=

N | —

G(l)(%17 ©s) = Tt {ﬁEA(—)(xl)E(Jr)(xz)}
= K2l ety (54t4)
— K2pilke(ra—r1)—w(ta—t1)] Ty (apa’)
= K2l (ramr)—wta=t0)] o |2y ()
_ |af2K2eetes-n)-atta—to)

G (z,z) = |of* K>

G(l) (]31, .TQ)
\/G(l) (iL’l, %1)G(1) (%2, l'Q)

— 6i[k~(r2—l‘1 ) —w(tg —t1 )] ]

g(l)(xb .1'2) =

}g(l)(xl,@)‘ = 1.

A

GO (1, 22) = Tr { pE) (@0) B (23) B () BV () |
= K'Tr (pa'a’aa)
= K'Tr (aapa’a’)
= |a['K"Tx (p)
= |af'K*

g? =1.



Chapter 6

Interferometry

6.1 Problem 6.1

A ~ A 7.£A ~ .z’\
UtalU = e7371age’s

Using the operator identity
o - . o 52 NN
4 Be ™t = B+ ¢[A, B] + A A B+ .y

and equation6.1.1 we’ll have

(~i5)

2!

UTd;{)U:dO—Zg[jl,do]+ [jl,[jl,d()“+....

It is easy to see that
A 1.
[J1, Go] = —§CL1
and
[Jl,dl] - —5&0

Equation 6.1.3 now reads

At at Tt .. T, Lo
UtalU = cos Zafﬁ—zsm —ab (ab + ial)

TN

The same procedure would lead us to

1

(ajn = L
SN

(iah + al).

79

(6.1.1)

(6.1.2)

(6.1.3)

(6.1.4)

(6.1.5)

(6.1.6)

(6.1.7)
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6.2 Problem 6.2

If we replace 0 instead of 7 in the equation 6.1.3 of the previous problem we
will get

A 0 6

UtalU = cos Qag +isin 5&3 (6.2.1)
Tt D) 0. O

U'a U = cos 5t + sin J0- (6.2.2)

From the previous equations, it is easy to identify the parameters r, t, 7/,
and t’ as: r = cosg t.

6.3 Problem 6.3

Again we repeat the procedure that we have used to solve problem 6.1

ay = U(0)agU'(0)

ez@JQ doe—ZGJz

(i0)”

2

= G+ 10 [J},do} + [J}, [jQ’&OH + ...

where we have used the identity of problem 2.3 and the usual Bosonic com-
mutation rules.

as = U(0)a, U (9)
ei@jgdlefiejz

= o+ i0 [y ] + L8 [, [ ]+

X +9A 1 /0\? . N
=a+=-0—=|=
LToM =5 \g) %

oD ()
= COS 5 Qo S 5 ai.
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Also,

and

6.4 Problem 6.4

It is straightforward to carry out the computations using the explicit formulae
of the J’s operators.

~ 1 i o e o
Jl = 5(@3@1 + G()CLJ{) 2 = Q—i(agag — CL()CZJ{)
s 1, 4. ot 2 1, 4. o

Jz = §(a8a0 - a];al) Jo = §(a0a0 + aial)
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1+ 4. o o o
=1 {[agal, agao] — [agal, aial] + [aoaq, a\ao] — [aoai, aial]}
10 5. e i ot i
=1 {[ag, abéolar — ablay, ala] + [ao, abaolal — aolal, aial]}

1 it .
= Z(—Qagal + 2a0a})
1. .
= —z2—i(a$a1 — dpal)
= —iJ,
LR 7S PUNIPUPC RSSO
= E[aoal — Gy, ahay — Gya]

1 e e T T
== {[agal, agao} — [a(T)al, ai@l] — [aoai, agao] + [aoai, aJ{al]}
Lt o X X ot o
=% {[ao, ayaola; — aglas, ajaq] — [ao, ahaola) + aolal, alal]}

1
= —<—2€L$d1 — QCLoCLJ{)
1. .
= —zz—z_(agal — aoa];)
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Thus

Jis | = ieuine (6.4.1)
N N e toata o oatfs
[Jl, Jo} = Z[aoal + apal, ajao + aqaq]
| O e T o
=1 {[aoal, ayaol + [agal, a{aﬂ + [aoay, agao] + [aoal, aial]}
Lo ot . . At At a
=1 {[ao, agao]al + ajlay, ajar] + [ao, ayaolay + CL()[CLI, aJ{al]}
| T I, e T
=1 {ag[ag, dolay + ablan, allay + [ao, ablacal + aallal, al]}
=0
and
> LR 7S PUNEIPUC S SO
[JQ, Jo] = E[aoal — Qpaq, GpAao -+ alal]
L 7 N e o ot o
-5 {[aoal, ayao] + [ayar, ajaq] — [aoay, apae) — [aoay, alal]}
= 0.
A~ A 1 . e e
[Jg, Jo] = Z[agao — aial, CL(J%CL() + aial]
= 0.
In fact, Jo commutes with all J; for i = 1,2, 3.
6.5 Problem 6.5
First we have to rewrite the input state as, |in)
. at™v
in) = [0)oIN)1 = o [0)0|0)s. (6.5.1)

V' N!
Using the fact that the J; type beam splitters do the following transforma-
tions

0)0]0)1 = [0)2]0)3 (6.5.2)

and
al = (z sin(0/2)al + cos(e/z)a;) (6.5.3)
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we will get the following for

(IAITN 1 .. AT AT\IN

W| )0l0)1 = m[(zsm(@/Q}az+cos(9/2)a3)] 0)2]0)3. (6.5.4)
_ \/% [2 sin(0/2)al, + cos(e/Q)ag] N 10)2]0)5

1 & N\ & kAtN—k

:ﬁ;;( i )z sin®(0/2) cos™ % (6/2)atralN "10)4]0)s
:Li(]\[)zksm (0/2) cos™ F(0/2) /KN — k)![k)a| N — k)3

VNEZ K
=S () 072 cos KO/ - b

= cos™(0/2) ) ( ]Z ) i* tan®(0/2)|k)s| N — k)3
— [1 4 tan?(6/2)] N/QZ( )2¢ktank(e/2)|k>2|zv—k>3

6.6 Problem 6.6

|in) = |av)ol B (6.6.1)
— D(a, 4o)D(f3,d41)|0), (6.6.2)

where D(a, ) is defined as
D(a,a) = exp(ad’ — a*a). (6.6.3)

Let U be the unitary transformation associated with the beam splitter of

type Jp. Using the solution to the problem 6.1, we know that for a 50:50
beam splitter

UaoUt = —2(a2 —iag) , UaUT = —2(—za2 + ds3)
and
UabUt = i(aT +iak) , UalUT = i(m* +al)
52 3) s 1 NG 2 3/
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thus

2
= exp (L(ozdT —a*al) ) exp <L(iozaT - (za)*dT))
\/5 2 3 9 2 3
A 1 . ?
= D(as, —a)D(a3, —=a*
( 2 \/5 ) ( 3 \/5 )
and the same way we can prove that
o . A i A 1
UD(ag, B)UT = D(ao, —B)D(as, — 7). 6.6.4
(o, 3) @ 26)(3\/55) (6.6.4)

With the input state in equation 6.6.2, the state after the beam splitter
should be

lout) =

B a+z’ﬁ> ia—|—5>
V2 el V2

6.7 Problem 6.7

~ fN ~ N N N
ag' Qg 1 1 . a ~ 1 ~ ~
[N)ol N1 = =7 10)0[0)1 = [ﬁuaz + aé)] [—2<a£ - m3>] 0)210)s
IS b,
= g (b + i)™ (ia] + a3)V[0)s[0)s
N
2 A A A A
= g (6b + i)™ (a} — ia3)V]0)s]0)s
N N
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It is clear from the last equation that photon are created in pairs, so there
will be no odd-numbered photon states in either of the output states.

6.8 Problem 6.8

Using the same technique used in the previous problem we write

N LN
~ N2V ( k ) (ah)*(a5)*=10)s[0)

_ NZ‘QN (Nik)!\/2_k!\/2(N—k:)!|2k:>2|2N—2k>3

) g:\/; e N — 1 2K 2N = 2K)s
K ) ( ) (2% i’“ )]1/22k>22N2k>3

6.9 Problem 6.9
Using the result of the problem 6.6 we have

0)0 -0 ]‘7;“ =)
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so for [0)o(|a)1 + | — @)1)/v/2 an input state the output state would be

1o’ a —io —a

— ) =) +|—=) |—= (6.9.1)
) [ )

(—aja) = 0. (6.9.2)

In other words, |«) and | — «) are orthogonal states. Thus, state in equation
6.9.1 is a Bell state, so it is entangled.

7l

For large o, we have

6.10 Problem 6.10

in) = 510} o) + | )
i (333
UpsUpsa|in) = 7(@%> %>+ _l%>‘_oj§>)

|0ut) = UBSQUPSUBSl |ZTL>

5l

< Z,a(l ;r ei9)> ‘ —a(12— ei9)> N

Taking into account |«| very large, we have (a| — a) = 0.

1 2 ’
(out|a’alout) = 3 <ﬂ|1 + 629‘2)

and

2
(out|b'blout) = 5 (’ ol 1 —¢' |)

2
= %(1 — cos ).

(0) = (ala - b'b)

= |a|? cos 6
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N A A\ 2
0 = (a*a _ bTb>
— alaata + bTobTs — 2atabth
—alfataa +ata + boTob + bTh — 2aTabh

4
(out|ata’aa|out) = % 11+ ewrl

_ el 20 4 2cosf
= T( + cos” 6 + 2cos )
(out|bTbTbb|out) = w I1— ei9}4
16
_ ol 20— 2cos 6
= (1+ cos®0 —2cosb)

4
(out|a’atbblout) = % 11— eie|2 1+ ei9}2

for  — 7/2 and large o we have
1
Vial*

It is exactly the standard quantum limit.

Al =
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6.11 Problem 6.11

BS, [0)

1) a M,
@ :
b

D2
M, b D
BS,
b,

First, let assume that the transformations associated with beam splitters

BS1 and BS2 can be described by Ugs; = €/t and Ugg; = €71, respectively.
We are faced with two possibilities in this situation: Either there is an object
in the arm b or there is not, see figure above. In the former case the probabil-

ity that the photon goes through arm a is cos?(/2) and the probability that
detector Dy clicks is P;(6,0') = cos?(0/2) cos?(6'/2). The second possibility,
when there is no object, we have
|in) = [1)a|0)s
|0Ut> = UBSQU351|in>
= Ups2Uss1|1)a|0)s
= Upsa(cos(0/2)[1)4|0)s 4 i cos(6'/2)]0)4]1),)

0+0 0+¢
:cos< —; >|1>a|0>b+isin( —; >|0>a‘1>b

This time the probability that detector D; clicks is Py(6,6') = cos? (9+Te’).
An efficient detection would make |Py(6,60") — Py(0,6')| a maximum. In fact,
Pi(0,0") — Py(0,0') =1 for 0 =0 = .
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Chapter 7

Nonclassical Light

7.1 Problem 7.1

The general squeezed state of Eq. (7.80) is

|0, &) =) ealn)
n=0
1 { 1‘ ‘2 L i tonh } [%eietanhr}nﬂH [ ( i tanh 2 )*1/2}
Cp = exp | —=|al®* — =a™e" tanhr " e tanh 2r ,
Vvcosh r P12 2 vn! 7

where v = a.coshr + a*e? sinhr and H,, is the Hermite polynomials.
For v = 0 we get the squeezed vacuum state. Ignoring the ZPE, the time
evolving state vector is

la, €, t) = Z cne” M |n)
n=0

and the wave packet is given by

o0

(gl &) = ene™ ™ (g|n),

_—
where
(qIn) = ¥n(q)
_ (2rn)) 12 (%)” Yeer (o),

91
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where £ = q\/% . The evolution of the wave packet is given by the probability
density

P(q,t) = [{glo, & 1)

For the case where a = 0, we get the squeezed vacuum

m=0

1 2m)! .
where By, = (—)™ (2m) ™ (tanh r)™.

Vcosh r 2mm)

In time

€.1) = Boye ™ [2m).

m=0

Below, we have plotted P(q,t) keeping r = 0.2 for different time. It is obvious
from these graphs the centroid is stationary, but the width oscillates at twice
the frequency of the harmonic oscillator.

(a) (b)

P(q , 27/8w) P(q, 27/8w)
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(©

P(q , 2m/4w)

0.6

0.5

(e)

P(q , 87/8w)

(2

P(qg , 127/8w)

0.6
0.5

93
(d)
P(q , 67/8w)
0.6
-3 1 2 3
®
P(q , 107/8w)
-3 1 2 3
(h)

P(q , 141/8w)

-3
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7.2 Problem 7.2

For vacuum squeezed state a« = 0 and 8 = 0

exp {—|B]* — =5 (67 + 5%) }

7 coshr

Q(B) =

Ca(N) = /anQ(a)e)‘“*_’\*a

PR IS e sl P
= 0% (&
mcoshr

= ! /dxdye"*"21/2étanhr(ﬁy2)+(/\/\*)a:iy(A+A*)
mcoshr
1
= d —z?(tanhr + 1 A — )\
Wcoshr/ zexp [—a’(tanhr + 1) + )]

/dy[ y*(1 — tanhr) + —iy(A + \*))]

C(A=aH? (a2
— e 4( 1+tanh7‘) 4(tanhr—1)
T cosh r\ 1+ tanh r tanh r— 1

1 (1 tanh 7)(A—=A*)2—(14+tanh r) (A+2*)?
eXp |3 1—tanh?

coshr4/(1 — tanh®r)
1
= exp L_l cosh®r ((1 — tanhr)(A — A*)? — (1 + tanhr)((A + A*)?))

1
= exp[—é coshrsinh (A% 4+ \*?) — cosh® r| A|?]

Cv(\) = Ca(N)el”
1
= eXp[—é coshrsinh (A% 4 A\*?) — (cosh®r — 1)|A[?]

1
= exp[—§ cosh 7 sinh (A% 4+ X*2) — (sinh® )| \|?]
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1
W(a) = o) /dQ)\CN()\) exp(A\a — )\a*>6—|/\|2/2

= 1 1

- /d%Xp[A*O‘ —Aa” — S coshrsinhr(X* +3%) — (5 + sinh? r) A’
T
— 1 1

= 12 /d2/\ exp[N'a — Ao — 1 sinh(2r)(\? 4+ \*?) — 3 cosh(2r)|A[%]
T

= % / dx exp[—% (sinh(27) + cosh(2r)) 2+ (o — a*)x]

X /dy exp[—% (sinh(2r) — cosh(2r)) y* — i(a + o)7]

1 - (a — a®)?
- P\/ T (sinh(2r) — cosh(2r)) {4 (sinh(2r) tzosh(?r))}
8 \/ I (cosh(27“)7r— sinn(2r)) P {4 (cos}:(;i)+—();ilh(2r))]

2 2
= 2 exp {—2% -2 x%}
W\/(COShQ(QT) — sinh?(2r)) € €

= %exp (—2[E262T — 2y26_2r)

7.3 Problem 7.3

Displaced squeezed vacuum

|, €) = D()S(£)[0) (7.3.1)
Using the following identities
ﬁT(a)&ﬁ(a =a+« (7.3.2
AT(f)dS(f) = acoshr — afe 2% sinh r 3
We obtain
ST(QDT(O‘)&D(O‘)S(Q = gcoshr — afe 2 sinhr + o
gT(f)DT(a)dTb(a)g(f) = a'coshr — ae*® sinhr + o
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Cy(A) =Tr (pe’\“T Ata )

o €|€)\aT —A*a

= @,§)

= (057(€) D' (@)X e D(a) S (€)/0)

= (0]S7(€) D' () D() 5 ()5 (§) D (@) " *D()S(€)[0)
<O‘€/\(aT coshr—ae?'? sinhr-+a*) ,—A* (@ coshr—af =2 sinhr+a>’0>

= M =Xl (af coshr—ae?® sinhr) —A*(acoshr—afe=?'¢ sinhr)‘())
— N O]e’\‘ﬁ coshref)\&ezw sinhre,\*afe—m sinh 7, —A*acoshr

X exp ([/\dT coshr, —/\&e2i‘p]) exp ([)\ a'e 2% sinh r, —\*a cosh 7‘]) |0)

Aot —A*a coshrsmhr()\2 2ip 4 \*2¢ 2“") 0

—Xae2 sinhr _A*afe2% sinhr
=e e? e e |0)

(
Aot =¥ 7coshrs1nhr(>\2 2ip 4 \*2¢ 21%9)(

—\ae2t¥ si * ot o—2ip o
—e 62 0’6 Aae smhre)\ a'e smhr|0>

)\a —\*a 7coshrsmh7"()\2 2ip 4 \*2¢ QW) <0| (_)\(AIGZZ'SD sinh T’)n

n=0 n’=0 \/m

/

()\*&Tefzw sinh r) "

n/

X

10)

. n
e/\a e aps coshrsmhr(A2 2ip L \*2¢ 2“") i (_|)‘|2 Slnh2 T)
n!
n=0

2,21 2,2i 2 Ginh2
_ e/\a*f/\* €4smh(27’)()\ 2P *%e “P)ef|)\| sinh® r
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1 2
Wp)=— / B*ACn () exp(N* G — A3*)e /2
g iQ/d2)\€()\*ﬂ_>\ﬁ*)6—|A|2/26)\a*_)\*aeiSinh(QT)(A262i90+)\*2eQigp)€_|>\ZsinhZT‘
e
1

T2

_ / d2>\€)\* (ﬁ—a)—)\(ﬁ*—a*)ei sinh(2r)<)\262i“’+)\*262i¢)e—|)\\2(%+sinh2 )
s

- / (e =5 sinh(2r)+cosh(20)] ,al(8—a)~(B—a)"]
7T2

« / dye%yQ[cosh(Qr)—sinh(%)] ivl(B-a)+(B-0)"]

1 T . [1((5—a)—(ﬁ—a)*)2]

= 1 (cosh(2r) + sinh(2r)) 2 (cosh(2r) 4 sinh(2r))

il ox 1(B=a)+(B—a))?
" \/% (cosh(2r) — sinh(2r)) P [2 (cosh(2r) — Sinh(2r))]
= %exp <—%X262T + %Y26_2r> )

where X the real part of the complex number 3 — «), and Y, its imaginary
part.

7.4 Problem 7.4

S(€)D(a)aD(—a)S(—¢
S(€)(a—a)S(=¢
(coshra + e sinhral — a)S(¢ (7.4.1)

Let’s define the the squeezed coherent state as

€, @) = S(€)D(a)|0), (7.4.2)

i = coshr,

v = e sinhr.
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And let write squeezed coherent as an expansion of photon number, namely

&) =D cln)
n=0

(na + val — a)l¢, a) = (pa+va' —a) Y culn)

n=0

_ f: e (M\/mn — ) +uvvnFln+1)— a|n>)

i
o

M8

(1vnea — acy +vvne, 1) n)

I
o

n

Using equation 7.4.1 we will have the following

Z (,u/\/ﬁanrl — acy + V\/acnfl) |n> = 07

n=0

which implies
uvn + ey — acy, +vy/ne,—1 =0 (7.4.3)

In order to solve the last equation we rewrite c,, as
1. n/2
cn =N (5620 tanh r) fu(2)
1 n2 1 1/2
Cnp1 =N (Eew tanh r) <§e’9 tanh 7’) frri1(z)

1 n2 oy ~1/2
o1 =N (56“9 tanh 7’) (5619 tanh'r’) fo1(x)

into 7.4.3

~1/2

1/2
pvn+1 (%ew tanh r> Jor1(x) — afu(x) + viv/n <%ew tanh 7‘) fac1(z) =0
uvVn + 1fogr(z) — 2a (e coshr sinh(QT))_1/2 falz) +2vf1(z) =0

Identifying z = « (e” Coshrsinh(QT))flﬂ, and f,(z) = H,(x)/v/n!, where
H, (z) are the Hermite polynomials. Thus
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n/2
=N (%eie tanh r) H,(x)/vVn!
Co — ./\/

On the other hand we have

Co <0|€7&>
= (015(&)D(@)[0)
= (=¢la)
1 BEIINCRE ST
= mexp( 2|04| sae tanhr).

Finally we have

exp (—i|al? — 1a?e™ tanhr) <1

n/2
i0 i0 . -1/2
Cp = —e% tanhr H, (a e'” cosh r sinh(2r ) .
vn!coshr 2 ) ( ( ))

7.5 Problem 7.5

First we rewrite the state as follows

(a)D(—a)aD(a)|0) (7.5.1)

: (7.5.2)

where D(a) is the displacement operator. Let |¥) be the normalized state
of the state in Eq. 7.5.1 so that

|T) = Na'|a,
where A is the normalization constant which is given by

N = [(alatala)]
= (1+ o).
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The normalized state can be rewritten as

1
Uy = ——— gfla
v) TP |a)

1 ~
=——— Do) (1 a*10)).
e D) (1) +o710)

We consider the quadrature squeezing for this state. Numerically one needs
to compute the following quantities.

(@) = WP (2 +]al?)
(@*) = [N *a” (3 + Jaf?)
(a'a) = NP [1+ Jaf* (3 + |al*)] .
Instead of plotting <(AX' 1)2> we have plotted

51 =4 <(AX1)2> 1
= 2R ((a*)) + 2(a'a) — 2R ((a)?) — 2|(a)|”.

It is obvious that this state is nonclassical since s; goes negative, an indication
of squeezing of the field quadrature.

0.8
0.6
0.4

0.2

-0.2

7.6 Problem 7.6
Starting from Eq. (4.120)

o0

|W(t)) = Z { [C’ecn cos (At\/n—ﬂ) — iCyCpyq sin (/\t\/n——l—lﬂ le)

n=0

+ [=iCecp_1sin (\tV/n) + Cye, cos (Aty/n)] |g) } [n)
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For the case where the atom is initially at the excited state and the field
initially in a coherent state we have

C.=1,C,=0, and ¢, = e~ lof2/2 &
ok
thus
O elal?/24n
=30 o (VA T) 1) = sin () )
a
n=0 '

Quadrature operators are defined as

. 1
~ 1 . R
X5 Q—i(a—aT)

Numerically, we want to investigate
(0307) = 1 (@) + ) + 2.ata) + 1 - (@) - a1y’ —200) (a)
((A%7) = 1 (= (8) - aP) +2(ata) + 1+ @* + ()" — 2(a) ("))

to see if any one of them goes below 1/4. Numerically one needs to compute
the following quantities:

(a) = i e—lal+|a|2n [cos(/\t\/n + 1) cos(Atvn + 2)

|(n|2—|— D sin(Aty/n) sin(AMv/n + 1)
(a®) = i M [Cos()\t\/n + 1) cos(Atvn + 3)

(n—|—2)
EE

sin(Aty/n) sin(Mtv/n + 2)

. L emloP ol n .
(a'a) = Z — [0032 ()\t\/n + 1) + TP sin? (/\t\/ﬁ)} :
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Instead of plotting <(AX1)2> and <(AX2)2> we have plotted

51 =4 <(AX1)2> 1
So = 4 <(AX2)2> —1
versus time for different values of . Obviously if any of the last quantities

goes below 0 we have squeezing. In fact the graphs below show squeezing at
more than one occasion.

(a) Oé:\/g (b) a:\/30

S

2 S, &) 5
25 25

2 2
15 15

1 1
05 05
o5 10 20 30 40 50 60 o5 10 20 W 40 50 60

-1
4 t
(c) =50 (d) =100

Sy S, Sy S
25 25

2 2
15 15

1 1
0.5 05

10 20 30 W 50 60 10 20 30 \4Jo/ 50 60

0.5 05

1 -1
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7.7 Problem 7.7

As in the previous problem, we start from Eq. (4.120)

|W(t)) = i { [Cecn cos (Atﬁ) — 1CyCp Sin ()\t\/n——l—lﬂ le)

n=

+ [—iCecn_l sin ()\t\/ﬁ) + Cycyp, cos (At\/ﬁ)} |9>} n),

but this time the atom is initially at the excited state and the field initially
in a squeezed state |a, &) we have

Ce=1,
C,=0,
1 .
Cp = exp[—(|a® + a2 tanh 1) /2]

v/coshr
Loit tanh )2
y (26 an r)

!

where v = a coshr + a*e? sinh r. Now we can write

H, [’y(ew sinh(27"))*1/2} ,

e}

|W(t)) = Z [cn cos ()\t\/n—+1> ) — ic,_1sin (Aty/n) ]g)} In).

n=0

The atomic inversion for this state is

W(t) = i [|cn|2cos2 ()\t\/n——i-l> — |cp_1]?sin? (/\t\/ﬁ)]

n=0
7.8 Problem 7.8
a.

H; = hKat?a?

da 1 .

e }

dt _ ih [a !
= —i2Ka'a?

&(t) _ e—2z’K&T&td
__—2iKnt ,

=€ a
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n(t) = a'(t)a(t)

~ iKatat —2iKatat ~
o T 21Ka ate 2iKa ata

— aTa =n(0)

So if we start with Poissonian photon-counting statistics, it will remain the
same for all times.

C.

Ki(0) = Sar) + 4 (1)

olt) = - (alt) — (1)

a(t)|a) = e ala)

— e—2z‘Knta|a>
_az —la2/2 & a” —2iKnt|n>
—2iKt
_ aZe*M /2 O‘e\/_ ) In)
=« ‘oze 2@Kt>
(afa(t)|e) = o {a|ae > ")

_ a€_|a‘2(1_672¢1{t)

where we have used

|a>=§ el /2\/_|n>
(9ha) =exp (190 - 24 o)
(al%: (9]0} = 5 ((ala(Bla) + (ala (1)]0)
1 o B | )
(ol aB)]a) = - (ae IO _ geerlef (=)
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X2(t) = i (a(t) +al () = }L (a*(t) +a'(t) + 2a + 1)
R300) = — () — a(0)° =  (~6%(0) — (1) + 20+ 1)

<O¢|€L2(t)|04> — <a|e—2iKﬁtde—2iKﬁt&|a>
— a<a62iKt|&|ae—2iKt>

2 —2iKt

— o’e <ae2iKt|a€—2iKt>

—92 Clal2(1—e—4iKt
20626 Zthe e (1 e )

(o] X2(t)]a) = (aze—Qz‘Kte—mz(1—6—4mt) 1 22Kt o2 (1-etKY) 2lal? + 1)

(@l X3 (t)|a) =

N e

<_a2€—2iKte—|a|2(1—6’4”“) _ 22t o~ laf? (1-et ) 4 2laf? + 1>

((85,@)") = L1+ 2iap (1 - -s0-sma)

+ 0526_‘042 (e—QiKt+|OL‘26_4iKt B 6—‘a|2(1—26_2“{t)>
La2elal <€2¢Kt+\a|%4m _ 6—|a\2(1_ze2ﬂ<t)>]
% 2 1 2 —2|a|?(1—cos 2kt)
(AXg(t)> -2 [1 +2la (1 e )
_ q2elel (€f2iKt+|a\26_4iKt _ 67\042(1726_2”“))

12 ; 2 4iKt 1 12(1 _9n2iKt
020l <e2th+|a| et —laf?(1-2e ))]

. 2 . 2
Plotting <<AX1 (t)) > and <<AX2(t)> > versus Kt we see that former
goes below 1/4 for short time while the latter does not. See graphs below.
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3t
(@x,y)
2L
1L
0.25 Y v
1 2 3 4 5 6
Kt
(@x,))
3
2
1
0.25
1 2 3 A‘t 5 6
Kt

7.9 Problem 7.9

Let’s |¥4) be the normalized real and imaginary states, defined as follows:

W) = N (la) £ a”)), (7.9.1)

(Wi|Wy) =1
INL?[2 £+ ((ela®) + (aF|a))] = 1
Ni =2+ ((ala®) + (@]a))])
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1 2 1 2 *
(@l8) = exp ( ~1Jaft — 2|3 + a3
2 2 2\1-1/2
Ni = [2 + ol (ea teo )} (7.9.2)

~

X(0) = = (ae” +ale™™) (7.9.3)

DN | —

(X)) = (e X(0)[02)
PSP 00y 02 (ool + el
+e [a + o £ (a*(a]a”) + ala|a))]}
= PET (0 0) (¢4 09) (7 4 07) (0" {alo) + o)
= |Nx| cos ¥ [oz +ar el (O‘*ea*2 + a€a2>]

X2(9) = = (ae” + ale ™) (ae” + a'e ")

e Rl S i N e

(a%e™ +a%e ™™ + aa’ +a'a)

(a”e™ + ae™ + 2aa’ + 1)
(X20)) = (Wa] X2(0) | 0)
2
= —l'/\g[’ [€* (® + £ a*(a*|a) + a**(a]a™))
+ e (o + o £ o (af|a) £ o™ {ala"))
+2 (Ja]® £ o*(af|a) £ o™ (ala®)) + 1]
_ |Ni|2 9 2 *2 2/ % %2 *
=0 [2cos(20) (o + o™ £ & (a*|a) + a’*(ala”))
+2 (Ja® £ o*(af|a) £ o™ (ala®)) + 1]
P
4
+2(cos(20) + 1)e” I’ (ozze"‘*2 + a*Qeaz)]

[1+2|al* + 2cos(29) (a® + )
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On()) = Tr (pem* ~Xa )
= (U] e 0,
= INL* ((a] £ (a*]) e (Ja) + [a7))
VL (2 (a] £ e*(a”]) (e |a) £ e "))
— |N:|: [eka —Aa* +€Aa A*a* :|:( —)\*a*<a|a*> _i_e)\a—)\*a<a*|a>)}
N [

_ * % _ 2 *2 * )k % 2 )k
6)\04 Aa* )\a Mo j:e|a\< e)\a Ma +€aeAa Aa)}

12/d2/\ A*a—X* oy ()\)6—|)\|2/2
™

/\/i _
| | /d2)\ A*a—Aa* [ Aa* —da*

_ _ 2 *2 VK oK 2 )k _ 2
6)\04 A a* e || (6 e)\a Mo e e/\a A a)] e [A]#/2

2
_ |Nﬂ:| |:/e—)\|2/2d2)\+/6A*(a—a*)—A(a—a*)—|A2/2d2)\

T2

+ 6_|a|2 <ea*2/ek*(a—a*)—|>\2/2d2/\_’_ea2/G—A(a—a*)—|>\|2/2d2/\):|

\Ni\

W) =

[2# + 2me” Aa—a")? 4 o—lal? (27re°‘*2 + 27Te°‘2>}

_ 2 ’Ni| [1 + 6—2(04—04*)2 + e—|o¢\2 <eo¢*2 + eoz2>:|
T
where we have used the following identity
/exp(aoc + oty — z|a)?)d*a = U exp <ﬁ> : (7.9.4)
z z

7.10 Problem 7.10
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a.
[ i) = o a7
=L et - )
- L )
:_%pﬂﬁ}
— z% (a"a* — a*a’)
- z% (a2 — a(1 + afa)al)
_ Z% (a"a* —aa’ — (1 +a'a)(1 + a'a))
_ z% (@242 — 1 — ata — 1 — 2afa — ataata)
- Z% (a"a* — 2 —3a'a — ' (1 + ala)a)
_ Z% (a2a% — 2 — 4a'a — a%a?)
— 4Ry
k) -
_ % (a2 — a2, afa]
_ ? ([a'?,ata] — [a% a'a])
"5 (a' [a,a] — [a%,a'] &)
== (—2a'al — 2aa)
- z% (a' + a?)
— ik,
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1
=
&
=
—
| I
|
Q>
Rl
)
+
Q>
LN
Q>
il
Q>
+
;I

>
pafil
N
+
Q>
[
Q>
-
jw)

>

Fa', a] + [a% a'] a)

~— — ~— — —

—
Q>
—
[N}
Q>
—
Q>
[E)
—
Q>
[N}
Q>
—
Q>
(R
N~—

e i i N e e e S e

—2a'a" + 2aa)

| —

I
|
-~
—~
Q>
-
V)
Q>
[N
SN—

2

I
L
z

b. According to section (7.1)

(a4)) ((28))=11(@)

for any operators A, B,and C satisfying the following commutation relation

2

: (7.10.1)

[A, B} = iC. (7.10.2)

Applying this to K; and Ko, we will obtain

<(m)2> <(m)2> > 4|(i)[.

(alKila) = S(ala™ + @®|a)

(aa'? + a°|)

(a*Q +O[2)

NI RN~
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(alKPla) =

(af (a' +a?) (" + a?) |a)
= —(ala™ + a* + a™a* + a*a'?|)

= —(ala™ + a* + a™a® + a™a® + 4a'a + 2|a)

A;I»—»th—wlklr—*ﬂkli—‘

2lal* + o™ + a* + 4]al* +2)

A 1 R R . R
(a|K3|a) = —Z<a| (a? —a?) (a™ — &°) |)

(65)-

1
= —1<a|aT4 +a' —a"a® — a’a"|a)

1
— _Z<O‘W4 +a* — a'?a® — a'?a® — 4a'a — 2|a)

(2la]* — o™ — a* + 4|af* + 2)

1 =

al Kfla) — {a|Kila)?

—~

(2la]* + a* +a* + 4a)* + 2 — o™ — a* — 2|al?)

111
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<<Af(2)2> _

al K3|a) — (a]Kz|a)”

—~

1

=7 (2la|t — o™ — o' +4lal* + 2+ o™ + o' = 2]al*)
1

=1 (4]a)* +2)

=l +

2

. 1 1\?
(alfefa)? = 1 (1o + 3)

Obviously,
<<AK1>2> <(Af<2>2> _ 4 ‘(a|f(3|a>‘2.

d. From part c, we can deduce that the squared field quadrature squeezing
~ 2 N
occurs if <<AK172) > <2 <K3> )

€.

~

K7 = (a" +a* + 246 + 4a'a + 2)

|

Schrodinger cat states are of the form
[T(0)) = N [Ja) +e’] = )],

where

N = [2 1 2¢72al ¢og 0} i
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[1(0)), (7)), and |¢p(7w/2)) are even, odd and Yurke-Stoler states, respec-
tively. To study the squared field squeezing we determine the following quan-
tities:

<Kl> :% (a*2 + 042) (2 1 2¢ 2ol ¢og 9)

2
()5 a3+ o2

+ 4|al? (2 — 2¢21F cos Hﬂ

<K2> :% (oz*2 — oz2) (2 1 2¢2lel® ¢og 0)

<K2> =— M [(oz*4 +a* = 2lal* - 2) (2 + 2e7 2 ¢os 0)
24
— 4lal? (2 — 2e72F ¢og Qﬂ

2
N 1
<K3> :WT’|04\2 (2 — 272 cos 9) + T

A ~ \ 2 ~ R N\ 2
It is easy to show that <K12> — <K1> — 2<K3> =0= <K22> — <K2> —

2 <K 3> . Thus, none of the states mentioned above is squared field squeezed.

7.11 Problem 7.11

For a coherent state |«) we have

<; (AX)? :> — (o] : (AX)? : |a)

=(a|: X?:|a) = (a| : X : |a)?
(&2e’2iv + a%e?v 4 2&Td) la) — (a% (de’“’ + dTei”) o)
(Q2€—i2v 4 a2*6i2v 4 2|Oé‘2) o }1 (Qe—iv + a*ew)Q

where we have used X = t(ae™™ +ale™) | ala) = ala), and : aal . = ala.

The generalization to <: (AX)N :> = 0 is straightforward.

2



114 CHAPTER 7. NONCLASSICAL LIGHT

7.12 Problem 7.12
Equation (7.192) is of the form

exp (yAX) =: exp (yAX) : exp(y?®/8).

The left hand side can be expanded as a

(oo (1)) = S5 (45)") (r.121)

and the right hand side as

n=0
RO S
0 ym yn AN
= Zo B, 25m/2 ()] —~ (ﬁ) <AX>
o y(m+”) N
_ ; ; O 7 (30 (AX) (7.12.2)

where the symbol @, is defined as

5 :{ 0 formnodd (7.12.3)

1 for n even

Using the following transformation identity

0o oo 00 p
Z Z An,m = Z Z Ag,p—q> (7.12.4)

m=0 n=0 p=0 ¢=0

we can rewrite
p

bS]
|
Q

p

N
N! 2\ (N=0)
N 2 O (DN g (AX) :

0 q=0

NE

2
Il
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Equating coefficients of like powers in equations7.12.1 and 7.12.2 we will have

<<y“ >N> - qg;% 2%/2 (%g(!N —q)! <: (2) o :> |

Expanding this equation leads to Eq. (7.194).

7.13 Problem 7.13
AN AN
Intrinsic N* order squeezing exist if <: (AX ) :> < 0 where (AX ) =

~ ~ N ~
(X — <AX>> and where X = % (d + dT) . In terms of the P function we

can write

(-(a5)"5) = g [ arte) oo — o) - )

To have the left hand side less than zero, with N even, P(«) must take
on negative values in some region of phase space. Note that if N is odd, the
left hand side could be negative even though P(«) is positive definite. Thus
only for even N is higher order squeezing a non-classical effect.

7.14 Problem 7.14

The conditions for higher-order squeezing in a broadband field is obtained
the same way we have obtained Equation (7.196), except a constant C' must
inserted in order to satisfy the inequality in Eq. (7.206). The rest follows
exactly in the same fashion and leads

<<AX§C)>2I> < (@2 —1)! (%)l

where ¢ = 1 or 2. Also notice that for the broadband case Eq. (7.194) must
be adjusted to

(1)~ 35 )3 (6) ()™
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7.15 Problem 7.15

Pair coherent state |1, ¢) is defined as

abln, q) =nln, ) (7.15.1)
(a%a—5'5) [n.a) = aln,a) (7.15.2)

In general we can expand pair coherent state as any two-mode state as

0.0) =YD cmanlm,n).

m=0 n=0

Eq. 7.15.2 can be written now as

(5“& — W)) n,9) = q|n, q)

( l;B)iicmn\mn Zchmnlmn

=0m=0 m=0m=0
o o
5 E (m —n)epnlm,n) = E 5 qCrmn|m,M).
m=0m=0 m=0 m=0

Obviously from the above equality we infer that m —n = ¢, so ¢, ,, depends
only on m and ¢. That why we will drop the n subscript and we write the
pair coherent state as

o

n.a) = caln+q,n). (7.15.3)
m=0
From equation 7.15.1we have
abln, q) = nln. q)

Z cndl;|n, n+q) = Z cnnln, n+ q)

n=0 n—0
ch\/n(n—l—q)]n —1ln+qg—1)= chn\n,n—i-q)
n=1 e

D eV D+ g+Dnn+aq)=> canln,n+q).
n=0 n=0
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The last equality leads to
_ n_ n"vq!
Cph =Chl——F/—= = = g YF/—,
n(n + q) nl(n+q)!
so we have
o0 TL\/_
m.q) = ) co—m———=ln,n+q).
; nl(n+ q)!
Z| o!2n, = |col*q!In| ™ L4(2In]) = (7.15.4)
]
¢ —_— 7.15.5
o=\ ALz (159
n.9) Uik Z o+ q).
1,(2In]) n' (n + q)!

7.16 Problem 7.16

Two-mode squeezed vacuum states

[€)2 = 55(£)[0,0)

(a"a%) = 5(¢]a*a?|€)s
= (0,0|53(£)a'?a%S,(€)|0,0)
= (0,0|55(£)a'?5,(€)S5(€)a*Ss(€)]0,0)

PN 2 A 2
= (0,0 ( coshr — ZabSinhT) <€Lcoshr — eyt sinhr) 0, 0)

= sinh?7(0, 1 <€LT coshr — e ®hsinh 7") (d coshr — ebf sinh 7") 0, 1)

= 2sinh?r,
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~

where we have used 55(€)53(€) = I and S5(€)aSh(€) = af coshr—e ®bsinhr.

(61202) = o(glb702e),
= (0,0]53(€)b"6°55(€)]0, 0)
= (0, 0[S5(€)b™52(6) S1(€)6*5(€)10, 0)
. 2 /. . 2
= (0, 0| (bT coshr — e ?asinh 7") (b coshr — ¢”al sinh 7") |0, 0)
= sinh? (1, 0| (I;T coshr — e *asinh ?") (l; coshr — ¢”a' sinh 7") |1,0)

= 2sinh*r.

<a’raiﬂ1§> — o (¢]atabtble)s
= (0,0[8}(&)a’abbS,(€)(0, 0)
= (0, 0183()a" 5:(6)S3(€)ab 5:() S350, 0
= (0,0 (dT coshr — e ?bsinh r) 1(&)abt S, (€) <bcoshr — €47 sinh r) 0, 0)
= sinh® 7(0, 1|55 (£)aS2(£) S1(£)bS2(€) |1, 0)
= sinh? (0, 1 (d coshr — bl sinh r (bJr coshr — e *asinh 7’) |1,0)
= sinh?r (sinh2 7 + cosh? r)

The inequality
(a%a?) (120) > (alab'b)

is violated for r = 0.7 for example.

For a pair coherent state we have
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7]‘1
e z nyn+q)

1,(2In]) n‘n+q

S ey QR BVATCE TR
4 I,(2]n]) \/n' n+q

q 2n
(n, qla®a*n, q) |77| Z' il

n—l

nl(n+ q)!

o |m (0 + Q)(n + g — 1)
,q|b"6%n, ¢) =
g6, ) %@WD;% i+ q)]

> |2n

n|? n
1,(2n]) 4 Z “nl(n+q—2)!

q
(n, qlaab'bln, q) W Z I

*n(n + q)

n!(n + q)!

Again the inequality

(a%a?) (b120) > (alab'b)

is violated, for example |n| = 0.7 and ¢ = 1.

7.17 Problem 7.17

Inlq

(2[n]) nzo Vnl( n+q

e} o0 TL*TL

|n n+q)

n,q) =

5= !U\q ZZ In,n+q)(n',n' + g

L) & 4= /nl(n + g 'n"(n +q)!

119
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(e 9] o0 o0 ’

|7;||j7| > 2> _ ao{mln,n+q)(n',n + qlm)q

vty 0\/n' n+q 'n"(n +q)!

[l i > 0+ ghln + gl
ToJT) 2= nl(n + g

Since p, is diagonalized, the von Neumann entropy is easily found to be

S(pe) = —Tr[py In py]

= - Z(Pb)kk lﬂ(pb)kk

~Inl 3 |n[*" ln( || *a >
L,(2[n]) &= ni(n+q)t " \ L, (2[n))n!(n + q)!

7.18 Problem 7.18

i) = |a)alE)s
= D(a)S())0)
out) = Ugzi|in)
Uizt = UpsaUpsUsst
Upsy = e~/
Ups = e~ m=/?

Ups = e~



7.18. PROBLEM 7.18 121

(i

W)

(i
(o
= (in

(inJ,

<out

) = (ou

I
S

’st ¢J2 + cos ¢J2 — Ccos ¢ sin ¢ (jgcjz + jzjx> in

&~

m

m

J2

— sin

n) =

—sin ¢ <in ],

J.

out>

U];s1U1isU]£32JzUBS2UPSUB51

in)

i [2 16T i )2 jze—mjx/Qe—wjze—mjx/Q‘ in>
in>
eimJa/2 (— sin qux + cos ¢jz) e~imJ=/2| i
(— sin gbjz + cos gzﬁjz) in>

1n>

in> + cos ¢ <i

6z7rJz/2€z¢Jz Jye—quJze—erz/Q

)

J.

out>

UBSI UPSUBSQJ UBS2UPS UBSlUBSlUPS UBSQJ UBSZUPsUBSI

n)

gbjw + cos quz>

)

)

1

5 {in m>

%<0 §1(e ( th+-ab) $(6)D(a)| 0)
% <0 ‘ ( )(cosh rb + € sinh rbT)

+

—~

i + a)(cosh b’ + e~ sinh rb)) ‘ O>

e}
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(in| (a1 65 (at + 1) )

( )S’T(f)bT(a) (ath+ab') (ath+ab') S’(f)ﬁ(a)‘ 0)

<O ) (af + a*)(cosh b + €' sinh rb') + (a + «)(cosh b’ + e~ sinh rlS))
( f

=3

(a' + a*)(coshrb + € sinh b)) + (a + ) (cosh rb' + e~ sinh r@)) ‘ 0>
0 ) o coshrb + (4 + a)e ™™ sinhr@)

(a' + a*)e sinh b’ + o cosh rl;T) ‘ 0>

(Ja? cosh® r + (1 + |e|*) sinh?® )

[|a|? (cosh? r + sinh®r) + sinh® 7]

X
plt—whl»—*/-\»hh—n

0

((COSh rbt + e~ sinh 7’3) (cosh rb + € sinh TI;T)) ’ O>

(Ja|?> — sinh®r)
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<m

72
Jz

. > 1<.
m) = — mn
4

1

X

= TN =T N

4
1

X

A~ AN\ 2
(ﬁa-ﬁ@ m>

$1(©)D (o) (ala - 6*13)2 $()D(a)

¢ )

(0] <(€1T + o) (a+ a) — (coshrb + e sinh rb) (cosh b + e sinh TBT)>

(at + o) (a + a) — (coshrbt + e~ sinh rb)(cosh b + €' sinh TBT)) 10)

—
=)

<oz* (6 + ) — e~ sinh rb(cosh b + €' sinh TBT)>

(a' + a*)a — (coshrbd! + e7 sinh rb)e’® sinh r@*) |0)

(|oz|4 + |af*(1 — sinh®7) 4+ 2sinh® r cosh? r 4 sinh* r)

in>
_ iﬂz;) S’(f)f)(a)‘ o>

Jod. .

in) = (in in) =0
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— (in

sin? ¢.J2 + cos? ¢J? — cos ¢ sin ¢ (jx + jzjx>

J,
in>)2

in)

— <— sin ¢ <in J, in> + cos ¢ <in J,
. . . 2
=sin® ¢ <in J? in> + cos® ¢ <in J? in> — cos® ¢ <in J, in>

1
=7 [sin” ¢ (Joe|*(cosh? r + sinh? ) + sinh® r) + cos® ¢ (|a|*2 cosh® r sinh? r) |

For |a|? > sinh®r and § — 7/2 we have

A =\ (ALY 001} /06|
=c"/VlaP

7.19 Problem 7.19

in) = Nla)a(|8)s £ | — B)s)
Where

N— (1 n 6—2lﬁl2>1/2

&

|0U_t> = UMZI‘O>
UMZI = ﬁBSQUPSUB81

Uy = o imla/2

UBSQ _ 6—i7rjx/2
Ups = ¢ '

From the previous problem
<jz> = —sin¢ <in jm in> + cos ¢ <in in>
<jz2> = <in sin? qﬁji + cos? ¢jz2 — cos ¢ sin ¢ (jmjz + J;J;)

J.

in)
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s\ VP e
(in | Lo|in) = = {al((8] % (~B))[a'b + abl]a)(|18) % | - 8))

- |/\2f| (al((B] £ (=BI) [ﬁ&”&)(’ﬁ> 1= 8)) + abfla)(|8) £ —5>)]

=0
because ((3] + (=B[)(16) F| - 3)) =0.

N

T

~

(in 2 im) = P g (31 & (g fata + Hilja9) £ - )
= (lal* = 18%) /2
<in JE in> = |Ai|2
x (al (8] = (~B]) [a'a'bb + B'blaa + ala + 51b + 2a1ab'b] |a)(18) % | - 8))
= (la + 181 +2la|B* + a8 + a™?5?) /4
<in JAZ2 in> = |j\£|2

x (al (8] = (~B]) |a'alaq + B51bb + a'a + 51b — 2a1ab'b] |a)(1) % | - 5)
= (laf* + 181 + laf* + [8]* — 2|al?|87) /4

<in in> - <in in> =0
((a2)) = () - ()

=sin® ¢ (|af? + B +2|a*|5* + 0?67 + a”?57) /4
+cos? o (|af? + |87 + |af* + 18]* = 2a?[8?) /4 — cos® ¢ (o) — |B)* /4
= [Ja] + 8P + (aB* + a*B)*sin® ¢] /4

Jo J.J

__ Ak

o3 o
lal 4 18R + (0B + ) sin? o
- (oP —13P) [sind]

For B = 0 we regain the standard quantum limit.

A¢
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7.20 Problem 7.20

H = hwyila + Rnblb + hwdle + iy (abe! - alle)

a. Using the parametric approximation, assuming that the pump field to be
a strong coherent state of the form |ye=“r!)| we rewrite the hamiltonian as

AP = hwyata + hwb'd + hweeté + ik <77136Te_w”t - n*BTaeW> .

Given that w, = wy —w. = 0 for wy, = w,, the interaction picture Hamiltonian
has this expression

H; = —ih (173*6 — 77*135) ,

where

b. For simplicity let assume that 7 is real, so n = n*. The evolution operator
is then

Ufc = exp (—zf[,t/h)

= exp (tn(lA)Té - Z)é”)
(

= exp z'2t77j2>
Given that
b(0) = b,
2] = i3
and



7.20. PROBLEM 7.20 127

we will have

b(t) = UsbU},
_ pi2tndap —i2inty

= b+ i2tn [J},B} + (ZQ;?)Q [jQ, [j%i)” .

= cos(2nt)b + i sin(2nt)¢.

Using the same procedure, and using

o>
—~

(@)
N~—

I
o

o] = =i,

and

A~ e ¢
o] -
we will have
&(t) = Uypetl},
_ ei2t17j2 P e—i2t17j2
(i2tn)?

= cos(2nt)b — isin(2nt)é.
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( ) cos?(2nt) qu sin?V=7(2nt) TV =9)0),]0).

( )cosq 2nt) sin® ~4(2nt) /¢ (N — ¢)!|¢)s|N — q).

\/—_
Z 1/ cosq (2nt) sin™ 79 (2nt) )| N — q)e.

P s = | () (el O5c(6) 035 9). |

\/ ( cosq (2nt) sin™ 9 (2nt)

= ( i]\f ) cos?(2nt) sin®* V=D (20t)8,0, N,

5712 N-—nq




Chapter 8

Dissipative Interactions

8.1 Problem 8.1

The graph below is a plot of the expected photon number of a state that has
undergone many quantum jumps.

n(t)
o - N w BN [6)] » ~ oo ©
—_

0.0 0.1 0.2 0.3 0.4 0.5
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8.2 Problem 8.2

—~

n=(n)

({01 + (10[) 2 (|0) + |10))

(G188 NCR I

After quantum jump where a single photon has been emitted the (normalized)
state becomes

19)
and
n=09.

“Classically” it does not make sense, but this state is a non-classical one.

8.3 Problem 8.3
Let

apat =Y "> pra(t)alm)(nlat
m=0 n=0
= > pralt)imnlm = 1in 1]
m=1n=1




8.4. PROBLEM 8.4

Eq. (8.25) is equivalent to

dpmn _ Y
2

P — 2 (2v/(m D0+ Dpmssnsa(t) = (14 m)pn(8))

8.4 Problem 8.4
In general a density operator has the following form

= 2, pmalmiln

and the corresponding characteristic function would be:

Cw(a) =Tr {ﬁﬁ(a)}
- Sl

131

It is important to compute (m|D(a)|n). There are many ways to do so,
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but we follow the expansion one:

(m|D(a)ln) = (m]e*®=*"%n)

_ €7|a|2/2 <m‘€a€ﬂefa*&|n>

oo () (552

m/=0 n/=0
m / n / /
— el (S - m/|04m m! 3 (=1)" o™ n! In—n
- m/1\[ (m —m/)! n'! (n—n/)!
m/=0 n/=0

_ a2 (=D)"a™ o min! -
=e Z Z m/In/! (m B m’)'(n — n/)!(Sm—m n—n
/ (') g qrln—metm)
—|a| /2 a™ o n!
—e—|0¢| /2< 1 (n—m) *(n m) Z m’Oé|2m (n—m+m)!
V "n—m—l—m) (m —m/)!

—|a|? n—m x(n—m m' n—m
= bz mgetem, [ o)

where L” is the associated Laguerre polynomials.

8.5 Problem 8.5

The master equation (8.26) is equivalent to

pma®) = 3 (200 F D0+ Dpmiain () = (m+n)pa(®))

where

=55 prnl®)lm)(n

m=0 n=0

Solving numerically that equation using Mathematica, we display in graph
(a) the photon probability

P(t) = Trp(t) ann
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and in graph (b) the plot of

Tl"ﬁQ(t) = Z Z |pn,m(t>|2<t>'

n=0 m=0

Notice that that in graph (b) the state decoheres into a statistical mixture
and then to a vacuum state. Graph (a) shows that the probability maintains
the value of unity.

(2)

(b)
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8.6 Problem 8.6

is equivalent to

dpm,n (t)

=27
dt 2

p= Z pm,n|m> <n|

dp dpmn
Dy oy
atap = Z Pmnla|m)(n|
= Z pm,nm|m> <n|
m,n
pata = Z Pmn|m)(n|ata
= Z P |m)(n|
=Y pmnitm)(n|a’
= Z pm,n\/m’m - 1><TL - 1’
m,n=1
= > PV m D+ D]m)(n]
m,n=0
9 _ Y tyapat 1 atap + patal
. 2

27/ m D)0+ D e (£) = 1+ 1) pn()]
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135
m+n m I(n I\ 2 (1 = ety
pralt) = exp (_¥) Z (( +72;1(1! : l)') s il : Pm+1n+1(0)
dpma(t) _ y(m+ n)p 0
dt 2 T
t(m+n) (m+1D)!(n+1)! 1/2 o=t (1 — ey
e (_7 2 ) ; ( m!n! > : I Pmtin+1(0)
_ _7(m2—|— n) P (£) + 7 exp <_7t(m2+ n))

<3 ((nl%_0!014-0!)1/2e—wt(l__e_vﬁb_l

m n 0
l m!n! (I—1)! Pmtin+1(0)

= _’y(m2+ %) P () + 7/ (m +1)(n + 1) exp (_vt(m —{—2n + 2))

m+14+D)(n+1+1)! 1/2 (1- effyt)l—l
X Z ( (m+ 1D)l(n+1)! ) (0)! Pm1+tnr141(0)

= 2 (VI D+ Dpmsraia®) = (m+ n)pmat))

8.7 Problem 8.7

For |a) as an initial state

p(0) = |a) (]
m,n 0 = €_|a‘2 CKmOé*n
pmn(0) vmln!

O_/mOé*n|O_/|2l

Vm+D(n +1)!

pm+l,n+l(0) = €—|a\2
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t(mtn m I(n N\ Y2 (1 — et
pan) = 252 3 (D 0=

min!
!

ama*n|a‘2l

V(m+Dl(n+1)!
,W ||20é " Z |Oé‘ 1—6 ’Yt))
Vmln!l 4

_'vt(fg+n>e_|a|2 a™a*m exp (|a|2(1 _ 6_7t>)

vmln!

m %N
yt(m+n) X 2 —~t
-T2 e_la‘ e

—lof?

=€

=€

=€

p(t) = |ae™ ) (e 12| (8.7.1)

For Nfla) + | - a)]

p(0) = INP*la)(al + ] — a){—al + | — a){al + |a)(—al]
(=)™ + (=)™ + (=1)"] [m){n|

m *M

=V T [

yaam

vmln!

oo

N CEDICED]

pmn(0) = [N| (14 (=)™ + (=)™ + (=1)"]

*n|a|2l

Pr+in+1(0) = |N| [1+ (=)™ + (=D)"((=1)™ + (=1)")]
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—yt(min m I(n N2 (1 — et
pm,n(t):e(z)Z(( + 1)) +l)|> (1 )pmwﬂ(o)

l nlm! !

_ ot Z ((m +0)!l(n+ l)!)l/2 (1—ety NP ama|a?
nlm! ! Vm+Dl(n+1)!

< [14 (=1)"" + (=D'((=D)" + (=1)")]

m %1

_ N2 'yt(ern)O{ (6% Z
ol Vmln!

. [“““ Oy ey PO (e ayy

—~t(m4n) ama*n
2

= |N|?e [e'alz(lfe‘“'i) 14 (—1)7F7) 4 e lolPQ=e7) ((_qym 4 (_q "]
I vm!n! ( (=1) ) ((=1) (—=1)")
Thus
p(t) = NP0 (Jae ) (ae ] 4 | — ae ) (—ae 1)

(8.7.2)

1 elaP—em) (| — ae™ ) (ae "2 + |ae ™) (—ae?])]  (8.7.3)

8.8 Problem 8.8
Eq. (8.34) is equivalent to

p.m,TL(t) = —iG (V m+ 1pm+1,n(t) + \/mpm,nfla) —Vn+ 1pmni (t) - \/ﬁpm,n71<t>)

+ % (2\/(m +1)(n+1)pmi1pi1(t) — (m+ n)pm,n(t)> )

where
= ) pmalt)m)(n

Solving numerically that equation using Mathematica, we display graphs be-
low: The first three ones are bar-chart graphs of the photon number distribu-
tions at different times, on the same graphs we plot the photon distributions
for coherent states where the average photon number is taken as

af* = ann,n(t>
n=0
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It is clear from the plots that the state is a coherent state. In Graph ¢ we
plot Trp? versus time. It shows that the evolving state is a pure state at all
time, since Trp?(t) = 1.

1 (a) (b)
t=0.1 1 t=2.5
0.8 08
0.6
Pn pn0.6
0.4 04
0.2 0.2

123456789010M12131U111H T 12345678001 1213%15B6

n n
d
© (d)
=4.0 1
1
08
0.8 =
P, =06
Tos s
S 04
0.4
02
0.2
1 2 3 4 5

123456789101 1213141516
n



Chapter 9

Optical Test of Quantum
Mechanics

9.1 Problem 9.1

[Wo) = [0)5]0)s,
H; = mn(atal + aza;)

S

Hi|Wo) = hn(alal + a,a;)|0)(0)s
= hn|1)s[1):

H?|Wo) = Hihn|1),[1);
= (hn)*(alal + asa;)|1)s]1);
= (hn)*(212)s]2)i + 10)5|0);)

|U) = |1 —itH; /h+ (—itH;/h)? /2| | W)
t o 2 .,
=(1- ZEHI + 2_h?HI)|O>S|O>i
= 10)5|0); — ip[1)s]1); — % (2[2)52)s +[0)5]0):)
= (1= 11/2)]0)4]0); — ipa| 1) 1)i — p%|2)4]2)s

2
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Following Equation (6.17),

2)2)e = giltalio) 2% g (wiat)” (il + at) 1o
- _é (ag + id§>2 (a§ - za§>2 10)
— -5 () o
_ _é (ag“ +2aial’ + &?{‘) 10)
— _é (\/@|4>2|0>3 +4(2)5]2)3 + \@|0>2I4>3)
— 41100, = L ppapya — L opapa,

Using simple binomial distribution we would obtain

% (14)210)s 4 4[3)2[1)3 + 6[2)2[2)3 + 4[1)2[3)3 + [0)2]4)3) ,

for a classical case.

9.2 Problem 9.2

Repeating the same procedures as in section 9.6 except we define

S=X1X,— X1 X, + X1 Xy + X[ X,
= X1(Xs — X)) + X (Xo + X5) = £2,

—2< CCV(Q, ¢) — Ccv(e, gb’) + Ocv(el, ¢) + CC\/(H/, gb') < 42
Again
Cev(0,¢) = —cos2(0 — ¢)]

For =0,¢=1.17,0" =234 and ¢' = 3.51, S = 2.8273. So Bell’s inequality
is violated.
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9.3 Problem 9.3

Repeating the same procedures as in section 9.6 except we define

= X1(Xo — X)) + X{(Xo + X)) = £2,
Coy = cos[2(0 — ¢)].

and

—2<Cev(0,¢9) —Cev(0,¢) + Cov(0', ¢) + Cov (0, ¢') < 42

For

0=0 ,¢ =2¢, and & = ¢,

the last inequality is violated. See graph below.

DS
s

9.4 Problem 9.4

N

N

Crrv (0, 6) = / dAp(N)A(B, \)B(6, )
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Conv (6, 8) — Carv (6. N—/MMWWABMM—/MNWWABWN
DN AG,N)B(6,\)
AN\ A(B, \)A(®', \)B(6, ) B(, )

dAp(NAB, N B(&, )

dAp(\) A6, \)B(6, A) [1 £ A6, \) B(¢/, M)]
dAp(M)A(0, \)B(¢', M) [1 £ A0, \) B(¢, M)

/
/
/
% [ DA NG VB NB(S, N
/
/
/

+ /d)\p()\) 1+ A0, \)B(é, \)]

P / APV AO, ) B(&, ) + / IAp(A)AG, \)B(6, \)
24 (0, &)+ Cu (0, 6)

<24 |Cuv (0, ¢) + Crv (0, 0)]
Sgen < 2

For
0=0 ,¢' =2¢, and 0 = ¢,

the last inequality is violated. See graph below.
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Bell

25

N

0.5

qt/ﬂ*\/vavﬁ

¢
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Chapter 10

Experiments in Cavity QED
and with Trapped lons

10.1 Problem 10.1

The radius of a Rydberg atom scales as n%ag. On the other hand the dipole
operator is defined as d = ¢7. It is clear that the dipole moment goes as n?.

10.2 Problem 10.2

Using the standard steps of linear algebra we can determine the eigenvalue
of the matrix:

0 0 i€/2
0 —wO/Q —ZQ()/Q .
iQO —ZQO —WO/QQ

145
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In order to find the eigenvalue we have to solve A such the determinant of
the following matrix vanishes.

—A 0 i€)2
det 0 —Wo/Q—A —ZQO/2 =0
’iQO —ZQQ —CUO/QQ —A

@) o) 3] 3 (G0 -
A(%+A) (@JFA) + Q8 (—+A)
<A+%) (A2+ A+Q)

The last equation has three possible solutions:

wo
Ay = ——
0 2@

Wo wWo 49(2)@2
Ar=—F+2(1- .
o 2@( wp

10.3 Problem 10.3

For an atom prepared in the superposition state

1 ”
E(M +€%lg)),

injected into a cavity whose field is initially in a vacuum, the initial conditions
become

W)atom> -

B 1
P11 = 57
p22 =0,
p12 =0,

1
P33 = 5

Notice that the initial conditions do not depend on the relative phase .
To obtain the time evolution for the excited state population one can
numerically solve the system of equations in Eq. (10.17) with the initial
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conditions mentioned above. In graphs a and b we plot P.(¢) for high and
low () cavities, respectively.

(a) (b)
0.5 0.5
£ (1) o4 P(t) o4

0.3 0.3

0.2 0.2
/\/\/\/\/
1 2 3 4 5
t

10.4 Problem 10.4

p=>_m)(n| @ [pemnle) (el + Pgmnlg) (gl + Pegmnle) (gl + pgemnlg)(el]

m,n

where pgem.n = Pignm- Equation (10.16) has the form
dp T A
L — 5] = % (@ap + pata) + wapal (10.4.1)
dp . . : .
i > " Im)(n| @ [pemnle) (€] + Pomnlg) (gl + pegmnle)(g] + hgemn|g) (el
(a%ap+ pa‘a) = (m +n)|m)(n|
® [pemnle) (el + pgmnl|9) (gl + Pegmnl€) (gl + pPgem.nlg)(el]
apal = Z vmn|m — 1){n — 1
® [pemnle) (el + pgmnl|9) (gl + pegmnl€) (gl + Pgem.nlg)(el]

=Y Vm+1)(n+ Dm)(n|

® [pe(mir), i |€) (el + Pgims1), 1) 9) (G| + Pegmr1),n+1)€)(g] + Pge(ms1),(mt1)9) (€]
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Hip=> M(aoy +a'6_) [m)(n| @ [pemnle)(e] + pgmnlg) (9] + pegmnle) (9] + pgemn|g)(el]

m,n

10.5 Problem 10.5

Let’s write the normalized state as

sup) = N (|ae’®) + |ae™?)) .

We have
(suplsup) = [N|* ({ae|ae™) + (ae™®|ae™™®) + (ae™|ae ) + (ae™?|ae™))
|N|2 ( —|af2+]af2e2i® n 6_‘a|2+‘a|28—2i¢>
‘N‘2 (2 +e —|a|?(1—cos 2¢) z|o¢\ sin 2¢ + e—\oa| (1—cos 2¢) —7,\04|251n2¢>)
_ 2 —|a|?(1—cos2¢) [ _ila|?sin 24 —i|a)? sin 2¢
INI" |2 +e e +e
= 2N [1 + e laff(1mc0s20) (g (|aef? sin 2¢)} )
=1
so that
—1/2
N = 7 [1 4 elaP(mcos26) g (Jae|? sin 2¢)}

Initially the density operator can be expressed as
p(0) = INT* [lae™®) {ac®| + [ae ™) (ae™™| + |ae’) {ae™| + [ae™?) (ae™|]
S D)W
m=0 n=0
where

pmn(0) = NP e

paat™
vmln!
Using Eq. (8.39) one can show that

[ei(mfn)qﬁ + efi(mfn)¢> + e*i(m+n)¢> + ei(m+n)¢>] ]

Pmn(t) = \N‘Q e—lal? g=rt(m4n)/2 ™ot [ a2 (1—e= ) (ei(mfn)¢> n e*i(m*")‘ﬁ)
7 m!n!

+ e—i(m+n)¢e|a\26*i2¢(176 W) +€1 m+n q‘) || 2e ’2¢(1 e Vt)i|

)
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which can can be written in terms of coherent states as
p(t) = (NP [Jaee™") {ae®e ™| + |ae ™) (e~ Pe |
+ 6\ozIQe—W(l—e—%) }a€i¢6—7t> <ae_i¢6_7t|

+ 6‘04267‘.2(;5(176_’%) ‘ae—i¢e—7t> <aei¢e—7t|:| )

As in section 8.5, one studies the decay of the “off-diagonal” terms: glaf?e®? (1—e7)

and 6\a|23_i2¢(1—6_7t)' In short time €|a|geii2‘7’<l—e_'yt) ~ e—|a|2fytcos(2¢))e:l:i\a|2'ytsin(2d>)’

so the decoherence time is given by Tyecon = 1/(7]a|? cos(2¢)).

10.6 Problem 10.6

1), O
b
|0), . 0 < SD
b b
K
IN), et IN),

In the figure above we have depicted a possible QND device to measure
photon number for optical fields. The math is a follows:

|2n> = |N>a|1>b|0>c
|0ut> = UBS2UPSUKerrUBSI|in>

= UBS2UPsﬁKerrUBs1|N>a|1>b|0>c
UssaUpsUkerr (|1)5]0)e + 2[0)5]1)e) [N )q

—_

ms2 (€™ [1)3]0)c +ie”[0)[1)e) [V)a

§|j§|

EXN[1)3]0) + i{0)s[1)e) + ie (0L + l1)510)c)] [ V)

N =N =

—/

(€PN — ™) 1)p|0)c +i(e™™ + €)[0)3[1)c] [N)a
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The probabilities that we detect |1),|0). and |0),|1). are

Blayloye) = %(1 + cos(f + xNt))

Ploynye) = %(1 — cos(f + xNt)).

The oscillation of these probabilities determines N, and notice that |N), is
not demolished after each measurement.

10.7 Problem 10.7
From (10.66) we have

H; = DEye#e™r exp [—in (dem + dTe_“’t)} G_e ot 1 e

As n is small, we expand to second order

exp [—in (ae™ +ale™)] ~ 1 —in (ae™ + ale=™) —%2( et 4 gl
=1—in (ae™" +ale™™) —%2( e +aPe™™" 1+ ata + aal)
=1—in(ae"™ +a'e™™") — %2 (@°e™" +ae ™" +2aTa + 1) .
Thus
H; = DEge#e™™!
X {1 —in (ae™" +ale™™") — % (a%e™" +at?e ™" +24Ta + 1) | 6_e ™" + H.c.

We choose w;, = wp and throw away all terms oscillating as e “r*¥)t and
ei(wLﬂ:QU)t, to get

2
H; = DEye™ [1 — —(2a'a+ 1)] G-+ H.c

U
2
2
= DE, (1 — %) (e6_+ e ¥6,) — DEy® (e¥6_ + e 6, ) dla
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where
~ 172 . .
HUM:DEbOfug)(&%_+eﬂﬂn)
I:I(l) = —DE()??Q (ewﬁ_ + 6_’“’0(3'_;'_) &Td
It is clear that [ﬁ M, H (2)} = 0, so we can work in picture where the effective
Hamiltonian is given by
H.pp = hyala (e6_ +e7%6,)

where x = DEyn?/h.
For convenience we now set ¢ = 0.

Heyp=hyala (6 +6,).

If the center of mass motion state of the ion is a state of n phonons, |n), then
the dressed state |nt) are given by

) = {1 (e) % o)
with corresponding energy eigenvalues
E,+ = thyn.
Suppose now that the initial state is |g)|«). Then
[0(8)) = e er7/"g) )

with

. _|a|2/2 an
o) = e E —INn).
| > o /_n'| >

We can write in terms of the dressed states

g)a) = ez 3 j—%\nm

1 _02200 o’
:Ee ol ;ﬁ<ln+>—ln—>)-
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U (t)) = e Herrt/| g) o)

IRy j_; (e n+) — X n—))
n=0 :

Sl

(lae™) (le) +1g)) — [ae™) (le) — 19)))
954 +1e)5-),

N | —

where 1
|Si> _ 5 Ha64¢>/2> + ‘aeiqﬁ/zﬂ

and where ¢ = 2xt. The internal states of the ion are generally entangled
with the vibrational state of the center of mass. Note that at ¢ = 7 we have

1S4) = 3 [| —iar) % |ier)], even and odd cat states.
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Applications of Entanglement

11.1 Problem 11.1

9 = o= (=) (20) = ) + 5 1+ ) DIy (11L1)
A 1 260 i 2360
M) = iy |7 (1= ) (210) = 012 + 5 (1+ %) 1)
= = (1= ) (2)10) — 0)2) - 5 (1 + ) D]

(1) - (o]
_ }1 (’1 _ 62i9|2 _ |1 +62i9|2>

= — cos(20)

11.2 Problem 11.2

lin) = 12)a|2)s
a2 pi2 0
TViva
1 on
= §&T2bT2|O)a|O>b

>a|0>b
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Onsiat Ut = = (af +ib)
BS1 \/5

~ PN 1 ~
UBSleU]J;81 = 7 (idT + bT>

OrsUnsilin) = ~Opsg (VA)aI0% + 420a2)s + VEI0)a|1),)
= 5 [VA(0ul00 + 0 10)afa)) + 4712}, [2)]

sa 4)10) = % 10}/ 0)
( @bT) 102]0),
( +ida®ht — 6at2ptz — z’4&*1§*3+z§*4> 10)4]0)s
7[ (14)al0)s -+ 10)al4)s ) + 43 (13010 — [1)al3)s) = 1212)a[2)
Also
Gosal0) ) = = [VAL(4)010) + 10)al4)s ) = i4VBL(3)ul1)s = 1)) — 1202)]20]
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Also

Gosa (1)10) + 10)4)) = = [VAT (14 €™) (4]0 + [0)l4 )

FidV/3! (1 =€) (13)4]1)p — [1)a]3)s) — 12 (1 + €™9) |2>a\2>b]

Upsae2(2)[2) = _%eﬂ@ (@(\4>ayo>b +[0)al4)s) + 4I2>al2>b)
lout) = UpsyUpsUss: |in)
_ _éUBSQ [V (149410}, + €0} f4)s) + 46]2)]2)]
{ VAL (1+¢%) (14)]0)s + 10)al4)s )
+Z4\/_(1 €19 (13)a]1)p — |1)[3)) — 12 (1+6i49)|2>a|2>b]
O (VA1(|4)4]0)5 + |0)4) )+4|2>a|2>b>}
(0.
1 2

8
+V/31 (1 =€) (1300l — [1)a]3)s) — [3 (1 + €™) + 2] |2)4]2) )} -

o) = <3 { [ ) < e o+ o)

— V3 (1= ™) (13)al 195 — [L)a]3)s) — [3 (1 + ) + 2627 [2)4]2), )

(14)a10)s + 0)al4)s )

2
V4! VAl g
—e
2

Y (U e) -

~ 1
(out|ITy|out) = o {2

a|VaI (1)

2 . 19
+ 3 (1+ ") + 26|

= i (1 + 3cos(40))

where

AT, = /1 — <ﬂb>2 (11.2.1)
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o(fh)

AG = AlL,/ T

\/1 — 7=(1 4 3cos(46))?
4| sin(40)|

11.3 Problem 11.3

) = % (IN)a[0)s + €25 ,|0);)
Ups|in) = % (INYa|0)s + €' ¥ NN 4 [0)s)

lout) = UpsaUps|ton) = €57 Upslihn)

<f[b> = <0ut|ei7rm’|out> = (out|ei”(j°_j3)|0ut>
= (Y |Ufigpe 37T R) 5 gy by
= (| Ufgpe™ e ™2 Upgs o)
( <N| <0| —|—6 i(Pn+NO) <0|b<N’) eiﬂjoe—iﬂjQ (’N>a|0>b +ei({>N+N6)’0>a|N>b)

(a{ N5 (0] + e~ ¥+ (0] (NT) €™ (0)a N}y + (=1) Ve P HDN) 4 [0)s)

1
2
1
2
cos(Py — NO) for even N,
{ —sin(®y — NO) for odd N.

AL,
o1y /06
1-(0)

o) /on

Af =
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Where we have used the following identities

™ |n)alm)y = (—1)™|m)a|n)s

o5 i s iG Ja —imJy

(& =€

11.4 Problem 11.4

pAB = %(|0>A|0>BA(0|A<0| +10)410)54(014{0])

Assume Alice has an unknown state [¢)) = ¢y|0) + ¢1]1) that we want to
teleport to Bob. We will follow the same procedure in the text. Basically
forming the following density operator

p=10){¥|© pas

and do the measurements along |®*) and |¥*). According to the output
we would apply the appropriate operator to retrieve the unknown state [1).
After measurements we found that

(T*[p[TF) = |col?|0)a a0 + Jer*[1)a a(1
(D*]p|@*) = [e1[*|0)a (0] + lcol*[1)a a(L|

which is a statistical mixture for all possible cases. Obviously teleporting a
state with the shared statistical mixture is impossible.

11.5 Problem 11.5
Let
_ 1

V2

be the shared state, and let

W) (10)410)5[0)c = [1)al1) 5[1)c)

) = co[0) + 1)
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be the unknown state that Alice wants to teleport to both Bob and Claire.
Following the procedure introduced in the text we have

[Wanc) = [¥)[¥)
= % (c0l0) + ¢1[1)) (10)4l0) B|0)c — [1)al1) 5[1) )
= %(Co|0>|0>A|0>B|0>C + 1]1)[0)4]0) 5|0}
7 = co|0)[1)all)s[1)c — 01\1>|1>A|1> [Le )
. \‘1’+> (c0l0)5[0)c — c1[1)B[1)e }‘D ) (¢0|0)5|0)c + a1]1) B[1) )

+3 |‘I’+> (110)510)c + colL)[1)c) + 5 |‘I’_> (c1]0)5|0)c — co[1)B[1)c) -

Clearly a measurement along the [U*) or |®*) will collapse state |V pc) into
an entangled state between Bob and Claire of the form <C(1) 0)5[0)c £ c1[1) 5| 1)0) :

So |¢) is not teleported to Bob and Claire at the same time. Also notice that
Bob and Claire share the information about [¢).

11.6 Problem 11.6

It is easy to show that

Un|0) = [|0><0\ +10) (L] + 1) (O] = [1) (L[] 10)

Sl-5l-

5 (10) +11))

Unll) = [|0><0| +[0) A+ [1){0] = 1) A1)

SI

(o) - |1)).

In deed the unitary operator of the Hadamard gate can be represented as
U = 5 [10){0] + [0)(1] + [1)(0] — [1){1]]

I
Sl

11.7 Problem 11.7

X = [0)(1] + [1)(0]
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Ucorla)ly) = |z)lmodz(x +y))

equivalently we can write

Ucxor|0)]y) = [0)y)
and
Ucxor|1)|y) = 1) [moda(1 +y)) .
Now let investigate the following representation of the C-NOT gate
U'cnor = [0)(0| @ T + [1)(1] ® X
= 10){0] @ (0)C0[ + [1){1]) + 1) (1] @ ([0) (1] + |1)(O)

It is easy to see that

~

U'cnor|0)y) = [0)]y)

~

U/C_NOT|].>|y> = |1> |mod2(1 + y)> .

Obviously UC_NOT and U 'c.not are identical.

11.8 Problem 11.8

|m0d2 (xx, + J/)>

159
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Let Urg be a unitary transformation such that

UTG|501>|$2>|y> = |z1)|z2)|moda (7122 + ¥))
which we can rewrite as
UTG = UCC’N = |O>a a<0| ® fb X fc + |]->a a<]-| & UCN)

where Ugy = |0} »(0] ® I+ 1)y »(1] ® X,. Obviously Urq is a controlled-
controlled-not gate.

11.9 Problem 11.9
The Toffoli gate is a 3-qubit gate given by

UTG|y>|$1>’1’2> = |m0d2($1l’2 + y)>|$1>|$2>7

where we have set the first qubit as target. The qubits are identified as in
Eq. (11.45) by

e |ze) =1 dasl s Jeal s e
where
10)10Y10) = 10, 1|0, 1)estl0, 1. s,
0)[0)[1) = 10, 1)ap|0, 1)c.all, 0)e. s,
ete.

We assume the interaction among the modes in the Kerr medium as
UKerr(W) = exp (Z'ﬂ'Z)TlA)éTééTé> )

It is clear that only modes b, ¢, and e are coupled. Taking into account
the action of both beam splitters, we can write the unitary transformation
representing the Toffoli gate as

Uens (77) = exp [zgéfaéfé (a*a n B%ﬂ exp [zgéfaéfé (a*a _ BWS)} .

We know that only the input states |y)|1)|1) will create a transformation. In
fact, it is easy to show that

Urc|0)|1)]1) = Urc|0,1)qp|1,0)c.alL, 0)e,s
- ‘1’O>a7b’170>67d|170>67f
= —|D[1)[1)
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and
UTG|1>’1>|1> = UTG|1> 0>a,b‘1’ O>C,d|17 0>€,f
= |07 ]->a,b|1; O)c,d|1a O>e,f
= [0)|1)[1).

Thus we have designed an optical realization of the Toffoli gate, apart from
an irrelevant phase factor.

11.10 Problem 11.10

Suppose |¢1) and |¢py) are orthogonal states, the 2 qubits, that can be cloned
according to

Ul1)]0) = |¢1)|¢1)
Ul2)|0) = |¢2)|2)

where U is the supposed unitary cloning operator. Now consider the super-
position

1
) = 7 (I¢1) + [2))
If U is a unitary cloning operator we should have
O1)[0) = [4)]¥)
= 2(61)161) + [62)162) + [01)]n) + [62)[61)
But
N 1 - N
Ul)[0) = E(U|¢1>IO> + Ul92)(0))
1
= E(|¢1>’¢1> + |p2)|d2)) # [} [)

Thus U does not exist.



